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Abstract. A statistical turbulence model is proposed for ensemble calculations with two fluids
coupled across a flat interface, motivated by atmosphere-ocean interaction. For applications, like
climate research, the response of an equilibrium climate state to variations in forcings is important
to interrogate predictive capabilities of simulations. The method proposed here focuses on the
computation of the ensemble mean-flow fluid velocities. In particular, a closure model is used for
the Reynolds stresses that accounts for the fluid behavior at the interface. The model is shown to
converge at long times to statistical equilibrium and an analogous, discrete result is shown for two
numerical methods. Some matrix assembly costs are reduced with this approach. Computations
are performed with monolithic (implicit) and partitioned coupling of the fluid velocities; the former
being too expensive for practical computing, but providing a point of comparison to see the effect
of partitioning on the ensemble statistics. It is observed that the partitioned methods reproduce
the mean-flow behavior well, but may introduce some long-time statistical bias.
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1. Introduction

Ensemble calculations with global circulation models (GCMs) are an impor-
tant component of climate variability studies. Many long-time integrations are
performed to assess the average near-surface temperature change in response to
changes in forcings for the climate system at radiative equilibrium. There are mul-
tiple sources of uncertainty in calculated responses. For a given computational
model, some studies focus on parametric uncertainty (see [8], 9.2.2.2). One way
to mitigate cost is to apply statistical models for simulation responses that require
only a modest number of uncertain parameters and ensemble members, for example
in perturbed physics ensemble methods (e.g. [22]). Given a moderate number of en-
sembles, this paper investigates another possible cost-reduction measure. Based on
the work of Jiang, Kaya and Layton [10], a method is proposed herein to compute
ensemble-mean flow states efficiently, by using a conventional (statistical) turbu-
lence model (CTM). CTM models (like RANS [1] or k& — € [20]) seek to reduce the
number of degrees of freedom required to resolve mean fluid behavior. The method
has the additional benefit of reducing some matrix-assembly costs for the ensemble
computations.

The focus is on atmosphere-ocean interaction (AOI). A key aspect of many AOI
models is to avoid resolving the boundary layers, instead relying on boundary con-
ditions that conserve fluxes across the layers. In order to reduce the problem down
but retain this key mathematical detail, Connors, Howell and Layton investigated
a model of two incompressible fluids coupled across a flat interface [5]. A similar
model is adopted here, since it provides a convenient setting in which to incorporate
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the work of Jiang, Kaya and Layton. However, it is necessary to account for the
special dynamics in AOI introduced by the differences in vertical versus horizontal
scaling, and also by the interface boundary conditions.

1.1. A conventional turbulence model for coupled fluids. Consider an en-
semble of velocities and pressures for flows in the atmosphere and ocean (domains
Q4,0 CR?, d=2,3, respectively), satisfying

(1) Oru; —DA(Uj)-i-Uj -Vu; +Vp;, = fAj on Q4 x (0,7,
(2) V-u; = 0onQyx(0,7],
(3) u;(x,t=0) = uj(x)on Qu,

(4) 0iv; —Do(vj) +v;-Vv;+Vq; = fo; on Qo x (0,77,
(5) V-v; = 0onQo x (0,7,
(6) vi(x,t=0) = v?(x) on Qp.

Here, D 4(u;) and Do (v;) are viscosity terms. Let D(u) represent any d x d tensor
or matrix, with entries D(u);;, 1 <4, < d. Define a decomposition by

D(u) = D(uw)"” + D(u)*,

o (D(u))ij fori=1,...,d—1, j=1,...,d,
(7) (D(w) )ij o { 0, otherwise
1 _ [ (D), fori=d, j=1,....d,
(D(w) )ij o { 0, otherwise

Now let D(u) = (Vu+VuT)/2 be specifically the viscous part of the Cauchy stress
tensor. The diffusion terms are decomposed into horizontal and vertical terms:

(8) Da(w;) = 2V-(va"D(u))” +va"D(u;)"),
(9) Do(v;) = 2V (vo"D(v;)" +voD(v;)"h).

The constants 4 > 0 and vo™ > 0 are horizontal diffusion parameters, whereas
vt > 0and vot > 0 are (constant) vertical diffusion parameters. The horizontal
scale is much larger than the vertical scale for atmosphere-ocean simulations. Due
to the nature of flow features that result from this scale discrepancy, it is typi-
cal in practice to treat horizontal and vertical diffusion processes differently (see,
e.g. [21, 23]). While many other aspects of typical atmosphere-ocean models are
not included here, the above model retains the necessary mathematical features for
the investigation in this paper. Boundary conditions are discussed later.

We assume that j = 1,...,J and define the ensemble average, say a, of any
collection of J objects a; by

J

(10) a=<aj >E§Zaj.

j=1
A model for the ensemble-averaged mean flow is
(11) Gu—Dy(u)+u-Vu+Vp—V- -R(u,u) = fyonQy x(0,7],
(12) V-u = 0onQyux(0,7],
(13) u(x,t=0) = up(x)on Qyu,
(14) v —Do(v)+v-Vv+Vg—V-R(v,v) = fponQp x (0,7T],
(15) V.-v = 0on Qe x (0,7T],
(16) v(x,t=0) = wvp(x)on Qo,
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where the (yet to be closed) Reynolds stresses are denoted by
R(u,u) =<u; ><u; > — <uju; >.

The key is what happens at the interface between the fluids, which are coupled
across a flat interface, I';. The coupling is based on the so-called “rigid-lid” hy-
pothesis that has often been used for atmosphere-ocean coupling; that small-scale
fluctuations can be eliminated by using a flat ocean surface model and still capture
the correct long-time statistical behavior. Also, the boundary layers of the atmo-
sphere and ocean are not resolved but are instead replaced by using formulae for the
bulk transfer of physical fluxes between the fluids. A full description of the prim-
itive equations of the coupled atmosphere-ocean system and their mathematical
analysis is found in the papers of Lions, Temam and Wang [16, 17, 18].

Let the outward-pointing normal vectors of unit length on the boundaries of 2 4
and Q0 be denoted by n4 and ne, respectively. A generic unit vector 7 is also
used, defined by 7 = (£1,0) (d = 2) or 7 = (11,72,0) (d = 3). On the interface
the fluids cannot penetrate and the transfer of horizontal momentum across the
boundary layers is represented using a slip-with-friction condition:

(17) u; -y = vj - ho =0,
17 . . R N A
—pAVAJ‘nA-VUj'TZPOVOLHO'VVJ’ T = pakjluy — vl (u; —vy) - T

on I'; x (0,7]. The parameters p4 > 0 and pp > 0 are densities. The friction pa-
rameters x; > 0 are calculated in practice from bulk flux formulae that involve other
variables not considered in the above model, but which may be viewed as introduc-
ing additional sources of uncertainty. These parameters will be time dependent,
but for simplicity their dependence on x is neglected in this paper. Furthermore,
these values should remain bounded away from zero and infinity. It is assumed
herein that x;(t) € C*>°(0,00) and

(18) 0 < ko <Kj(t) < koo <00, j=1,...,J,

for all ¢t € [0,00), where kg and ks are independent of time and j.
Upon ensemble averaging of (17), we see

u~flA:V~flo:0,
(19) 1 A L. A A
—pava— iy -Vu- T = povohe - Vv - T = pg(Kk;jlu; —vj| (u; —v;)) -7,

which adds another consideration for the closure problem, since (for example)
(rjluj —vi[(uj —v;)) - T#rlu=v[(a—v)- 7.

The focus of this paper is the computation of ensembles for the coupled fluid-
fluid model, for which purpose it shall not be necessary to derive a theoretical
boundary condtion for the mean-flow transfer of momentum across the interface.
It shall be shown that only individual realizations (u;, v;) will need to be computed,
for which purpose it suffices to apply the correct boundary conditions (17). Then
the identities (19) will hold automatically at each discrete time level. The closure
problem associated with the mean-flow transfer of momentum across the interface
is left as an interesting open problem for purposes of theoretical analysis.
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TABLE 1. Choices for turbulent mixing lengths and turbulent energies.
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The critical issue is to model the behavior of the Reynolds stresses. Apply the
eddy viscosity (EV) hypothesis away from boundaries and approximate

(20) V- R(u u) ~ D4’ (u)+ model pressure terms, in Q4
W) = 29 (F"DW + i3 D))
(21) and V- R(V v) ~ Do’ (v)+ model pressure terms, in Qo,
ol(v) = 2v. (yo D) + 75 D(v) )
~H ~H ~1 —~1 . e
Here, v4 ,v0" ,v4 ,v0 are turbulent viscosities in the bulk atmosphere and
ocean. Their dependence on turbulent fluctuations shall be prescribed via the

Kolmogorov-Prandtl relationship
(22) T = Vouv,

where vT denotes a turbulent viscosity parameter, x4 is a tuning parameter, [ is
a subscale mixing length and %’ is the kinetic energy associated with turbulent
fluctuations.

The key is to choose [ and k’ such that these values will naturally vanish near
boundaries, but away from boundaries they yield reasonable results to model sub-
scale diffusion. First, define fluctuations ag for data ay,...,ay by

J.

ay=aj—<a;>, j=1,...,

Velocities will be decomposed into horizontal and vertical components:

_..H 1 L H i
u; = u; +uj, Vi =V; +V-,

H H

1
where u;’,v;

are the horizontal components and u ,vj are the vertical compo-
nents. Then the turbulent viscosities are specified by choosing [ and k' as shown
in Table 1. The choices for [ represent the (average) distance a turbulent, subscale
feature moves (either horizontally or vertically) in a time At, shown in [9] to yield
good results. The values for k' represent the (average) kinetic energy density of a
subscale eddy.

Note that on boundaries where a no-slip condition is imposed, these choices
of turbulent viscosities will automatically vanish. If a no-penetration condition
is imposed, such as at the atmosphere-ocean interface with rigid lid, the vertical
component of velocity still vanishes and thus drives the values of 17}& and 175L to
zero. As a result, from (20)-(21) it follows that

t=0
lzo

fig- R(u,u) ~ 204 iy - D(u)

and fo - R(v,v) = 200" he - D(v)

on I';. This is consistent with the behavior of the Reynolds stresses at the interface:
ny - R(u,u) <hyg-u; ><u; >—< (hyg-u)u; >=0

and flo-R(V,V) <fl(9-Vj ><Vj>—<(flo-vj)Vj >=0 onlIYy.
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2. Mathematical preliminaries
Coordinates in space are denoted by x = (1, ...,24). The domains are rectan-
gles (d = 2) or boxes (d = 3) of the form
Qa4 =1(0,L1) x (0, Ha) and Qo = (0,L1) x (—~Hp,0) (d=2)
(23) Q4 =(0,L1) x (0,L2) x (0,Ha)
and Qo = (0,L1) x (0, L2) x (—Hp,0) (d=3).
The values H4 > 0 and Hp > 0 represent the height of 24 and the depth of
Qo. The domain width in the lateral directions are 0 < Li, L. The domains are

coupled across their shared interface I'y = Q4 N Qp, which lies in the plane x4 = 0.
Other boundaries are

Iy =0Q4aN{xq=Ha} (top of atmosphere)

Iy =000 N{zqg=—Ho} (bottom of ocean)

't =004\ (I;UT) (lateral atmosphere boundaries)
'Y =000\ (T, UT;) (lateral ocean boundaries).

The velocities and pressures are denoted by

(25) uj:(ulyj,...,udyj):QA%Rd, ijQAg)R,
Vj = (vlyj,...,vd,j) : QO %Rd, qj : QO — R.

Periodic lateral boundary conditions are chosen. At the atmosphere top and ocean
bottom, a no-slip condition is imposed for the velocities:

(26) u; =0onIy x(0,T] and v; =0 on I', x (0,T].

The ensemble-mean flows then have the same lateral, top and bottom boundary
conditions.

Remark 1. At the atmosphere top, the usual boundary conditions would be no-
penetration and no-tangential-stress (also called “no-flux”). However, the no-slip
condition is used herein to simplify the analysis and presentation.

Some preliminary notation and results will be used for purposes of analysis.

Definition 1. Standard L2-inner-products are defined on each domain by

(u,ﬁ)Az/ u-udx and (V,V)OE/ v - Vdx.
QA Qo

Definition 2.

[l

T l/p
o= (/ |u||p> L 1<p< o,
0

[[al|oo,2 = ess supg<;<r|lu(t)]-
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Definition 3. Weak spaces for the velocities and pressures are defined with respect
to the above boundary condtions.

Xy = Cl(Hl)d{u € (Coo(m))d |u(z)) =u(x; + L;), 1<i<d, u=0onTy UF[}.

Xo = Cl(Hl)d{V € (C"O(%))d |v(z;) =v(z; + L;), 1 <i<d,
v=0onTIy,vyg=0on I’I}.

Pa=cln {pecwmn pdx =0, plas) = plai + L), 1gz<d}.

Qa

Po = g {q ccx@0)| [ qdx=0, qles) =gl + Lo), 1< < d}.

Qo
Divergence-free subspaces are needed for the velocities.

Definition 4.

(27) Va = {ueXu[(V-u,pla=0, Vp€ Pa}

(28) Vo = {veXol|(V-v,Qo=0,VYqe Po}

Due to the boundary conditions on I'z, it is necessary to work with the space
L3(T'7). Tt is well-known that traces of functions in X 4 and X¢ are well-defined in
this sense (see e.g. [6]). The next definition provides a compact notation.

1/3
fullr = ([ jar)
'y

Definition 6. Given functions u,i € (H*(Q4))? and v,v € (H(Q0))¢, some
bilinear forms are defined as follows.

Definition 5.

(29) aa(u, ) =2v." D) : Vadx + 2v4t D(u)t : Vadx
Q4 Qa

(30) @z(u,ﬁ)EQ/ ﬂHD(u)H:Vﬁdx+2/ U2 D(u)t : Vindx
Qa Q4

(31) ao(v,v) = 2wp™ D)7 : Vv dx + 2vp™* D(v)t : Vvdx
Qo Qo

(32) ao(v,v) 52/ 7o' D) de+2/ Jo D(v)* : Vv dx.

Qo QO
Lemma 1. Given functions (1, v) € (H(24))¢, (H'(Q0))?) and (u,v) € (V4, Vo),
it holds that

as(u,0) = I/AH/ (V) . (va)? dx + I/Al/ (Vu)* : (Va)t dx

Q4 Qa
ao(v,v) = vo' / (V) (Vo) dx + yol/ (Vv)t (V) dx.
Qo Qo

Proof. Tt suffices to take u € C*(Q4) N V4 and v € C>®(Qp) N Vo, since these
subspaces are dense. Use the decomposition (7) and

(Vu)f . (Vo) =0 =(Va)? : (Vu)t
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to write
aa(u, i) =2v," D(u)? : Vadx + 2u4t D(u)t : Viidx
Qa Qa

_ VAH/ (vw' : (va) + (vu")?  (va)H dx
Qa

+ Z/AL/Q (Vu)* : (V)" + (VuT)L (V) 't dx.

Integrate by parts to show that for each i =1,...,d,

Z / azlujc?x]ﬂz dx:f/ 0, Z 8zjuj ’l]z dXZO,
FRA LY Q

j=1,..., a j=1,...,d
since u € V4 = V-u=0. It follows that
VAH/ (vu) " (Vi) dx = 0 = Z/AL/ (Vu™) "+ (Vid)* dx,
Q4 Qa
and therefore

aa(u, ) = VAH/

(vu) : (va)" dx + VAL/ (Vu)' : (V)" dx.
Q4

Qa
A similar analysis holds with v and v. O

An application of the Poincare-Friedrich inequality is used for the velocity spaces.
The factor of 2 that appears in (34) below is for convenience in later application.

Lemma 2. There exists a constant oy > 0 such that
(33) o1 {[|Vul]* 4+ [|[Vv|?} < aa(u,u) + ao(v,v),
for anyu € V4 and v € Vio. Furthermore, there exists a constant as > 0 such that
(34) 20 {|[uf]? + [v[I*} < e {[IVu]? + | Vv|?},
foranyu e Vy and v € Vp.
Proof. Tt is clear from Lemma 1 that the constant oy can be defined by
ap = min{z/AH, vat, voll, V@J‘}.

The rest follows from the observation that the Poincare-Friedrich inequality holds
on each domain 24 and Qe. [l

The polarization identity is useful to decompose vector products of the form
(u—v) - u into positive and negative parts.

Lemma 3 (Polarization identity). Given equal-size vectors u and v,
2u—v)-u=[u?+u-vP—|v

Ensembles of products can be manipulated using the next result to represent
them in terms of fluctuations and ensemble averages.

Lemma 4 (Product ensemble identities). Given two sets of scalars a; and bj,
7=1,...,J, it follows

(35) < ajbj >=< a;b; > +ab.
For two sets of vectors a; and b, j =1,...,J, it holds that
(36) <a;-b; >=<aj-bj>4a-b.
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Proof. Since the averaging operator < - > distributes across addition and j-independent
scalars can be pulled out,

<ajb; > =<ajb; >+ <ajb>4 <aby >+ <ab>
=<ajb; >+ <a;>b+a<b;>+ab.
Then (35) follows from noting that fluctuations average to zero;
!/ /
<a; >=<b; >=0.
The proof of (36) is similar. O

The following result will help later to study the effects of the nonlinear friction
terms on the mean flow.

Lemma 5. Given a set of vectors a;, j =1,...,J, it holds that
((lajlay)" - aj) > 0.
Proof. Application of (36) gives
((lajla;) - %) = (|lajla; - a;) — (laj|a;) - (ay)
= (1) = (Jaylay) - (@)

A lower bound may be found by first applying the Triangle and Minkowski inequal-
ities to show that

(37)

J J 5 N/ 2/3
1 1 , 1 s
[{lajlas)l = > lajlay §jZ|aj| <5 h! > layl
j=1 j=1 j=1 j=1
2/3
J
= (520l ] = (l)
j=1
Similarly, it holds that
) J . J . J 2/3 J 1/3
3
e = 5 > a, S72|aj|ﬁj do1 > layl
j=1 j=1 j=1 j=1
1/3
1 3 3\ 1/3
(Jz|aj|) = (Jal’)
j=1

O

The following monotonicity result is used later to analyze convergence of ensem-
bles to statistical equilibrium.

Lemma 6 (Friction monotonicity). Define T : RY — R? by T(x) = |x|x, for all
x €RY, deN. Then T € C1(R%,RY) and

(39) (T() = T(y)) - (x—y) > glx—y, ¥ y € RL
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Proof. At any point X, the derivative DT'(x) : R — R? is a linear map, defined for
all arguments y € R¢ by

0, ifx=0
(39) DI(x)(y) = { Xt Xy, otherwise.
It is a standard exercise in real analysis to verify this formula and that T €

CHR4,RY).
It remains to show (38) . Given two vectors X,y € R?, define a = y —x. Without
loss of generality, a # 0. One may write

(T(y)-T(x) (y —x) = /0 %T(er sa)-ads = /0 DT (x + sa)(a) - ads.

Note that x + sa = 0 is possible for at most one distinct value of s, so we may
ignore this case in the above integral. It follows from (39) that

1
(T(y)—T(x))-(y—x):/O %(x—i—sa)-a—i—k—i—sab-ads
1 . 2
:/ lxtsa)-al” o callal? ds
0 |x + sa]

1
1, .
> |a|2/ Ix + sa| ds > ~|af’.
O 4
The last inequality is equivalent to arguments in [11], page 131. O
Remark 2. The value 1/4 that appears in (38) is probably not sharp.

3. Evolution of the model variance

Three sources of model uncertainties are considered: initial conditions, forcing
terms and the friction parameters r;. Let || - || denote the standard L%-norm; the
domain is inferred by context. An arbitrary set of vector functions w;, j =1,...,J,
are discussed on a generic domain.

Definition 7 (Variance). The variances are given by

Viwy) = (Iwil*) = Iwl?,
v((vw)®) = (|lew) ") = [leow) 1,
and V(Vwr) = (|[(Fw) ") = [ (Tw)H ]

Note that the variance measures fluctuations:

Lemma 7.
viwy) = (Iw]*) = 0. v(Tw)™) = ([ (Fw) Y| 2 0.
(s y[*) = o.

Proof. Let  denote the domain for w;. Apply (36) as follows:

<||Wj|\2> - </ij'WjdX> Z/Q<Wj.wj) dx:/ﬂ<wg.wg> dX+/Qw-wdx
- </Q Wil dx> - /Q [wi?dx = (lwj[I*) + [Iwl,

(40)
V((Tw))h) =
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which implies that
2
viw) = (Iwil*)-

The remainder of the proof is analogous. O

Given that strong model solutions exist for each realization, then an energy
equality will be satisfied for each realization and for the mean flows. These equations
can then be used to describe the evolution of the model variance.
Lemma 8. Given strong solutions (u;,p;) and (v;,q;) to the model equations (1)-

(6) with boundary conditions described above, the following energy equations are
satisfied for j =1,...,J:

d PO PO
an g (el 2} et + a0t v;)
PA PA
+/ Iﬁj|uj7Vj|3dF[:/ fAj'ujdX+p—O foj'deX,
Iy Qa PA JQo
d 2 , PO 2
(42) Z V==Vl e+ kglay = vyl(ay = vy)) - (w = v)dly
PA T'r
—l—aA(u,u)—l—p—an(v,v):/ fA-udx—i—p—O fo - vdx
PA Qa PA Joo
f/ R(u,u) : Vudx — pro R(v,v) : Vvdx.
Qa PA JQo

Proof. Multiply through (1) by u; and integrate over Q4. Also multiply through (4)
by pov;/pa and integrate over Qo, adding the two equations together. Given the
boundary condtions, it is easily shown that

/uj~Vuj~ujdx:/ vj~VVj~vjdx:0:/ ij~ujdx:/ Vg -v;dx.
Qa Qo Qa Qo

For the diffusion terms, note that

(@] O
— [ Dalwy) -uydx— L2 | Do(vy)-vydx = aa(ujuy) + Pao(vy,v))
Qa PA JQo PA
+/ Kilay —vjl(u; —v;) -u;dl'y —/ Kjlay —vj|(u; —v;) - v;dly
F[ FI

O
=aA(ujvuj)+p—a0(Vjan)+/ Kjla; — ;> dry.
PA Iy

The rest is standard to derive (41). For (42) one multiplies through (11) by u and
through (14) by pov/p.a. Then follow the above procedure, applying the ensemble-
averaged boundary conditions. O
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Theorem 1 (Variance evolution). Given an ensemble of strong model solutions,
the model variance must satisfy the integral equation

T

PO T
V(uj(T)H—V(vj(T)H/ VAHV((Vuj(T))H)dH/ vatV((Vuy(T))*h) dt
PA 0 0

00 [y (v () e + 2O / LotV (Tv; (D)) dt
PA Jo

PA Jo
T
+/O /FI ({rilwj = vjl(w; = v;)} - (uj —v;)') dlrdt

T T
:Vu0.+p_ovvo. +/ / £ .u er_o/ / £, v,
( ]) oA ( ]) o Q,A<A] ]> o4t QO<OJ ]>

T T
—|—/ / R(u,u) : Vudxdt + p_o/ / R(v,v) : Vvdxdt.
0 Jau PA Jo Jao

Proof. Integrate (41)-(42) in time and take the ensemble-average of the realization
energy equations. Subtracting this from the time-integral of the mean-flow energy
equation and applying Definition 7 yields

T

PO T
V(uj(T)H—V(vj(T)H/ VAHV((Vuj(T))H)dH/ vatV((Vuy(T))*h) dt
PA 0 0

00 [y (v, () e + 2O / LotV (Tv (D)) dt
PA Jo

PA Jo
T -
Jr/o /p (kg — v, *) = (kjlu; = vil(u; — v;)) - (0= v)dlpdt
I po -
:V(u(;)Jr—V(v?)Jr/ / ((fa;-uj) —fa-u) dxdt
PA 0 Qa

T
P
+p_j/0 /Qo ((fo, - v;) — fo - v) dxdt

T T
—|—/ / R(u,u) : Vudxdt + p_o/ / R(v,v) : Vvdxdt.
0 Qa PA Jo Qo

Apply (36) to the forcing terms:
(faj-uj) —fa-u=(f4;-u}) and (fo, v;) —fo-v=(fo - v}).

In order to handle the interface terms, set v; = k;|u;—v;|(u;—v;) and w; = u;—v;.
It holds that

[ sty = i) = Gy = wiltws = v3) - (a = v)ars a

T T
=/ / (5 - W) drfdtz/ / (v, -wh) dT' dt.
0 'y 0 s

The last step holds since <’y . w§> =v- <w§> = 0. The desired result follows by
combining the above equations. O

As a corollary, it may be shown that when perturbations are only introduced
through the initial conditions, the Reynolds stresses must have a dissipative effect
on the mean flow. This yields a proof (under certain conditions) of the so-called
Boussinesq assumption that partially motivates the closure models (20)-(21). This
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analysis was performed in [10], but their analysis did not account for the extra
coupling terms present with the atmosphere-ocean problem.

Corollary 1. Assume strong realizations (u;,p;) and (v;,q;) exist and the forc-
ing terms satisfy fa; € L>(0,T; L*(4)) and fo;, € L®(0,T; L*(Q0)), for j =
JoIf k=0 ande; :fo;- =0 forj=1,...,J, then

hm mf{ / / (u,u) : Vudxdt
Qa

1 (T
+ P_O_/ / R(v,v) : Vvdxdt} > 0.
paT Jo Jao

Proof. The assumptions on the forcing terms imply further that the variance sat-
isfies V(u;) € L>(0,T; L?(Q4)) and that V(v;) € L>=(0,T; L*(Q0)), for all j, by

standard arguments. Since also Ii;- =0andf A; = fo;» = 0, Theorem 1 implies that

T

V(7)) + 22V (v; (1)) + / vV (Tuy (T) ) dt + / VAt V(Y (T))5) dt
pA 0

0

PO T T N | |
+ ((VVJ( )) )dt-l‘ / voTV((Vv;(T))*')dt
PA
/ /1“ K ({luy = vil(u; —v)} - (u; —v;)) dlrdt

T
=V(u}) + _V / / (w,u) : Vudxdt + O/ R(v,v) : Vvdxdt.
Qa PA Qo

Multiply through by 1/T and note that

V@ =0(1). grem=o(g).

Also, taking a; = u; — v; in Lemma 5 yields

1 (7
T/ / ke ({lj = vil(uj —vy)}Y - (uj —v;)") dlpdt > 0.
o Jr;
The remaining variance terms are non-negative by Lemma 7. (I

Remark 3. It is expected that Corollary 1 would still hold if the data fluctuations
n;, fA;» and fo; are small enough (in an appropriate sense), or vanish quickly
enough as T — oo.

4. Leray-regularized realizations and properties

The model realizations shall employ a Leray-type regularization. That is, the
ensemble averaging operator < - > is assumed to have a smoothing effect on the
mean flow, so that replacement of the convecting velocity in the nonlinear term of
a realization will result in a regularized model, in the sense of Leray, [14, 15]. The
realizations satisfy

(43) Onuj —Da(u;) —Da’(wj) +u-Vu; +Vp; = fa; 0n Q4 x (0,7,
(44) atvj—Do(vj)—DOT(vj)—l—v-ij—i—qu = fo,; on Qo x (0,T7.
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The notation for the realizations is reused here. The incompressibility, initial and
boundary conditions are unchanged from before.
Note that upon taking the ensemble-average of (43)-(44) the mean flow satisfies

du—Dy(u) — Dy (u) +u-Vu+Vp = f4onQyx (0,7,
0tv—Do(v)—DoT(v)+v-Vv+Vq = fp on Qp x (0,7].

Comparison with (11)-(16) reveals that the mean flow for the Leray-regularized
ensemble differs from that of the standard NSE model ensemble only due to the
closures (20)-(21) for the Reynolds stress terms.

In ensemble calculations for this regularized model, matrices for the convection
terms will not depend on the particular ensemble member. In practice, ensemble
members would be advanced one time step in serial fashion, requiring one ensemble
averaging (a negligible cost) plus the recomputation of convection terms once per
time step. The matrix assembly cost is thus reduced significantly in proportion to
the (possibly large) ensemble size, as compared with standard ensemble methods.
The resulting savings in run time will depend on the particular implementation and
is left to future study.

Remark 4. The mean flow still satisfies (19) on T'y. This is not closed for the
mean flow, so the realizations are a coupled system of J equations. FExistence of
unique, strong solutions is assumed herein, in order to discuss algorithmic ideas. A
time-stepping method is applied later that decouples these equations numerically.

Unique, strong solutions for the realization equations are assumed to exist here-
after and to satisfy the following variational problem. For 1 < j < J, (uj,p;) : t —
(X4, Pa) and (vj,q;) : t = (Xo, Po) satisty (for a.e. t € (0,T])

(atujv ﬁ)A + (u ’ Vujv ﬁ)A + aA(uja ﬁ) + a‘;\(ujv ﬁ) - (pjv V- ﬁ)A

(45) Jrlij/F luj —vj|(u; —vy)-udl'y = (fq;,u)a, Vae Xy
(46) I (V-uj,p)a = 0, Vpe Py,

(Ov;, V)o + (V- Vv, V)o +ao(v;,Vv) + ao(v;,v)—(¢;,V-V)o
(47) fz—gnj [ = vl = v) - 9L = (fo; V)0, VW € Xo
(48) (V-v;,@)o = 0, ¥§e€ Po,

with u;(t = 0) = uf and v;(t = 0) = vJ. Here, it is assumed also that V- u) =
V'VJO» =0 and that u; € L*(0,7; X 4) and v; € L*(0,T; Xo). The time derivatives
satisfy dyu; € L?(0,T;X4™) and dyv; € L*(0,T; Xo*). This way to define strong

solutions is consistent with [13].

Lemma 9 (Long-time stability). Assume (uj,p;), (vj,q;) are strong solutions of
the realization equations for 1 < j < J and let the turbulent viscosity coefficients
be constants. If £4; € L>(0,00; L?(Q4)) and fo; € L>(0,00; L*(Q0)), then for
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0<t<oo,
PO ‘ Po
s @I + 22 vy ()12 - [ et {||Vuj<7>|2 n —||ij<7>|2} i
PA 0 PA
t
b2 [ ety — v () dr
0
—at 012 , PO .02
<o {||uj| + 29| }

1 — e 2t PO
————{ lim ||f4,2 = lim |fo;[%.¢-
o { s + 22 i o, 12

It follows that uj € L>(0,00; L%(Q4)) and v; € L>(0,00; L*(Q0)).

+

Proof. Define w; = /pov;/+/pa. It follows from (45)-(48) that

1d __ _
§E{Huj|\2+|\Wj||2}+GA(uj,uj)+aA(uj,uj)+a0(WjaWj)+a0(Wj7Wj)
PO
+rillu; — v = (fq;,u)a + foi,vi)o < |Ifail|uill + foq|lllvill.
illuy = vjl7 = (Faj,05) PA( 5 vi)o < |1fa;llayll PAH Rz

Since the turbulent viscosity parameters are constants, the analysis of Lemma 1
and Lemma 2 may be applied to show that

aa(uj,u;) +ao(w;, w;) > 0.
Bound the remaining viscous terms below by applying Lemma 2. The result is
5 25 1P+ w5112} + @z {2 + w7} + 5 {|\Vuj||2+||wj|\ }
+hjluy = vyl < HfAJIIIIUJH + 22 A 2 l£o;111v511-
Bound the right-hand side above using Young’s inequality:

L g+ w2} + 0 {1+ w12} + S {92+ 9w, )
1 PO Q2
il = vill < 5 { ey P+ —|foj||2} 22 Ly + w2}

L 1d
= 577 Ul + w1 }+—{||uyll2+||W]H }+_{||VUJH2+HVW]” t

1 2 2
iy = vill < 5o {112+ 221, 2
The remainder of the proof follows by using an integration factor. O
The next result is needed to discuss convergence to statistical equilibrium.
Lemma 10. Let the mapping T — e~*2(=7) f(1) € L'(0,t) satisfy
t
/ e~ 2= f(1)|dr < C < o0
0

for all 0 <t < 0o, where ag > 0 and C' > 0 are independent of T and t. Given any
g € L*>(0,00) such that limsup,_, . |g(t)| = 0, it holds that

t
limsup/ e~ 2= |g(7)||f (1) dT = 0.
0

t—o0
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Proof. Without loss of generality, assume ||g||r~ > 0. Let 6 > 0 be arbitrary.
Given 0 < s < t,

¢ s
[ et DNgml sl dr < lglume=0-2) [ emese () ar
0 0

t
+ sup Ig(T)I/ e 2| f(7)|dr < Cllg|pee” 2™ + C sup |g(7)].

s<t<t s<t<t

Choose s so large that sup,<, <., [9(7)| < §/(2C) and then choose any t*(§) > s so
large that

]

e—c2(t—s) < g2t =s) _
2C||gl| =

for all t > ¢*. It follows that
t
0<sup [ eI g(ollf(r]dr <,
t>t* Jo
which is the desired result. (I

Theorem 2. Let the turbulent viscosity coefficients be constants. Assume that for
all1 < j < J, f4; € L(0,00; L*(Q4)), fo; € L>=(0,00; L*(Q0)) and also that

(49) lim sup [|[£4 ()| = limsup [|fo;(¢)|| = limsup ;(¢) = 0.
t—o0 t—o0 t—o0

Given (u;,p;), (vi,q:) and (uj,p;), (v5,q;) are any strong solutions of the realiza-
tion equations with 1 < 4,5 < J, it holds that

t—o0

. PO .
(50) hmsup{um — )@ + 22w vj><t>||2} ~0
and

t
(51) 1imsup/ eme2mT) {IIV(ui —u)()]* + Z—OHV(W - Vj)(T)IIQ} dr = 0.
0 A

t—o0

Proof. Define a =u; —u; and b = v; — v;. It follows from (45)-(48) that

1d
——||al||2+/F ni|uifvi|(uifvi)~adF17/ kjlu; — vj|(u; —v;)-adl'y
I

2 dt I'r
+ a.A(aa a) + &‘:4(37 a) = (fAz - f.Aja a)_A .
Next, decompose the data x4, /5, f4; and f4; in terms of fluctuations and means,
then insert above and rearrange terms to see that

1d
§E||a||2+/ n|uifvi|(uifvi)~ad1“[f/ kluj — vjl(u; —v;)-adly
FI FI

+aa(a,a) +aq(a,a) = (ng ffA;,a)A

7/ ”;|ui7vi|(uifvi)'ad].—‘]+/ H;'|llj*Vj|(llj*Vj)~adF[.
Iy T



ENSEMBLE-BASED CONVENTIONAL TURBULENCE MODEL 507

On the domain ¢ an analogous equation is derived and added to the above result,
which leads to

{n 12+ ”‘9|b||2} +au(a,a) +aa(aa) + 22ao(b,b) + L2an (b, b)

Zdt PA PA PA

—|—/ klu; — vi|(u; — v;) - (a—b)dl; —/ kluj — vjl(u; —v;) - (a—b)dl;y
FI FI

:-/ /@ﬂui—vi|(ui—vi)-(a—b)dI’1+/ kg — vil(u; — v;) - (a— b) T
FI I

+(£4) — £4)0)  + Z—j (fo! — fo',b),, -

The interface terms on the left are treated by applying the monotonicity result
Lemma 6, with x =u; —v;and y =u; —v;. Then x—y =a—b and

/F/i|ui7vz-|(uifvz-)~(afb)dl“[f/F klu; —vjl(u; —v;) - (a—b)dl;
— [ wxlx—Iyiy) (@ =) drs = [ w(xlx—Iyly) - (x-) drs

1 1 .
Z—/ H|X*y|3d1—‘]:—/ kla—b|* dl; > 0.
4 I 4 I

Next, bound the viscous terms below by applying Lemma 2. Upon combining the
above results, it holds that

1d PO PO
(52) 5 { 18l + 22012} + 0z { P + 22 o2
PA
1 PO
S {Iwall o+ £21wbi2} < (el + 151l + 22 (18l -+ 5051 o)
pa pA
+|I€2|/ |ui—vi|2|a—b|df‘1+|/@;|/ lu; — v;|*|la—b|dl;.
F[ 1—‘I
Young’s inequality is used to bound
(53) (il + ) lall + 22 (18l + 5o ) ]
2 Po Qg PO
< a—{||fAZ|2+||fAJ|2 IfoilP + 22180517 b+ 52 {all + 22 by .
pPA PA PA

The interface terms on the right of (52) require more work. First, note that
la—b| =[x —y[ < Ju; = vi| + |[u; = v,].

It follows from Young’s inequality that
[ o= vl = bl + ) [y = v Plablar
F[ 1—‘I
3 1 . 13 3 / . 3
< sleil | =il dlr + 2legl | Juy — vy |7 dly
3 r; 377 ),

1 1 .
+—|ﬂ§|/ |uj*Vj|3dFI+—|H§|/ lu; — vi|*dly.
3 FI 3 FI
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Next, use the positivity requirement (18) to bound
[ = vl bl ] [y v bldry
FI FI
5|kL| + |k 55| + |k}
< SIS s — i s+ M,@j/ u; — v, dTy.
3/330 r; 3K}0 I

This result and (53) provide an upper bound for the right-hand side of (52). After
some algebra, one obtains

d PO poO PO
7 {Ilall2 + —Ibll2} + o {Ial2 +=—[b|* ¢t + a1 {[[Va]? + = Vb|?
PA PA PA

4 po po
< o LI + IR + 221 ? + 22150
2 PA PA

+25|H§|+|H§| 5|5 + |l
3Ko 3K

An integration factor may be used here to find that

t
po Ca(tr po
Ja@)1? + 22 o) ? + o / ¢o2lt >{||Va<v>||2+p—A|Vb<v>||2}dT

killag — vil|7 + 2 kjllg — v|?

< oot {|a<o>|2 n g—j|b<o>||2}

4 t
(54)  +— [ et {|fA;|2 + 5117 + B2 o2 + 22 |fo;-|2} dr
2 Jo PA PA

2 [ s
+ 30 L€ Tk + [w) ) millwi = vi|F dr
t
+ 2 e U (5]K) | + [k )|y — v,|F dr.
3ro Jo ! 1

Due to (49) and the boundedness of the data f4; and fo;, it holds that
7= g1(7) = £ + [1£45 (D)2 + Z—j||fo;<f>||2 + ﬁ—jnfo;-(v)nQ € L*(0,0)

such that limsup, _, . |g1(7)| = 0. Therefore, Lemma 10 may be applied with g = g1
and f(7) =1 to show that

t—o0

t
. Cas(t—T @) O
lim sup / ealt >{||fA;||2+||fA;-|2+”—|fo;||2+p—|fo;||2}drzo.
0 PA PA

In order to show that the interface terms also vanish in the limit, first note that
due to Lemma 9, for any 1 < j < J

7= f(r) = e 2Dk (1)l (w; — vi)(0)]F

satisfies the assumptions of Lemma 10. Due to (49) and the uniform boundedness
of the data x; and k;, it then follows from Lemma 10 that

t
lim sup / €027 (5]1!] + |15 s s — vi |3 dir
0

t—o0

t
_ 1imsup/ €220 (51! + |l sy — v |3 dr = 0.
0

t—o0

The desired results are now evident from (54). O
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5. Numerical methods and variance analysis

CTM realizations are to be computed using three methods that differ only in the
treatment of the coupling across the interface. One method uses implicit coupling of
velocities, called the monolithic method, which is analogous to solving atmosphere
and ocean equations simultaneously as one large system. In practice, partitioned
methods are commonly used, which decouple the velocities for the atmosphere and
ocean systems. Monolithic coupling is used here only to provide a benchmark point
of comparison for the partitioned methods.

The partitioned methods are based on the work by Connors, Howell and Lay-
ton [5], and they provide unconditional numerical stability. The proof of stability
is omitted for brevity, but it is a simple consequence of combining [10], Theorem
4.6 and [5], Lemma 3.1. However, with a partitioned method the friction does not
automatically satisfy the monotonicity property (see Lemma 6), which may inhibit
convergence to equilibrium. For comparison, one of the two partitioned variants
calculates the friction based on the approximation

Kiluj —vil(u; —vy) = Kjlu— vi(u; —vj),

which changes the mean flow and realizations, but is proved to guarantee conver-
gence to statistical equilibrium.

5.1. Numerical methods to approximate realizations. Let Q24 and Qo have
associated conforming, triangular or tetrahedral meshes with mesh sizes h 4 and
ho, respectively, defined as the maximum diameter of a mesh element. Conforming
finite element spaces are defined by using Taylor-Hood pairs, resulting in spaces
()~( A, ISA) and ()~( o, ﬁo) These elements are known to satisfy the so-called inf-sup
or LBB condition (see [7, 2]) and have enjoyed wide-spread use for fluid com-
putations. A uniform time step is used with size At > 0. Given a function
g(t) € C[0,00), let g™ =~ g(t"™ = nAt) denote an approximation at the discrete
time levels n = 0, 1,.... Define explicitly skew-symmetrized trilinear forms for the
convection terms by

1 1
cA(u,uj;ﬁ)E—/ u-Vuj-ﬁdx——/ u-Via-u;dx
2 Ja, 2 Ja,

1 1
and co(v,vj;ff)z§/ V-ij-ffdx—§/ v-Vv-v;dx.
Qo Q

Define functions p7 and g} on I'y by

T

2 and 7} = k(1) [u" — V",

wy = k(") [uf —vj
for 1 < j < J and all n. The three coupling approaches are referred to as M
(monolithic) and then P1 and P2 (partitioned). The friction terms are defined as

follows.

M;L+1 (u;z+1 _ V;H_l (M)

T (wr vy = 4 VI (VI =gy ) (P
VI (VT Jm ) (P2)

M;}+1 (V;LJrl _ u;ﬂrl) (M)

To (u?“,v?“,u?,v}z) = M( N?V?H - M?_lu?) (P1)
VI (Vv = JmT ) (p2)
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TABLE 2. Choices for turbulent mixing lengths and turbulent energies.

I//:ZH I;\‘ZJ_
U] At < |[(E@D)" T > | At < [(BE(ur)" )] >
K5 < I(E(ujH)”“)’l2 > | 5 < I(E(ut)”“)’l2 >

7o Vo
1] At <|[(EvEYTY] > | At < [(BE(vH)" Y] >
K| s < (B )P > | s < (B P >

Note that the coupling is linearized with both methods. Also, extrapolation is used
to linearize the convecting velocity for efficiency. To this end, given numbers g",
n = 0,1,..., define E(g)""! = 2¢" — g"~!. Then numerical approximations for
the realizations are sought by finding (u},p}) € ()}A, ﬁA) and (v}, q}) € ()~(o, ﬁo)
satisfying

1 ~ ~
AT (311;-L+1 —4uj + u;-“l, u)A + ca(BE(u)"H, u;-“rl, u)
At E) + a () — (V)
(55) +/F Ty (0t v u? v - adl,
I

+ya(Voupt vea) = (f477, W4, Ve X4

J
(V : u;‘lJrlaﬁ)A = 07 V}:} € ]S.Av

1 ~ ~
E(SV?J’_I —4v] + V?_l, V)o + co(E(v)"H, V?'H, V)
PA n+1 n+1 n n =~
"o ke To (wj™, vy ug, vy) - v dly
I
+ao(vith V) +ao(vith¥) — (¢, V- V)o
+90 (V-vIT V%), = (fo) ™, ¥)o, V¥ € Xo

(Vv §)o =0, V§ € Po,

(56)

with initial data u(]? € )Z’A and V? € Xo. The constants Y4 > 0 and yo > 0 are
known as “grad-div stabilization parameters” and help to improve mass conserva-
tion (see e.g. [3, 19]), since Taylor-Hood elements do not admit a divergence-free
velocity space. Values for these parameters are to be determined by experiment.
The turbulent viscosity coefficients are chosen as shown in Table 2.

Note that the coefficients for these linear systems do not depend on j except for
the terms for the flux coupling over I';. But these latter terms only affect a relatively
small number of the total matrix entries. Furthermore, the partitioned methods are
linearized; compared to nonlinear methods applied to the true realization equations,
the approach in this paper is very fast to run.

5.2. Evolution of variance for the methods. In order to simplify the analysis
in this section, variance is only introduced through the initial conditions. In general,
it is expected that the variance for the discrete approximations M and P2 will vanish
as time evolves so long as the fluctuations Ii;, f A;- and fo; vanish fast enough in
time. However, for method P1 this behavior may be inhibited and it is not known
if the variance vanishes at long times.
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Lemma 11. Let k; = k > 0 for all j = 1,...,J. For methods M and P2, there
exist numbers R™ > 0 and S™ >0 forn=1,..., N, which depend on the method,
such that

[ (Tt o) - () ar
I
(57) _|_/F <Io (u?“,v?“,u?,v?) . (V?+1)'> dr;
I
=" L Rl R n=1,...,N—1.

Proof. Define S! = 0 for both methods. For method M, the relevant coupling terms
satisfy

/F <u?“ (uptt — vty (uy+1)’> dr; —/F <u;?+1 (uptt — vty (v;+1)’> dry
I I

_ /@/ <‘u§z+1 _ V?H‘ (u}”l _ V;LH) ) (u;erl _ V;z+1)'> dr,
I'r

= Ll Y ()
I
It follows from Lemma 5 that
H/ <{‘u?+1 _ v?‘f‘l‘ (u?+1 _ V?-i—l)}/ . (U;H_l _ v?+1)/> dF[ = Sn+1 >0
Ty

forn=1,..., N — 1. For method M, take R™ = 0 for all n.
Note that for method P2, the numbers i} satisfy 71} = x(t")[u™ — v"|, which
does not depend on j. Then the interface terms satisfy

(s = i) (g ) o
! /r <<\/ﬁ7"?+1 - W“?) ' (ﬁv?*l)/> dr'y

- {07y - () | ()
ey - (V) )y Y

The polarization identity may be applied to write the above terms in the form
Sntl 4 Rl R™ where

=g [ (|
I'r
n 1 -—-n n —n— n
S = §/F <‘\/ﬂj (W) = (v))
1 -5n n —n— n
+§/r <'V“J' (Vi) =y ()

2 —n n+1’2

+ 7 (v ) ari =0,
2

>dn
2
>dF[20.

It can be shown that Lemma 11 need not hold in a purely algebraic sense for
method P1. As a result, spurious variance might be created numerically for method
P1 through the coupling terms and inhibit convergence to statistical equilibrium.

O
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Theorem 3. Let the turbulent viscosities be constants. Assume n} =0, fA; =0

and fo; = 0 identically, for all j. Then the discrete solutions for methods M and
P2 satisfy

. n PO n . PO n
T (v (u?) +p—Av(vj)) ~ lim (v (Va?) + pAv(ij)) —o,
for all j.

Proof. Insert u = u}”l and § = p?“ in (55), apply the polarization identity,
multiply through by At and take the ensemble average to see that

]‘ n 2 ]‘ n n 2 n n— 2
—Qw*w>+ZWmﬁ%mm> 2 (7Y = 5 (2w — w1
4= <Hun+1 2u Jrun 1” >

+ At <aA(u;-L+1, u?+1)> + At <674(u?+1, u?+1)> + Atyg <||V . u;-LHH2>

[} J7 0 J

+At/ (Ta (WP vl vy ) dly = At (E477 ) )
I'r

On the other hand, take the ensemble average of (55) before inserting 1 = u. Then
similar arguments may be used to show that

+1 +1 271 271 B 2
Lo 5 f2urt =P e = g f2ur - wn
+§||un+1—zun+un—1||2
At )+ AT ) + At 7w

+At/ <IA( n+1’vn+1 u’?, v’ )>-unJrldF]:At(fAnJrl,unJrl)A
I'r

J I}

Now subtract this from the previous equation and apply Lemma 7 and (36) to see
that

ZV (uj+1) + —V (2uj"’1 — uj) — ZV (uj) — ZV (2uj —uj 1)

PV (2w ) 4 At (V- )
At + TV (Tu ) + At (ra® + 70V (Vuyt)*)

+ At / <IA( ”Jrl,vnJrl u” Vﬂ) . (un+1)l> dl'r =0.
I'r

(58)

J 2 TI g J

Note that the forcing terms cancel by assumption. The analogous steps may be

applied with (56) and the result added to (58). For the viscous terms, bound below
using Lemma 7 and Lemma 2. For a more compact notation, define

+1 +1 PO +1

w” :V(u? )er—AV(V” )

J

nt+l — Vu n+1 OV v n+1
B =V (V) + L2 (vt
)\nJrl 9 n+l + _V n+1 n
Vet - u) + L2V (v - vi)
AL = (u ntl_ 2uj + u?_l) oy (V?Jrl —2v] + V?_l)

PA
@t = (|7 @) + 28 (o 9 I
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In summary, it holds that
1 n+1 n+1 n n 1 n+1 At n+1 n+1 n+1
Z(w + A —w _)\)+ZA +7{2Q + aow + a8 }

+ At /F <IA (u?“,v?“,u?,v?) -u}l+1> dl'y
I

— At / <IA (u?*'l,vm’l7 u?, v?)) cu"tdr;
I'r

J J

J J 7777

+ At / (Zo (un“,vn“,u” v -V;L+1> dl'y
'y
— At /r, <Io (u?“,v?“,u”,v?» -v"Hlar; <o.

Next, apply Lemma 11 for the interface terms, sum over the time index and multiply
through by 4. The result is

(59)
N—-1 1

WV AN +aAL RN 4+ 2At Z {25’”rl +20nt 4 5/\’“rl + apw™t + mﬂ"“}
n=1

<A 4+ w! +4AtR!.
In the limit as N — oo, it is necessary that

lim w" = lim B" =0.
n—oo n—oo

This is the desired result. (I

6. Computational testing

Here, heat transport is considered under conditions of (approximate) radiative
equilibrium, as an example of an important process in AOI research [8]. Based
on Theorem 2, it is likely that the conclusions of Theorem 3 still hold when ensem-
bles are run with uncertainty in forcings, f4; and fo;, and friction coefficients, ;.
The statistical convergence of the CTM methods is investigated in this section.

The methods M, P1 and P2 will be tested in 2D domains 4 = [0,10L] x [0, L]
and Qo = [0,10L] x [-L, 0], where L = 500 is a length scale in meters. The compu-
tational meshes in both domains are uniform Delaunay-Voronoi triangulations with
mesh size h = 50v/2 (meters). Time steps are uniform, with size At = 5 (seconds).
These parameters are fixed throughout the computations below.

6.1. Heat convection model background state. A background flow state is
computed in order to provide a uniform point of comparison for the CTM models.
Whereas ensemble indices take on values j = 1,2,..., the background state will be
associated with index j = 0. Buoyancy-driven forcings for the momentum are used,
which take the form

40 = (0,—g(1 — Ba(fo —05))) and foo = {(0,—g(1 — Bo(¥o — 1y)))-

Here, 6y and v are temperatures in Kelvin (K), g = 9.81m - s~2 is gravitational
acceleration and B4 = 3.43-1073 (K1), Bo = 2.07-10~* (K 1) are coefficients of
thermal expansion for air and sea water. The temperature averages over domains
Q4 and Qo are denoted by 6y and 1), respectively.
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The temperatures will be numerically approximated as solutions of the heat
convection model

0i0yg — a4 A0y +ug - VO = OOIIQAX(O,T]7
Orho — aolipg +vo - Vibg = 0 on Qo x (0,T],

with initial conditions discussed later. The (positive, constant) parameters a4
and ap are thermal diffusivity parameters. These values are defined in terms
of the Prandtl numbers (see [12]) for air (Pr4) and seawater (Pro) by setting
ay = VAH/P’I“A and ap = V@H/Pro. The solutions are horizontally periodic, as
described for the velocity and pressure variables. No heat flux is allowed through
the bottom of 2¢». Heat may be transferred across the fluid-fluid interface and
through the model top (top of Q4), according to the boundary conditions

—capaaaVhy -ty = C7 (0 —285), onTYy,
—capaaaVly -ty = Q, only,
and copoaoVy;-no = Q, only,

with heat flux @ on the interface consisting of three parts:
Q = 30(1—CY)(1+ cos((x — 150)7/150)) (solar radiative flux)
+ C"(0y —1bp) (longwave radiative flux)
+ C*"|ug — vol(Bo — 1po) (sensible heat flux).

The constants ¢4 and co are the specific heats of air and seawater, respectively.
The condition on the model top drives the temperature toward the value 285 K by
allowing heating (or cooling) if 6y is below (or above) this value. The net heat flux
@ can be either upward or downward, depending on the net solar radiative flux and
the relative temperatures across the interface. The parameter C*? is the albedo of
the ocean. The solar heating is allowed to vary in space, otherwise even heating in
these tests would inhibit circulation.

The numerical approximation for temperature uses globally-continuous, piece-
wise quadratic finite elements in space and BDF-2 in time, analogous to method M
for the coupling terms, except that the velocities are also extrapolated there;

[uo = vol(flo — vo)li=en+r ~ [E(ug™) — E(vg )05 —v5 ™).

This decouples the temperature and velocity at each time step. A similar method
was studied in [4] and shown to be numerically stable; the main difference is the
BDF-2 time stepping, which can be analyzed as in [10]. The temperature fields are
only computed as described here for the background state. Perturbed temperature
fields are discussed later.

6.2. Model spin-up. A spin-up step was used to generate initial conditions for
subsequent testing, with the goal of first bringing the background state near ra-
diative equilibrium. This was achieved by starting with zero initial velocity and
pressure, and uniform temperatures of 285 K in Q24 and 300 K in Q». Method M
was used to spin up the background state. Parameter values are shown in Table 3.

During spin-up, solar heating induces buoyancy-driven currents. The lower do-
main loses heat into the upper domain, due to the initial temperature differential.
Since heat in the upper domain can radiate through the model top, the average
temperatures in both domains stabilize. The problem was run for 20,000 time
steps. Upon completion, the time-rate of change of average temperature in each
subdomain was found to be below 10~7 in size. Although the system achieves an
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TABLE 3. Physical parameter values in SI units for the background state.

vaA™ | vat | vo! | vot | Pra| Pro YA Yo
1 20 1/15 | 20/15 | 0.713 7.2 1000 | 1000
PA PO cA co Ko cr C'sen Clald

1.2041 | 1025.0 | 1004.9 | 3993.0 | 0.5 | 6.0322 | 0.0011 | 0.1

approximate radiative equilibrium, the dynamics are not steady, as may be seen by

looking at the total kinetic energies over time. These are given by
pA lul*dx and P_O/ |v|? dx,
2 Ja. 2 Jao

shown in Figure 1. The time step size is constrained by the faster dynamics in §2 4.

S 4
3 x10 1 x10
S5 il 2, S10
; &9
65t hd W, gﬁ% 153 in £ 1 e
'§ %}%’ W i ¥ g Beh | é 7"
Z 6 Z 6
5.5 5
9.75 9.8 9.85 9.9 9.95 10 9.75 9.8 9.85 9.9 9.95 10
time (s) x10° time (s) x10°

FicUure 1. Kinetic energy during spin-up for the last 500 time
steps in domains Q 4 (left) and Qe (right). The system is approx-
imately at radiative equilibrium, but not stationary.

Temperature and velocity streamlines are shown in Figure 2. Although the sys-
tem is quite simple compared to an atmosphere-ocean simulation, some similarities
exist. Faster convective currents persist in €24, compared to those in 2¢. The ki-
netic energy in Qo is still considerable, as a result of the larger density, po ~ p4-103.
A test could be done with a wider range of flow scales by decreasing the kinematic
viscosities or by increasing the length scale, L. The parameter choices in this report
are limited by the computational cost.
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FIGURE 2. Streamlines and temperatures in Q4 (top) and Qo
(bottom) are shown for the initial conditions generated via spin-up.
The flow exhibits a moderate range of flow scales.
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6.3. Convergence to statistical equilibrium. The calculation of mean-flow
kinetic energy (an example quantity of interest) and the convergence to statistical
equilibrium are investigated with the CTM methods M, P1 and P2. Uncertainty is
introduced through the Boussinesq forcing and the friction parameter. The initial
conditions, shown in Figure 2, are not perturbed and do not contribute to the
model variance. The constant parameters in Table 3 are used here. Ten-member
ensembles are used, with uncertain data expressed in terms of the numbers

5'{ -4, j=1,...,5
J j—5, j=6,...,10
The friction parameters are x; = ko + 0.016; h(t) ko, j = 1,...,10. Note that
2;11 0; = 0. The mean friction parameter is thus x = &o.
The simulation is run for 2000 time steps, which yields a final time of 10° s. The
function h(t) is given by
2

_ t
25107
which satisfies 0 < h(t) < h(5000) = 1 and decays to h(10°) ~ 107!, so that (49)
will hold.

Perturbed forcings are constructed to induce small-scale velocity fluctuations.
The background temperature fields are perturbed to drive the flows, according to

f4;=1(0,—g(1 — Ba(6o — o + (5-107°)8; h(t)* cos(m /250) sin(m y/250))))

fo; = (0,—g(1 — Bo(to — g + (5 - 107%)8; h(t)? cos(m z/250) sin(r y/250)))) .
The full heat convection model is only used to calculate the background state
(j = 0) at each time step. The ensemble only includes j = 1,...,10, which are
perturbations of the background state. The forcings for the ensemble members
do not depend on the velocities u; or v;, since this would present a fundamental
deviation from the theory in this paper. The relative sizes of perturbations for x;,
f4; and fo; reflect an attempt to balance out the contributions to model variance
from these sources.

In addition to the CTM methods, a straight ensemble calculation is included
here for comparison. That is, the numerical method equivalent to method M, but
without using the mean-flow velocity for the convection terms and without any
turbulent viscosity. Variance calculations in the L?-norm are shown in Figure 3,
and kinetic energy is shown in Figure 4. For the CTM methods, the turbulent
viscosities were calculated using (22) with u = 1.0 in Q4, p = 0.5 in Qp, and I,
k' defined in Table 2. These p values were found to be roughly optimal for the
mean-flow kinetic energy using method M to match the mean-flow kinetic energy
without CTM as best as possible.

The model variance is consistent amongst CTM methods, but reduced compared
to the variance without CTM, and vanishing in all cases. This is consistent with
the implication of Theorem 2 and with Theorem 3. The kinetic energy is only
shown on time intervals where variance is significant; details are hard to see on
the global time scale. The CTM methods all track the reference mean-flow kinetic
energy (without CTM) very well, in particular when the mean flow deviates signif-
icantly from the background state. When the variance is small, the mean-flow and
background energies nearly coincide, but the partitioned methods predict a slightly
different result in these regions, shown in Figure 5. Methods P1 and P2 predict the
same energy when the variance in small, which is expected since these methods are
equivalent when the variance is zero.

0 < h(t) exp(2 —¢/2500) < 1,
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FIGURE 3. The variance (L?-norm) in domains Q4 (left) and Qe
(right). As expected, the CTM methods have reduced the variance.
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FIGURE 4. The background state and mean-flow kinetic energies
in domains 24 (left) and Qe (right). The CTMs closely track the
mean-flow behavior as it deviates from the background state.
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F1GURE 5. The background state and mean-flow kinetic energies
in domains Q4 (left) and Qe (right). The model variances are
very small for the range of times shown here. The kinetic energy
of the background state coincides with that of the mean-flow states
without CTM and with method M, but methods P1 and P2 display
a slightly different behavior.

Since the difference between the monolithic and partitioned methods is only the
numerical coupling, the results suggest that the coupling method can introduce
a statistical bias. In scientific AOI codes, this sort of bias would be challenging
to quantify since (1) monolithic coupling is not available and (2) the coupling
frequency is limited, due to the computational cost. Method P1 is more interesting
than methods M or P2, for practical purposes. Aside from the issue of a statistical
bias, the results shown here indicate that method P1 may (with parameter tuning)
do a good job of reproducing mean-flow statistics.
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7. Conclusions

A statistical turbulence model was proposed for ensemble calculations with two
coupled fluids that enables some reduction in matrix assembly costs. The closure
model accounts for the behavior of the Reynolds stress terms at the interface.
The analyses of [10] were extended to account for the fluid coupling conditions,
showing a proof of the Boussinesq hypothesis and squeezing of fluid trajectories
with the turbulence model. Some numerical methods were proposed, including
implicit and partitioned coupling, and it was proved for two methods that the
discrete variance must vanish at long times. The analogous proof for the third
partitioned method, which is of the most practical interest, is not known. But in
computations this method was observed to predict almost exactly the same behavior
as the other methods. Furthermore, the computations indicate an excellent ability
for the turbulence methods to reproduce the correct ensemble mean-flow behavior.
The partitioned methods may introduce a statistical bias at long times, which was
small in the computational example.
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