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APPROXIMATION OF THE LONG-TERM DYNAMICS OF THE
DYNAMICAL SYSTEM GENERATED BY A 3D NS-a SYSTEM
WITH PHASE TRANSITION

T. TACHIM MEDJO AND F. TONE

Abstract. In this article we study an approximate model for a binary fluid flow in a three-
dimensional bounded domain. The governing equations consist of the Allen—Cahn equation for
the order (phase) parameter ¢ coupled with the Navier—Stokes-a (NS-a) system for the velocity u.
We discretize these equations in time using the implicit Euler scheme and we prove that the global
attractors generated by the numerical scheme converge to the global attractor of the continuous
system as the time-step approaches zero.
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1. Introduction

It is well known that the incompressible Navier—Stokes equations govern the
motion of single-phase fluids, such as air or water. On the other hand, we are faced
with the difficult problem of understanding the motion of binary fluid mixtures, that
is, fluids composed by either two phases of the same chemical species or phases of
different composition. Diffuse interface models are well-known tools to describe the
dynamics of complex (e.g., binary) fluids, [23]. For instance, this approach is used
in [3] to describe cavitation phenomena in a flowing liquid. The model consists of
the Navier—Stokes equations coupled with the phase-field system, [4, 23, 22, 24]. In
the isothermal compressible case, the existence of a global weak solution is proved in
[18]. In the incompressible isothermal case, neglecting chemical reactions and other
forces, the model reduces to an evolution system which governs the fluid velocity u
and the order parameter ¢. This system can be written as a Navier—Stokes equation
coupled with a convective Allen—Cahn equation, [23]. The associated initial and
boundary value problem was studied in [23], in which the authors proved that the
system generated a strongly continuous semigroup on a suitable phase space which
possesses a global attractor A. They also established the existence of an exponential
attractor £. This entails that A has a finite fractal dimension, which is estimated in
[23] in terms of some model parameters. The dynamic of simple single-phase fluids
has been widely investigated, although some important issues remain unresolved,
[40]. In the case of binary fluids, the analysis is even more complicated and the
mathematical study is still at its infancy, as noted in [23].

In this article we study an approximate model for a binary fluid flow in a three-
dimensional bounded domain. The model is derived from the 3D coupled Allen—
Cahn—Navier—Stokes system by substituting the 3D Navier—Stokes system with the
3D NS-a equations. This model can be considered as a regularized approximation
of the 3D coupled Allen—Cahn—Navier—Stokes system, depending on a small positive
parameter o > 0, where in some terms, the unknown velocity function v is replaced
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by a smoother function u, solution of the elliptic system v = u — a?Au. For a = 0,
the model reduces to the exact 3D coupled Allen—Cahn—Navier—Stokes system.

Since the uniqueness theorem for the global weak solutions (or the global ex-
istence of strong solutions) of the initial-value problem of the 3D coupled Allen—
Cahn—Navier—Stokes system is not proved yet, the known theory of global attrac-
tors of infinite dimensional dynamical systems is not applicable to the 3D coupled
Allen—Cahn—Navier-Stokes system. This situation is the same for the 3D Navier—
Stokes systems. Using regular approximation equations to study the classical 3D
Navier—Stokes systems has become an effective tool both from the numerical and
the theoretical point of views. It is well-known that direct numerical simulation
of the 3D NSE for many physical applications with high Reynolds number flows
is intractable even using state-of-the-art numerical methods on the most advanced
supercomputers available nowadays. Recently, many applied mathematicians have
developed regularized turbulence models for the 3D NSE as an attempt to overcome
this simulation barrier. Their aim is to capture the large, energetic eddies without
having to compute the smallest dynamically relevant eddies, by instead modelling
the effects of small eddies in terms of the large scales in the 3D NSE. Since 1998,
many such regularized models have been proposed, tested and investigated from
both the numerical and the mathematical point of views. Among these models,
one can find the globally well-posed 3D Navier—Stokes-a (NS-a) equations (also
known as the viscous Camassa-Holm equations and Lagrangian averaged Navier—
Stokes-a model), the 3D Leray-a models, the modified 3D Leray-« models, the
simplified 3D Bardina models, the 3D Navier—Stokes—Voight (NSV) equations, and
their inviscid counterparts. As noted in [14], it was demonstrated analytically and
numerically that the NS-« model gives a good approximation in the study of many
problems related to turbulent flows. In particular, it was found that the explicit
steady analytical solution of the NS-a model compares successfully with empirical
and numerical experiment data for a wide range of Reynolds numbers in turbulent
channel and pipe flows, [14]. Let us recall that the inviscid 3D NS-a equations
were first proposed in [19]. As described in [19, 33], the 3D NS-a equations are a
systems of partial differential equations for the mean velocity in which a nonlinear
dispertive mechanism filters the small scales. As such, the 3D NS-« equations serve
as an appropriate model for turbulent flows and a suitable approximation of the
3D Navier—Stokes, as documented in [9, 11, 10, 12, 31, 30, 33, 25, 26, 27, 13, 29].
A successful comparison with data for time-averaged quantities for a wide range of
Reynolds numbers in turbulent channel and pipe flows was done in [9, 11]. Further
studies of the 3D NS-a models in the context of turbulence modeling appear in
[15, 32, 36]. Analytical studies of the global existence, uniqueness and regularity
of solutions to the 3D NS-a system are performed in [19] in the case of periodic
boundary conditions. Some existence and uniqueness results are also established in
[33, 7, 8, 6]. In [33], the authors prove the global well-posedness and regularity of
the 3D NS-a equations in a bounded domain with a non-slip boundary condition.
A non-autonomous NS-a model is considered in [7], where the authors study the
asymptotic behavior of the solutions of a 3D NS-a with delay forces. They prove
the existence of a pullback and forward attractors for the model. The stochastic
version is also studied in [6].

Motivated by the above works and the fact that a full mathematical theory of
the 3D coupled Allen-Cahn—Navier—Stokes system is still lacking, the author in
[34] studied an approximate model for a binary fluid flow in a three dimensional
bounded domain. The governing equations consist of the Allen—-Cahn equations
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for the order (phase) parameter ¢ coupled with the NS-« system for the velocity
u. He analyzed the asymptotic behavior of the solution to the associated initial
and boundary value problem. In particular, he proved that the system generates a
strongly continuous semigroup on a suitable phase space, which possesses a global
attractor A. Then he established the existence of an exponential attractor £, which
entails that A has finite fractal dimension. In [20], the authors study the relations
between the long-time dynamics of the 3D Allen—-Cahn—NS-« model and the exact
3D Allen—Cahn—Navier—Stokes system. Proceeding in the same spirit as in [14],
it is proved in [20] that bounded set of solutions of the Allen—-Cahn-NS-av model
converge to the trajectory attractor of the 3D Allen—Cahn—Navier—Stokes system
as time goes to +oo and « approaches 0F. It is also proved that the trajectory
attractors of the 3D Allen—-Cahn—-NS-« model converges to the trajectory attractor
of the 3D Allen—Cahn-Navier-Stokes as a approaches 07. Moreover, assuming the
potential to be real analytic, it is demonstrated in [20] that in absence of external
forces, each trajectory converges to a single equilibrium and we obtain a convergence
rate estimate.

In this article, we study the numerical approximation of the 3D Allen—-Cahn—
Navier—Stokes considered in [34, 20]. We discretize the model in time using the
implicit Euler scheme and with the aid of the discrete Gronwall lemma and of the
discrete uniform Gronwall lemma we prove that the approximate solution is uni-
formly bounded in a suitable space. Using the theory of the so-called multi-valued
attractors, we also prove that the global attractors generated by the numerical
scheme converge to the global attractor of the continuous system as the time-step
approaches zero.

The article is structured as follows. In the next section, we recall from [34, 20]
the 3D NS-a model with phase transition and its mathematical setting, including
the weak formulation of the associated initial and boundary value problem. In
Subsection 3.1, following some ideas of [23], we prove that the approximate solution
is uniformly bounded in a suitable phase space Y. This allows us to prove in
Subsection 3.2 that the implicit Euler scheme is uniformly bounded in a Hilbert
space V, dense and compactly embedded in Y. Using the tools developed in [16]
(see also, [17, 28]), in Section 4 we study the convergence of the discrete (multi-
valued) attractors to the continuous (single-valued) attractor. For convenience, we
recall those results in Subsection 4.1, and then we apply them to the two-phase
flow model in Subsection 4.2.

2. A 3D NS-a model with phase transition and its mathematical setting

2.1. Governing equations. We assume that the domain M of the fluid is a
bounded domain in R®. The state of the system is described by a pair (u, ¢), where
u = (u1,us,us) is the velocity field of the fluid and ¢ is the order parameter. Let
Apu denote the Stokes operator. The system of equations for (u, ¢) reads:

%(u — a?Au) + v1(Aou — a2 A(Aou)) + (u - V) (u — o Au)
—aVu* - Au+Vp — KuVe =g,
(1) div u =0,
9 1 u-Vo+p=0,
= 026 + a0 (9),

with appropriate initial and boundary conditions.
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Let us first note that (1) is obtained by coupling the well-known Allen—Cahn
equations
9 _

(2) pri —(—12Ad +apf(9))

with the 3D NS-« system through convection and order parameter.

In (1), the unknown functions are the velocity u = (u1,ua,us) of the fluid, its
pressure p and the order (phase) parameter ¢. The quantity p is the variational
derivative of the following free energy functional

Q Fo) = [ (ZIV6F +a0P(@)) ds

-
where, e.g., F(r) = / f(¢)d¢. Here, the constants 11 > 0 and K > 0 correspond
to the kinematic viscoosity of the fluid and the capillarity (stress) coefficient respec-
tively, vo, ag > 0 are two physical parameters describing the interaction between
the two phases. In particular, v, is related to the thickness of the interface sepa-
rating the two fluids. Hereafter, as in [23], we assume that vo < ag. For a = 0, the
model (1) reduces to the 3D version of coupled Allen-Cahn-Navier—Stokes studied
in [23]. Let us recall from [19] that the positive constant « represents the square of
the spacial scale at which the fluid motion is filtered.
We endow (1) with the boundary condition

(4) u= Aou =0, g—?:OonaMx(O,Jroo),

where O M is the boundary of M and 7 is its outward normal. The initial condition
is given by

(5) (u, ¢)(0) = (ug, $o) in M.

2.2. Mathematical setting. We first present a weak formulation of (1)—(5).
Hereafter, we assume that the domain M is bounded with a smooth boundary
OM (e.g., of class C?). As in [23], we assume that f € C'(R) satisfies

{ lim f'(r) >0,
(6) \TlﬁJroo
If ()] <ep(1+|r)?), VreR.

where ¢ is some positive constant. It follows from (6) that

(7) ()] < ep (1 +]r?), vr e R
Note that from (6), we can find v > 0 such that
(8) lim fl(r) > 2y > 0.
|r]| =400

Let us denote by LP(M) (1 < p < o) the classic LP space with the norm

1/p
9) D], = </ |<I>(:E,y,z)|pd:£dydz) , VO € LP(M).
M

We also denote by H™(M) (m > 1) the classic Sobolev space of square-integrable
functions with square-integrable derivatives up to order m.

We will denote by (-, )2 and ||z, respectively, the scalar product and associated
norm in (L?*(M))3, and by (Vu,Vv)p2 the scalar product in (L?(M))3 of the
gradients of u and v. We consider the scalar product in (Hg(M))? defined by

(10) (u,v)) = (u,v) 2 + &*(Vu, Vo) 2, Yu,v € (Hi(M))3,
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where its associated norm, which is equivalent to the usual gradient norm, will be
denoted by | - |

Let H be the closure in (L?(M))? of theset V = {v € (D(M))? : V-v = 0 in M},
and by V the closure of V in (Hg(M))3.

We denote by A the Stokes operator, with domain D(4g) = (H2(M))3 NV,
defined by

Agw = 7P(Aw), Yw € D(Ao),
where P is the Leray operator, i.e., the projection operator from (L?(M))? onto
H.

Recall that since OM is Lipschitz, |Aow|rz defines in D(Ap) a norm which is
equivalent to the (H?(M))3-norm, and thus D(Ag) is a Hilbert space with the
scalar product

(U, w)D(AO) = (AQ’U, AO’LU).

Hereafter, we set H = V, with the scalar product (u,v)y = ((u,v)), and U =
D(Ayp), with the scalar product ((u,v))y = (Aou, Agv). We also denote by |- | and
| - ||zs the associated norms defined on H and U respectively.

Then, H and U are two real and separable Hilbert spaces such that & C H, with
the injection being compact and dense. We will identify H with its topological dual
‘H*, by considering U as a subspace of H*, and we identify v € U with the element
fv € H* given by

fo(w) = (v,w)y, Yw € H.
We will denote by || - ||z« the norm of &*, and by (-, -), the duality product between
U* and U.
Now, we define the operator A by

(11) (Au,v) = (Agu,v) + o (Agu, Agv), Yu,v € D(Ap).
Then, we have (see [8, 7])

Ae Lu,ur),
(12) A is self-adjoint,

there exists a; > 0, such that (Au,u) > aq|jul?, Yu € U.

Remark 2.1. Owing to the properties of A, we define
((u,v))a = (Au,v), Yu,v €U.

It is clear that ((-,-))a is a scalar product in I whose associated norm is equivalent

to the usual norm || - ||zy. From now on, without loss of generality, we simply set
(13) ((u, ) = (Au,v), Yu,v € U and ||u|f = (Au,u).

It then follows that

(14) Mlufyy < Jullf, Yuel,

where A1 > 0 is the first eigenvalue of the operator A.
We also note that

(15) (u+ a® Agu,u) = [uf} + 0?Vulla = |ul}y, Vu € H,

(Aou + a?Ag(Agu),u) = [Vulf. + 0| Aoult. = |lullz

(16) = (Au,u), Yu € U, with Apu =0 on OM,

(17) (u+ o? Agu, Agu) = |Vul|2s + o?|Agul2z = ||lul|, Yu €U,
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(Agu + a? Ag(Agu), Agu) = |A0u|i2 + a?||Agul|?

(18) — [Aoul2,, Yu € D(A), with Agu =0 on IM.

We define the linear positive unbounded operator A, on L?(M) by:
(19) Ay =—A¢ +7¢, V¢ € D(Ay),
where

D(A,) = {pe H*(M); g—f’ =0on 8/\/1}.

Note that AZ! is a compact linear operator on L?(M) and |A, - |2 is a norm
on D(A,) that is equivalent to the H?-norm. Hereafter, we will set

(20) 19112 = (A, ¥) 12 = [Vi|32 +[Y[32, Vb € D(AY?).

2.3. Some properties of the nonlinear term. We first recall from [8, 7] some
properties of the nonlinear term

(u-V)(u—a?Au) — aVu* - Au

that appears in (1).

For u € D(Ap) and v € (L?(M))3, we define (u-V)v as the element of (H~*(M))?
given by
(21)

3 3
<(UV)1},U)> = Z (&vj,uiwj} = — Z / vj(wjaiuﬁruiaiwj)d:c, Yw € (I{Ol(./\/l))3
i,j=1 ij=1"M

We can check that there exists a constant ¢; > 0 depending only on M, such that
(22)
[{(u- V)o,w)| < er]Aoulpz[v] g2 [w]|, Y(u,v,w) € D(Ag) x (L*(M))? x (Hg(M))?.
If u € D(Ap), then Vu* € (H*(M))**3 and for v € (L%(M))3, we have Vu* - v €
H~Y(M))3, with

3
(23) v vwp= 3 /M(ajui)viwjdx, vw € (HL (M),

4,J=1

We can check that there exists a constant co > 0 depending only on M, such that
(24)
[(Vu* v, w)| < ealAoul e o]z l|wl, ¥(u,v,w) € D(Ag) x (L*(M))? x (Hg(M))>.

We now consider the trilinear form b* defined by
(25)
b (u, v,w) = ((u-V)v, w)+(Vu* v, w), ¥(u,v,w) € D(Ag)x (L*(M)3)x (HE(M))3.

The following result is proved in [8, 7].

Proposition 1. The trilinear form b satisfies

(26) b (u, v, w) = —b*(w, v,u), Y(u,v,w) € D(Ay) x (L*(M))® x D(Ap),
and consequently

(27) b (u,v,u) = 0, Y(u,v) € D(Ag) x (L*(M))3.

Moreover, there exists a constant ¢ > 0, depending only on M, such that
(28)
b (u, v, w)| < e Agulgz[v| 2w, ¥(u,v,w) € D(Ao) x (L*(M))* x (Hg(M))?,
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and
(29)
6% (u, v, w)| < elful|[v] 2| Aow| 2, ¥(u,v,w) € (Hy(M))? x (L*(M))? x D(Ao).
Thus, in particular, b* is continuous on D(Ag) x (L*(M))3 x (H}(M))3.
We also define the bilinear operator By and the associated trilinear form by by
(30) (Bo(u,v),w) = b¥(u,v + a?Agv,w), Yu,v,w € D(Ap),
bo(U, v, 'U)) - <B0(U, U), '(1)>, VU, v,w € u.

Then, the following properties are proved in [7], (see also [6, 8]).

(31) bo(u,v,u) =0, Yu,v €U,
(32) [bo (w, v, w)| < eplulullv]ullw|e, Yu,v,w €U,
(33) |6 (w, v, w)| < eplullullvllulwlx, Yu,v,w eU.

We introduce the bilinear operator B; (and its associated trilinear forms b1 ) as well
as the coupling mapping Rp, which are defined from D(A4y) x D(A,) into L*(M),

and L?(M) x D(Af'/ 2) into H, respectively. More precisely, we set
(34)

(Bi(w.0). e = [ [0 V)elode = bu(u6.p). Y€ D(Av). 6.9 € D(4,).
(RO(,U’a (b)a w)L2 = /M M[vgb . w]dx
= by (w, ¢, 1), Yw € D(Ag), (1, d) € LA(M) x D(AY?).

Note that
RO(M) ¢) = PNV¢7
(35) bl (ua ¢a QS) = 07 bl (ua (7257 f’y (¢)) = 07
(36) bl(ua¢aw) = _bl(uawa¢)a VUG D(A)7¢7¢ GD(A’Y)

We also have the following continuity properties of the trilinear form by:

Lemma 1. There exists a constant ¢, > 0, depending only on M, such that

(37) b1 (1, 6, )| < Golulyy > lullef 0112|457 ) 2,

(38)  [bi(u, b, )] < Eolulnl| @/ As @l 6|2, Vu € D(A), 6.p € D(A,).
Proof. Using Holder’s inequality, we find

(39) a0 = | (G- D)o < ul 9o
By the Gagliardo—Nirenberg interpolation inequality, we have

(40) Jul o < eful 2" ull 72

(41) s < elrlZ Il

and thus (39) gives

(42) b1 (u, 6. 9)| < elul 2 [ul42 1V I Vo577 o

from which (37) follows right away.
Inequality (38) follows from (39), (41) and from the Sobolev imbedding H! <
LS. (]
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Now we define the Hilbert spaces Y and V by
(43) Y=H x H' (M), V=Ux D(A,),
endowed with the scalar products whose associated norms are

|(w, )7 = KM ul3, +v2(IVo[Es +716l7) = K7 ulf, + vallgll3,

(44)
([ (w, &)IG = llullz + [AyBl72.
We also set
(45) fo(r) = f(r) = ag lvayr

and observe that f, still satisfies (8) with 7 in place of 27 since vo < ag. Also its
,
primitive Fy(r) = / f+(¢)d¢ is bounded from below.

0
Throughout this article, we will denote by ¢ a generic positive constant depending
on the domain M.
Using the notations above, we rewrite (1)—(4) as (see [23] for details)

% + 1 Au+ Bo(u,u) — KRo(r2Avg, ¢) =g, a.e., in M x (0,+00),
@ =u+a?Apu, ae., in M x (0,+0c0),
p =126+ aofy(4), a.e.,in M x (0,+00),

% + 1+ Bi(u,¢) =0, ae., in M x (0,400).

(46)

Remark 2.2. In the weak formulation (46), the term pV¢ is replaced by v2 A,V .
This is justified since f;(qb)qu is the gradient F,(¢) and can be incorporated into
the pressure gradient, see [23] for details.

Definition 2.1. Suppose that (ug,¢o) € Y, g € L?(0,T;U*) and T > 0. A pair
(u, @) is called a weak solution to (46), (5) on [0, T if it satisfies (46), (5) in a weak
sense on [0,7T] and

(47)

(u, ) € C([0,T); Y)NL(0, T); V), 22 i

dt ar !
If (ug, o) € V, a weak solution (u, ¢) is called a strong solution on the time interval
[0, 7] if in addition to (47), it satisfies

(48) w € C([0,T];u) N L*(0,T; D(A)), ¢ € C([0,T]; D(A,)) N L*(0,T; D(A/?)).

€ L*([0, T);u™), € L*([0,T]; L*(M)).

Remark 2.3. To justify the first part of (46), we note that if (u, ¢) is a weak solution
to (46) satisfying (47), then we have By (u,u) € L%([0, 00);U*), Au € L?([0, 00);U*).
Moreover, we have

(49) |(RO(A’)'¢7 (b)vU)L?l |b1(U7¢7 A»y¢)|

< cv|r= |9l Ayl < cllvlfull@ll|AyolLe,
therefore Ro(A¢, ¢) € L?([0,00);U*).

Remark 2.4. The existence and uniqueness of weak and strong solutions to (46) is
proved in [34], (see also [21], where the convergence of the solutions as « goes to
zero is studied). In particular, the author in [34] proved that the system (46) has
a unique solution (u,¢) € C(0,T;Y) N L%(0,T; V).
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We define the continuous (nonlinear) semigroup from Y to Y by:

(50) S(t)(uo, ¢o) = (u(t), ¢(1)),

where (u, @) is the solution to (46) with the initial condition (ug, ¢o). The following
result is proved in [34].

Proposition 2. The semi-group S(t) from Y to Y associated with (46) is such that
i) There exists bounded absorbing sets in Y and in V.
ii) There exists a maximal attractor A which is compact and connected in Y and
bounded in V. Its basin of attraction is the whole space Y.

3. Implicit Euler scheme for (46)

In this article we discretize (46) using the fully implicit Euler scheme,

ﬁn_;znfl + v Au” 4+ Bo(u™, u™) — KRo(r2Ay9", ™) = g7,
4" = u" + a?Agu”,

(51) pt = V721A’y¢n + aOf’y((bn)v
Ef— "+ By(u", 9") =0,
UO = u07¢0 = ¢0;

and prove that the attractors generated by the above system converge to the attrac-
tor generated by the continuous system (46) as the time-step converges to zero. To
prove the existence of the discrete attractors we need to use the theory of the multi-
valued attractors, that we discuss in Subsection 4.1. The need of employing the
theory of the multi-valued attractors comes from the fact that the uniqueness of the
solution of the system (51) can be proved under the restriction k& < &(||(uo, ¢0)||v),
for some &(||(uo, @o)|lv) depending on the initial data. To see that, we let (u™, ¢™)
and (v™, ™) be two solutions corresponding to the same initial data (ug, ¢g) € V.
Letting w™ = u™ — v™ and 6" = ¢™ — ™, we note that (w™, 6™) is a solution of the
system
(52)

" 4+ 1 kAD™ + k [Bo(u™,u™) — Bo(v™, v™)]

—Kk [RO(V2A7¢n, ¢n) — RO(VQA»ywn7 wn)] = 0,

" = w" + o2 Agw™,

0" + ok A 0" + apk fr (¢7) — ok fy (") + k[Bi(u™, ¢™) — B1 (v, 9™)] = 0,
which can be rewritten as
(53)

" + vk AW™ + k [Bo(w™, u™) + Bo(v™, w™)]

—Kk [Ro(VQA’Yen, ") + Ro(Z/QA’Y’(ﬂn, 9")] =0,
" = w" 4+ o2 Agw™,
0" + ok A0 + ook fr(07) — a0k fy (") + k [Bi(w™, ¢") + B1(v™,0™)] = 0.

Taking the scalar product of the first equation with w™, of the third equation with
oA, 0™ in L?(R2), integrating over  and adding the resulting equations, we obtain
(using (31)):
(lw" 3, + wall015) + & (vallw™ |17 + 13| 4407 [22) + kbo(v", w™, w")

— Kk [b1(w™, o™, v A,0™) + by (w™, 0", 1o A yp™)]

+ Ek[bi(w", o™, v A, 0") + b1 (v", 07, 12 AL 0]

+ ook (fv(d)n) - fw(lﬁ"), Avon)[} = 07

(54)
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Using (33) and (37), we bound the nonlinear terms are bounded as follows:

klbo (0", w™, w™)| < eokl|o™ [lurl[w" [feaw"™ |34

95
%) < Skl + el Bllo” |,

k [bl(w”, o, 1/214»70”) + bl(w”, ", VQAvw”)]
< Guaklw 32w 216712 Ay ™ 15| Ay 07 | 2
+ Eak w3 [w o167 11/2| A, 07127 Ay 12

+ cklw" 5[0 [ 45" 7

2
1% 1Z
(56) < glkﬂwnllff + 5 KlALO" T2 + cklw” Bl |2 Ay 6" |72

+ cklw 3| Ay 22 + ck]|07]2) Ay e,
k [bl (w”, ", VQA»),H") + by (’Un7 o", VQAWH”)]
< Guaklw™ 32w 216711/ Ay ™ 42| Ay 67 | 2

2
< Sklwm + k1AL 07 3 + cklw” 16" 214,67 s

(57) o pak|o™ [ " o ™ /21 A, 07

2
v n v n n '3 '3
< Dbl + 22 KA, 6" s + ekfu B 1671y 6" 3
+ ckfo” o™ 2 16717
The last term in (54) is bounded as
k| (f4(0") — f'y(wn)aA'ven)w | < klf5(0") = fy(")[ 12| Ay 072

(58) 2
< ZZRIAL 0" [Fa + ckl£,(6") — £, (0")[32.

Recalling (45) and (6) we have

(6 — £y ™)
/ F(67 (@) — " (x)) — 0 o (8"(2) — 0" (2))|? da

- / £ (@) — ag ooy 26" (x) — " (2))? da
(for some ("(z) € (¢"(x), 9" (x)) or ¢"(x) € (W™ (z), ¢" ()
<2 /Q (23 (14 [C"(@)[Y) + ag 2n™?) (6" () — " (@))? da

O <2+ gt 67 = 0" s 46 [ 19" @1 @)~ 0 (@) do

(where 7" (z) = ¢"(z) or ¥"(x))
< 2(26f + ag "12®y?) [6" — " [Ta + A" [Lel0" — ¥ [T
<2(2¢} + ag?e®y) [@" — T2 + el l6" — "2

(by the Sobolev imbedding H*(Q) < L°(Q))
<226} + g 1) [¢" — 4" e + eK[6" — 4 |P (by (64))

< K3)16")13,
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for some K7 = K7(||(uo, ¢0)|ly) independent on n, and thus (58) gives

2
V.
(60) Bl (£ (07) = £ ("), A40") 12 | < 2 RIA07 72 + REZ (073,

Gathering relations (54)—(57) and (60), and using (64) and (142), we obtain
(61)

(1—ckK? — ckK{ K3 — ckK3) w™ 5, + (v2 — kK3 — ckK{ — kKZ) [|6"]|2 < 0.
For k such that
(62)

1 1 V2

k<min<1,— =

= mm{ "k 20 (K2 + K2K2 + K2)' 2(cK2 + cKf + K2) } fo(ll(uo, o) ),
relation (61) implies w™ = 6™ = 0. Hence, the system (51) possesses a unique
solution, provided that the time-step satisfies constraint (62). This dependence of
the time step on the initial value prevents us from defining a single-valued attractor
in the classical sense. This is why we need the theory of the multi-valued attractors,
that we discuss in Subsection 4.1.

Throughout the article, we assume that g € L>(0,T; L?) and we let ||g|loc :=
HQHLOO(O,T;L?)-

3.1. Y-Uniform Boundedness. We begin with the first main result, which proves
the uniform boundedness of the approximate solution (u"™,¢™) in Y.

Theorem 1. Let (u™, ¢™) be a solution of (51). Then there exists x > 0 such that
for every k > 0, we have

(63) (", ¢")IIF < (1+rk)™"Q*(ll (w0, ¢0)|I¥) + |1 — (1 + Hk)_"} , V>0,

where the monotonically increasing function @, given in (102) below, is independent
of n, and po, given in (103) below, is independent of the initial data.

Moreover, there exists K1 = K1 (||(uo, ¢0)||y, |¢9]lcc) such that for every k > 0,
we have

(64) 1, ™|y < K1, V>0,

and for every i = 1,--- ,n there exist M1 = My (||(u'=1, ¢~ |lv, [|g]lcos (n —i+1)k)
and My = My([| ("=, ¢ )y, llglloc, (n — i + 1)k) such that

- v n n
(65) Y (gl + 203 ) < M,
j=i
(66) kY 1A(¢)]7: < Mo,
J=i

Proof. Taking the scalar product of the first equation of (51) with 2ku™ and using
(13), the skew property (31), as well as the relation

(67) 2(p =¥, 0)m = lolh — [WlE + o — ¥l
where H is any Hilbert space, we obtain
(68)

lu™|3, — [u" 3, 4 [ — w3 4 2ok — 2Kk (U ¢, e AL 9™) = 2k (g™, u™) s
Taking the scalar product of the fourth equation of (51) in L? by 2ku™, we obtain
(69) 26" — 6" ") g + 2kl 22 + 2y (u”, 67, ") = 0.
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Dividing (68) by K and adding the resulting equation to (69), we obtain (recalling
the third equation of (51) and (35))

1
K

_ 2v _
(70) (a3 = [u" G + ™ — w3 ] + —1k|| w7 4 2(¢" — @™ ") 2

2
+ 2k|u" 7. = Ek(g ,u) e

Using the third equation of (51) and (20), we obtain
2" — ¢ ) g2
(71)  =2(¢" = ¢" ' 1aAy 9" + aofy (")) 12
= v (19715 = "5 + 10" — &"I3) + 200(6" — 6", £ (")) 2.

To evaluate the second term on the right-hand side of Eq. (71) we fix € Q and
we write

(72
F@"@) = B0 @) = [ ZIP (077 @) + 10" w) = 0 @)l

= /O [fy (¢" @) + t(d" (x) — 6" (2))) — f1(¢" (2))] (9" () — 6" () dt
+ (9" (x) — "M (2)) f1 (6" ().
Thus
(73) 200(¢" — ¢" 1, f1(0")) 12 = 200F 5 (¢") — 2aF, (0" 1) + 200RY,

where

(74) Fo(6") = /Q E, (¢"(2))dz

and

/ / [y (671 (@) + t(6"(z) — 6" () — f(6"(2)]
" (@) dide

(75) / / He™ (@) — 6" (2)) — F(6" ()]
g 1< )) dt da

4 2 / / — " (@))?dtdz  (by (45)).

Relations (71) and (73) give

200" = ¢" L) e = ve (I0"15 = 1673 + 16" — 6" H3)

(76) n n—1 n
+ 2a0F, (") — 20‘0]:'y(¢ )+ 20‘0R’y7

and recalling (70) we obtain

(77)
1 — n n—
2 [l = " B+ o = a T R v (167115 = 677 + 1167 = 6" 1)

2v 2
o bl + 200F5 (87) — 200F, (8" 1) + 200RY + 2K|u" |72 = k(g", u") 2



3D NS-a SYSTEM WITH PHASE TRANSITION 319

Multiplying the fourth equation of (51) by 2k¢™ and integrating we obtain (recalling
the third equation of (51), (20), and (35))

(78) 19”72 — 0" T2 + 10" — 6" T2 + 2k |03 + 2a0k(f,(¢"), ") L2 = 0.
Adding (77) and (78) we find

(79)
1 - - _ _
o " = e R+ = w TR v (67115 = 677 + Nl — 6" IE)

1" 72 — 10" Te + 0" = 0" T2 + 200F,(97) — 200F,(¢" )

2v
okl + 2kval| 673 + 2K|u" 22 + 200k (£5(67), 6") 12 + 200R]
2
:Ek(g”, u)pe.

Now, for any n > 1, we set
1
(80) Tn = EIU"I% +val|9" |15 + 200 F (¢") + 6" 12 + 200Ch, |22,

where CFW is taken large enough to ensure that x,, > 0 (recall that F, is bounded
from below by a constant independent of 4 and ag). We rewrite (86) in the form

(81) Ty — Tn—1 + KkXp = Yn,
where k € (0,1) is to be determined, and
(82)
K
Yn = Ekm"& — (2= R)ak]|" |12 + 200kK Ty (¢") + Kk[¢™ |72 + 200kkCr, |9
2 n n 1 n n— n 77— n n—
k(g e — el = = vl — g2 — o — o
21/1

— k|l I3 — 2kl 32 — 200k(f,(87), 6")12 — 200RY.
Using the Cauchy—Schwarz inequality and the Poincaré inequality (14), we have

2 2
Ek(gnvu")m §E7<3|9”|L2|U”|L2

2 41 2 1 2
<——FKl|g" My < =Ek||lu" ——klg"|52.
<M < S + b

Hereafter, we assume that the potential function f satisfies the following addi-
tional condition:

(34) F1r) > ’i’ Vr € R.

(83)

Then using the mean value theorem and (75), we obtain

! -1 2 —12
- /Q / (1 - 0)(6"(x) — 6" ()2 dt di — vr|6™ — " 12,

1
= _§|¢n _ (bn_ll%? _ V2,y|¢n _¢n—1 %2.
Combining (82), (83) and (85), we obtain
U < k[~ I+ By — 2 = w6713
1
V1>\1’C
+2a0 [& (Fy(0") = f5(¢")0" 1) 12 = (1 = &) (f5(¢")9", 1) L2]]-

(86) +5]¢" |32 + 200xCr, 0] + 9" 32 = 20u" 72
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Note that due to (6), we have (for any r € R)

(87) ) 2 SR+ 1) = S0+ ag ),
(88) Py (r) = F(r)r < 1+ ag va)lrf? + ¢f,
(89) (B < 011+ [r]) +

where cf,c*,c'f,c}’,cl are positive, sufficiently large constants that depend on f
only.

Thus
IR RRCO BRI [ (B0 @) = 1,6 @) @) da
< &1+ a5 w)l¢" 22 + )10,
200 (£, (60", 1) = 200 [ £,(6"(2))6" (@) da
(1) .

> coao(|f5(0™)], 1+ 16"]) L2 — crao(l+ a5 'a)|Q
> cxap([Fy(¢")], 1) 2 — (crexan + cpag + cpv2)|Q].

Using the above inequalities and the Poincaré inequality (14), we bound y,, as

1 K
i <k~ (1 5 ) I 2 = Wl o724 K16" s + 2008Cr 9
92 1 _
O2 Bt el o+ 2a0s [ (1 + ag ol s + 1]
1
—(1 = &) [exan([F5(¢")], 1) 12 — (crcwan + cpag + cpr2) Q]
where
(93) ca = [(1 = k) (crcea0 + cran + cpra) + 200kCE, + 2a0kcf] Q).

Now we choose k € (0,1) to be

(94) nxmn{”Al 2y }.

2 14wy + 20}(040 + o)

Then relation (92) gives

" 2 2 2 1 2
o < b (= 10 = vl 2+ e la” s

—(1 = r)exao([F5(0")], 1) z2 + c2)
and recalling (81), we find

(95)

1 /v
= s+ ke + 5k (I vall973) + 260"

(96) . 1 .
+ skl Fy (0|0 < WMQ |72 + cok.
1
Neglecting some positive terms, we obtain
1 1 1
97 €T S_I_-f——k’(— n|2 +C),
( ) n ﬁ n—1 ﬂ I/1’C>\%|g |L2 )
where

(98) B =1+ kk.
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Using recursively (97), we find
1 | L i
Tn < Zmao + > 5 <V1K)\2 g2, +c2>
i=1

ol + c2) [1- (1400 7].

(99)

1
< (1+kk) "2+ — (IC)\2

Now observe that, due to (6), we can find Cy > 0 such that

(100) o < Cp (L4 [I(u”, ¢")IIF + 19" [14) .

and thus, relation (99) yields

(101) T < (14 58) Q|| (o, d0) ) + o [1 = (1+wk) "],
where

(102) Q*(I(u™, ¢")llv) = Cy <1 + @™ e")IF + V—EI(U",W)I%‘{) ,

for some constant ¢ > 0, and

1 1
103 2= —=|gl? .
(103 =1 (ol + )
Taking
(104) K7 ([[(wo, ¢o) v, lglloe) = @2l (wo, ¢0)Iv) + o5,
we obtain
(105) z, < K? ¥n>0.

Since ||(u™, ¢")||3 < z,, relations (101) and (105) give (63) and (64), respectively.
Now adding inequalities (96) with n from ¢ to N and dropping some positive
terms, we find

1
Q: 5 (R vl ) + 2" s+ ol (0
(106)

<t < lgll2. + ) (N =i+ 1)k

1
VlK)\%
Recalling (100), the above inequality gives conclusion (65) of the theorem, with

Mi([[(w' =, 6" Yl lglloos (n — i+ 1)k)

i— i— 1 )
= Q6+ + (ol + o) (n = D

Recalling (51), (45), (7) and the Sobolev imbedding H!(Q2) — L%(Q), we obtain

(107)

Ay 6" |12 < —1u"[7e + OIf( e + 37701
2
(108) <3| n|2 +632 QO n|6 32 |2
< 2# 12 gcf(||+|¢|L6)+ Yo" |12
60‘0 2 6O‘O //

<z Iu |22 + — el + — 7 (6" 15)° + 3716”22,
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for some positive constant c’]{ depending on cy. Summing with n from i to N and
using (65) and (105), we obtain conclusion (66) of the theorem, with

Ma([|(w' =, 6" Hlv: 1glloos (0 — i + 1)k)
6 2

3 i—1 ji— - .
:WMNH(U Lo 1)|\Y)+V—£C?¢|Q|(n—z+1)k
2 2
(109) 603 . _
+ P GE (@ 6 v) (n i+ Dk
2
3_’YK2 i1 i1 ik
+ LRI 6 ) (= + D
Thus, the theorem has been proved. 0

Corollary 3.1. If

(110) 0<k<

R

then then By (0, \/§p0), the ball in Y centered at 0 and radius \/ipo, is an absorbing
ball for (u™, ¢™) in Y.

Proof. Let B be any bounded set in Y and assume that it is included in a ball
B(0, R) of Y. For any initial data (u°, ¢°) € B, the bound (63) on ||(u", #")||% gives

(™, ™) < (1+rk) "Q*(R) + pp.

Using assumption (110) on k& and the fact that 1 + = > exp(x/2) if € (0,1) we
obtain

K
" 6™ < exp(—nkZ ) QA(R) + b,
and thus ||(u™, ¢")||Z < 2p3, Vn > No(R, k), where

4. (Q(R)
111 No(R, k) :=—1In|[ ——|.
(111) o(. ) = i (40)
This completes the proof of the corollary. Il

3.2. V-Uniform Boundedness. We are now going to derive uniform bounds for
(u™,¢™) in V, similar to those we have already obtained in Y (see (63) above). In
order to do this, we will first use the discrete Gronwall lemma to derive an upper
bound on ||(u™, ¢™)||y, n < N, for some N > 0, and then we will employ the discrete
uniform Gronwall lemma to obtain an upper bound on ||(u", ¢™)|v, n > N.

We begin with some preliminary results.

Lemma 2. For every k > 0, we have
(112)  [l(u" o"MF < Koll(u" ™ ¢" DT + ea(| /(") 72 + lg"(22), Y > 1,

where Ky = Ka(|| (1o, ¢0)]|v, [|9]lcc) and c5 > 0 are given below, in (122) and (123),
respectively.

Proof. Taking the scalar product of the first equation of (51) with 2k(u™ — u™~1)
we obtain

2fu® iy vkl — okl
(113) +vik|lu”™ — w7 |F 4 2k bo(u”, u™, u™ — um )
— 2Kkby (u" — u" "t ¢ 1o Ay 9™) = 2k(g"™, u" — u" ) e,
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Multiplying the fourth equation of (51) by 2vek A, (¢" — ¢™ ') and integrating we
obtain (recalling the third equation of (51))

(114)
2ws|¢" — "3 + vak| Ay 9" 7. — VER[AL Q" T + BK|AL (6" — ¢ )7
+ 2ukby (u™, 97, Ay (8" — 6™ 1)) + 2900k (f (™), Ay (6™ — ")) 2 = 0.

Dividing (113) by K and adding the resulting equation to (114), we obtain

(115)

2 n n— n nf n
R R 1 i B —kll I+ vak| Ay 0" |72

Vl n— n— n 3 n—

= ekl MG — vakl A" e + —k||u N+ vakl Ay (@™ — ¢
2

+ Ekbo(u”, u u" —u" ) — 2kby (Ut — u" T 9" v A @™

+ 2V2kb1 (un’ ¢na A’Y(gbn - (anil))

_ %k:(g”, 0" — ™Y s — 2wsaok(fy (@), A (6" — ")) pe

To bound the right-hand side of (115) we use the Cauchy—Schwarz inequality and
we obtain

2 2
Ek:(g”, u" —u" ) < —kz|g"|Lz|u” —u" e

(116) < /c\/_ klg™ 2 [lu — "Ml (by (14))

—kllu™ — n—1/2
ekl =

4
k/’ n|2
U+1/1)\1/C 19" |72,

2v200k|(f+(8"), Ay (@™ — @™ 1)) 12|
(117) <2upa0k|fy(¢")| 12| Ay (0" — ¢" )| 12

2
V. — n
kalAw(fb” — 0" 1|22 + 4agk| £ (6772
We bound the nonlinear terms as:

Ekbo(u",u”,u" —u" ) = f%kbo(u”,u”,u"ﬂ) (by (31))

2 n n n—
= epklu” lllu” el e (by (32))

<
- K
(118) 202
=3 kll "+ kl u" Gl
n 2Cb n—1
<3 kll Iz + K1k|| 2 (by (64)),
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(119)

—2kby (u™ — w1, @7 v AL @™ + 2uwkby (U™, ¢, AL (97 — "))
—_ —2V2k:b1(u” _ un—17¢n7A’y¢n—1) T 2V2kb1(un_1,¢n (¢n _ ¢n—1))
< 2adikfu” — w2t — a2 Ay 67 A e

+ 2waGk ™) a1 167 12 Ay 0" AL (67 — ¢ Y 12 (by (37))

2
’I’l* V. n n n— n T —
_4,Ck||u U+ A" e + ekl — w67 Ay 2

V n n— n— n— W
+_2k|Av(¢ = ¢" )L+ cklu T a0 )12

2
V.
< 4,Cknu WU+ 2R A 67 R + B | Ay

+ ZQMAv(d)" = ¢" DL + cKik[[u" [ (by (64)).
Relations (115)—(119) give
(120)

2 1% V2
e R T L S R W

V1 2cb 2 4 n—12 2 2 n—12 V1 n n—1)2
— (2 aE e ) R = 0+ eRDMAL 0" e + ekl —

V2 B 4
+ §k|f4~y(¢n —¢" N7 < mlﬂgn@ + 403k f(6™)[12

and after neglecting some positive terms we find

2
n n 1/1 n—
2L + 221467 3 < (,C 2 gt ) 1w
(121)
+ 08+ KA, 07 s+ g™ + 4311, (6
Taking
K 1
(122) K22<u_1+?> <Z;C1+—bK1+ K1+V2+CK1>
2
and
K 1 4
123 =2 —4+ = 4
( ) “s (l/l + 1/22) (1/1)\1/C + Oéo)
we obtain conclusion (112) of the lemma. O

Lemma 3. For every k > 0 and n > 1, we have

ca(1+ KDk (", ™5 — (™, @G + (™ ")
(124) 5+ esk (15 (")Ve" 12 + |9"22) =0,
for some positive constants ¢4 and cs.

Proof. Taking the scalar product of the first equation of (51) by 2kAgu™ and inte-
grating, we obtain
™Iz = Nl 7 + u™ = w7 HIE + 2v1k] Agu™ 3, + 2kbo(u™, u”, Aou™)

72’Ckb1(A0’u, ,gf) ,I/QA,Ygf) ): Qk(g ,Aou )Lz
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Multiplying the fourth equation of (51) by QkA%gb” and integrating, we obtain

[A30" (12 = [Ay 0" ML + 145 (0" — " H)[L2 + 2k(u", A39") L2

(126) 2
+2kby (u™, ¢, A2¢™) = 0,

Recalling the third equation of (51) we find
(127)  2k(u", A2¢") L2 = 2kva| A, %207 12 + 2a0k(f4(67), A3 ¢") L2,
and then (126) gives

Ay 0" [22 = |4y 0" e + A5 (6" — 0" D22 + 2k0] 4,27 1

(128) n 2. n n o 4n 2 n
+2a0k(f’y(¢ )aA’be )L2+2kb1(u a¢ ,A,yd) ):0

Adding (125) and (128) we obtain

lu™ Iz + [Aye" 22 — (1™ HIE + [Ay0"HF2) + flu™ — w15
+ 1A (0" = " )T + 2vik| Agu” 3, + 2kve| A, 2677
+ 2kbo(u™, u”, Agu™) — 2Kkb1 (Agu™, @™, 12 Ay ¢")
- 2kby (u", 6", A26") = 2k(g", Aou™) 2 — 200k (f (6"), AZ6") .

(129)

To bound the right-hand side of the above equality we use the Cauchy-Schwarz
inequality and obtain

1% 4
(130) 2k(g", Agu™) 2 < 2k|g"™| 12| Agu”| 2 < Zlkmou% + V—1k|g”|2L2,

200k|(f5(¢"), A2¢™) 12| = 200k|(AY/? £, (¢™), A3/ ?6™) 12|
< 200k|AY2 £, (67)| 12| A 26" 2
<V Iy (¢ 2] AY 27 12
< RO 4 kI (6")V " 3o

(131)

We bound the nonlinear terms as follows:
2k|bo(u™, u™, Agu™)]
(132) < 2cpk|u”7|Aou" 3 (by (33))

V1
< ZLklAgu" B, + chlju 1,

2/Cl€|b1 (Aou”, gf)n, I/QA,Y(,Z5n)|
(133) < 26K Agu” | |6 [|'/?1 43267 2| Ay g™ |2 (by (38))
1% 1%
< ZRIAY2G" F + Skl Aou", + ck][6" | Ay 67 12,
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(134)
2hlbr(u", §", AT6")| = 2K|(AY/2 By (u”, 6"), A5/26") 12|
< 2K[A2 B (u", ¢") 12| AY 26" |12
< 2k Va5 [Vl 07 112 A" 5214520
26k 51 [ /[ V9" |21 A 2612 (by (39))
< chllu" o/ Ao 577 16" I[/%] A7 27| A3/ 26" 1
ehfu” 37 " of* A" ] AY 26 127
< | V26" e + Skl Aou” f + ekl 19" 1714, 6" 3
+ cklu™ 3 lu" Iz Ay 6" |2
Recalling (64), relations (129)—(134) give
lu™ 17 + A" 2 = (lu" iz + [Aye" 7 [22)
+lu" = u" T + Ay (" — ¢TI
(135) + k| Aou" [ + vak| A, 22 < chllulf, + cK k| A, 6"
b R34 6" 3 + 1 (67907 s + Ry,
and the conclusion of the Lemma follows right away. O
We now recall the following two lemmas, whose proofs can be found in [39]:

Lemma 4. Given k > 0 and positive sequences &,, 1, and (, such that
(136) En <E&n1(L+knn_1) + kG, forn > 1,

we have, for any n > 2,

n n—1
(137) &n < («so + Zkg) exp (Z km)-
i=1 =0

Lemma 5. Given k > 0, a positive integer ng, positive sequences &, 1, and ¢, such
that
(138) fn S gnfl(]- + knnfl) + kCn; for n 2 no,
and given the bounds
N-+ko N+ko

> kn <an, > kG < as,

n=k0 n=k0
N+ko

> k& < as,

’n:k}o

(139)

for any kg > ng, we have,

(140) & < (;—2 + ag) e, Vn > N + ng.

We are now able to prove the V-uniform stability of the scheme:

Proposition 3. Let (ug, ¢o) € V and (u™, ") be the solution of the numerical scheme
(51). Also, let k be such that

(141) kgmin{l,l} =: K1,
K
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where £ is given in (94). Then there exists K (||(uo, ¢0)|v, [|g]ls), such that

(142) (", ¢™)llv < K3 (|| (wo, ¢0)llv, lgllos ), V1 > 0,
and for alli =1,--- ,m, we have

m

Do (e =g + 1A (67 — 77172

n=i
(143)

4
<K + (L + KK (m — i+ Dk + ——lg%(m — i + Dk
111
+e (GRS +2(2¢} + g *viy)KT) (m — i+ k.

Moreover, there exists Ky = K4(||g|lcc), independent of the initial data, such
that

(144) [(w", ¢")llv < Ka(llglloc), ¥ > 2No + 1,
where Ny is given in (111).
Proof. Using (112), we infer from (124)

(™, ™) 3 < ea(l + K2k [Kal|(w™ L 6" D)3 + es(lf (6™)]22 + lg"[2)]
[ "G 4 esk (1S, (6") V" 72 + (9" (12)
(145) <l ¢ G [+ 2041 + KD K3k[ (", ¢")1F]
+2¢3ca(1 + KDE(f (™)1 + 9" (72)°
+esk (If (0")Ve" 32 + |97 [32) -
We rewrite (145) in the form

(146) &n < €n—1(1 + knn—l) + kCn,
with
(147)
=] (u", ™%, 1 = 2¢4(1+ K7 K3 || (u", 6")|I5,

G = 2c3ca(1+ KT) (15 (0")[22 + 19"172)% + 5 (12 (0") V" [12 + |9"]72)
and recalling (65) and (66), we compute:

n—1 n—1

ka =2c4(1+ K7 KQkZ (™, ¢™)1%

4C4IC

(148) < (1+ K7) K3 M1 (]| (w0, do) Iy |9l o (n — 1)k)

V1

+2¢4(1 + K7) K3 Ma([| (o, ¢o)llv, 19l oo, (n — 1)k)

+2e4(1+ K7)K3k| (w0, ¢0) -

Now using (45), (6), (7) and recalling (64) and the Sobolev imbedding H*(§2) <
L5(£2), we obtain
1M = [ 170" @)F do = [ 176" (@) - o5 " @) da
(149) < 4ct (1] + [¢"%6) + 20 2372 0" |72
< 00? (1920 + 16™1°) + 205 2379”2
ct (19 + K?) + 205 °v37* K7,
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(150)
1@V = [ 180" 0D V6" @) do
Q

- /Q (6" (@) — a5 v PV 6" (@)]? da

<Ach / 6" (2)|* Vo™ () |* do + 2(2cF + ag *v37%) | V" (2)[32
Q

< A9 |16V E" 76 + 2(2¢F + 0 21577) V" 1

< et 9" 1M Ay 9™ 72 + 2(2¢F + 0p *137P) V" 1

< KA, 4" 32 + 2(2¢5 + o *v377) KT

Recalling (65) and (66), relations (149), (150) give

(151) > kG < Ks([l(wo, $o)llv, lgllos nk).

i=1

Then conclusion (137) of Lemma 4 together with (148) and (151) give
(152) & = (", ¢")F < K&(ll(uo, do)llv, lgllc, 2Nok), Vn=1,--- 2Ny,

for some continuous functions Kj(-, -, ~), Ke(-, -, ~), increasing in all their arguments.

Now, to derive an upper bound on ||(u"™, ¢™)|lv, n > 2Ny, we apply Lemma 5 to
(146). For that, we recall that ||(u™, ¢")||y < po, for n > Ny, and for ko > No + 1
we compute:

(153)
No+ko No+ko
S o ke=k > @M
n=ko n=ko
21C
< V—lMl(PovTo +1) + Ma(po, To + 1) =t a3, (by (65) and (66))
(154)
No+ko 26C
> knn < 2ca(1+ p§) K3 (po) <V—1M1(P07T0 +1) + M2 (po, To + 1)) =:ax,
n:k}o

Recalling (149), (150), (65) and (66), we find

No+ko

(155) Z kCn < as,

n:k}o

for some as independent of the initial data. Then Lemma 5 gives
a
(156) &= 10" 9 < (7 +a2) e = Kallglo), ¥n 22N +1,
0

which is exactly conclusion (144). Combining (156) with (151), we obtain conclusion
(142) of the proposition.

Taking the sum of (135) with n from ¢ to m and using (142) and (150) gives
conclusion (143) and thus the proof of Proposition 3 is complete. O
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4. Convergence of Attractors

In this section we address the issue of the convergence of the attractors generated
by the discrete system (51) to the attractor generated by the continuous system
(46). Whereas for the continuous system (46) one can prove both the existence
and uniqueness of the solution (see [34]) and, therefore, define a global attractor
for the discrete system (51) one can prove (using Proposition 3) the uniqueness of
the solution provided that & < x(||(uo, ¢0)|v), for some x(||(uo, ¢o)||v) > 0. Since
the time restriction depends on the initial data, one cannot define a single-valued
attractor in the classical sense, and this is why we need to use the attractor theory
for the so-called multi-valued mappings. Multi-valued dynamical systems have been
investigated by many authors (see, e.g., [1], [2], [5], [35], [37], [38]), but in this article
we use the tools developed in [16] (see also, [17]) to study the convergence of the
discrete (multi-valued) attractors to the continuous (single-valued) attractor. For
convenience, we recall those results in Subsection 4.1, and then we apply them to
the two-phase flow model in Subsection 4.2.

4.1. Attractors for multi-valued mappings. Throughout this subsection, we
consider (H, |- |) to be a Hilbert space and T to be either RT = [0, 00) or N.

Definition 4.1. A one-parameter family of set-valued maps S(t) : 28 — 2 is a
multi-valued semigroup (m-semigroup) if it satisfies the following properties:

(S.1) S(0) = Iyu (identity in 24);

(S.2) S(t+s)=5(t)S(s), for all t,s € T.

Moreover, the m-semigroup is said to be closed if S(¢) is a closed map for every
t € T, meaning that if x,, — 2 in H and y, € S(¢t)z, is such that y, — y in H,
then y € S(¢t)z. (To simplify the notation, hereafter we have written S(¢)z in place

of S(t){z}.)
Definition 4.2. The positive orbit of B, starting at ¢ € T, is the set
7(8) =] S(n)B.
T>t

where

SHB= | St)z.

zeB
Definition 4.3. For any B € 27 the set

w(B) = (7B

teT
is called the w-limit set of B.
Definition 4.4. A nonempty set B € 2 is invariant for S(t) if
S(t)B = B, vt e T.
Definition 4.5. A set By € 2 is an absorbing set for the m-semigroup S(¢) if for
every bounded set B € 27 there exists t5 € T such that
S(t)B C BQ, Yt > tg.

Definition 4.6. A nonempty set C € 27 is attracting if for every bounded set B
we have

tlggo dist(S(t)B,C) =0,
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where dist(+,-) is the Hausdorff semidistance, defined as
(157) dist(B,C) = sup inf [b — ¢|,VB,C C H.
beB cEC

Definition 4.7. A nonempty compact set A € 2% is said to be the global attractor
of S(t) if A is an invariant attracting set.

Remark 4.1. The global attractor, if it exists, is necessarily unique. Moreover, it
enjoys the following maximality and minimality properties:

(i) if A is a bounded invariant set, then A D A;

(ii) if A is a closed attracting set, then A C A.

Definition 4.8. Given a bounded set B € 2f, the Kuratowski measure of non-
compactness «(B) of B is defined as

o(B) =inf {§ : B has a finite cover by balls of X of diameter less than d}.
We note that a(B) = 0 if and only if B is compact.

The following theorem, whose proof can be found in [16], gives conditions under
which a global attractor exists.

Theorem 2. Suppose that the closed m-semigroup S(t) possesses a bounded ab-
sorbing set By € 27 and

(158) tlim a(S(t)By) = 0.
Then w(By) is the global attractor of S(t).

For the purpose of this article, we need to introduce the notion of discrete m-
semigroups. More precisely, we have the following;:

Definition 4.9. Given a set-valued map S : 2 — 2H we define a discrete m-
semigroup by

S(n) = 8", Vn € N,
and we will denote it by {S}hen (instead of {S"}nen).

Remark 4.2. Given two nonempty sets B,C € 27 we write
B-—C={b—c:beB,cel} and |B| = sup |b].
beB

In order to prove the convergence of the attractors generated by the discrete
system (51) to the attractor generated by the continuous system (46) we will use
the following result, whose proof can be found in [16] (see also [42], [41], [17]).

Theorem 3. Let S(t) be a closed m-semigroup, possessing the global attractor A,
and for kg > 0, let { Sk, 0 < k < Ko }nen be a family of discrete closed m-semigroups,
with global attractor Ay. Assume the following:

(H1) [Uniform boundedness]: there exists k1 € (0, ko] such that the set

is bounded in H;
(H2) [Finite time uniform convergence]: there exists t¢ > 0 such that for any
T* > to,

lim sup |Spax — S(nk)x| = 0.
k=0 ge Ay, nkelto, T*]
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Then
lim dist(Ag,.A4) = 0,
k—0

where dist denotes the Hausdorff semidistance defined in (157).

4.2. Application: The 3D NS-a model with phase transition. As proven
in [34], the system (46) possesses a unique solution and generates a continuous
single-valued dynamical system S(t) : Y — Y, with global attractor A, bounded in
V. Using Proposition 3, one can prove that the discrete system (51) has a unique
solution provided that k < ko(||(uo, ¢o)|lv), for o(||(uo, ¢o)|lv) > 0 given in (62).
The dependence of the time step k on the initial data prevents us from defining
a single-valued attractor in the classical sense, but this difficulty can be overcome
by the theory of the multi-valued attractors recalled above. More precisely, in this
part we will prove that there exists k; > 0 such that if 0 < k < k1, the system (51)
generates a closed discrete m-semigroup { S }nen, with global attractors Ay, that
will converge to A in the sense of Theorem 3. For that, we define, for & > 0, the
multi-valued map Sy : 2¥ — 2Y as follows: for every (v,1) € Y,

Sik(v,9) = {(u,p) € V: (u, ) solves (159) below with time-step k} :

4+ mkAu+ kBo(u,u) — KkRy(vr2 Ay ¢, ¢) = 0 + kg,
4 =u+ a?Au,
(159) =0+ a?Apv,
n= VQAvd) + O‘Of’Y((vb)a
¢+ kp+ kBi(u, ¢) = 1.
Using the same ideas as in [16] (see also [17]), one can prove the following:

Theorem 4. The multi-valued map Sy associated with the implicit Euler scheme
(51) generates a closed discrete m-semigroup {Sj }nen-

Proposition 4. Let k < k1, where k1 is given in Proposition 3. Then there exists
a constant Ry > 0 such that for every R > 0 and |(ug, ¢o)|ly < R, there exists
N1 = N1(R, k) > 0 such that
(160) |55 (w0, @o)llv < R, Vn > Ni.
Thus, the set

B ={(u,9) € V: |[(u,9)]lv < Ra}
is a V-bounded absorbing set for { Sk }nen, for k € (0, k1].

Proof. Let k be as in the hypothesis. Also, let R > 0 and |[|(uo, ¢o)|ly < R. By
Corollary 3.1, there exists No = No(R, k) > 0 such that

(161) (", ¢")ly < V2p0,  Vn > No.
Let m := Ng + {%J By (65) and (66), we have
(162)

m v . .
S (Gl +14,677) < Mi(v200, (m — NoJk) + Ma(v2p0, (m = No)k).
j=No+1

Arguing by contradiction, we obtain that there exists I € {Ng + 1,---,m} such
that
(163)
%1 1
L e+ | A <

CEyAR (Ml(x/ipo, (m — No)k) + Ma(v2po, (m — No)k:)) ,
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Since (m — No)k = k|[1/k| € [1/2,1] and recalling that M; and M, are increasing
functions of their arguments, the above relation yields

2K
(164)  Jlu'||Z + 1A, 6> <2 (V— + 1) (Ml(\/ipo, 1) 4+ Ma(V2po, 1)) = R2.
1
Applying Proposition 3 with initial data (u!, ¢!) we obtain that there exists
Ks(|I(w, @")llv, lgll0), such that

(165) I, ¢™)llv < Ks (Il (@', )l llglloc), ¥ > 1.

Recalling (164) and the fact that K3(-,-) is an increasing function of its arguments,
relation (165) gives

1
(166)  [[(u™, ¢™)lv < K3(Ru, lgllos) = Ry, ¥ > Ny = Ny(R, k) := No + M

This completes the proof of Proposition 4. O

We can now prove the existence of the discrete global attractors. More precisely,
we have:

Proposition 5. For every k € (0, k1], there exists the global attractor Ay of the
m-semigroup {Sk }nen.

Proof. Let By = By(0, \/ﬁpo) be the bounded absorbing set given in Corollary 3.1.
Then Proposition 4 implies that S7By is bounded in V, for all n > N1(vV2po, k).
Since V is compactly embedded in Y, we obtain that S}’ By is relatively compact in
Y and, thus, a(SpBy) = 0, for all n > N;i(v/2po, k). Condition (158) of Theorem
2 is therefore satisfied and then the existence of the discrete global attractor Ay
follows right away. O

Remark 4.3. Since the global attractor Ay is the smallest closed attracting set of
Y, Proposition 4 implies

(167) Ak C 817Vk S (Ovnl]a

and thus

(168) U AcB.
ke(O,m]

Relation (168) shows that condition (H1) of Theorem 3 is satisfied. In order to
prove the convergence of the discrete global attractors Ay to the continuous global
attractor A we also need to prove that condition (H2) is satisfied. To do so, we
define, for any function ¢ and for any k£ > 0, the following:

(169) wk(t) = wna le [(TL - 1)]@’,’11]?)7

(170) Dt = g+ L20E

k (l/fnfl/fn*l), le [(nf 1)kank)a
and we note that, for any ¢ € [(n — 1)k, nk), we have

() du(t) —nlt) = SR - ),
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With the above notations, the system (51) can be rewritten in the following form
(for t € [(n — 1)k, nk)):
(172)

dagt(t) + 1 Al (1) + Bo(an(t), an(t)) — KRo(r2 Ay i (t), o)) = g + gi(t),
p = v Ay i + afy(dr),

d¢k( ) 4 e+ B (t), du(t)) = Bu (), di(8)) — B (un(t), 6x (1)),

where

gr(t) =1 A(r(t) — uk(t)) + Bo(ix(t), @ (t)) — Bo(ux(t), ux(t))
= K (Ro(v2Asd(0), b1(0)) — Ro(v2dé(0), 01(1)) ).
Subtracting (172) from (46) we obtain

(173)

Bkl0) | gy (1) + Bo(u(t), u(t)) — Bolin(), a4 (1)
_K (RO(VQAW¢(t)a ¢(t)) - RO(V2A’V(£k(t)7 ék(t))) = _gk(t);

(174) &k = & + a2 Aok,
= i = v2A5(9(t) — k(1)) + aufy (6(t)) — afy(9k(t)),

x (1))
d”g()w i+ Ba(u(t), 6(1)) — Bu(iin (), u (t))
= =By ((t), di(t) + Bi(ux(t), du(t)),

where

(175) () = u(t) — ax(t), M (t) = o(t) — di(t).

Using the linearity of the operators By, Bi1 and Ry, the above system can be
rewritten as

G0 1y 464 (1) + Bo(6(t).u(t) + Bolia(0). (1)
"k (Ro(ra s mi(8), 6() + Ro(va Ay i (8), (1)) = ~gi(8),
D) 4y A e(t) + Bu(€x(t), 6(8)) + B (in(t), me(0)
= —a (£(6(6) = £-(&() ) = hu (D)
where g (t) is given in (173) and
hie(t) =B (1 (1) — uk(t), dx (1)) + Bu(uk(t), dr(t) — dx (1))
12 Ay (B0 () = 91(8) + o (f2(dr(1) = £ (60 (1)))

Lemma 6. Let T* > 0 be arbitrarily fixed and let k¥ < k1, where k1 is given in
Proposition 3. Assume that (ug, g) € Ay and let (u™, ¢™) be the solution of the
numerical scheme (51). Then there exist Kg(7™*) and Ko(T™*) such that

(176)

(177)

(178) HQkHL2 0.7*U") = < EKg(T7),
and
(179) 1Pal 22075004,y < KEo(T™).

Proof. Note that since (ug, ¢g) € Ay, relation (167) implies ||(uo, ¢o)|lv < Ry and
then Proposition 3 gives

(180) [(u™, ¢™)llv < K3(Ry), ¥n = 0.
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Now let v € U be such that ||v|y < 1, and let ¢ € [(n — 1)k, nk) be fixed. Using
properties (32) and (37) of the trilinear forms by and by, respectively, and recalling
(171) and (142), we have the following bounds

[bo (T (1), Uk (), v) — bo(uk(t), u(t), v)]
= |bo(’&k(t) - uk(t), ’llk(t), v) + bo(uk(t), ’&k(t) — uk(t), ’U)|

WD < lan®) o + e ®) o) e (®) — w0l
< cKs|lu" — u"_1||u,
Kva|by (v, di(t), Aydi(t)) — b1 (v, di(t), v2 Ay ()]
(182) = Kva|bi (v, ¢ (t), Ay (¢r(t) — dn(t)) + b1 (v, di(t) — di(t), Ay (1))

< ok (|44 0k(0) 2 + 4,60 (D)2 ) 144 (Bi(t) = 61(0)]2
< eKs| Ay (o™ — ¢ 1) e
We also have
v (A (8) — uk(t)), v) | =((ar(t) — ur(t), v))u
(183) <vl|an(t) — ue(®)llullvllu < viflu™ —u" "y
Relations (181)—(183) imply
(184) lge (@)l < eKs((lu™ —u" e + Ay (6" = ¢" )] 12),
and thus, setting N* = |T*/k] and recalling that ||(ug, ¢o)|lv < R1 , we obtain
T N"4+1 nk
2 2 2
9kl 1,2 .7 :/ gr(t dt = / g (t dt

w10 = [ el = 32 [ oo
< kKs(T*) (by (184) and (143)),

which proves (178).
Now let ¢ € D(A,) be such that |A,¢|r2 <1, and let ¢t € [(n— 1)k, nk) be fixed.
Using (36), (37) and (64), we obtain

b1 (@ (t) = ur(t), $i (1), )| < ellun(t) — un(t)lulAsd|L2|6n (¢)] 2

186
(186) < cK1||u”fu”*1||u,

b1 (uk(t), 1 () — dr(t), )| < cllun(t)ller| Ayl 2] dr(t) — di(t)| 2

(187) i
< cKsl¢™ — "o

We also have
(188)  [(Ay(dr(t) — 6 (t), 8) 12| < |Dr(t) — B (t)|z2Arl L2 < @7 — ¢ |2

(£ (Dr(0)) = So (D (8)) D) 2] < 15 (k) — Fr (D1 (1)) 221912
(189) < Kql|du(t) — ()l (by (59))
< Kollg™ — ¢ 7.
Gathering relations (186)—(189) we obtain

(190)  [Ihk()llpa,y < e(B1 + Kz + Ko)(|[u™ — u" o + Ay (¢" — ¢" 1) 12),
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and thus setting N* = |T*/k] and recalling that ||(uo, ¢o)|lv < R1, we obtain
N*+1

(191) ||hk||%2(O,T*;D(A7)/) :/0 ([ e (t) ||D(A ydt = Z / ([ e (¢ ||D(A ) dt
< kKo(T*) (by (190) and (143))7
which proves (179) and the proof of the lemma is complete. (I

We can now prove that condition (H2) of Theorem 3 is satisfied. More precisely,
we have

Proposition 6 (Finite time uniform convergence). For any T* > 0 we have

(192) lim sup .Sk (w0, po) — S(nk)(uo, ¢o)lly = 0.
k=0 (g, 0) € Ag, nk€[0,T+]

Proof. Taking the scalar product of the first equation of (176) with £(¢) we obtain
(193)

5 SO+ I DIZ + boliue 1), E4(0), (1)
— K (B1(&(0), 6(8), v2 Ay (8)) + b1 (€0, i (1), v2 Ay D) ) = —(9(8), (1)

Using (32) and (37) we bound the nonlinear terms as follows:

b0(&r (1), w(t), &(0))] < o8k (1) aellu(®) el (1) e
< 2l O + e Bellu®

K11 (66(0), $(8), va Ay (1)
(195) < ekunlé(t) g 6 (DIl 6(0) M1 A5 S0 2| Ay (8) 2

< 2K m(Ofs + FEOIZ + el OB SOIP14,6(1) 32,

Klbr (& (8), mk (£), vo Ay i (t))

(196) < k& ()13, 16 (117 Ime (@) 12| Ay (O] | Ay (1) 12

< KA 0) e+ 2 O, + el6e0) el )] Ay 0)
Using the Cauchy-Schwarz 1nequahty, we bound the right-hand side of (193) as
(197 1(ge(®) &) 2] < lge(®)lewllen®ll < F &I + ellge -
Relations (193)—(197) imply

d
1@+ &k @Il

(194)

2
W99 <eleu@Bullutt)l + 2K Aym(0) 3 + clee() Blo®1*14,6(0) 3

+ (16 ()3, + I ®17) 1Ak (0) 72 + ellgr ()1

Now multiplying the second equation of (176) by v2A,n;(t) and integrating we
obtain

1/2 d
2@ + 31 A ()]

(199) + b1(E(t), d(t), v Aymi(t)) + b1 (A (t), mi(t), v2 Aymi(t))
a(fy(B(t) = fy(Dr (), vo Ay () L2 — (ha(t), 2 Aymi(t)) L2
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Using (37) we bound the nonlinear terms as follows:
101 (& (8), 4(1), v2 Ay ()]
(200) < @ lr (Dl 16Ol 1O 2| Ay d(0) 12| Ay (1) 2
1/2 141
< oA ®)i: + Tela O + cle OB oI Ay ()],
|b1(’ak(t)a nk(t)v V2A’Y77k(t))|
" 2 - 1/2 3/2
(201) < covalan (O Vi () I/ e (121 Ao 613
2
v . N
< A7 + el () Bl O] lm (O
Using the Cauchy-Schwarz inequality, we bound the right-hand side of (199) as

o (f5(6()) = Fr (Dr(1)), o Ayi(t)) 2]
< va| fo ($() = S (k) 2| Ay (8) 2

1/2 n
(202) < Z A +lf5(6(8) = 15 (Gu(®) s
1/2
< LA + eKFm I (by (59)).
(ha(8),v2 A8 2] < v la®) | b, A (8) 2
(203)

2

v
< o 1A @)Le + cllhe®llba, -
Relations (199)—(203) yield

V1

d
Vz@llﬂk(t)lli + U3 Ay ()72 < oK 1€ ()1IZ + clén@)F o) ]17 1Ay o(1) |72
+ el (8) 3yl a0 12 1m0 + cEZ Ime ()11 + cll e (@)l a, y -
Dividing (198) by K and adding the resulting equation to (204) we obtain

(204)

)OI + LI+ 22 1A (D
<elée OB + el (O 114, 0(0) 2
(205) e (IR ®)B, + Im@I1) |4, u(8) 35
el 81+ el (O ) e
4 el + el

Neglecting some positive terms, the above relation implies

(206) %Il(fk &), me I <G @), me(OF + cllgr®OI + elhu®)Dea, s

where
(207)

G(t) =c (IIU(t)Ilff + D@ P1A, D) T2 + 1Ay dr(t)|2 + i () | 2 () 1, + K?) :

By the Gronwall Lemma and using the fact that £ (0) = n;(0) = 0, we obtain

(208) (&t m(olf <e [ “exp ( / t g<s>ds) (Il + (DB, )
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Since the solution (u, @) of the continuous problem is uniformly bounded in V for
all ¢ > 0 (cf. [23]), we have

(209) sup  sup  |[S(t)(uo, do)|lv < ¢,
£20 (uo,b0) €61

and thus

@) g <e [ (e b + B lns)1z) s

Recalling (170) and (142) we obtain the following bound
(211)

t T*
/ A, (o) 2 ds < / Ay () ds
LT /k]+1

D Sl R A R A
n=1 (n—1
for some constant ¢g = ¢g(T*) > 0. Similarly, we have

t
e12) [ i) o) s < e

and thus
t
(213) / G(s)ds < cs,

for some constants ¢z = ¢7(T*) > 0 and ¢g = cg(T™) > 0.
Relations (208), (213), (178) and (179) give

(214) [[(€x (), mk (11T <kco,
and thus
(215)
lim sup ISk (o, ¢o) — S(nk)(uo, do)lly
k=0 (ug,p0)€ A, nke[0,T]
= lim sup sup [(u™, ¢") — (u(nk), p(nk))|lv
k=0 (ug,¢0)€ Ay, nk€[0,T*] (um,¢™) €S (uo,do)
= lim sup sup [ (it (), b1, (nk)) — (u(nk), d(nk))|ly
k=0 (ug,0) €Ak, nke[0,T*] (um, ™) ESF (uo,bo)
= lim sup sup | (§k(nk), i (nk))|ly =0,

=0 (uo,d0) €Ax, nk€[0,T] (u ,¢m) €S} (w0, o)
which concludes the proof of the lemma. O
Since conditions (H1) and (H2) of Theorem 3 are satisfied we obtain that the

discrete attractors converge to the continuous attractor as the time-step approaches
zero. More precisely, we have the following:

Theorem 5. The family of attractors { A} xe(0,x,) converges, as k — 0, to A, in the
following sense:

lim dist(Ag,.A4) = 0,
k—0
where dist denotes the Hausdorff semidistance in Y, namely

dist(Ax, A) = sup mf |z — x|y
xe
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