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A SIMPLE FINITE ELEMENT METHOD OF
THE CAUCHY PROBLEM FOR POISSON EQUATION

XIAOZHE HU, LIN MU, AND XIU YE

Abstract. In this paper, we introduce a simple method for the Cauchy problem. This new finite
element method is based on least squares methodology with discontinuous approximations which
can be implemented and analyzed easily. This discontinuous Galerkin finite element method is
flexible to work with general unstructured meshes. Error estimates of the finite element solution
are derived. The numerical examples are presented to demonstrate the robustness and flexibility
of the proposed method.
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1. Introduction

We consider the Cauchy problem for Poisson equation
Au =f, in €,
(1) u =0, on Iy,
Vu-n =g, on Iy,

where € is a bounded convex polytopal domain in R? with d = 2,3 and 9Q = I';Ul',.
Assume that I'1 is simply connected.

The Cauchy problem (1) is well-known to be ill-posed [1, 4]. It has appli-
cations in many different areas such as plasma physic, electrocardiography, and
corrosion non-destructive evaluation (e.g., [5, 12, 16, 21]). Due to the ill-posedness,
the numerical approximation of the Cauchy problem is very difficult and challeng-
ing. Traditionally, regularization techniques, such as Tikhonov regularization [26]
and the quasi-reversibility approach [23], were used to provide robust numerical
schemes. Many different finite element methods have also been developed for solv-
ing the Cauchy problem (1). In [15, 24, 25], Galerkin type approaches are proposed
based on structured grids or special formulation of the continuous problem. The
regularization techniques are also used in finite element settings, e.g., [6, 3, 7, 13].
In [2, 11, 19, 18], the Cauchy problem (1) is reformulated as minimization problems
and then solved numerically with possible regularizations. More recently, primal-
dual formulation is proposed and solved by discontinuous Galerkin (DG) finite
element methods with suitable stabilization/regularization, see [9, 10].

The purpose of this paper is to develop a simple finite element method to ap-
proximate the solution of the Cauchy problem (1) when it exists and is unique.
This method is designed aiming on easy implementation and easy error analysis.
The methodology of the scheme is combining the least squares technique with dis-
continuous approximations. Suitable stabilization terms are added to ensure the
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stability of the discretization. As a result, our method leads to a symmetric and
positive definite linear system of equations and is flexible to use on general polygonal
meshes with hanging nodes. We prove that our discontinues finite element solution
approaches to the solution of the model problem (1) when the mesh size approaches
to zero. Convergence rate are studied in both energy norm and L?-norm based on
the conditional stability of the continues Cauchy problem. Comparing with exist-
ing methods, our approach is attractive due to its simplicity. The numerical results
also show the efficiency of the proposed approach which confirms our theoretical
results.

The rest of the paper is organized as follows. In Section 2, we recall Cauchy
problem and its conditional stability results based on a traditional weak formula-
tion. Our new simple discretization is given in Section 3. We study its stability and
error estimates in Section 4 and 5, respectively. Finally, we present some numerical
experiments to demonstrate the stability of the WG formulation in Section 6 .

2. Cauchy Problem

We denote the standard Lebesgue sapces by L?(D) and D € R, d = 2,3, with

corresponding norms || - ||z2(py (or || - |[p). H*(D) denote the standard Sobolev
space of index s > 0 along with the corresponding norm and semi-norm || - || g+ (p)
(or [| - |ls,p) and | - |gs(py (or |- |s,p), respectively.

For the Cauchy problem (1), if the (d — 1)-measure of I'y is nonempty, it is
an ill-conditioned problem. In practice, as shown in [4], such Cauchy problem
is not well-posed due to measurement errors. However, following the traditional
arguments, if the underlying physical process is stable, i.e., if the boundary data
are known on the whole boundary, then the problem is well-posed, it is natural to
assume that the Cauchy problem (1) has a unique solution in the idealized case with
unperturbed data. Therefore, we assume that f € L?(2), g € H%(I‘l), and that
there is a unique solution u € H?(Q) satisfies (1). Our analysis will be based on this
assumption and the so-called conditional stability described later in Section 2.2.

2.1. A Traditional Weak Formulation. In order to introduce the conditional
stability of the Cauchy problem (1), we need to first look at the weak formulation
of the Cauchy problem (1). Following [1], we introduce two Sobolev spaces

H{ (Q):={ve HY(Q): v|r, =0},
and
H%2(Q) ={ve H(Q): vlaa\r, = 0}.
The weak formulation for (1) is: find v € H{. (€2) such that
(2) ap(u,v) =1(v), YVwve H%2(Q),
where

aop(u,v) == / Vu - Vv dz,
Q

l(v) == —/vadx + /F1 guds.

Again, we are not assuming this weak formulation of Cauchy problem is well-posed
since inf-sup stability does not hold in general [4].

and
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Remark 2.1. Although the weak formulation (2) can be naturally derived from
the Cauchy problem (1), which makes it a usual choice when developing numerical
schemes (see, e.g., [9, 10]). Our numerical scheme is not designed based on this
weak formulation.

2.2. Conditional Stability. It is well-known that the Cauchy problem (1) and
the weak formulation (2) is ill-conditioned in general. Therefore, we use a con-
ditional stability result [1, 10] in our error estimates, which can be stated as the
following theorem as presented in [10].

Theorem 2.1 ([10], Section 2.1, equation (2.5)). Let Q be a connected open set

of Lipschitz class. Let u € Hf. (Q) be a weak solution to the Cauchy problem (2),

where f € L2(Q), g € H 2(I'y), and Nl ey < e If u satisfies ||ul|m(a) < E,
2

then

[ull L2 (@) < w(e)

where w(t) = C1(E) (|log(t)| + C2(E))™*, for C1(E),Co(E) > 0,0 <t < 1 and
O<p<l.

As we shall see later, this conditional stability of the Cauchy problem (2) helps
us to derive a L? error estimate for our proposed scheme.

3. A Discontinuous Finite Element Methods

In this section, we propose our new discontinuous Galerkin finite element
method for solving the Cauchy problem (1). In order to do that, we first intro-
duce some notations that are needed for the discretizations. Let 7T, be a shape
regular partition of the domain €2 consisting of polygons in two dimension or poly-
hedrons in three dimension satisfying a set of conditions specified in [27]. Denote by
En the set of all edges or flat faces in 7;, and let 52 = EL\OQ be the set of all interior
edges or flat faces. For every element T' € T, we denote by hp its diameter and
the mesh size of the whole partition 7}, is defined as h = maxrc7;, hy. Moreover,
we use he to denote the diameter of an edge or a flat face e € Fj,.

Next, based on the partition 7, we can define a discontinuous finite element
space V}, as follows for k > 2,

(3) Vi={veL*Q): v|lp € P(T), VT €T}

Since we use discontinuous functions, we need define jumps as usual. Let two
neighboring elements 77 and T, have e as a common edge/face and unit normal
vectors np and ne on e pointing exterior to 17 and T5, respectively. We then define
jumps [¢] and [V¢ - n] on e € &) as following

(9] := ¢lor,n1 + dlor,na2,  [Vé-n]:=Volor, -n1+ Vlor, - na,
and for e € I';, we define

[¢] :=¢, [Vé-n]:=Vo- n.
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Based on those jumps, now we introduce two bilinear forms as following

sww) = Y /(h;3[u] (] + ho V[V - n][Va - ))ds,
ee&p\I'a
a(v,w) = Z (Av, Aw)r + s(v, w),

TETh
where (-, )7 is the usual L?-inner product on a element 7' € Tj.

Now we are in the position to propose our discontinuous finite element dis-
cretization for the Cauchy problem (1) as follows,

Algorithm 1. A numerical approximation for (1) can be obtained by secking uy €
Vi, satisfying the following equation:

(4) a(up,v) = (f, Av) + Z hotgVv-nds, Yov eV,
ecly

Remark 3.1. Here, for the sake of the simplicity, we only consider the case
that both the Dirichlet and Neumann boundary conditions are defined on the same
subset I'1 of the boundary 9f). However, the discontinuous finite element method
and the results we will present in the following sections can be simply adjusted so
that they still hold for the general case when Dirichlet and Neumann boundary
condition parts are different.

4. Stability Estimates

Because the continuous problem (1) is ill-posed, it is important to study the
stability of the discretization (4), i.e., the well-posedness of the proposed discontin-
uous Galerkin finite element scheme. This is the main focus of this section.

For studying the stability, we need to choose a suitable norm and show that the
DG discretization (4) is well-posed with respect to this norm. Let us first define a
semi-norm induced by the bilinear form a(-,-) as following

(5)  Moll* = alv,0) = D | Av][F + s(v,0)

TETn

= A+ Y / wPds+ Y / Vv - n)?ds.
TETh ec&p\I's ec&p\I'2
and another semi-norm induced by s(-,-) as |v]? := s(v, v).

Next Lemma shows that the semi-norm || - || actually is a norm.

Lemma 4.1. Under the assumption that the Cauchy problem (1) has a unique
solution, the semi-norm || - || defines a norm.

Proof. Tt is sufficient to show that ||v|| = 0 implies v = 0. Note that when ||v|| = 0,
we have Av = 0 on each element 7" and v and Vv-n are continuous across the edges.
Moreover, v = 0 and Vv -n = 0 on I';. Therefore, v is a solution of the Cauchy
problem (1) with f = g = 0. By the assumption of uniqueness of the solution, we
have v = 0 which shows that || - || is in fact a norm. O
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Based on the definition of the norm, we can show the following fundamental
stability result for the DG discretization (4), i.e., the coercivity and continuity of
the bilinear form af(,-).

Lemma 4.2. The bilinear form a(-,-) satisfies the following continuity property,
(6) a(v,w) < Cllollfjwll,
and the coercivity property

(7) a(v,v) = loll*.

Proof. (7) follows from the definition and (6) follows from the Cauchy-Schwarz
inequality,

alv,w) = Z (Av, Aw)r + Z (h;3[v][w]ds + hy Vv - n][Vw - n])ds
T€7—h eegh\FQ
1 1

< (0 AR () [[Aw]F)?
TeTh TETh

Y [rtPatC X [l
ec&Ep\I'2 ec&Ep\I'2

+ Z / Vv - n] ds Z / HVw - n] )%
ec&Ep\I'2 ec&p\I'2

< Cllofillwll-

We have proved the lemma. O

Now we naturally have the well-posedness result of the DG discretization (4).

Theorem 4.1. Under the assumption that the Cauchy problem (1) has a unique
solution, the discontinuous Galerkin finite element scheme (4) has a unique solu-
tion.

Proof. This is a direct result of Lemma 4.2 and Lax-Milgram Theorem. O

Remark 4.1. Due to the simplicity of our DG scheme, and the naturally induced
norm, the stability result can be obtained easily following the standard arguments.
This is different from the primal dual formulation proposed recently in [10], where
a inf-sup condition is needed.

5. Error Estimate

In the previous section, we have shown that the proposed DG scheme (4) is
well-posed. In this section, we focus on the error estimates and derive the error
analysis for the DG solution uj, obtained from (4). Error estimates in both energy
norm || - || and L?-norm are considered.

First, we recall the standard trace inequality which is used later in our analysis.
For any function ¢ € H'(T), the following trace inequality holds true (see [27] for
details):

(8) lell2 < € (hz'llel7 + herllVellT) -
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Next we define the L2-projection as usual. For any v € L%(Q), the L2-projection
Qnv € Vj, is defined as following

(9) (Qpu,w) = (v,w), Yw € V.

The following lemma shows the approximation property of the L2-projection under
certain regularity assumption of the functions.

Lemma 5.1. Let v € H*1(Q), k > 2, and Qnv € V}, be the L? projection of v.
Then there exist a constant C' independent of the mesh size h, such that,

(10) lo = @noll < CH*H|v]lks1-

Proof. Using the definition of Q) (9), and the trace inequality (8), we have
2
llo = Quoll® = >~ 1A - Quo)l17

TeTh
+ Y (P = QuulZ + A IV (v — Qi) - ml|I?)
eGSh\Fg
<C D (o= Quulip +h v = QuullF + 27V (v — Quo)l|7)
TeTh

< Ch* 72 v} 41,

which finishes the proof of the lemma. O

Now we are ready to derive the error estimate in the energy norm || - ||. The
analysis follows directly from the coercivity (7) and continuity (6) of the bilinear
from a(-,-) and the approximation property of the L2-projection (10).

Theorem 5.1. Let uy, € V, be the finite element solution of the problem (1) ob-
tained by the DG discretization (4). Under the assumption that the Cauchy prob-
lem (1) has a unique solution u and further assume that w € H*"(Q) N HE (Q),
k > 2, then there exists a constant C' independent of the mesh size h, such that,

(11) llu = unll < CH*Hlulljsr.
Proof. Obviously, the true solution u of (1) satisfies
a(u,v) = (f, Av) + Z h.'gVv - nds.
ecl’ €
Subtracting (4) from the above equation implies
alu—up,v) =0, Yv eV,
Then we have, for any v € V,
llu = unll® = alw = up, u —up)
=a(u—up,u —v)+alu—up,v—up)
=a(u — up,u —v),
which, by the continuity of the bilinear form af(-, ), implies
— < inf — |-
llu—unll < € inf flu— ol

Now, by choosing v = Qpu and using the approximation results (10), we obtain (11),
which completes the proof. ]
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Next, we consider the L? error estimate. Due to the lack of regularity of the
Cauchy problem, standard duality argument does not work. Here, we follow the
idea from [10] and decompose the error u —up, = (u—ap)+ (@p —up), where 4y, is a
C'-conforming approximation of u constructed from uy. For the sake of simplicity,
we restrict our discussion on triangular or rectangular meshes in two dimension
or tetrahedral or hexahedral meshes in three dimension. On those meshes, such
construction can be done on C'-conforming space consisting of macro-elements of
degree k 4+ 2. As pointed out in [17], this is done by a recovery operator which is
constructed via averages of the nodal basis functions (cf., [22, 8, 20]) and is a high-
order version of the classical Heish-Clough-Tocher element [14]. Since we only need
the existence of such a u; and the construction is not essential to our analysis, we
do not give the complete construction here and refer interested readers to [17] for a
detailed description. Note that, in our case, we only need uy € Hlll (Q). Therefore,
we can use a slightly modification of the construction given in [17] so that only
the nodal values of u, on I'y vanish but other degrees of freedom are defined via
averaging. Following the similar argument in [17], we have the following lemma
about the approximation property of uy,.

Lemma 5.2 (Lemma 3.1 [17]). Let uj be constructed as shown in Definition
3.1 [17], we have

(12) > (|uh — ap|7 + PPlup, — @} p + 0 up — %I%,T) < Ch*fupl?, .
TeTh

where [v[z, =Y cenr, Jo he® 2d8+26680 J.h [Vu-n]?ds and C is a constant
independent of h and uy,.

Now we have (u — @) € Hf () and we can think it satisfies the Cauchy
problem in the weak sense, i.e. the weak formulation (2) with a different right hand
side, i.e.,

(13) ao(u — ap,v) = 1(v),V v € HE ().
For the L? error estimates, we need to estimate ||l_||(H% @)
2

_ B I(v) ao(u — tp, v)
Wl oy = sup = sy o TmT
2 0#veHL, () V] 1 0#veH}, (Q) HU||H1(Q)

— Jo Au —ap)vdr + 3 cp, [.(9 — Vi - n)vds

= sup
0£vEH] (©) vl 2 (e
—-1/2 — 1/2
A = an)lillo]l + Eer, he llg — Van - il he?[lo].
- vl ()
1/2
<C (IIA(u —wn)lP+ 3 hetllg — Vi -n||§>
ecl'y

(14) = Cllu —an].



598 X. HU, L. MU, AND X. YE

Note that, since a(u — up,vp) =0, Vi € Vi, and uy, — @y, € Vj,, we have

_ 2 2 — 2
llu —anll” = llu — unll” + flun — @l
2 _
= llu—unll* + > [1Aun —un)llF
TeTh
+ > (0 un = @)l + he IV (un — an) - n]||2)
ec€&p\I'a
2 _
< lu—unll* +C > (1A un —an)llF
TEThH
+ h™Hup — an)|3 + b2V (up — an)||2)
(15) < Jlu = un)|® + Clunl?, -

Based on the definition of | - |¢, and v € H*(Q) N H}: (), we have
(16) lup,

Therefore, substitute (15) and (16) back into (14) and apply Theorem 5.1, we have
the following estimate

”l_”(Hll?(Q))’ < Ollu — up|) < CH*Hjul| g1,

2, < lu—unf2 < Jlu—unl”.

?;h = |u—up

and, if h is small enough, we have |\i|\(H% (@)y < € which is needed for the L? error
2
estimate.

In order to apply Theorem 2.1, we also need to show that ||u — @p|[g1(q) is
bounded. To this end, since (u — @) € H*(Q) N HE (92), then apply the classical
Poincaré-Friedrichs inequality, we have

lw = nl[ g1 (@) < Clu = tnlg2o) + IV —an) - nlr,) < Cllu—ax]|.
Then use (15) and (16) and apply Theorem (5.1), we have
(17) lu—anllm o) < Cllu —upll < CH*Hulljsr = En.
This means the H'-norm conforming part of the error is bounded.

Based on the above estimate and applying Theorem 2.1, we have the following
error estimate in the L2-norm.

Theorem 5.2. Let u € H*"1(Q) N HE (Q) be the solution of the Cauchy problem
(1) and up € Vi, be the finite element solution of the Cauchy problem (1) obtained
by the DG discretization (4) and Ey is defined in (17). Assume that h is small
enough so that HZ_H(H%Q), < € holds. Here l is defined in (13), then we have

(18) lu = unllz2(0) < w(e) + Ch®lunle,
where w(t) is defined in Theorem 2.1. Furthermore, we have,
(19) lu = unl|L2() < w(e) + CRHluflis.

Here C' is a constant independent of the mesh size h.

Proof. As shown in (17), ||u — s/ g1 () < Ep, then apply Theorem 2.1, we have
lu—1nlr2(0) < w(e), where w is defined in Theorem 2.1. Then apply the triangular
inequality and estimate (12), we obtain (18). (19) can be obtained from (18)
and (16) directly, which completes the proof.

O
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Remark 5.1. From the error estimate in the L? norm, we can see that it contains
an optimal part (h**!|uxy1). However, the convergence behavior of the other
term w(e) depends on the conditional stability of the original Cauchy problem (1).
Therefore, the overall convergence rate also depends on the conditional stability. In
the numerical experiments, we observe suboptimal convergence rate when I'y C 9€).
The details will be given in the next section.

6. Numerical Experiments

In this section, we shall apply the proposed numerical schemes (4) to two test
problems for validating the theoretical conclusions in the previous sections and
demonstrating the effectiveness of the proposed DG method.

6.1. Test 1. Consider the Cauchy problem (1) on = (0,1) x (0,1) and let
f = —2n%(4 cos(mz)? cos(my)? — 3cos(mx)? — 3cos(my)? + 2)
such that the exact solution of (1) is given as the following,
u = sin? (7z) sin® (7y).

We shall consider three different choices of the boundary I'y, which are shown in
the Figure 1. In this test, due to the choice of exact solution, it is easy to see that
equation (1) is coupled with homogeneous boundary condition, i.e. g = 0.

I I I I

(a) (b) (c)

F1cure 1. Different choices of boundary T'y: (a) Case 1: Ty =
{z=02=1y=0;y =1} (b) Case 2: Ty = {x =1,y =1}; (¢)
Case 3: 'y = {z = 1}.

Uniform rectangular mesh is employed in the numerical experiment. Denote
the size of mesh as h. We perform the proposed numerical scheme with polynomials
of degree two, i.e., k = 2. The error profiles and convergence tests are reported in
Table 1. From Theorem 5.1, it is expected that the energy norm converges with
optimal order O(h), which is verified in the numerical test. The error measured in
the L?-norm has also been reported in Table 1. It can be seen that the convergence
rate for L%-error are affected by the choices of the boundary I';. When I'y C
O (case 2 and 3), the convergence rate deteriorates as expected according to
the conditional stability of the Cauchy problem (1) and error estimates given in
Theorem 5.2.
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TABLE 1. Test 1: Error Profiles and Convergence Test with I'; for

k=2.
1/h ‘ [l — wp]| ‘ order ‘ [[Au — Aup] ‘ order
Case 1 with I'y = 99
2 | 3.7500E — 01 1.3958F + 01

4 | 8.6956E —02 | 2.11 | 7.2021E+00| 0.95
8 | 2.5455E—02 | 1.77 | 3.8049E +00 | 0.92
16 | 7.3808E —03 | 1.79 | 1.9292E +00 | 0.98
32 | 1.9807E —-03 | 1.90 |9.6787E —01 | 1.00
64 | 5.0901E—04 | 1.96 |4.8434E—01| 1.00
128 | 1.2865F — 04 | 1.98 | 2.4222F —01 | 1.00
Case 2 withTy ={z =1,y =1}
2 | 3.7500FE — 01 1.3957E + 01
4 | 1.6592E —-01| 1.18 | 7.2018E+ 00 | 0.95
8 | 1.5816E—01 | 0.07 | 3.8050E +00 | 0.92
16 | 8.4246E —02 | 0.91 | 1.9294E+00 | 0.98
32 | 3.1840E —-02 | 1.40 | 9.6793E —01 | 1.00
64 | 1.0616E£ —02 | 1.58 | 4.8435E —01 | 1.00
128 | 3.3567E — 03 | 1.66 | 2.4222FE —01 | 1.00
Case 3 with Iy = {x =1}
2 | 3.7500F — 01 1.3957E + 01
4 | 4.8766E —01 | —0.38 | 7.2017E +00 | 0.95
8 | 2.8303E—-01| 0.78 | 3.8050E + 00 | 0.92
16 | 9.8429E —02 | 1.52 | 1.9294E +00 | 0.98
32 | 3.2958E—02 | 1.58 | 9.6793E—01 | 1.00
64 | 14843 —02 | 1.15 | 4.8435E—01 | 1.00
128 | 7.3844F — 03 | 1.01 | 2.4222F —01 | 1.00

6.2. Case 2. In this numerical experiment, we shall perform the numerical scheme (4)
to the Cauchy problem (1) with non-homogeneous boundary conditions. Let the
domain be Q = (0,1) x (0, 1) and choose the right-hand side function as the follow-
ing,

f = —2m% cos(rx) cos(my).
The exact solution is
u = cos(mx) cos(my).

The different choices of the boundary I'y are the same as the three choices in the
first test as shown in Figure 1.

Again, we use DG scheme (4) with polynomials of degree two, i.e., k = 2,
and report the errors and convergence rate in Table 2 and we can see that the
convergence rate for the energy norm error has optimal order O(h), which confirms
the theoretical conclusion given in Theorem 5.1. For the error in the L2-norm,
similar with the first numerical example, we observe degenerated rate when I'y C
Q, which confirms Theorem 5.2 due to the conditional stability of the Cauchy
problem (1).
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TABLE 2. Test 2: Error Profiles and Convergence Test with I'y
with k = 2.

1/h ‘ lu — | ‘ order ‘ |Au — Auy || ‘ order

Case 1 with I'y = 99

2 | 8.1104F — 02 5.7804E 4 00
4 | 1.2417E—02 | 2.71 | 3.0928E + 00 | 0.90
8 | 1.5082FE — 03 | 3.04 | 1.5733E + 00 | 0.98
16 | 2.0064FE — 04 | 2.91 | 7.9004F — 01 | 0.99
32 | 3.3193E - 05 | 2.60 | 3.9543E —01 | 1.00
64 | 6.4818E —06 | 2.36 | 1.9777TE —01 | 1.00
128 | 6.4818F — 06 | 2.00 | 4.9443F — 02 | 2.00

Case 2 withTy ={z =1,y =1}

2 |3.1301F£ —-01 5.7821E + 00
4 | 1.3439E —01 | 1.22 | 3.0942E + 00 | 0.90
8 | 3.0415E - 02| 2.14 | 1.5737E + 00 | 0.98
16 | 5.4631E — 03 | 2.48 | 7.9009E — 01 | 0.99
32 | 3.2055E —03 | 0.77 | 3.9544E — 01 | 1.00
64 | 1.7224FE - 03 | 0.90 | 1.9777TE — 01 | 1.00
128 | 7.8712FE — 04 | 1.13 | 9.8891F — 02 | 1.00

Case 3 with Iy = {x =1}

2 ]16.6573F - 01 5.7801E + 00
4 | 4.0398E —01| 0.72 | 3.0932E + 00 | 0.90
8 | 1.2248E—01| 1.72 | 1.5738E+ 00 | 0.97
16 | 2.5969E — 02 | 2.24 | 7.9014E — 01 | 0.99
32 1 3.9986L —03 | 2.70 | 3.9545E — 01 | 1.00
64 | 1.2349£—-03 | 1.70 | 1.9777E — 01 | 1.00
128 | 8.2412F — 04 | 0.58 | 9.8891F — 02 | 1.00
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