INTERNATIONAL JOURNAL OF © 2017 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 14, Number 4-5, Pages 571-590

A POSTERIORI ERROR ESTIMATES FOR MIXED FINITE
ELEMENT GALERKIN APPROXIMATIONS TO SECOND
ORDER LINEAR HYPERBOLIC EQUATIONS
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Abstract. In this article, a posteriori error analysis for mixed finite element Galerkin approxi-
mations of second order linear hyperbolic equations is discussed. Based on mixed elliptic recon-
structions and an integration tool, which is a variation of Baker’s technique introduced earlier by
G. Baker (SIAM J. Numer. Anal., 13 (1976), 564-576) in the context of a priori estimates for
a second order wave equation, a posteriori error estimates of the displacement in L% (L?)-norm
for the semidiscrete scheme are derived. Finally, a first order implicit-in-time discrete scheme is
analyzed and a posteriori error estimators are established.
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1. Introduction

In this paper, we discuss a posteriori error estimates for mixed finite element
Galerkin approximations to the following class of second order linear hyperbolic
problems:

(1) ugg — V- (AVu) = f in Q x (0,77,

(2) ulgg =0 Ult=o = up and  ugl=0 = u1.

Here, Q C IR? is a bounded polygonal domain with boundary 9Q, 0 < T < oo,
up = 2% and A(z) = (a;(x))1<i,j<2 is a symmetric and uniformly positive definite
matrix. All the coefficients a;;’s are smooth functions of  with uniformly bounded
derivatives in 2. Moreover, the initial functions ug = ug(z), u1 = ui(z) and the
forcing function f = f(x,t) are assumed to be smooth functions in their respective
domains.

In recent years, there has been a growing demand for designing reliable and
efficient space-time algorithms for the numerical computation of time dependent
partial differential equations. Most of these algorithms are based on a posteriori
error estimators, which provide appropriate tools for adaptive mesh refinements.
For elliptic boundary value problems, a posteriori error estimates are well developed
(see, [3, 32]). Adaptivity with a posteriori error control for parabolic problems has
also been an active research area for the last two decades (cf. [18, 33, 25, 30, 8, 9, 5]
and references, therein). For the time discretization, some results on a posteriori
error estimations for abstract first order evolution problems are available in the
literature (cf. [4, 21, 26, 28, 30]).

In the context of second order wave equations, only few results are available on
a posteriori error analysis, see, [24, 1, 14, 13, 7, 31]. Further, it is observed that
the design and implementation of adaptive algorithms for these equations based
on rigorous a posteriori error estimators are less complete compared to elliptic
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and parabolic equations. Based on a space-time finite element discretization with
basis functions being continuous in space and discontinuous in time, a priori and a
posteriori error estimates for second order linear wave equations are proved in [24].
Asymptotically exact a posteriori estimates for the standard finite element method
are proposed and analyzed in [1, 2] by solving a set of local elliptic problems. The
recent results in [7, 20] cover only first order time discrete schemes. In [7], the
second order wave equation is written as a first order system and a first order
implicit backward Euler scheme in time is used with continuous piecewise affine
finite elements in space. Further, rigorous a posteriori bounds have been established
using energy arguments and adaptive algorithms based on the a posteriori bounds
are discussed. In [20], based on Baker’s technique a posteriori bounds are derived
for the semidiscrete scheme in L°°(L?)-norm and for first order implicit-in-time
fully discrete schemes in ¢°°(L?)-norm. The fully discrete analysis relies crucially
on a novel time reconstruction satisfying a local vanishing-moment property, and
on a space reconstruction technique used earlier in [28] for parabolic problems. In
[14], an adaptive algorithm in space and time which is based on Galerkin space-time
discretizations leading to Newmark scheme is analyzed. Further, goal oriented a
posteriori error estimates are derived and some numerical results are provided to
demonstrate the efficiency of error estimators. In [31], the author has studied an
anisotropic a posteriori error estimate for a finite element discretization of a two
dimensional wave equation. The estimate is derived in the L2?(0,7, H'(£2))-norm
and it turns out to be sharp on anisotropic meshes.

For higher order time reconstruction for abstract second order evolution equa-
tions, one may refer to the recent papers [23, 22]. In [23], an adaptive time stepping
Galerkin method is analyzed for second order evolution problems. Based on the en-
ergy approach and the duality argument, optimal order a posteriori error estimates
and a posteriori nodal superconvergence results have been derived. An adaptive
time stepping strategy is discussed and some numerical experiments are conducted
to assess the effectiveness of the proposed scheme. In a recent work [22], second
order explicit and implicit two-step time discretization schemes such as leap-frog
and cosine methods are discussed and a posteriori estimates using a novel time
reconstruction are derived. Further, some numerical experiments are conducted to
confirm their theoretical findings.

For space-time adaptivity, the finite element discretization depends on the space-
time variational formulation and its error indicators include both space and time
errors. Recently, attempts have been made to exploit elliptic reconstruction to
prove optimal a posteriori error estimates in finite element methods for parabolic
problems [28]. In fact, the role of the elliptic reconstruction operator in a posteriori
estimates is quite similar to the role played by elliptic projection introduced earlier
by Wheeler [34] for recovering optimal a priori error estimates of finite element
Galerkin approximations to parabolic problems. This analysis is, further, developed
for completely discrete scheme based on backward Euler method [26], for maximum
norm estimates [17] and for discontinuous Galerkin methods for parabolic problems
[21]. In recent works [29] and [27], the analysis is further extended to mixed FE
Galerkin methods applied to parabolic problems.

In this article, an a posteriori analysis is discussed for mixed finite element
Galerkin approximations of a class of second order linear hyperbolic problems.
One notable advantage of mixed finite element scheme is that it offers a simultane-
ous approximations of displacements and stresses, resulting in better convergences
rates for the stress variable. This property is important in applications such as
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in the modeling boundary controllability of the wave equation. In the first part
of this article, a semidiscrete scheme is derived using mixed finite element method
in spatial direction, while keeping time variable constant. Based on mixed ellip-
tic reconstructions presented in [29], which depend explicitly on residuals and a
time integration tool, a variant of Baker’s technique, a posteriori error estimates
in L>°(L?)-norm are derived for the displacement . For the time discretization,
the time discrete scheme with the time-reconstruction proposed in [20] is applied
and then, using summation tool, a posteriori error estimators in £°°(L?)-norms
are developed. Compared to [20], our analysis is not only for mixed finite element
method, but also it differs from the analysis of [20] in the sense that a time integra-
tion tool is used for deriving L>°(L?) a posteriori estimators, as against the time
testing procedure of Baker [6] used in [20].

The outline of this article is as follows. In Section 2, we introduce both weak
primal and mixed formulations for the hyperbolic problem (1)-(2) and establish
their equivalence. Section 3 deals with mixed elliptic reconstruction techniques
proposed in [29] and a posteriori estimates for the semidiscrete problem for both
displacement u and its stress o in L>(L?)-norms are derived. Based on a first order
backward differencing implicit method, a completely discrete scheme is proposed
and related a posteriori error estimators are established in Section 4. Finally,
results are summarized in Section 5 with a brief outline on future work.

2. On primal and mixed formulations

We use the usual notations for the L% H} and H? spaces and their norms and
semi-norms. Let H~! be the dual space of Hj and let (-,-) be a duality paring
between H 1 and H{. Since we shall be dealing with time-space domain, we further
introduce for a Banach space X with norm || - || x, the space LP(0,T; X) denoted
by LP(X), for 1 < p < oo with norm

1/p

T
[ollr(x) = (/ ||’U|xdt> , 1<p<oo,
0

[0l Loe(x) = esssup [[v(t)]|x-
0<t<T

and for p = oo,

Moreover, we denote by H™(X) the space of vector valued functions ¢ : (0,7) —
X such that C%gb € L*(X) for j = 0,1,...,m with the standard norm || - || grm (x).
Further, we define D(2) as the space of infinitely differentiable functions with com-
pact support in  and call its topological dual as D'(Q).

For the weak primal formulation, define a bilinear form for w, z € Hg
a(w, z) := (AVw, Vz).

Given f € L*(L?), up € H} and u; € L?, the weak formulation of (1)-(2) is to
seek a function u : (0,7] — HE with u(0) = up and u¢(0) = u1 such that
3) (uee, w) + au,w) = (f,w) ¥ w € Hy.
Note that for f € L*(L?), uo € H} and u; € L?, there exists a unique weak solution
u of (1)-(2) satisfying u € L2(H}),us € L?*(L?) and uy € L?*(H~1). Moreover, the
equation (3) is satisfied for almost all ¢t € (0,7]. For a proof, refer to Evans ([19],

pp. 399-408).
For mixed formulation, let

H(div,Q) = {¢ € (L*(2))? : V- ¢ € L*(Q)}
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be a Hilbert space equipped with norm ||¢||g(aiv,0) = (|@]|* + ||V - )%
Now, introduce

(4) o= —AVu,
and o = A~!. Then, the equation (1) is rewritten as
(5) ac+Vu=0, uy+V-o=7F

Set W = L?(Q) and V = H(div,Q). For given f € L*(W), ug,u; € W, a weak
mixed formulation for (1)-(2) is to find (u, o) : (0,7] = W x V with «(0) = u and
u¢(0) = uy such that (u, o) satisfies

u,ug € L2(W), ug € L*(H™1) and o € L*(V)

and
(6) (ao,v) — (u,V-v)=0VveV,
(7) (U, w) + (V- o,w) = (f,w) Yw e W.

Below, we discuss the equivalence of weak primal and weak mixed formulations.

Theorem 2.1. The pair (u,o) € L*>(W)xL?(V) withuy € L2(H™1) and (ug,u1) €
W x W is a solution of the mized formulation (6)-(7) if and only if u is a solution
of the weak formulation (3) and o = —AVu with u € L*(H}) and ug € Hg.

Proof. Let (u,a) € L3 (W) x L?(V) with uy € L>(H~') be a solution of (6)-(7)
and let ¢ € D(Q). Choose v = Curl ¢ := (—0¢/Ix2,0¢/0x1) in (6). Since it is
divergence free, we obtain

(ao,Curl ¢) =0 ae.t € (0,T).

Using distributional derivative, it follows that

(Curl (ao),¢) =0Ve € D(Q), ae.te(0,T),
and hence,

Curl (A~'a) =0 in D'(Q), ae.tec (0,7).
Now, a use of Helmholtz decomposition yields for some 1) € Hg
A le =VyY ae. te(0,7).

Apply this in (6) to arrive at

(8) (V-v,p+u)=0V¥v eV, aete(0,7T),
which shows v = —1 € H}. Hence for a.e. t € (0,T),

A7 le = —Vu
and

o =—-AVu ae.te€ (0,T).
On substitution in (7) yields (1) and hence, it satisfies (3) for a.e. t € (0,T). Since,
u,uy € L2(W), u € C°[0,7] and (8) holds for ¢ = 0. Thus, ug = —¢(0) € H}.
For the converse, let u be a weak solution of (1) satisfying (3). Now, set o =
—AVu € L?(L?). Then, the equation (1) becomes

upg +V-o=f in D(Q), aete(0,T).

Since, f € L?(L?) and V - o € L?(L?), therefore, uy + V - o € L*(L?) and (7) is
satisfied for a.e. t € (0,T). Note that ao = —A~1o = —Vu. Multiply by v € V,
and integrate over Q to show that (6) is satisfied. This concludes the rest of the
proof. O
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Since the weak primal formulation (3) is well-posed, by the Theorem 2.1 on
equivalence, the weak mixed formulation is well-posed. As a byproduct, since f €
L3(L?) and V - o € L?(L?), therefore, us € L*(L?).

Since, the matrix A is uniformly positive definite, there exist two positive con-
stants ag and a; such that

aollo|l < llofla-r < arlloll, where o := (a0, o).

3. A posteriori error estimates for the semidiscrete scheme

This section focuses on a mixed finite element method for the hyperbolic problem
(1)-(2) and a posteriori error estimates are derived for the semidiscrete mixed
Galerkin approximation to (1)-(2).

For the semidiscrete mixed formulation corresponding to (6)-(7), let 7, = { K} be
a shape-regular partition of the domain 2 into triangles of diameter hx = diam(K).
To each triangulation 7;,, we now associate a positive piecewise constant function
h(z) defined on Q by h|x = hx YK € T,. Let ', denote the set of all internal
edges E of the triangulation 7,. Further, let V; and W) be appropriate finite
element subspaces of V and W satisfying the Ladyzenskaya-Babuska-Brezzi (LBB)
condition. More precisely, for the spaces Vj, and W}, assume that there exists a
linear operator I, : V. — V, such that V - II;, = P,(V- ), where P, : W — W}, is
the L?-projection defined by

(¢ — Prp,wn) =0V wy, € Wy, ¢ € W.
Further, we assume that the finite element spaces satisfy the following properties:
|[v—Tpv|| < Crh"|v]lr, 1 <r<L+1, |[w— Puw| <Crh"||wll,, 0<r</{+1.
Note that for v € H(div, Q) and w € L?(Q), the following properties hold true:
(V- (v—Tpv),wp) =0, wy, € Wp; (w— Pow,V-vp) =0, vy, € Vy,.
For example, let W} and Vy, be the Raviart-Thomas spaces of index | > 0 defined
by
Wy ={we L*(Q) : w|x € P(K)VK € Ty}
and
Vh ={v e H(div,Q) : wg € RT}(K) VK € Ty},

where RT(K) = (P,(K))? + 2P,(K), [ > 0. For more examples of these spaces in-
cluding Brezzi-Douglas-Marini spaces and Brezzi-Douglas-Fortin-Marini spaces,etc.,
see [11].

The corresponding semidiscrete mixed finite element formulation is to seek a pair
(up,op) : (0,T] = Wy, x V}, such that
(9) (aahavh) - (uhvv'vh) =0V vy, €Vy,
(10) (un,et, wn) + (V- op,wp) = (f,wn) ¥ wp, € W
with up(0) € W), and up, ¢ (0) € W), to be defined later. Since W), and V), are finite
dimensional, from (9) we can eliminate o in the discrete level by writing it in
terms of uy. Therefore, substituting in (10), we obtain a second order linear system
of ODEs and existence follows using ODE linear theory. Then, as a consequence of

LBB condition and energy estimates, uniqueness can be proved easily and hence,
we skip the proof.
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Set e, = up, —u and e, = o, — 0. From (6)-(7) and (9)-(10), e,, and e, satisfy
the following equations
(11) (ato,v) — (4, V-V)=r1r1(V) VVEV,
(12) (eu,tt, W) + (V- eqg,w) =ro(w) Vw e W,
where the residuals r; and ry are given by

r1(v) = (aop,v) — (up, V- v),
and
ro(w) := (up,pt, w) + (V- op,w) — (f, w).
Following [29], now introduce mixed elliptic reconstructions @(t) € Ha () and

6(t) € V of up(t) and o, (t) for ¢t € (0,T], respectively, as follows: for given u;, and
op, let the mixed elliptic reconstructions 4 and & satisfy

(13) (V- (6 —0op),w) =—-ra(w), Yw e W,
(14) (a6 —0op),v) — (@ —up, V-v)=—-r1(v), ¥v € V.
Using Theorem 4.3 (pp. 132) of [10], one can verify that for a given uy, o, r1 and
ro, the system (13)-(14) has a unique pair of solution {a(t),&(t)} € W x V, for
t € (0,T]. Here elliptic reconstructions are assumed to be smooth in time.

Note that ri(vy) =0 Vvp, € Vy, and ra(wp) =0 Ywy, € Wy,. Then, o and uy,

are indeed mixed elliptic projections of & and u, respectively.
Using mixed elliptic reconstructions, we now rewrite

ey = (U —u)— (0 —up) =: & — Nu,
and
e =(—0)—(6—0h) =& — 7o
An application of (13)-(14) in (11)-(12) yields
(15) (o, v)— (&u, V-v) = 0 VveEV,
(16) Euttsw) + (V- &oyw) = (ue,w) Yw e W.

With mixed elliptic reconstructions @ and & satisfying (13)-(14), apply (15) to check
that

(17) a6 = —Vi.
Lemma 3.1. Let &, and & satisfy (15)-(16). Then, the following estimates hold:

t
(18)  [ur® + a2 @) < 1€t (O[] + [[a'/2E(0)] +2/0 70,2t (s) || ds.
and

1€a @) < 1€ (0)]] +2/0 1796 (8) || ds.

Proof. Differentiate (15) with respect to ¢t and set v = &, in the resulting equation
to find that

(19) (Oéga',tafa') - (gu,t; V. 50’) =0.

Choose w = &+ in (16). Then, add the resulting equations to (19) to arrive at

| =

(I€uel® + 102 2Eal?) = (Mustts Euce)-

(1
1
2

U

t
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On integrating the above equation from 0 to ¢, a use of the Cauchy-Schwarz in-
equality yields

€u @I + a2l < €ue(0)]® + o'/ 265 (01

(20) + 2/0 70,26 ()] 1€t (5) | ds.

Setting

11w €D = ([ 2e (O + [|€ue (D)2,
let t* € [0,¢] be such that

[1(€uts €a) (I = max [[[(&u,r, Eo) ()]

0<s<t
Then at time ¢ = t*, (20) becomes

1(€u.t, ) ()] < |||(§u,t,§a)(0)|||+2/0 [177u,1¢(5) ds,

and hence,

(21) [1(uts € )OI < 1(Eust €0 ) (O)]]] +2/0 [70.2¢(s)]| ds.

This completes the proof of (18). Note that from (21), we obtain L°°(L?)-estimate

of the displacement using £(t) = £(0) + fg &u,t(s) ds. Now in order to reduce the
regularity, an integration tool which is a variant of Baker’s time testing procedure
is used in a crucial way. To motivate our tool, integrate (16) with respect to time
to arrive at

(22) (Gutsw) + (V- by w) = (u,t(0), ) + (s w) = (7u,(0), w),
where £, = fg £4(s) ds. Choose w = &, in (22) and v = &, in (15) and adding the

resulting equations to obtain

L e®I? + 1026 012) = (ens(0).60) + (usr ).

Then, integrate with respect to time and use kick back arguments to arrive at

1€a (@) < 1€ (0)] +2/0 1706 (8) | ds.

This completes the rest of the proof. Il

To prove the main theorem of this section, we need the following a posteriori
estimates of 1, 7y,+ and ns related to the mixed elliptic reconstructions (13)-(14).
For a proof, see [15].

Lemma 3.2. For Raviart-Thomas elements, there exists a positive constant C
which depends only on the coefficient matriz A, the domain §2, the shape reqularity
of the elements and polynomial degree ¢ such that for £ = 0,1,

< 0+1 : _
(23) Inall < O (I eal 4+ min [h(an — Vawn)]]).

and for j = 1,2,
i or 071y : P o
< +1Z = -
& H o || = C( AT e <O‘ ot Vhwh) D
and

(25) [l 2ng]) < € (IIhea] + 12T (@0 - O)llox, + [ curhy (aon)])
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where ry = (upt — f+ V- 0p,) is a residual, J(ao, - t) denotes the jump of aoy, -t
across element edge F with t being the tangential unit vector along the edge £ € T'y,
and V), is piecewise gradient defined by Vywp |k := V(wp|k) for all K € Ty,.

Now, let &1 (ra, on;Th), 51(85;2, 8;;“;771) and & (ra, op;Tp) denote the terms
on the right-hand sides of (23), (24) and (25), respectively. Then, using Lemmas
3.1-3.2, we finally obtain the main theorem of this section as:

Theorem 3.1. Let (u,0) be a solution of the mized formulation (6)-(7) and let
(un, o) be a solution of the semidiscrete mized formulation (9)-(10). Then, the
following a posteriori estimates hold:

||€u,t||Loo(0,T;L2(Q)) + |‘a1/2@c”L°°(07T;L2(Q))
S lewt0)] + la'2eq (0) + Ex(r2,6(0), 0.t (0); Th)
+&(r2(0),01(0); Tn) + €1 (2,6, 0 h,e5 Th) | Lo 0,1)

T
+||52(1"2a0h57ﬁ)|\Lw(0,T)+/ E1(ra,e, On,ee; Tn) ds,
0

and

A

llewll Lo,z lew(0)]| + &1 (r2(0), a1 (0); Tn)

T
+H51(r270h;771)”L°°(0,T)JF/ Ei(ra,, on,t; Tn) ds.
0

4. Completely discrete scheme

This section deals with a posteriori analysis for a completely discrete mixed
approximation based on backward differencing.

let 0=ty <t < ...<ty=T, I, = (tn—htn] and k, = t, —t,_1. For
n € [0: N, let T, be a refinement of a macro-triangulation which is a triangulation
of the domain {2 that satisfies the same conformity and shape regularity assumptions
made on its refinements. Let

hn(z) := diam (K), where K € T, and z € K,

for all z € Q. Given two compatible triangulations 7,_; and 7,, i.e., they are
refinements of the same macro-triangulation, let 7, be the finest common coarsening
of 7, and T,,_1, whose meshsize is given by h, = max(hy, hn—1), see ([26], pp.
1655).

We consider V}! and W}" defined over the triangulations 7" as Raviart-Thomas
finite element spaces of index ¢ > 0 of H(div,) and L?(Q), respectively. Let
PP i L2(2) — W be the L%-projection defined by

(Ppw, ¢") = (w, ") Vg™ € Wi,
Given U? = PPuy, find {(U™, E")} with (U™, E") € W» x V} for n € [1 : N] such
that
(26) QU™ w) + (V-Z"w) = (f"w) Ywe W},
(27) (X", v) = (U™, V-v) = 0 YveVy
where f7 is either chosen as point-wise value f™(-) := f(t,-) for n > 0 or the one

through average value as in Remark 4.2. Here, the backward second and first finite
differences are given, respectively, by
U — g, U™t
run =1
kr
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and )
ur-un—-
atUn:: T, fOI"Tl:].,"',N,
Puy, for n = 0.
Throughout the rest of the paper, we shall use the following notation:

PO = (6" — Po™)

n

Following [20], we define for given a sequence of discrete values {V"}2_ the time
reconstruction V : [0,7] x Q — IR or IR* as

(t—tn—1)(tn — 1)
kn

forn=1,---,N. Note that we have used the fact that 0,V is well defined.
We shall use the above C'-function V (¢) such that for n =0,1,--- | N

(29) Vit,) =V", Vi(tn) = 0V"™, Vie(t) = (1 4+ p™)ov™,
for ¢t € (tp—1,t,], where

2
(28)  V(t)=V"+ (t —t,)0 V" — OEV™, by <t <ty,,

)

p(t) = =6k, (t — t,_12).

Similarly, we define C*-functions U (t) and 3(¢) in time variable using the discrete
sequences {U™}_ and {Z"}_, respectively.

As in Section 3, for given {U", X"} we now define the mixed elliptic recon-
structions 4" € H}(Q) and 6™ € V at t =t,, as:

(30) (V- (6" =%"),w) = —r5(w), we W,

(31) (a(6" =X"),v)— (" -U",V-v)=—r}(v), vEV,

where r}'(v) := (aX",v) — (U™, V-v) and r§ (w) := (P(7U"), w) + (V- E", w) —
(f", w).

Since r{(vy) =0 Vv, € Vi, n >0 and ry(wp) =0 Yw, € W', n > 1, in fact,
" and U™ are mixed elliptic projections of &" and 4™ at time ¢t = t,,, respectively.
Now given {@"}Y_, and {6"}]_,, we define the C!-functions @(t) and &(t) in time
t € (0,71, respectively, as
(t —tn—1)(tn —1)

kn

2
32 Wt) = A" + (t — t,)0 0" — 2", tp_1 <t <tp,
t

and
(t = tn1)(tn —t)?
kn

provided that 8,a° and 9,6 are well defined.
For t € (0,T], the mixed elliptic reconstruction {u, &} satisfies

(34) (V- (6 —%),w) =—-ra(w), weW,

(35) (a(6 —=%),v)— (@ —U,V-v)=—-ri1(v), VEV,

where r; and ry are defined as C*-functions in time using {r},r3})_; as in (28).
Again, set

(33) (t)=6"+(t —t,)05" — 0P, tn1 <t<ty,,

ew=(t—u) = (4—=U) =& = Nu,
and

eo=(0—0)—(6—-%)=£( — 0.
Now, the pair {e,, e, } satisfies

(36) (eut,w) + (V- eo,w) = (Uy,w) + (V-2 w) — (f,w).
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On splitting e,, and e, we obtain from (36)
(B7)  (Gutts ) + (V- €y ) =, ) + (I = B YUss,w) + " (£)(07U™, Prw)
+(V-(6-6"),w)+ (" = f,w) YweW.

Similarly, we also arrive at

(38) (aéo,v)— (&, V-Vv) = (a6 —0"),v)—(a—1u",V-v) YveV.
Note that

(39) G—6"=(t—t,)0 6" + (k' (t, — t)° — (tn — t)*) OfG",

and

(40) U— 0" = (t—tn) 0" + (k' (tn —1)° — (t, — t)?) 070"

Now, it follows that
)6 — &"),v)—(@—a",V-v) = (t— tn){(aat&”,v) — (8", V - v)}
(b t = ) = (ta — ) { (026", v) = (B}, V - v) },
and from (30) with definition of ry(v), we find that
(42) (6™, v) — (@",V-v) =0 YveV.
From (42), the equation (41) takes the form
(e —0"),v)—(a—a",V-v)=0,
and thus, (38) becomes
(43) (o, V) — (&u, V-v) =0 VYveV.

Theorem 4.1. Let (u,o0) and (U, X) be the solution of (6)-(7) and (26)-(27), re-
spectively. Then, the following estimates hold for t € (tp—1,t,)

4 t
€ut (D + 10?60 @) < [1€u e O)] + a5 (0)[ +2)  €1,5(1) +2/O ([7u,e2(3)]| ds,

=1
where

n-l .t; . t
Ea(t) = Z/ ||<17P,1>Utt||ds+/ (T — BPYUw | ds,

j=1"7ti-1 tn—1

nolog . . t
Est) = 3 / 149 92U ds + / |92 ds,
=1 tji—1 th—1

n—1 2 3
E13(t) = Z(gjllat(r%V'EJ)IIJrl—JQIIaf(r%V'EJ)II)

J=1
t
+ [ (tn—=9)[[0(ry — V- XZ")[|ds

tn—1

)

n—1

nolopty o
&14(t) = [f7 = fllds+ Lf* = fll ds.

—3)3
(0 o2 = LD ooy - v 3y as

ti—1
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Proof . Differentiate (43) with respect to ¢t. Then, choose v = &, in the resulting
equation and w = &, in (37) to obtain for t € (tp—1,n]

5 (16l 4 107 2€17) = (musts Gu) + (T = PE)Uuss )
1" (£)(OFU", Pi6u)
H(V (6 = "), €u) + (" = f6ue).
On integrating from 0 to t with ¢t € (¢,,—1,t,], we find that

1
5 (16l + a2 11?)
1 2 1/2 2 k
(44) = 5 (1w @ + 102 2& 1) + | O u.)ds
F 71 (Eurt) + IT2(Eut) + I3 (Eurt) + IT4(Eurt),
where
n—1 ., ) t
T = 3 [ (U= POV &ur)dst [ (= P 6ur) s,
j=1 tj—1 th—1
n—1 t; . ] ] t
Talew) = 3. [ W@ Plewdst [ @U" P ds
j=1 tji—1 tn—1
n—1 ., ) t
Ryl = [ (V-@-aendst [ (V6660 ds
j=1"7ti-1 tn—1
and
n—1 t; o t B
J1n,4(§“’t) = Z/ (fJ - fa €u7t) ds +/ (fn - f7 gu,t)ds'
j=1"7ti-1 tn—1
Set

EF(t) = ||€us (DI + 1! 2 ()17,
and let at ¢ = t* € (0, t] be such that

Ex(t7) = max, B (s).

Now, a use of the Cauchy-Schwarz inequality yields

n—l rt; ) t
el < [0 / 1T =PIl ds + / 11 = PPYU | ds | Bu(t).
j=17ti—1

tn—1

and similarly,

tn—1

n—1 ., _ ] t
T < (3 / 149 2 ds + / " O2U™ | ds | By ().
=1 i

For J7 3, we rewrite using (39) as
(45) (V-(6-6"),w) = ({t—t,) (V- 0™ w)
+ (k' (tn — 1) = (tn — 1)) (V- 076", w) .

From (3.6), we obtain
(46) (V-6" w)=—-rj(w)+ (V- -Z" w),
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and therefore, for j = 1,2
(47) (V-ola",w) = —@r5)(w) + (V- 0/="w).
On substituting (47) for j = 1,2 in J7'3, we arrive at

J13 €ut Z/ t —S 0tr%)(£u7t) — (v'6t2j7§u,t)}

= (k55 = 9)* = (& = 9)2) { (O3rd) (€u) = (V- 9T 6ua) } )
+ / t ((tn = ) {@x5) €)= (V- OE", €u)}

tn—1

= (k7 (b = 9)* = (ta = %) {(OF15) (6ut) — (V- 075" 00)} )

) Eq(t")

+ (b = )2 = i (tn = 9)°) 193(x5 = V- =)} Eu(t

Using the Cauchy-Schwarz inequality, it follows that

n—1
s < Z( |on(r

J=1

~ V-S| + 2L |0(r) - V- =)

t

([ Atn=slones v =)

n—1

+

For Ji',, we note that

TP (nr)] = Z/ f7§ut>ds+/ (F" = f,60.) ds

tn—1

n—1 t; t
17— fllds + 1f™ = fllds | Ex(t").
(; /tj1 /tn1 ) '

On substituting the estimates of Ji';(§u,t), j = 1,--- ,4, in (44), we arrive at

IN

El(t)SE( )<E1 +2251] —|—2/ ||77utt HdS

Jj=1
This completes the rest of the proof. O
Remark 4.1. The term (v} — V - X7) can be replaced by (92U7 — f7).

For obtaining L°°(L?) estimate for e,, we now integrate (37) with respect to
time from 0 to ¢t with ¢ € (¢,-1, 5], to arrive at

(48)  (Gursw)+ (Vo) = (eus(0)w)+ (s, w)
+J3 1 (w) + J3 o (w) + J3 5 (w) + J3 4 (w),
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where

T (w) = Z/ 1)U )ds—i—/t (I — PMYUy, w) ds,

tn—1

t
Jya(w) = Z/ J(92UY, )ds+/ pt(O2U™, w) ds,

tn—1

Tyw) = Z/ v (&—&f>7w>ds+/t (V- (&~ ") w)ds,

tj—1 tn—1
t; t
J£4(w) = / ds+/ (f" = f,w)ds.
tn—l
Note that
t ¢
Jo.1 :/ (f"— f,w)ds and J;Q(w) :/ u"(@fU",w) ds
th—1 tn—1

as |, ;_”;1 p/ = 0. Further, since P,z commutes with time derivative, J3';(w) can be
written as

n—1
T (w) =3 (= POUL(L) = (T = P)UL(t1),w)

j=1

+ (= B)U(t), w) = (I = B)Us(tn 1), w)

n—1 n—l

=3 (1= P)Ut) — (1 = B )Uultg-1),w) + — PIYUL (1)

j=1 _]=1

+ (= B)U(t), w) = (I = B)Us(tn-1), w)

n—1
(19) =" ((B™ = POULL),w) = (I = P)UL(0),w)

j=0

+ (I = PU(t),w) .
Below, we prove one of the main results of this section.

Theorem 4.2. Let (u,o0) and (U X)) be the solution of (6)-(7) and (26)-(27), re-
spectively. Then, for t € (tp—1,tn], the followmg estimate holds

6l < 160 +23 82,0 +2 [ el s,

Jj=1
where E3.1,- -+, E2,4 will be given in the following proof.

Proof . Choose w = &, in (48) and v = & in (43). Then, add the resulting
equations to obtain

1d

57 (1€l + 1102/265112) = (eu.(0), €0) + (s €0) ZJQ,J@

On integrating from 0 to ¢ with ¢ € (t,—1,t,], it follows that

+ 4
(50) [léull* +lla! &1 = 1€u (0 )”2+2(6u7t(0)7§u)+2/0 (e, €u) ds+2 Y K;(1)

j=1
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t
where K;(t) :/ Jaj (&) ds. Set
0

E3(t) = €)1 + 1ot 2Ea (1),
and let t = t** € (0,¢] be such that

Falt™) = juas, Ba(s)

Then, for ¢,—1 <t < t,, we obtain from (49)

Ka(t) = Z/t Z (P = P)U(1), &u(s)) ds

i=11=0
}/ ZE: (P = POUL(t), £u(s)) ds "j/‘ ((1 = B)U0), €uls)) ds
tn-1 =0 0

+Z/ (1=POV.&) ds+ [ (= PO, 6.9 ds
Hence,
(o) < { (@ (P = PDOU + (¢t )BT~ PO

+/tj I(IPﬁ;)Ut(S)IIdS> +(t = ta-)[[(Pr — PO

t
4ﬂUfWWW%+/ I — PPYUL(s) |ds
twl

=: gQJ(t)EQ (t**)

Ev2 (t**)

The second term can be written as

IS
.

(97U, €u(s))d )ds

</t w(r )(an",gu(s))dT> ds

for t,,_1 <t <t,. Since

s k;2
I(rydr = =3k; | (s —tj_19)* — -
| e 3Jks 172 4L

i—
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we obtain
| Ko (t)]
n—1 t;
:_3Zk;1/ (s —tj_1/2)2(02U7  &u(s))ds + = Z/ ki (92U €,(s))ds
j=1 ti-1
t 3 t
,314:51/ (s —tn_1/2)2(0FU™, €u(s))ds + an/ (O2U™, €,(5))ds
tn—1 th—1
n—1 ] k/’2 k/’g
S0 + it (= byl + e =) + 52 ) 020 | Bt
j=1
218272(75)E2(t**).
For the third term K3(t), we obtain for ¢,y <t <t, and t;_1 < s <t;,
n—1
m@::Z/ / ~6).6u(s)) drds
ti-1 =1
/ / &) €u(s)) drds
tn—-1 =1
t]
/ / &%), Euls )) drds
/ | 5"),64(5)) drds
= L+L+13+ 1,
t . k3
Using (45) and the fact that / (k7 't —7)° — (1 —7)%)dr = fﬁ we find that
ti—1

f/ H%Q(V 0y Euls ds+2/ Z ki ~a§&l,gu(s))d5,

j=17ti-1 121 tim1i=1
n—1 Jj—1

i< |3k (l|v 05+ v o2 l|) o).
j=1 =1

Similarly,

3

n—1
k2 .
L] < |(t—tha 2( 2|V 067 + JQIIV-@Q&]I) E5(t™).
j=
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For the I3 and I, terms, we easily obtain

n—1 ti 2 2
J t: — s k< .
|I5] < Z/t <(J . ) _?]> IV - 8,67 ds

N

- k4 )
< g( 2|V - 06’|| + {)IV@?&]I) Ey(t™),
and
k.?z ~n k/):'ll 2~n *k
[l < (t=tn1) | FHIV- 06"+ 5V - 0567 || E(t™).

Now collect terms, replace V-67 by fr%JrV-Ej using (46), and set £z 3 := M1+ Mo,
where

n—1 Jj— 1klg . kf k;f ; )
=D | (2o 0k = VSO )+ (= taen) g+ 5 ) 100 = V2]

=1

kS
+ (t - tn—l)?n”at(rg -V En)”v

and
. K} oo ! ko k) 20 j
;l (; 107 (ch, — V- || | + (t=tn-1)75 + 55 | 19:(rz = V- 2|
k’4
+ 55— tn- D07 (e = V-2

so that

[K3(1)] < E2,3(1) Ex (™).
For the last term K4(t), one can repeat previous arguments to arrive at

t

Zk/ 15 = F@dr+ = tas) [ 157 = )] dr| Bale)

tn—1

| K4(t)]

IN

= 52,4() g(t )

On substituting in (50), it follows that

€@ < [1€u (0)]] +2252,j(t)+2/0 170,:(3)]] ds,

which completes the rest of the proof. O
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In order to present the final theorem in this paper, we introduce some notations:
For D :=Q or K, let

D) = |lho(a=’ + ViU L2(p).

&) = (In el a) + [ha(@B" + ViU lza() ),

£5(D) ( IR0 2y + e (@B + ViUl 12 ),

£)(D) [ho(@d:E° + Va0 U°) || 12 (D)

(D) = (||h”2 (@2 ) 0,0 + ko curl 4 (@) |z2(p) ).

D) = (Iharsllz) + 112 @S" - O)llo.r, 0 + o curly (@) 2(p)).

&7 (D) (||h€+13t allz2(py + 1hn0r(aZ"™ + VhUn)||L2(D)>,

exD) = (Ih07x ey + [hn0F(@E" + VU™ 2 )
n t;

ey = X [0+ - PRl s,

j=1"t1

n

&, = 3 / 1499209 | ds,
j=17ti—1

" (k2 ) ) k3 ) )
&y = Z(gjllat(réVEJ)IHéII&?(r%V~EJ)II>,
j=1
n t] .
e, = Z/t 177 — F(s)l ds,

1741

J
and

n j—1 t;
= 3 (it - matis [ - i)

j=1 1=0 i
+hnll(Py — P)OUC ||+ t"|(1 = P)BU°,

£y = Zkfllanjll,
n kl l kl?’ 20 l
E33 = Zkz 10 (x +E||at(r2_v'2)” ;
j=1 =1
g = Dok [ 1P sl
j=1 :

t
Using estimates of 7,, and 7, in Theorems 4.1 and 4.2, the final theorem of this
section can be written as

Theorem 4.3. Let (u,0) be the solution of (6)-(7) and (U,X) be the solution of
(26)-(27). Then for m € [1;N], the following estimates hold for the RT index
0=0,1:

(51) [|U™ —u(tm)|| < [lew(0)]|+ C1ED(Q) + C2EF (2 +032k 63+Zc1621
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and

=" —otm)llar < llewt(O) + lea(0)lla-1 + C2L(Q) + C5E5(Q)
m 4

(52) +C6EF () + CrEF(Q) + Cs Y knEF () + Y cil1(9),
n=1 i=1

where C;’s and ¢;’s are constants which depend only on the coefficient matriz A,

the domain 2, the shape regularity of the elements, polynomial degree £ and inter-

polation constants.

Remark 4.2. The last term in (52), that is, E'4(2) (also in (51), that is, £3 4(S2))
measures the effect of approximating the forcing function f at discrete points in
time. This bound is of similar form as the bound in [26]-[29], where the same
discretization has been used in the context of parabolic problems. However, a mod-
ification of f™ as
tn
e f(s)ds

kn kn—l
will specially improve the estimate ET'4(€2) in (52).

Remark 4.3. The numerical implementation of the proposed a posteriori esti-
mators in the adaptive algorithm deserves special attention and will be considered
elsewhere.

5. Conclusion

The current work presents a first step towards true a posteriori estimate in
the L°°(L?)-norm for mixed finite element approximations of second order wave
equations. While Baker’s technique is usually used to derive L>°(L?) estimates for
the displacement w, in this paper, we resort to an application of integration for
deriving these estimates. For adaptive algorithm, we need efficiency bounds, which
would be an interesting direction for further research. Moreover, the numerical
implementation of the adaptive algorithm based on the proposed estimators will be
a part of our future work.
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