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SUPERCONVERGENCE OF DISCONTINUOUS GALERKIN
METHODS FOR LINEAR HYPERBOLIC EQUATIONS WITH
SINGULAR INITIAL DATA

LI GUO AND YANG YANG

Abstract. In this paper, we consider the discontinuous Galerkin (DG) methods to solve linear
hyperbolic equations with singular initial data. With the help of weight functions, the super-
convergence properties outside the pollution region will be investigated. We show that, by using
piecewise polynomials of degree k and suitable initial discretizations, the DG solution is (2k+1)-th
order accurate at the downwind points and (k + 2)-th order accurate at all the other downwind-
biased Radau points. Moreover, the derivative of error between the DG and exact solutions
converges at a rate of k + 1 at all the interior upwind-biased Radau points. Besides the above,
the DG solution is also (k + 2)-th order accurate towards a particular projection of the exact
solution and the numerical cell averages are (2k + 1)-th order accurate. Numerical experiments
are presented to confirm the theoretical results.
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1. Introduction

In this paper, we apply discontinuous Galerkin (DG) methods to solve linear
hyperbolic equation with non-smooth solution in one space dimension

(1) ur +ug =0, (x,t) €[0,27] x (0,T],
(2) u(z,0) = up(z), =z €l0,27],

where the initial solution ug(z) has a discontinuity at @ = ¢, but is otherwise
smooth. We consider problem with suitable Dirichlet boundary condition

(3) u(0,t) = g(t)
such that the exact solution is smooth except along the characteristic line x =t +c.
It is well known that the numerical solution has spurious oscillations around the
discontinuity line, which is regarded as “pollution region”. The early works studying
error estimates of DG methods for hyperbolic problems with discontinuities were
given by Johnson et. al. [16, 17, 18]. They proved that the width of the pollution
region is of the size at most O(hz log(1/h)) with linear space-time elements. Later,
similar results were also obtained by Cockburn and Guzman [10] and Zhang and
Shu [26] with the RKDG methods. The main idea is to introduce special weight
functions which are very small near the singularity and are close to 1 outside the
pollution region. More recently, Yang and Shu [25] applied the same idea and proved
the (2k + 1)-th superconvergence in negative-order norms outside the pollution
region. To our best knowledge of the authors, this is the only superconvergence
result for DG methods applied to hyperbolic equations with singular exact solutions.
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The DG method was first introduced in 1973 by Reed and Hill [21], in the frame-
work of neutron linear transport. Later, the method was applied by Johnson and
Pitkaranta to a scalar linear hyperbolic equation and the LP-norm error estimate
was proved [17]. Subsequently, Cockburn et al. developed Runge-Kutta discon-
tinuous Galerkin (RKDG) methods for hyperbolic conservation laws in a series of
papers [13, 12, 11, 14]. Generally, we choose completely discontinuous piecewise
polynomial space for DG methods. Hence, DG methods have several advantages
such as high parallel efficiency, efficient h-p adaptivity, arbitrary order of accuracy
and so on.

Superconvergence properties of DG methods for hyperbolic equations have been
studied intensively, see [1, 2, 3, 4, 27, 20, 28, 8, 9, 24, 5, 6, 7] and the references
therein. Many of the previous works are based on local error estimates or Fourier
analysis, and the results only work for some special problems. In 2010, Cheng
and Shu [9] applied energy analysis to obtain a (k + 3/2)-th superconvergence
rate for the error between the DG solution and the particular projection of the
exact solution. However, numerical experiments demonstrated the rate should be
k + 2. Recently, Yang and Shu [24] extended the results in [9] to show that, with
suitable initial discretization and upwind fluxes, the DG solution is (k+ 2)-th order
superclose to the exact solution at the downwind-biased Radau points. The same
convergence rate also works for the numerical cell averages. Subsequently, Cao et
al. [b] proved a (2k + 1)-th order convergence rate of the error at the downwind
point by constructing a special interpolation function. After that, in [7] and [6],
the idea was applied to problems in two space dimensions and those in one space
dimension with upwind-biased fluxes.

One of the most significant applications of the superconvergence is the construc-
tion of adaptive methods. The key point is to use the superconvergence properties
to introduce a new numerical approximation which is superclose to the exact so-
lution. Then the error between the two numerical approximations can be used
as an error indicator to detect the regions with poor resolutions or singularities
[19]. In this paper, we would like to analyze the error of the DG method for lin-
ear hyperbolic conservation law (1) outside the pollution region. The basic idea is
to construct a suitable interpolation function u; such that the DG solution wuy, is
(2k 4 1)-th order accurate towards u; under some weighted norms. By using the
special properties of the weight functions we can prove several superconvergence
results between the DG solution and the exact solution outside the pollution re-
gion. We will show that, under suitable initial discretizations, the DG solution is
(2k + 1)-th order accurate at the downwind points and (k + 2)-th order accurate at
all the other downwind-biased Radau points. Moreover, the derivative converges at
a rate of k + 1 at all the interior upwind-biased Radau points. Besides the above,
the DG solution is (k + 2)-th order accurate towards a particular projection of the
exact solution and the numerical cell averages are (2k + 1)-th order accurate.

The organization of this paper is as follows. In Section 2, we will present prelim-
inaries, including an introduction of DG scheme, some special projections, several
elementary lemmas as well as the weight functions. In Section 3, we prove the
main superconvergence results. Numerical experiments will be given in Section 4
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to validate our theoretical results. Finally, we will end in Section 5 with concluding
remarks and remarks on future works.

2. Preliminaries

In this section, we present some preliminaries that will be used throughout the
paper. For simplicity, we use C' to represent a generic positive constant that does not
depend on the mesh size h, but may take different values at difference occurrences.

2.1. The DG scheme. In this subsection, we demonstrate the formulation of
DG methods for (1) with Dirichlet boundary condition (3) on the computational
domain 2 = [0, 27].
First, we divide Q into IV cells
O:x% <I% <"'<IN+% =2,
and denote
I = (zj 5,250)

as the cells. Let h; = Tl — x5 1 denote the length of cell I; and h = max; h;,
hmin = min; h; be the length of the largest and smallest cells, respectively. More-
over, we define A = h/hy,;p,. In this paper, we consider regular meshes, i.e. there

exists a constant C, such that A < C.
Next, we define

Vi = {v : v G’Pk(Ij)7 j=1,---,N}

as the finite element space, where ’Pk(I ;) denotes the space of polynomials of degree
at most k in I;. The DG scheme for (1) can be formulated as: Find uj, € V4, such
that for any v € Vj,,

(4) aj(un,v) = ((un)e, v); — (unyva)j +up v |41 —upv' ;o1 =0,
j_+%

Likewise for v*. Moreover, we define [v]; 1= v;r N
2

where (w,v); = ij wudzr and v, , = U(Ij_+%) denotes the left limit of v at z; ..

— vj_+l as the jump of v across
2

Tip1. For simplicity of presentation, we denote
(5) Hj(wvv) = (wavz)j —w v +1 +w7v+|j7%
= —(wsv); — [y 0!

F

1
2

which further yields
(6) (wtav)j = aj(wvv) +Hj(wav)a

Finally, we introduce the bilinear form a and A on the whole computational domain

as
N

a(wa ’U) = Z a; (wv U),

Jj=1
and
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2.2. Norms. In this subsection, we give the definition of weighted norms that we
will use throughout the paper. For any function w and any positive function v, we
define the weighted LP-norm of u as

1
lllopp = 4 UplulPbdz)?, 1< p <o,
o maxzep [ut|, p=oo.

Moreover, the weighted WP (D)-norm of u is defined as

1

(Zro D7l yp) " 1< p <00,

ll%ll7m,p,0,0 = :
max;<m || D' ulo,co,0,0, P =00.

If ©» = 1, the weighted norms will degenerate to the standard Sobolev norms. For
convenience, if p =2, 9 =1 and D = (), then the corresponding subscripts will be
omitted. For example, ||ul|o is the standard L?-norm of u on Q.

2.3. Special projections and properties of the DG discretization. In this
subsection, we present special projections and demonstrate the properties of the
DG discretization to be used in the proof of the main theorem.

First, we define P;(w) as the ¢-th order standard L? projection of function w
into V4, such that

(7) (Pe(w),v); = (w,0);, Vo € PYI).
In addition, we also construct two Gauss-Radau projections P, and P_ by

8)  (Pr(w),v); = (w,v);, VUEP’“I(IJ-) and P, (w)(z" ,)=w(’ ,),

i—3 i—3

9  (P_(w),v); = (w,v);, YvePF1(I;) and ]P’,(w)(:cjjr%) = w(:cjjr%).

Subsequently, for the above projection Py, which is either P, or P_, we denote the
error operator by Pﬁ =1 — P, where I is the identity operator.
For the bilinear form #;, it is easy to check the following Lemma.

Lemma 1. Suppose ¢ € W¥2(I;) and v € Vj, the two Gauss-Radau projections
satisfy

(10) H;(PLg(z),v) =0 and H;(v,Piq(x)) = 0.

Next, we would like to roughly introduce a special interpolation function wu;
which is (2k + 1)-th order superclose to uj. More details of the construction of u
can be found in [5].

First, suppose u(x,t) has the following Radau expansion in each cell I;, j =
1,2,--- /N :

@ t) =ul@y, 0+ Y tn(O)(Lim — Lim—1)(®),

m=1
where L; ., is the Legendre polynomial of degree m in I;, and u; », is the coefficient.
Second, for all v € W'2(I;), we define
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and
Fi=P_.D'Ljy, Fi=-P_.D'F,y=—(-P_D YL, i>2
The special interpolation function is defined as
TN
(11) ub =P_u— Z (?J) Ofuj 1) Fy(z), 1<0<k.

i=1
For the bilinear form a;, we have the following theorem (see [5] Theorem 3.2).

Theorem 2. If u € WEH42:2(Q) and k > 1, then for 1 < ¢ <k and any v € Vj,
we have

(12) Jay(u = uf, )| < CHM*HJullsera,o0nlollo1,15

2.4. The weight function. In this paper, we will consider two weight functions
Yl (x,t) and 1~ 1(z,t) which will be used to determine the left and right boundaries
of the pollution region, respectively. First, we define the cut-off exponential function

é(r) e C1:R— R as
2—e€", r<Q,
o(r) = { e ", r>0.
Then, ¢?(x,t) for B = £1 are defined as the solutions of the linear hyperbolic
problem

Wy + 9 =0,

B 0) — ﬁ(I - xc)
W0 = (D),
Following [25], we choose o = % and z. = 2f8slog(1/h)yh'/?, with s and 7 to be
sufficiently large. It is very easy to check the following property.

Proposition 3. For each of the weight function 1®(x,t), the following properties
hold

(13) 1<yP(z,t) <2, Blx—x,—1)<0,
(14) 0<6(,0) <h*, Blx — e — 1) > slog(1/M)yhV2,
(15) max M‘ge, m=20,1,2.

d<~h?% Diip(,t)

Besides that above, we will use several lemmas about the weight functions in
[26]. For simplicity, we will drop the superscript and use 1 for both ”.

Lemma 4. For any v € V},, we have the following identity
(16)  2H(v,09) = = D[] 30y = (v g Uney + () + (0, 00),
J
Lemma 5. Let Py, be a Gauss-Radau projection, either P_ or Py. There exists a
positive constant C' independent of h, such that for any v € V},, we have

(17) P (W0)[lo.p-1,0 < CY B2 ||v]|0,p,D,
(18) IPh(¥0)[|o,p-1,0 < Cllvllo,e,ps

where D s either the single cell I; or the whole computational domain €.
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3. Superconvergence

In this section, we proceed to discuss the superconvergence properties of DG
solution at some special points including downwind points and Radau points, and
the superconvergence of the cell averages, etc. We begin with the following energy
inequality.

Lemma 6. For any v € Vj, with vy = 0, define w = vy — Pr_1vy € Vj,, then we
2
have

(19)

wllg r,’

(;\ww( e BHww))

N
+ 3 Jas (0, Py (w)| + [l0]3 )
j=1

Proof. For any v € V}, and weight functions 1 given in Subsection 2.4, we have

(20) dt = 2(ve, ) + (v, Vi)
= 2a(v,vyp) + 2H (v, vi)) + (v, vey)
= 2a(v,v¥) + (v,v¢) + (v, VYy)

N
— Z[’UP_%wj_l + (’Ul )21#; - (U;H_%)%pN-i-%

=1

’ N
= 2a(v,00) = Y I3y g + (0% — (v, 1) Ny

=1

N J

<Y (20500, 00) ~ 454 ).

where the second step follows from (6), the third step requires Lemma 4, the fourth
step holds because ¥y + 1, = 0. Next by using Lemma 1, we obtain

(21) a]'(vavw) = (vtapi—(vw))j + aj(vtaPJr(vw)) - HJ(Uv]Pi(m/)))
- (vtapi(vw))j + aj(va]P)Jr(vw))'
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To estimate the first term on the right-hand side, we define w = v; — Pr_1v;, then

(22) (v, PL(o)); = ((vt,w)j

(wa w)j

w, Py (uzp))

J

= (a;j(v,w) +H,;(v, w)) (7

lwlif 1,

P%vw))

< |a;(v, w) (ﬁ,ﬁ”i(wﬁ)) + [U]j—%w;—_% <ﬁvpi@¢)>
(¥ j (¥ j
< fasow) (ﬁ’““’“)
sdg j

M

1 (5-1)7 2,

(0], 311/ h ¥ P (
< |as(,w) [ —2— L) | |+ (@2 w0,y + 1012 ,.0),
|| HOI j Y 2

where the first equality holds because of the property of projection P;_1, the last
second inequality holds with trace inequality as well as the last inequality arises
from (17) and (15). Plugging (22) into (21), we obtain

a5 (0, 00) < | (v, w) (ﬁmiw)) (2 s+ 0l )
IR j

=|Q

+ (v, Py (00).

Summing up the above equation in j and then plugging into (20), we obtain

d|v ||0 al n
(23) Z o, P (veh)
— [[w ||01 ;

C N N N
;Z LT +2Zajv1p+ v)) = D [0l sy
7j=1 J=1 J=1 j=1
N N
1Y |a(v <|| E PHW) + Y laj (v, Py (vy)) :
j=1 il g=t

where the last step requires 7 to be sufficiently large. Now, we complete our proof.
O

Next, we would like to modify the exact solution u of (1) into @ € WkT¢+2.20(Q)
without changing the DG solution. More details of the construction can be found
n [25, 26]. This modification is only used for the theoretical analysis, since we
need the high-order derivatives of the exact solution. For simplicity, we also use u
instead of % in the rest of the paper. Now, we proceed to estimate the error between
¢ and
uy and up,.
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Theorem 7. For the above u and up and the special interpolation uf eV, 1<
{ <k, we have

(24) [ = ufllo.w(t) < C(llun — ufllow(0) + th* [l es2,00.0).

Proof. Since (up, — u?); =0, let v = uj, — v} in Lemma 6, we have

(25)
dlun — U?H%w
dt
N N
’ w 1 ‘ 2
<C (X fastun = wdw) (o BE@w)) [+ 3 laiCn = Py 0w + ol )
Jj=1 ¥ j=1
N N
¢ w 1L ¢ 2
=0 (X Jas(u = uh w) (o BED) [+ D las(u = uf, Bo o)) + o1 )
i=1 0,1; 7=
N
<C hk+e+1 w pt P
<C( Y PE T ullo prerz,00.1, (Iwlo, TolE +(vy) ; + [P+ (v¥)lo,1,1;
=1 0,1;
+[10l3.)
N
k+0+1 1 2
<C( D ulleeszc s [Wlowshd + ol o)
j=1

<Ol keg2,00,0llun — uj]

0.0 + llun — ufl§.),

where the second step is due to the Galerkin orthogonality, step three follows from
Theorem 2, step four requires Lemma 5 and step five holds based on the Cauchy-
Schwarz inequality. From (25) it is easy to obtain

(26) W < O et er2,00,0 + llun = ufllo,w),

which further implies

(27) lun = ugllo.w(t) < Cllun — ufllow(0) + th* *ullkrera,00w),

by Gronwall’s inequality. O

Remark 8. From Theorem 7, a natural choice of the initial discretization is
(28) up(x,0) = uk(z,0), VreQ,
then we have

lan = wllos () < CHRH ull st 2,000

We will demonstrate the right-hand side of the above estimate is indeed (2k+1)-
th order accurate, i.e. ||u||2k+2,00,5 i bounded. Following [25, 26], we define z,(t) =
t — |z.| = t — 2slog(1/h)yh/? as the left boundary of the pollution region and
consider the weight function ¢ = 1. Moreover, we define

1
:max{ijr% R <t—§|$c|}

and Ry (t) = (0,w(t)), Ra = [0,27] \ R1(t). Tt is easy to check that R, stays away
from the bad interval [t — h,t 4+ h] which contains the discontinuity of the exact

w(t

~—
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solution and on Ry we have 1! < h®. Therefore, we can take s to be sufficiently
large, such that ||ul|o 2,004t < C, which further yields

lun = uflloyr,ms ) < llun —uflloyr < CH*HY,

where Ry (t) = [0, 21 (t)]. Since 1 < ! <2 on Ry(t), we have

lun = uillo,ry 1) < Cllun = ufllopr =y ) < CHPFTL

Similarly, we also define ¢ + |z.| = t + 2slog(1/h)yh'/? to be the right boundary of
the pollution region and Rr(t) = [t + |z.|, 27]. Following the same analysis above
and replace 9! by 1!, we have

un — ufllorpe < CRPFH
Combine the above two inequalities together to obtain
(29) lun = ufllomry < CR*FH,

where R(t) = Rp(t) URRg(t). Then, we can present the superconvergence of the
DG solution on R. The results are given in the following theorem. For simplicity
of presentation, we define

S={j:I; €eR(t)} and N, =8|

Now we are ready to demonstrate the main result of this paper, i.e. superconver-
gence properties at some special cases outside the pollution region in the following
theorem. The proof of the theorem depends on the superconvergence of u — uy
which were given in [5], so we omit the proof.

Theorem 9. With the initial discretization (28), we can claim the following super-
convergence properties at several special points (including downwind point, downwind-
biased Radau points and upwind-biased Radau points), for special projection P_ and
cell averages.

(I) The superconvergence at the downwind point:

(= un)(a}, 4, 1)] < Ch?*+s Vjes,

2
1 20— 2%+1
M;(u—uh) (xj+%,t) < Ch* .
j

(II) The superconvergence at downwind-biased Radau points:
|(w = up)(Rj ¢, )] < CRFF2,

where R, with £ =0,1,--- k, are the k + 1 zeros of the downwind-biased Radau

polynomial Lj 41 — Ljp in I;, V j €S, except the point R;,o =Ty

(III) The superconvergence of the derivative at upwind-biased Radau
points:

|(u - uh)l‘(Ré',év t)l < Chk-‘rla

where Ré‘,e’ with £ = 0,--- |k, are the k interior zeros of the upwind-biased Radau
polynomial Lj 4 Lj i1 in I;, ¥V j €S, except the point Ré‘,o =z;

1
2
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(IV) The DG solutions are superclose to P_:

Huh — P_UH()’R@) < Chk+2,

(V) The superconvergence for cell averages:

1 Z 1/
stes<hj I

J

2 2
(u— uh)dac> < Op2FHL,

Remark 10. To obtain the above theorem, we need to start from (29). For example,
it 15 easy to obtain

1 k - k
N > (uf - uh)Q(:chr%,t) < Ch2kHL,
JjeSs
Moreover, for any j € S, the error between u and u¥ at the downwind point is given
as [5]
(b —w)(a;, ), 6)] < CHH.
2
The above two inequalities further yield the second result in part I of Theorem 9.
We can basically follow the same line to obtain other estimates in Theorem 9.

4. Numerical experiments

Before we proceed to the numerical experiments, we introduce the high order
time discrezation. There exists kinds of time discretiztions (see e.g. [23, 22, 15]) to
solve the ODE system u; = L(u). In this paper, we would like to apply third-order
Runge-Kutta method [23]

u) = u” + AtL(u"),

1

(30) u? = %u" +3 (u(l) + AtL(u(l))) ,
1 2

L (u® + AtL®)),

where u” is the coefficient vector of polynomials P* at the time t = nAt. Here, we
choose the time step At = 0.1h25+1/3 to reduce the time error. Now, we obtain
the fully discrete scheme.

In this section, we use numerical experiments to verify Theorem 9. We use
P3 polynomials to solve (1) with ug = sin(x) + §(z — 1.2), and g(t) = sin(—t) and
compute up to 7" = 0.1. It is easy to see that, at ¢ = 0.1, the d-singularity is located
at = 1.3. In [26], the authors have numerically verified the size of the pollution
region, and the main goal of this paper is to demonstrate the superconvergence
rates outside. Therefore, we compute the following errors over a fixed interval
I=10,0.6]U[2,27].

2\ 2
ef zmaxjes|(u—uh)(ac;_%,T)|, e = (NL Yjes (h—IJ fjj(u—uh)dx> ) :

er = maxjeg |(u — uh)(R;e,T)L eqa = maxjes |(u—up)z(RL,, T,

7
where S = {j : I; € I} and N, = |S].
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The results are given in Table 1. The table demonstrates superconvergence rates

TABLE 1. Various errors with Radau interpolation of the Dirichlet
boundary condition for k& = 3.

[ ef Cpr €d

n error order error order error | order error order
200 | 4.51e-16 - 8.67e-16 - 1.47e-12 - 4.49e-10 -
400 | 1.69e-19 | 11.4 | 3.81e-19| 11.2 | 4.60e-14 | 5.00 | 2.80e-11 | 4.00
800 | 1.32e-21| 7.01 | 2.67e-21| 7.16 | 1.44e-15| 5.00 | 1.75e-12 | 4.00
1600 | 1.04e-23 | 6.98 | 2.11e-23 | 6.98 | 4.59¢e-17 | 5.00 | 1.10e-13 | 4.00

2k+1 (the polynomial degree is k = 3) for the numerical cell average and numerical
approximation at downwind point (e, and ey), k + 2 for the numerical solution at
right Radau points (e,), and k + 1 for the derivative of the approximation at the
interior left Radau points (e4) between the DG approximation and the analytic
solution, which confirm our theoretical results in Theorems 9.

5. Conclusion

In this paper, we use the DG method to solve hyperbolic conservation laws with
singular initial data. We investigate the superconvergence properties outside the
pollution region. We have shown the (2k 4 1)-th order superconvergence rate for
the DG solutions at downwind points and for the cell averages. Moreover, the DG
solutions are also (k + 2)-th order accurate at the downwind-biased Radau points
and the derivatives of the error are (k+ 1)-th order superconvergent at the upwind-
biased Radau points. Numerical experiments were given to verify the theoretical
results of DG method. In the future, we will consider the superconvergence of
nonlinear conservation laws.
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