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EFFICIENT ENERGY-STABLE DYNAMIC MODELING OF
COMPOSITIONAL GRADING

JISHENG KOU AND SHUYU SUN

Abstract. Compositional grading in hydrocarbon reservoirs caused by the gravity force highly
affects the design of production and development strategies. In this paper, we propose a novel
mathematical modeling for compositional grading based on the laws of thermodynamics. Different
from the traditional modeling, the proposed model can dynamically describe the evolutionary
process of compositional grading, and it satisfies the energy dissipation property, which is a key
feature that real systems obey. The model is formulated for the two scales of free spaces without
solids (laboratory scale) and porous media (geophysical scale). For the numerical simulation, we
propose a physically convex-concave splitting of the Helmholtz energy density, which leads to
an energy-stable numerical method for compositional grading. Using the proposed methods, we
simulate binary and tenary mixtures in the free spaces and porous media, and demonstrate that
compared with the laboratory scale, the simulation at large geophysical scales has more advantages
in simulating the features of compositional grading.

Key words. Compositional grading, dynamic modeling, energy stability, Peng-Robinson equa-
tion of state.

1. Introduction

In the hydrocarbon reservoirs, gravity can cause a considerable compositional
variation with depth. This phenomenon is known as compositional grading [6,8,10,
18,20], and it has been observed in various oil and gas-condensate reservoirs (see
[6,17] and the references therein). Accurate modeling and simulation of composition
variation have significant contributions to the correct design of production and
development strategies [6,20].

Because of its importance, the compositional grading phenomenon has been mod-
eled and numerically simulated in the literature. Gibbs [7] proposed a model to
calculate compositional variation under the force of gravity for an isothermal sys-
tem. A formulation for non-isothermal compositional grading has also been pro-
posed in [8] based on the stationary system assumption and theory of irreversible
processes. In [20], a nonisothermal model was used to predict compositional varia-
tion in a petroleum fluid column. In [17], a continuous thermodynamic framework
was presented to calculate compositional grading in hydrocarbon reservoirs, and
the effect of the gravity field on the segregation characteristics of heavy fractions
in the oil was established analytically using the method of moments.

The existing modeling and simulation so far can well predict the features of
compositional grading at the steady states. As the PVT (pressure, volume, and
temperature) conditions of a hydrocarbon reservoir are changed by the surround-
ing environment, the hydrocarbon mixtures shall immigrate and mix towards a new
steady state. There may exist incomplete hydrocarbon mixing since complete mix-
ing may take a long time. So in this case, a dynamic modeling is necessary since
it can provide the information about the states during evolution. Moreover, the
dynamic modeling is also a useful instrument to obtain the solutions at the steady
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state. In this paper, we treat the total (free) energy as a summation of the fluid
Helmholtz energy and gravitational potential energy, and based on the first law
of thermodynamics, we derive an entropy equation, which yields the requirement
of total energy dissipation by the second law of thermodynamics. Furthermore,
combining the diffusion equations for multiple components, we derive a dynamic
model for compositional grading. The proposed model satisfies the energy dissipa-
tion property, which means that a thermodynamics-consistent steady state can be
achieved after a time evolution period.

Physical experiments are often applied to study the features of compositional
grading. For the laboratory scale, a free space without solids is often used, and the
space size may not be large due to restricted space. The proposed model is first
derived for the free space, and then it is extended to the scale of porous media.
Different from the free space, a porous medium usually has multi-scale structures
including various porosity and geometric tortuosity, which have significant effects on
this mixing process of hydrocarbon mixtures. These multi-scale physical properties
are also considered in the proposed model, and as a result, the simulated results
can reflect the effects of multi-scale structures.

An analytical solution is obtained for the ideal gas equation of state that de-
scribes the PVT relation by a simple linear equation. By this analytical solution,
we clearly show that heavy components are concentrated toward the bottom while
light components are concentrated toward the top. For realistic hydrocarbon flu-
ids, the numerical simulation is required in practical applications since the realistic
equation of state (e.g. Peng-Robinson equation of state (PR-EOS) [21]) is strongly
nonlinear, and the solutions are also essentially different from the ideal gas. Phase
transition also increases the complexity of compositional grading; in fact, the mix-
ture may be split into gas and liquid phases due to gravity effect. Numerical model-
ing and simulation of multi-phase fluid flow at the Darcy scale and at the pore scale
have been active and challenging research topics [1,4,5,26-28]; this is especially
true for multi-phase flow based on a realistic equation of state, which is a very
challenging but also attractive research subject in recent years [11,12,15,19,23]. To
simulate such problems efficiently, a stable numerical method is demanded to sat-
isfy the energy-dissipation principle. Here, we construct a convex-concave splitting
form for the Helmholtz free energy density, which leads to an efficient, energy-stable
numerical method. Finally, we simulate the compositional grading of binary and
tenary mixtures at a laboratory scale and a porous medium scale, and we conclude
with some analysis and comments on the simulation results.

2. Energy formulations for compositional grading

We assume that hydrocarbon mixtures in a closed reservoir have fixed total moles
and constant temperature. The conditions of the fixed volume, moles and temper-
ature have been applied in the literature [9, 14,16, 22] for instance. For a mixture
composed of N components, we denote by n; the molar density of component ¢, and
let n = (ny,ng, - ,ny)’ and n = vazl n;. For compositional grading in the free
spaces, the total (free) energy is a summation of two contributions: the Helmholtz
free energy Fj, and the gravitational potential energy Fy as

(1) F(n) = Fy(n) + Fy(n),

where

2) Am) = [ s, Fym) = [ 1)
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Here, 2 is the spatial domain. We now describe the forms of the Helmholtz free
energy density f, and gravitational potential energy density f,. Denote by M, ;
the molecular weight of component ¢, and then the mass density of the mixture is
expressed as

N
p = Z niMw,i.
i=1
The gravitational potential energy density f; has the form

(3) Iq = prgh,

where g is the absolute value of the gravity acceleration and h is the height that is a
straight distance from the bottom of €2 against the direction of gravity acceleration.
Denote by H the maximum height of the domain €, and then h € [0, H]. The
Helmbholtz free energy density f;(n) of a Peng-Robinson fluid is given by

(4) fb(n) _ li)deal(n) +f;ePUISi0n(n) +f§1ttraction(n).

Their formulations can be found in the appendix of this paper.
The chemical potential y; of component ¢ is defined by

0fp(n
(5) i = ( At >) |
i Tyni, o Mi—1,N41, NN

The pressure is formulated by the chemical potentials and the Helmholtz energy
density as

N
(6) p:Zniui*ﬁr
i=1

From (6), using the chain rule Vf;, = fo\il 1;Vn;, the gradients of pressure and
chemical potentials have the relation

N N N N
(7) Vp = Z n; VL + Z niVn; — Z wiVng = Z iV ;.
i=1 i=1 i=1 i=1

3. Dynamical models for compositional grading

In this section, we first derive a dynamical model for compositional grading in
the free spaces using the laws of thermodynamics, and then we extend it to the
scale of porous media.

3.1. Model formulations in the free spaces. We denote by U the internal
energy of the mixture. The first law of thermodynamics gives
(8) dU+F,) dQ

a  dt’
where @ stands for the heat transfer from the surrounding that occurs to keep the
system temperature constant. We split the total entropy S into a summation of two
contributions: one is the entropy of the system (denoted by Sgys), and the other is
the entropy of the surrounding (denoted by Ssurr) that is expressed as

dQ
T
The Helmholtz free energy and internal energy have the relation

(10) U = Fy + TSsys.

(9) dSsurr -
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Using (8), (9) and (10), we get

dS _ dSws , dSuum
dt dt dt
_ dSye 1dQ
T dt T dt
dSeys  1d(U + F,)
d T  dt
1 d(Fy + F,)
T dt
1 dF

According to the second law of thermodynamics, the total entropy S shall not
decrease with time, so from (11) we have 4& < 0. This means that the total (free)
energy of this system shall be dissipated until a steady state is reached, and thus
the total (free) energy given by (1) should attain a minimum value at the steady
state.

We now consider the evolutionary process of a mixture from a non-steady state
to a steady state. In the absence of convection, the mass balance equation of
component 7 is reduced into a diffusion equation as

8ni
ot
where J; denotes the diffusion flux of component i. A natural boundary condition
is given as

(13) Ji Vo — 0,

where vyq denotes a normal unit outward vector to the boundary 9 of the domain

). Using the equation (12) and the boundary condition (13), we can derive the
energy change with time as

ar dfy(n)  df,
dt /Q( i ar )™
N
é)ni
i Mwi
2 e Ao i

N

= */QZ(Nz‘Jer,igh) (V- Ji)dx

(12) +V-J; =0,

N
(14) / ZJi -V (i + My igh) dx.
Q=1
The gradient V (u;(n) + My, ;gh) might be non-zero for a non-steady state, and it
is a primal driving force for the diffusion of each component. From (11) and (14),
we obtain

N
ds 1 dF 1

1 — == Ji - =V (ui(n) + My igh) dx > 0,

1 Z--z /n;_f 7V (1s() + Mo igh) dx > 0

where the last inequality is a result of the second law of thermodynamics.
A formulation of J; satisfying (15) is
Dni

J, = - RT V (pi(n) + M.y, igh)
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Dni
(16) = — gy (Vui(n) = My g),
where D > 0 is the diffusion coefficient and g = —gVh. We assume that the

diffusion coefficient is the same for all components, which can be relaxed in future
work. Substituting (16) into (15) yields

s 1dF Dn; 9
. > 0.
(17) T / E 2|V wi(n) + My, igh) |“dx >0

We observe that the entropy increases with time, while the total (free) energy
decays. Substituting (16) into (12), we obtain the diffusion equation of component
1 as

6%1' Dni

ot ¥ RT

(18) (Vis(n) — M, i) = 0.

We note that the component mass conservation is inherently satisfied by (18) asso-
ciated with the boundary condition (13) since

(19) 2 nidx:—/V-Jidx:f/ J; -vdx = 0.
ot Jo Q 89

We sum (18) from ¢ = 1 to N and get the balance equation of the overall molar
density

on D (&
(20) i V- =T (; n; Vi (n) — pg) =0.

With the relation (7), the balance equation (20) can be rewritten as

(21) on_g.

5t ’T (Vp—pg) = 0.

The equation (21) indicates that the change of the overall moles is caused by an
inhomogeneous mechanical field composed of the pressure and gravity force.

At the steady state, the entropy attains the maximum value, and correspondingly
the total energy has a minimum, so it means that Cil—lj = 0. From (17), we get

(22) Viui(n) — My ;g =0,
and furthermore, we have

(23) Vp = pg.
So the equations (18) and (21) are reduced into

on; on
(24) Erae 0, i 0.

We note that at the steady state, the equation (22) is consistent to the formu-
lation in [6,7] since it shows that (u;(n) + M, ;gh) is constant in the domain, and
moreover, (23) shows that the pressure and gravity force shall be in the mechanical
equilibrium state.
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3.2. Formulations in porous media. In a porous medium, because of the pres-
ence of solid particles, the fluids exist in the void spaces only instead of the total
volume. As a result, the total free energy, Helmholtz free energy and gravitational
potential energy of a fluid mixture in a porous medium shall become

(25) F(n) = Fp(n) + Fy(n), Fy(n) = /qufb(n)dx, Fy(n) = /Qd)fg(n)dx.

where ¢ represents the porosity of a porous medium. Here, we assume that the
porosity may be heterogeneous in space but independent of time. In the presence of
solids in porous media, the diffusion equation of component ¢ shall also reformulated

as
8711-

(26) o

We still derive the total free energy change with time
dF dfy(n)  df,
— = —— 4+ —]d
dt /Q ¢ ( a a )™

a on;
- /Z(uiJer,igh)(b " dx
0 ot

+V-Ji=0.

(27)

N
/ > 30V (i + My igh) dx.
Q=1

The diffusion paths of components in porous media usually deviate from the
straight lines. Consequently, the diffusion coefficients must be corrected by the
porosity ¢ and the tortuosity 7 (see [3] and the references therein). As a analogue
of (16), the formulation of the ith component diffusion flux in porous media can be
expressed as

¢ Dn;
2 Ji -= i(n) — My,;g) .
Thus, the mass balance equation for component 4 in porous media becomes
on; Dn;
(29) p——-V- ¢ Dns (Vpi(n) — M, ;g) =0,

ot T2RT
which is associated with the boundary condition J; - vgq = 0.

Using the similar analysis to the case of free space, we can derive two key physical
properties, i.e. component mass conservation and total energy dissipation, from
the diffusion equations given in (29). We can also conclude that (29) leads to the
equations (22) and (23) at the steady state.

Physically, geometric tortuosity is defined as the ratio of the average distance
traveled by the component per unit length of the medium. While a component is
diffusing in the interstitial fluid, the actual path traversed by it is generally longer
than that in the absence of the solid, so we have 72 > 1. On the other hand, 72 =1
if = 1. In the numerical tests of this paper, we apply the following theoretical
relation (see [2] and the references therein)

1
(30) %= o
If the porosity has a uniform distribution in space, then we can reduce (29) as
8ni Dni
(31) - (Vui(n) — My,ig) = 0.

ot " 2RT



224 J. KOU AND S. SUN

Comparing (31) and (18), we can see that because of tortuosity effect in porous
media, it may take a very longer time for the fluids in porous media to reach the
steady state.

3.3. Analytical solution of compositional grading for ideal gas. We now
consider the analytical solution of (22) with the ideal gas equation of state in one-
dimensional vertical domain. In [6], the molar fractions are selected as primal
unknown variables, and for the ideal gas, by introducing the average molar weight
of the mixture in the column, an approximate analytical solution of molar fractions
has been derived based on the thermodynamic relations. Here, we take the molar
densities as primal unknown variables, which can avoid to employ the average molar
weight of the mixture.

In one-dimensional vertical domain, using the ideal gas equation of state, we
calculate the gradient of chemical potential as

32 =

(32) dz n; dz’

where z € [0, H] and H > 0. Substituting (32) into (22) yields
33 = *Mwi )

(33) n; dz 9

which can be further rewritten as
dln(n;) My .9

34 = .
(34) dz RT
Integration of (34) yields the following analytical solution
My, 192
o _ 0 _ Mwii
(35) n; = n; exp < AT ) ,

where n{ is the molar density of component i at z = 0.
For a closed system, we let n! be the overall moles in the free-space domain, and
then using the mass conservation for component 7, we obtain

H H
My, 192
nt = / n;dz = n?/ exp (—L> dz
’ 0 0 RT

n?RT M, ;gH
= L 1-— O
(36) Mw,ig < P ( RT )> ’

which gives

My igH
(37) = PiMuig o (i)
L Muw,igH ’
RT  oxp (R'—Tg> -1

Substituting (37) into (35), we obtain the analytical solution

M
ntM, ;g XP ( e (H — Z))

RT exp (NILE;?H) _1

We next consider the property of molar fractions. The overall molar density is
defined as

N N M, g2
. ) 0 M,
(39) n = g N g n; €xp < T ) .
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We further define the molar fraction of component @

0 _ My,igz
ng n; exp ( =T )

n N 0 _ Mugz)’
Zj=1”jeXp( RT

The ratio between molar fractions of two components i and j is

0 My,igz
. n,; exp (_R—;T>
(41) Zo —

X 0 _ My,g92
J n; exp( 5 )

We denote 6 = %‘”’f , and further define
w,J

Mw‘_Mwi z
exp(( 2 =7 ,)9>.

S

r;,  ad (1—0) My gz
42 iy _ A FTTwgIT )
( ) Pij (97 Z) I'j x]o exp ( RT )

The partial derivatives of ¢;;(0, z) can be calculated as

0 29 My, ;g% (1—0) M, 9z
4 i T M J
(43) 00 — o RT P RT !
Opij _ f (1—0) My g (1—0) My,jg2
44 i g 292 )
(44) 0z 9 RT b RT

In particular, without loss of generality, we assume that z9 = 20

5, and then from
(41), (43) and (44), we can see that if 6 > 1, i.e. M, ; > M, j, we have z; < x; and
the gap between x; and z; will increase as the height (z) increases. As expected,
this relation indicates that heavy components are concentrated toward the bottom

while light components are concentrated toward the top.

4. Physically energy-stable numerical method

In this section, we first discuss a physical observation that the Helmholtz free
energy density can be split into the summation of two parts: one is convex and
the other is concave. As we will see, this splitting leads to an efficient, stable, and
energy-dissipated semi-implicit time marching scheme.

4.1. Convex-concave splitting for the Helmholtz free energy density. We
note that the ideal contribution of Helmholtz free energy density shall be convex
with respect to molar densities; otherwise, the fluid may split into multiple phases
physically [23]. It can be proved by a rigorous mathematical analysis that its
Hessian matrix is a diagonal positive definite matrix as

82fédea1 RT 82 li)deal

Zb =0, i

For the pure substance, the repulsion force results in a convex contribution to
the Helmholtz free energy density [23]. However, it is not true for multi-component
mixtures (N > 2). In fact, the second derivatives of frePUsion

b can be calculated as
82 gepulsion B bz +bj nbzbj
(46) —2 = RT + .

on;on;; L—bn  (1-bn)®
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3 . . . Isi
We consider two-component case, and its Hessian matrix (denoted by Hy™P"™™")

has the form

2oy _nbi bithy | _nbiby

ai _ _ 2 _ _ 2

(47) H;epulblon — RT 1-bn (1—bn) 1-bn (1 b2n)
bitby | _nbibo 2by nby

1—bn (1—bn)? 1—bn (1—bn)?
We can see that the diagonal elements of H5*P"!¥°" are positive, but its determinant

is non-positive as

2
(b1 — by) <0.

48 Hrepulsion = —RT
( ) | 2 | (1 . bn)2 —

However, we observe that the summation of ideal and repulsion terms of the
Helmholtz free energy density is still convex since the corresponding determinant
has a positive value as

1, 2b nb} by+by nbi1by
(49) RT| ™ T T Ty 1=+ T=on)? SELLA
bi1+bo + nbi bo L_}_ 2bo + nb3 ~ ning ’
1—bn (1-bn)? ny | I-bn " (1—bn)?

We have also carried out a number of numerical tests for multi-component mixtures
(not presented here), which also verify the fact that the summation of the Hessian
matrices of the ideal and repulsion terms is always positive definite.

For the pure substance, the attraction term is proved to result in a concave
contribution to the Helmholtz free energy density [23]. However, it may be not
true for multi-component mixture; indeed, we have observed in numerical tests
that the maximum eigenvalue of its Hessian matrix may be slightly larger than
zero in some cases (not presented here). It has been shown that the ideal term is
always convex, and it is also a good approximation of the behavior of many gases.
So we use the additional ideal term to construct a strict convex-concave splitting
for multi-component mixture. Let us introduce an energy parameter A > 0, and
then we rewrite the Helmholtz free energy density as

(50) fb(n) _ fgonvex(n) + flfoncave(n)7
where

(51) flfonvex(n) _ (1 + )\) flideal(n) + f;epulSion(Il),
(52) fgoncave(n) _ fglttraction(n) _ )\fédeal(n).

Then the chemical potential can be rewritten as
(53) /J/Z(n) — IU/’L"_JOHVGX(H) _"_ H;JOHC&VQ(H).

If we choose a sufficiently large A, the strict convex-concave splitting can be
achieved for the Helmholtz free energy density of multi-component mixture. But
in practical computations, we need not take a very large value for A, and indeed,
we just take A = 0.1 in our numerical tests, which is enough to gain the numerical
convex-concave splitting. So we just assume that there exists a suitable A > 0 such
that ffo"ve*(n) is convex and f°"°*¥¢(n) is concave.



ENERGY-STABLE DYNAMIC MODELING OF COMPOSITIONAL GRADING 227

4.2. Semi-discrete schemes. We have shown that the energy dissipation (a re-
sult of maximum entropy) is an essential property in the evolutionary process to
the steady state. So the numerical methods of preserving this property is more
preferable. The fully explicit Euler’s method for time integration does not preserve
the decay for either of convex and concave functions unless a time step is really tiny
(as a result, the computation will be extremely time-consuming). Moreover, there
is a serious stability issue for the fully implicit Euler’s scheme since it preserves the
decay for a convex function, but fails for a concave function. To preserve the energy
dissipation, a semi-implicit scheme is suggested to improve stability and maintain
reasonable large time steps.

Let the time interval I = (0,T%|, where Ty > 0. We divide I into M uniform
subintervals I, = (tg, tit1], where tg = 0 and tps = T, and denote 0t = tg41 — .
For any scalar v(t) or vector v(t), we denote by v* or v¥ its approximation at
the time t5. A semi-implicit, semi-discrete scheme is constructed for the dynamic
equation at the free spaces (18) as

k+1
(54)7 v

Similarly, the sem1—1rnphc1t7 semi-discrete scheme is constructed for the dynamic
equation in porous media (29) as

(vﬂgonvex(nk—kl) + Vuzc_oncave(nk) _ Mw,ig) =0.

nitt — pDnk
(5@) -Vv. 2R2’L—‘ (v’u/;;onveX(nkJrl) T v’u/;;oncave(nk) _ Mw,ig) —=0.
The boundary condition for the equations (54) and (55) is given by
(56) (V‘u’?onvex(nk+1) + V‘u’?oncave(nk) o Mw,ig) Voo = 0.

Theorem 4.1. Suppose that there exists a suitable A > 0 such that f{°™*(n) is
convex and f{°"*¢(n) is concave. The semi-discrete schemes defined in (54) and
(55) are unconditionally energy stable; that is, for any time step 6t > 0 the discrete
energies satisfy

(57) F (") < F (n¥).

Proof. The convexity of ffo"**(n) yields
N
(58) flfonvex (nk) > flfonvex (nk+1) + Z (nic o ni§+1) Mzc_onvex (nk+1) '

i=1
The concavity of fFo"°*V¢(n) yields

N
(59) flfoncave (nk+1) < flfoncave (nk) + Z (ni§+1 ) Mfoncave (nk) )
i=1
From (58) and (59), we get
N
(60)fb (nk-i-l) Z k+1 (Mfonvex( k+1) + 'ulqoncave(nk)) .

=1
The gravitational potential energy difference between steps k and k + 1 has the
form

N
(61) fy (") = fo (") = (o"1 = pF) gh =D~ (nf* = nf) Mu,igh.
i=1
Denote
,uflm(nk, nkJrl) _ MgonveX(nkJrl) 4 quoncave(nk).
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Multiplying both sides of (54) by (uiim(nk, nktl) 4 Mwﬂ-gh), and then summing
it from 7 = 1 to IV and integrating it over {2, we obtain

Fy (n**1) = F (n*) + Fy (n*77) — F, (n*)
N
(62) < —dt ; i

where we have used the inequality (60) and the equation (61). Thus, (57) is obtained
from (62). A similar proof can be carried out for the scheme (55). O

an
R

. 2
T |Vu§lm(nk,nk+1) — Mwyig‘ dx,

4.3. Fully discrete schemes. In this work, the Raviart-Thomas mixed finite el-
ement method [24,25] is applied for spatial discretization. This method has been
used frequently in reservoir engineering due to its local mass conservation for ap-
proximate solutions, which is a property we desire here. It has been successfully
applied for solving the PR-EOS-based models [13,23].

Let d be the spatial dimension. We define two functional spaces as

W =L*(Q),
V={ve(L?@)": V-veL?(Q), v vs = 0}.

We use (-,-) to represent the L? () or (L? (Q))d inner product. We first rewrite
(18) in a mixed weak formulation: to seek for solutions n; € W and J,; € V such
that the following equations hold

(%5) (%’w>+<V-Ji,w)=o, wew,
RT
(64) (mJi,v) = (u;(n) + My igh,V -v), vV,

where 1 <4 < N. We assume that ¢ € L>°(Q). The mixed weak formulation (29)
is to seek for solutions n; € W and J; € V such that the following equations hold

(65) (Qsaa’f,w) (Y Taw) =0, we W,
2RT
(66) (;TRn-J“V) = (ui(n) + My igh,V -v), vevV,

where 1 <17 < N.

We use a quasi-uniform regular mesh &, of the domain 2. Let the approximate
subspace duality V, C V and W), C W be the r-th order (r > 0) Raviart-Thomas
space (RT,) of the partition &,. A semi-implicit, fully-discrete scheme for the
dynamic equation in the free spaces is stated as: to seek for nﬁtl € Wy and

J Ztl € Vj, such that the following equations hold

k! ke
(67) (lT”,u) + (V-Jﬁl,w) =0, weE W,

RT
(ank 7 V) = () + ) + M igh, V) L v € Vi
h,i

(68)
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where 1 < ¢ < N. Similarly, the semi-implicit, fully-discrete scheme for the dynamic

equation in porous media is stated as: to seek for nﬁtl e Wy, and J Ztl €V, such

that the following equations hold

nFtl _nk
(69) <¢5me,111> + (V . Jﬁl,w) =0, we Wy,

2

T°RT

< o J;i,t-l,v> = (A ) 4 S ) 4+ M igh, V)., v € Vi
h,i

(70)

where 1 < ¢ < N. The above equations are associated with the discrete initial
condition

(71) (ng,i,w) = (ng,w) , w € Wy,

where n? is the initial distribution of component i in space.

Theorem 4.2. Suppose that there exists a suitable X > 0 such that ff°™*(n) is
convex and f{°"°*°(n) is concave. The fully discrete schemes defined in (67)-(68)

and (69)-(70) are unconditionally energy stable; that is, for any time step ot > 0,
the fully discrete energies satisfy

(72) F (nj™') < F (n}).
Proof. Taking w = (po™*(ny ™) + pgoneave(nk) + M, ;gh) in (67), and then sum-

ming it from ¢ = 1 to N, taking into account the inequality (60) and the equation
(61), we can obtain

Fy (™) = By (7)) + Fy () = Fy (nf)

N
(73) < _5tz (V . J;f:ljl, Hgonvex(n;clJrl) + Mzc_oncave(n;cl) + Mw,igh) )

i=1

Taking v = Jf:;l in (68) yields

RT convex concave
<an ']ﬁl"’;ﬁ#) = (oo (nf ) + e (g + Myigh, V- JEH)
h,i

(74)
Substituting (74) into (73), we get

N
RT
m ) - rG) < a3 (Gt <o
i=1 hyi

which yields (72). A similar proof can be carried out for the scheme given in
(69)-(70) . O

5. Numerical results

In this section, we use the proposed energy-dissipative method to simulate the
component grading problems of two binary mixtures and a tenary mixture. The
physical parameters for the components used in numerical tests are listed in Tables
1 and 2. In Table 1, M, stands for the molar weight, P. is the critical pressure, T, is
the critical temperature, and w represents the acentric factor. In all numerical tests,
the time is measured in units of the diffusion coefficient D. We take the gravitational
acceleration g = 10m/s? and the ideal gas constant R = 8.3144621JK'mol 1.
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Table 1: Component physical parameters.

Component M, (g/mol) P.(bar) T.(K) w

nitrogen 28.01 33.90 126.21 0.039
methane 16.04 45.99 190.56 0.011
pentane 72.15 33.70 469.7 0.251
decane 142.28 21.1 617.7 0.489

Table 2: Binary interaction coefficients.

methane pentane decane

methane 0 0.041 0.05
pentane 0.041 0 0
decane 0.05 0 0

The gravitational potential energy is taken equal to zero at the bottom point of the
domain.

The energy parameter A = 0.1 in (51) and (52) is taken for all numerical exam-
ples. Newton’s method is used as the nonlinear solver for each time steps, and its
stop criterion is that the 2-norm of the relative variation of molar density between
the current and previous iterations or the 2-norm of residual errors of nonlinear
functions is less than 10~7. We also take the total number of Newton’s iterations
to be not larger than 30 for preventing infinite loops. We employ the lowest order
Raviart-Thomas space (RT), and moreover, apply the trapezoid quadrature rule
to decouple the system and to get explicit formula for each individual diffusive flux.

In the compositional grading problems, the vertical distribution of different com-
ponents is primarily concerned, and their horizontal distribution is generally consid-
ered as homogeneous. So we consider one-dimensional vertical domain in numerical
tests.

5.1. Binary mixture: methane and nitrogen. We test a binary mixture com-
posed of methane (CH4) and nitrogen (N2) to verify the analytical solutions and the
validity and effectivity of the proposed method. The binary interaction coefficient
between methane and nitrogen is 0.1. We consider an one-dimensional vertical do-
main with the depth 500m, and use a uniform mesh with 500 elements. The domain
is a closed free space without solids. The time step size is taken as 5 x 103D, and
50 time steps are simulated. Both components have the same initial molar density
10mol/m?, which is homogeneously distributed in space. The temperature is 320K.
In this case, this binary mixture behaves closely to the ideal gas.

The strict dissipation of the total energy with time steps is clearly illustrated
in Figure 1(a). Figure 1(b) is a zoom-in plot of Figures 1(a) in the later time
steps, demonstrating that the total energy remains to decrease all the time. The
convergence history verifies the energy decay property of the proposed method.

We illustrate the analytical and simulated molar densities and molar fractions in
Figure 2. The analytical solutions are calculated by the formulations presented in
Subsection 3.3, which are derived on the basis of the ideal gas equation of state. The
numerical simulation uses the realistic PR-EOS, but in this tested case, PR-EOS
reduces closely to the ideal gas equation of state because the molecular volume and
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Figure 2: Comparison between analytical and simulated results: molar density (a)
and molar fraction (b).

interaction forces between molecules are negligible. We plot analytical and simu-
lation results together for comparison, but the latter is highlighted with different
markers. Although there exist the tiny errors caused by the models, we can observe
from Figure 2 that the simulation results match the analytical solutions well. These
results verify the validity of the proposed method.

We can see from Figure 2 that the gap of molar fractions between two components
increases as the depth goes away from the molar fraction intersection point of
two components. This verifies our conjecture drawn from the analytical solutions,
which states that heavy components are concentrated toward the bottom while
light components are concentrated toward the top.

5.2. Binary mixture: methane and decane. We simulate the compositional
grading of a binary mixture composed of methane (CH4) and decane (nC10) at
a laboratory scale and a porous medium scale. The temperature of the system
keeps 381K. For the laboratory scale, a free space without solids is often used, and
the space size may also not be large due to restricted space. As an example of
the laboratory scale, we consider an one-dimensional vertical free space with the
depth 1m, and use a uniform mesh with 100 elements. Large scale is a spatial
feature of the realistic reservoir. For the problem at the porous medium scale, we
need to consider an one-dimensional vertical porous medium with the depth 2000m;
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Figure 3: Binary mixture in a free space: energy dissipation with time steps.

its porosity is 0.1. A uniform mesh with 2000 elements is applied for the porous
medium domain.

In the initial time, methane and decane have the uniform distributions in space
with molar densities 5000 mol/m? and 2000 mol/m? respectively. For the laboratory
scale problem, the time size is uniformly equal to 103D, and 60 time steps are
simulated. For the problem in the porous medium, the time size is uniformly equal
to 107D, and 70 time steps are simulated. In order to attain the steady state, fluids
in porous media usually take a very longer time than that in the laboratory scale.

Figures 3(a) and 4(a) depict the convergence history of the proposed method,
and the total energy always decays with time steps for both cases of the free space
and porous medium. Figures 3(b-c) and 4(b-c) are the zoom-in plots of Figures 3(a)
and 4(a) in the early and later time steps, which demonstrate that the total energy
remains to decrease all the time. It is observed from Figures 3(a) that the energy
decay is slow initially, and then fast in a few time steps, but quickly slows down at
later time steps when the solutions approach its steady state. The phase splitting
can speed up the dissipation of the total energy largely; once the phase splitting is
complete, the components within each phase will rearrange their distributions due
to gravity effect, but this process leads to a slow dissipation of the total energy.

In Figures 5 and 6, we illustrate the spatial variations of each component molar
density and molar fraction with time steps for the free space problem. In Figures
7 and 8, we illustrate the spatial variations of each component molar density and
molar fraction with time steps for the problem in a porous medium. It is observed
that due to the gravitational effect, the light component (methane) is concentrated
toward the top, while the heavy component (decane) is concentrated toward the
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Figure 4: Binary mixture in a porous medium: energy dissipation with time steps.
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Figure 5: Binary mixture in a free space: molar densities at the 20th(a), 30th(b),
40th(c) and 60th(d) time step respectively.

bottom. We also observe that the original single-phase mixture is gradually split
into the gas and liquid phases, which distribute in the different regions due to the
gravitational effect, and methane tends to concentrate at the interface of two phases
when the phase transition occurs. At the steady state, there is a jump in molar
density between the gas and liquid regions.

Comparing the results in Figures 7 and 8 with those in Figures 5 and 6, we can
see that the compositional variation in space is quite distinct in the case of porous
medium, but not clear for the case of free space. This is because the gravity force is
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Figure 7: Binary mixture in a porous medium: molar densities at the 10th(a),
20th(b), and 70th(c) time step respectively.

smaller than the chemical potential, so its effect on the compositional distribution
is observed clearly only over a very long range. The results at the scale of porous
media may have greater potential applications to practicing engineers than those
at the laboratory scale.

5.3. Tenary mixture. The tenary mixture is composed of methane (CH4), pen-
tane (nC5) and decane (nC10). The temperature is 370K. For the laboratory scale,
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we consider an one-dimensional vertical free space with the depth 1m, and apply a
uniform mesh with 100 elements. For the large scale problem in a porous medium,
we consider an one-dimensional vertical porous medium with the depth 1000m. The
porosity jump often occurs between different layers along the reservoir depth. In
this test, a porosity jump is set in this medium; more precisely, its lower half part
has the porosity 0.1, while the porosity of its upper half part is 0.5. This means that
the porous medium has two-scale structure. A uniform mesh with 1000 elements is
applied for the porous medium domain.

In the initial time, methane, pentane and decane have the uniform distributions
in space with molar densities 3000 mol/m?, 2000 mol/m? and 1000 mol/m? re-
spectively. For the laboratory scale problem, the time size is uniformly equal to
5 x 102D, and 60 time steps are simulated. For the problem in the porous medium,
the time size is uniformly equal to 10°D, and 80 time steps are simulated. These
time setting can ensure the fluids to attain the steady states.

The total energy variation with time steps is illustrated in Figures 9(a) and 10(a)
for both cases of the free space and porous medium. Figures 9(b)-(c) and 10(b)-(c)
plot the energy-dissipation profiles of the early and later time steps. The strict
dissipation of the total energy with time steps is also shown in these results. The
effectivity of the proposed method is verified again.

In Figures 11 and 12, we illustrate the spatial variations of the overall molar
density and component molar fraction with time steps for the free space problem.
It is observed that the original single-phase mixture is gradually split into the gas
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and liquid phases, and moreover, due to the gravitational effect, the gas phase tends
to go up toward the top, while the liquid phase is going toward the bottom.

In Figures 13 and 14, we illustrate the spatial variations of the overall molar
density and component molar fraction with time steps for the problem in the porous
medium. We also observe that the original single-phase mixture is gradually split
into the gas and liquid phases, which tend to concentrate in the different regions
due to the gravitational effect. Two-scale porosities lead to a large variation of
overall molar density and molar fractions at the porosity jump.

Figures 15 and 16 depict the ratios of molar fractions between two different
components at the stead state, which are the proportions of molar fraction of a
light component to that of a heavy component. In particular, Figures 15(d)-(f)
and 16(d)-(f) are the zoom-in plots of Figures 15(a)-(c) and 16(a)-(c), respectively.
We can see that the compositional variation in space is quite distinct in the case
of porous medium, but not too clear for the case of free space. It is observed from
Figure 15 and 16 that due to the gravitational effect, the light component is concen-
trated toward the top, while the heavy component (decane) is concentrated toward
the bottom. In particular, the liquid phase also behaves this trend. Moreover, this
phenomenon is more discernible in quantity at the porous medium scale than at
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the laboratory scale. The simulation at the scale of porous media may have greater
advantages than those at the laboratory scale for compositional grading.

6. Conclusions

We derive a dynamic model to simulate compositional grading in hydrocarbon
reservoirs caused by the gravity force. The derivations are based on the laws of
thermodynamics and multi-component diffusion equations. The formulations are
applied for the two scales of free spaces and porous media. Furthermore, we propose
a novel and physically convex-concave splitting of the Helmholtz energy density,
which leads to an energy-stable numerical method. Finally, the proposed method is
used to simulate binary and tenary mixtures in the free spaces (laboratory scale) and
porous media (geophysical scale), and the validity and effectivity of the proposed
method are verified. The numerical results demonstrate that compared with the
laboratory scale, the simulation at large geophysical scales can clearly characterize
the features of compositional grading. The effect of capillarity will be considered
in the future work.
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Appendix

In the appendix, we state the formulations of the Helmholtz energy density f;
as below:

N
fideal(y) = RTZ n; (lnn; — 1),

i=1
;epulsion(n) = —nRTIn (]_ — bn) ,

attraction _ a(T)n 1+ (1 — \/i)bn
fo ®) =S "\ T vam

where T is the thermodynamic temperature of the mixture and R is the universal
gas constant. Here, b is the covolume and a(7T) is the energy parameter. For a
mixture, these parameters are related to the ones of the pure fluids by mixing rules.
Let T¢,, P, and w; be critical temperature, critical pressure and acentric factor,
respectively, of component i. We define the reduced temperature of component i
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Figure 16: Tenary mixture in a porous medium: molar fraction ratios between two
components.

as T,, = T/T.,, and furthermore, we denote the mole fraction x; = n;/n. Then we
can calculate a(T) and b as

N N N
a(T) = Z Zﬂfifcj (aia;)* (1= kij), b= inbia
i=1

i=1j=1
where
T2 2 RT.,
ai = 0.45724—= {1 (1 — \/Tm)} | by = 0.07T80—5<,
Cq Cq

Here, k;; is the binary interaction coefficient between components ¢ and j. The
coefficient ; is computed by the acentric factor w; as

~; = 0.37464 + 1.54226w; — 0.26992w?, w; < 0.49,

¥i = 0.379642 + 1.485030w; — 0.164423w? + 0.016666w?, w; > 0.49.
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