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A PRIORI ERROR ESTIMATES OF A SIGNORINI CONTACT
PROBLEM FOR ELECTRO-ELASTIC MATERIALS
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Abstract. We consider a mathematical model for a static process of frictionless unilateral contact
between a piezoelectric body and a conductive foundation. A variational formulation of the model,
in the form of a coupled system for the displacements and the electric potential, is derived. The
existence of a unique weak solution for the problem is established. We use the penalty method
applied to the frictionless unilateral contact model to replace the Signorini contact condition, we
show the existence of a unique solution, and derive error estimates. Moreover, under appropriate
regularity assumptions of the solution, we have the convergence of the continuous penalty solution
as the penalty parameter € vanishes. Then, the numerical approximation of a penalty problem by
using the finite element method is introduced. The error estimates are derived and convergence
of the scheme is deduced under suitable regularity conditions.
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1. Introduction

In recent years, piezoelectric materials have triggered intensive studies to fulfill
their potential applications in a variety of fields due to include the coupling between
the mechanical and electrical material properties. Indeed, there is a considerable
interest in frictional or frictionless contact problems involving piezoelectric mate-
rials, see, e.g., [1, 2, 4, 7, 8, 9, 11] and the references therein. Here, we consider a
mathematical model which describes the frictionless contact between an piezoelec-
tric body and a foundation, within the framework of small deformations theory.
The material’s behavior is modeled with a linear electroelastic constitutive law,
the process is static and the foundation is assumed to be electrically conductive.
Contact is described with the Signorini contact conditions and a regularized elec-
trical conductivity condition. The numerical approximation of a static unilateral
contact problems with or without friction for piezoelectric materials can be found
in[1, 2, 5, 7).

In the present work, the numerical approximations were based on variational
inequalities modeling unilateral contact in piezoelectricity. Here, a penalty method
is employed to replace the Signorini contact condition. This approach was used
previously by F. Chouly and P. Hild [3] to numerically approximate the solution of
contact problems in linear elasticity. The novelty of the paper is in dealing with
a model which couples the piezoelectric properties of the material with the electri-
cal conductivity conditions on the contact surface. Consideration of the electrical
contact condition leads to nonstandard boundary conditions on the contact sur-
face and supplementary nonlinearities in the problem. Because of the latter and
piezoelectric effect, the mathematical problem is formulated as a coupled system
of the variational inequality for the displacement field and non-linear variational
equation for the electric potential. In this paper, We analyze both the continuous
and discrete (using continuous conforming piecewise linear finite element methods)
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problems. We show that the theoretical convergence of the penalty method gives
the best results when € = h, where € is the penalty parameter, and h is the mesh
size. We note that the convergence is limited by the same terms involved when
considering the direct approximation of the variational inequality without penalty.

The paper is organized as follows. In Section 2 we present the models of elec-
troelastic frictionless unilateral contact with the electrical contact condition. list
the assumptions on the data, derive the variational formulation of each model, and
state the existence and uniqueness result. In Section 3 we introduce the penalty
problem and show that it has a unique solution. In Section 4, we describe the finite
element approximation of the penalty problem and we present the results of some
error estimates for the numerical approximation. finally, The proof of the main
result is provided in Section 5.

2. Setting of the problem and variational formulation

2.1. The contact problem. In this section we describe the problem of unilateral
frictionless contact between a piezoelectric body and a conductive foundation.

The physical setting is the following : we consider an elasto-piezoelectric body which
initially occupies an open bounded domain Q C R, d = 2,3 with a sufficiently
smooth boundary 92 = I'. The body is acted upon by a volume forces of density
fo and has volume electric charges of density gg. It is also constrained mechanically
and electrically on the boundary. To describe these constraints we decompose I'
into three mutually disjoint open parts I'p, I'yy and ', on the one hand, and a
partition of I'p UT'x into two open parts I', and I'y, on the other hand, such that
meas(I'p) > 0 and meas(T'y) > 0. The body is clamped on I'p and a surface
tractions of density fo act on I'yy. Moreover, the electric potential vanishes on I’y
and the surface electric charge of density gs is prescribed on I'y. On I'¢ the body
may come into contact with a conductive obstacle, the so called foundation. We
assume that the foundation is electrically conductive and its potential is maintained
at pp. The contact is frictionless unilateral and there may be electrical charges on
the contact surface. The indices 7, j, k, [ run between 1 and d. The summation
convention over repeated indices is adopted and the index that follows a comma
indicates a partial derivative with respect to the corresponding component of the
spatial variable, e.g., u; ; = Ou;/Ox;. Everywhere below we use $¢ to denote the
space of second order symmetric tensors on R¢ while “-” and | - || will represent the
inner product and the Euclidean norm on R? and $¢, that is Vu, v € R%, Vo, 7 € $¢,

w-v=u;-v;, |v]|=@-v)?, and 0T =0y Tij, Il = (r-7)2.

We denote by u : © — R the displacement field, by o : @ — $%, 0 = (0y;) the
stress tensor and by D : Q — R D = (D;) the electric displacement field. We
also denote E(p) = (F;(p)) the electric vector field, where ¢ : @ — R is an electric
potential such that E(p) = —Vp. We shall adopt the usual notations for normal
and tangential components of displacement vector and stress : v, =v-n, v, =
v —uvpn, op=(on)-n, or=on—o,n, where n denote the outward normal
vector on I'. Moreover, let e(u) = (&;;(u)) denote the linearized strain tensor given
by €i;(u) = 3(u;; + uj;), and “Div”, “div” denote respectively the divergence
operators for tensor and vector valued functions, i.e. Dive = (0y5;), divD =
(Dj.5)-

Under the previous assumption, the classical model for this process is the fol-
lowing.
Problem P. Find a displacement field u : Q — R?, a stress field o : Q@ — 8¢, an
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electric potentiel ¢ : Q — R and an electric displacement field D : Q — R¢ such
that

1) o = Fe(u) — E°E() in 0,
(2) D = &c(u) + BE(p) in Q,

(3) Divo(u,p) + fo=0 in Q,

4) divD = g in Q,

(5) u=0 on I'p,
(6) on = fo on I'y,
(7) on <0, u, <0, opu, =0, 0 =0 on e,
(8) =0 on I'y,
(9) D-n=q on I'y,
(10) D-n=1v(up)dr(p — ¢r) on I'c,

Here and below, in order to simplify the notation, we do not indicate explicitly
the dependence of various functions on the spatial variable z € Q. Equations (1)
and (2) represent the electro-elastic constitutive law of the material in which §
denotes the elasticity operator, £ represents the third order piezoelectric tensor,
E* is its transpose and (B denotes the electric permittivity tensor. Equations (3)
and (4) represent the equilibrium equations for the stress and electric displace-
ment fields, respectively. Relations (5) and (6) are the displacement and traction
boundary conditions, respectively, and (8), (9) represent the electric boundary con-
ditions. The frictionless unilateral boundary conditions (7) represent the Signorini
law. Finally, (10) represent the regularization electrical contact condition on I'¢,
which was considered in [6], where ¢ and ¢ are a regularization function and the
truncation function, respectively, such that

—L ifs<—L, 0 ifr<o,
ér(s)=<¢s if —~L<s<L, Y(r) = kér if0<r<4i,
L ifs>L, kooifr>1

in which L is a large positive constant, 6 > 0 denotes a small parameter and k£ > 0
is the electrical conductivity coefficient. Note also that when ¢ = 0, then (10) leads
to

(11) D-n=0 onlc¢.
The condition (11) models the case when the obstacle is a perfect insulator.

2.2. Variational formulation. To present the variational formulation of Prob-
lem P we need some additional notation and preliminaries. We start by introducing
the spaces
H=TL*Q)? H =HY(Q)
H={r=(rj) |7 =750 € L*(Q)}, Hi1={oc€H|Dive € H}.

These are real Hilbert spaces endowed with the inner products

WWM=AWWM (u,0) 1, = (0011 + (2(w), £(0))r,

(o,7)n = / 0i;Tij dx, (0,7)u, = (0,7)n + (Div o, Div 1)y,
Q

and the associated norms || - ||z, || - lla, || - |13 and || - || %, , respectively.
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Let Hr = HI/Q(F)d and let v : Hy — Hr be the trace map. For every element
v € Hy, we also use the notation v to denote the trace yv of v on I

Let Hllﬂ be the dual of Hr and let (-,-) denote the duality pairing between Hllﬂ
and Hr. For every o € H1, on can be defined as the element in Hl/« which satisfies

(12) (on,yv) = (0,e(v))y + (Divo,v)g, Vv € Hi.

Moreover, If ¢ is continuously differentiable on Q, then

(13) (on,yv) = /Fan v da.

for all v € Hy, where da is the surface measure element. Keeping in mind the
boundary condition (5), we introduce the closed subspace of Hy defined by

V={veH |v=0onTp},
and K be the set of admissible displacements

K={veV|v, <0onT¢}.
Since meas(I'p) > 0 and Korn’s inequality (see, e.g., [10]) holds,
(14) Il = ellolm, Yoev,

where ¢ > 0 is a constant which depends only on 2 and I'p. Over the space V' we
consider the inner product given by

1
(15) (u,v)v = (e(u),e()n, [lullv = (u,u)y,

and let ||- ||y be the associated norm. It follows from Korn’s inequality (14) that the
norms || - ||z, and || - ||v are equivalent on V. Therefore (V|| -||v) is a Hilbert space.

Moreover, by the Sobolev trace theorem, (14) and (15) there exists a constant
co > 0 which only depends on the domain 2, I'c and I'p such that

(16) [ollz2(rye < collvllv, Vv eV
We also introduce the spaces
W = {¢e H(Q)[¢¥=0o0nT.},
W = {D=(D;) e H(Q)|(D;) € L*(Q), divD € L*(Q)}.

The spaces W and W are real Hilbert spaces with the inner products
((107 w)W = (410; w)Hl Q) (Da E)W = (D7 E)Lz(ﬂ)d + (le D7 div E)Lz(Q)

The associated norms will be denoted by || - [[w and || - ||y, respectively. Notice
also that, since meas(T'y) > 0, the following Friedrichs-Poincar inequality holds:
(17) IVellw = crll¥llw, V¢ e W,

where cg > 0 is a constant which depends only on €2 and I',. Moreover, by the
Sobolev trace theorem, there exists a constant ¢y, depending only on €2, I';, and I'¢,
such that

(18) I€ll2rey < alléllw, Ve W.

When D € W is a sufficiently regular function, the following Green’s type formula
holds,

(19) (D, Vf)Lz(Q)d + (diVD,g)L2(Q) = /FD -v€ da, V€€ Hl(Q)
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As usual, we denote by (H*(2))%, s € R,d = 1,2, 3, the Sobolev spaces in one,
two or three space dimensions. The Sobolev norm of (H*(2))? (dual norm if s < 0)
is denoted by || - ||s,o and we keep the same notation when d = 1,2 or 3.

Recall also that the transposite £* is given by

* * * .
& = (ej;r), where el = ekij,

(20) Eov =0, Yoe§lveRL
In the study of problem (1)-(10) We will need the following hypotheses.
(h1) The elasticity operator § :  x §¢ — $¢ satisfies f = (fijut)s fijrr = fjim =
fukij € L(Q) and fijm(z) && > aq |€]> VE€ 8, Vo € Q with ag > 0.
(h2) The piezoelectric tensor & : Q x §¢ — R? satisfies £ = (e4;x), eijk = e€ir; €
L>(Q).
(h3) The electric permittivity tensor 8 : Q x R? — R? satisfies 8 = (8;5),
ﬁij = ﬁji S LOO(Q) and ﬁij &gj > ap ||€||2 for all § = (&) S R? and z S Q,
with a3 > 0.
(ha) The surface electrical conductivity ¢ : I'c x R — Ry is a bounded function
by a constant M, > 0, such as, x — ¥(z,u) is measurable on I'c, for all
u € R and is zero for all © < 0.
(hs) The function u — t(x,u) is a Lipschitz function on R for all z € T'¢;
[(z,ur) — (2, u2)| < Lylur —ua| Vuq,us € R, with Ly > 0.
(he) foe L* ()7, foe L*(Tn)4,
(h7) qo € LQ(Q), q2 € L2(Fb).
(hs) ¢r € L*(To).
Next, we use Riesz’s representation theorem, consider the elements f € V, and
q € W given by

(21) (f,v)vz/fo-vdx—i— fa - v da, Yv €V,
Q Ty
(22) (q7§)W = / q0€ dx _/ q2€ da7 v§ S Wa
Q Ty
and, we define the mapping ¢ : V x W x W — R by
(23) E(U’a 2 5) = ¢(“n)¢L(‘P - @F)g da,Vu € Va v‘pag S VV7
I'c

Keeping in mind assumptions (h4)-(hs) it follows that the integrals in (21)-(23)
are well-defined. Using Grenn’s formula (12), (13) and (19) it is straightforward to
see that if (u, o, ¢, D) are sufficiently regular function which satisfy (3)-(10) then

(24) (J(ua 50)75(1)) - E(u))H > (fav - u)V; Vv € Ka
(25) (D, V&) 2y = Lu, ¢, &) — (4. w, vEeW.

We plug (1) in (24), (2) in (25) and use the notation £ = —V¢ to obtain the
following variational formulation of Problem P, in the terms of displacement field
and electric potential.

Problem PV Find a displacement field w € K and an electric potential p € W
such that :

(26)  (Se(u),e(v) —e(w)u + (EVp,e(v) — ()2 () = (f,v —u)y, Yo € K,

(27) BV, VE) 12(qya — (Ee(u), VE) 2 (qye + £(u, v, §) = (¢,§)w, VE € W.
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2.3. Existence and uniqueness of the solution. The existence of the solution
to Problem PV is given by the following result.
Theorem 2.1. Assume that (hy1)-(hs) and (hg) hold. Then :

(1) Problem (PV') has at least one solution (u,p) € K x W;
(2) Under the assumption (hs), there exists L* > 0 such that if Ly L+My < L*.
Then Problem (PV) has a unique solution.

Proof. The proof of Theorem 2.1 will be carried out in several steps. We suppose
in the sequel that the assumption of Theorem 2.1 are fulfilled and we consider the
product space X = V x W which is a Hilbert space endowed with the inner product

28)  (z.y)x = (wv)v + (¢, w, forallaz = (u,¢)andy=(v,§) € X,

The corresponding norm is denoted by || - || x. Let U = K x W be non-empty closed
convex subset of X. We also introduce the operator A : X — X, the functions j
on X and the element f¢ € X by equalities:

(Az,y)x = (Fe(u),e(v))n + (BVe, VE) 2 () + (E"Vp,(v))L2(0)a
(29) - (SE(U)7V§)L2(Q)da Vz = (ua 50)7 Yy = (’U,f) € Xa

(30) j(xay) = r w(un)QSL((p - SDF)S daa Vo = (ua 50)7 Y= (vaf) € Xa

(31) fe=haeX

We start by the following equivalence result

Lemma 2.2. The couple x = (u, ) is a solution to problem (PV) if and only if:
(32) (AI,y _I)X —I—](I,y—.ﬁ) > (feay_x)va:g = (’Uaf) el

Proof. Let @ = (u,¢) € U be a solution to problem PV and let y = (v,§) € U. We
use the test function £ — ¢ in (27), add the corresponding inequality to (26) and
use (28) and (29)-(31) to obtain (32). Conversely, let x = (u, ) € U be a solution
to the elliptic variational inequalities (32). We take y = (v, ¢) in (31) where v is an
arbitrary element of K and obtain (26). Then for any £ € W, we take successively
y=(v,p+¢&) and y = (v, — &) in (32) to obtain (27), which concludes the proof
of lemma 2.2. O

Let n € L?(T¢) be given, and we define the closed convex set
K={neL*Tc)/ Inllczre) < £},
where the constants k is given by
(33) Kk = My Lmeas(Tc)?.
In the next step we prove the following existence and uniqueness result

Lemma 2.3. For any n € K, assume that (h1)-(hs) hold. Then, there ezists a
unique solution x,, = (uy,¢,) € U such that

(34) (Axnayfzn)Xz (f;’ayfxn)X; Vy:(vaf)EU
Where
(35) in€) = [ neda, vgew.
e

(36) (fry—an)x =[Sy —zy)x —n(§) Vy=(,§eU.
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Proof. Consider two elements x1 = (u1,¢1), T2 = (u2,92) € X, using (29), (20),
(18), (h1) and (hs3) there exists m4 > 0 which depends only on ay, 8, Q and T',
such that

(Azy — Awa, 21 — 22)x > ma((lur — w2ll3, + [l — w2[fy),
and, keeping in mind (28), we obtain
(37) (Azy — Azg, 1 — 29) x > mal|z1 — 22 %.

In the same way, using (hy)-(hs), after some algebra it follows that there exists
¢4 > 0 which depends only on §, 5 and £ such that

(Azy — Azz,y)x < ca(llur —uzllvllvlly + ller — allwlvllv

Hur —uzllv€lw + 1 — e2llwllglw).
for all y = (v,€) € X. We use (28) and the previous inequality to obtain
(Azy — Aza,y)x <dea(llzr — 22]x llyllx), Vy € X,
and, taking y = Ax; — Az € X, we find
(38) [Azy — Aza||x < Mallzy — 2| x,

where M4 = 4c4. Moreover, using (35) and (31) it is easy to see that the function
[y, defined by (36) is an element of X. Lemma 2.3 result now from (54), (55) and
standard arguments of elliptic variational inequalities. (I

We now consider the operator A : L?(T'¢) — L*(T'¢) such that for alln € L?(I'¢),
we have

(39) An = Y (unn)¢rlen — ¢r), ¥n € L*(To),

it follows from assumptions (h4) that the operator A is well-defined. In order to
prove that A has a fixed point, we will need the following result

Lemma 2.4. The mapping n — x,, where x, is the solution to PV, is weakly
continuous from L*(T¢) to X.

Proof. Let a sequence (1) in L?(I'¢) converging weakly to 7, we denote by z,, =
(Uny, ¢n,.) € U the solution of (34) corresponding to 7, then we have

(40) (Amﬁk’y - x"]k)X Z (f;wy - xﬁk)X7 Vy = (’U,E) € U7

where

(f;'k,y*l':]lk)X = (fav*unk)v +(q,€ — cpnk)W 7-7‘%(57 50771@)’
taking y = 0 in (40) and using (54), (18) and S > 0, we deduce

lznllx < e (1f1v + llallw + lInell20e))

that is, the sequence (xy, ) is bounded in X, then, there exists T = (u, ) € X and
a subsequence, denote again (,, ), such that

Ty, ~2€X, ask— 4oo.

Moreover, U is closed convex set in a real Hilbert space X, therefor U is weakly
closed, then 7 € U.
We next prove that Z is solution of (40). First we prove that

(41) (foer ¥ = Tene)x — (fr,y —T)x, ask — +oo
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We have

|j77k (§ - (Z) - jnk (€ - @nk)l anHL?(Fc)H(Z — Pk HLQ(FC)

VANVAN

(I |\L2(Fc)|\5*fEm||L2(rc)xL2(rc)-
bounded

Since the trace map v : X — L?(I'c)¢ x L?(T'¢) is compact operator, from the
weak convergence z,, — z in X, we obtain the convergence x,, — ¥ strongly in
L*(T¢)? x L3(T'¢). So we have (41).
Now, from (40), we have
(Axnkayfmnk)X 2 (f;k;y*xnk)X; Vy: (vaf) € U
By pseudomonotonicity of A and (40)-(41), we get
(42) { zelU
(AZ,y = Z)x +jg(y) = Jo(¥) = (fyy —T)x, Yy = (v,§) €U,

from (42) we find that 7 is a solution of problem PV, and from the uniqueness of
the solution for this variational inequality we obtain z = z,,. Since x,, is the unique
weak limit of any subsequence of (z,, ), we deduce that the whole sequence (xy, ) is
weakly convergent in X to z,, ensures that the weak continuous mapping n — x,,
from L?(T¢) x L?(T'¢) to X. O

Lemma 2.5. A is an operator of K into itself and has at least one fized point.

Proof. Let n € K, i.e.
Inllz2re) < A
By (39), we have

A7l 20y < N9 (unn)@rL(en — €p)llL2re),
using the properties of 1 and ¢, we obtain
A7l L2(rey < My Lmeas(Tc)?,
and keeping in mind (33), we get
Al 2 (re) < K,

then A is an operator of K into itself, and note that X is a nonempty, convex and
closed subset of L?(I'c). Since L?(I'¢) is a reflexive space, K is weakly compact.
Using continuity of ¢, ¥ and lemma 2.4, we deduce that A is weakly continuous.
Hence, by Schauder’s fixed point theorem the operator A has at least one fixed
point. O

Proof of theorem 2.1 :

1) Existence. Let n* be the fixed point of operator A. We denote by (u*, ¢*) the
solution of the variational problem (34) for n = n*. Using (34) and (39), it is easy
to see that (u*, ¢*) is a solution of PV. This proves the existence part of theorem
2.1.

2) Uniqueness. We show next that if Ly, L + My < L* the solution is unique.
Let z1 = (u1, 1), T2 = (uz2,92) € U the solution of problem (32) we have

(43) (Axhy_xl)X +j($17y_$1)2(feay—$1)X7

(44) (Azg,y — x2)x + j(22,y — 22) > (%9 — 12)x.
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We take y = x5 in the first inequality, y = x; in the second, and add the two
inequality to obtain

(A1 — Axo, 1 — x2) x < j(x1,22 — 1) + j(22, 21 — X2).

From (23), we find

(A1 — Axg, o1 — x2) x < w(uzn)((ﬁL((ﬁQ —r) — orn(p1 — SOF)) (901 - 902) da
I'c

+ [ orlp2— <PF)(¢(U2,n) - w<u1,n>) (901 - @2) da,

T'e

thus, by using (hs), the bounds |¢1, (w2 — ¢r)| < L, the Lipschitz continuity of the
function ¢, (16), (18) and (28) we deduce

(Arz1 — Az, 21 — 22) x < (My A+ LLycyer)|lxr — zo|%.
Using (54) hence there exists a constant ¢, > 0 such that
s — @all% < oLy L+ My) a1 — a3
1
Let L* = —, then if Ly, L + My, < L* therefore z1 = z. O
Cx
3. The penalty problem PV,

Let € > 0 be a small parameter, Find a displacement field u. : Q@ — R?, an
electric potentiel ¢ : 2 — R such that

(45)  (Fe(ue);e(v))u + (€7Vee,e(v))n + %<[u6,n]+avn>Fc = (f,0)v,

(46) (ﬁVCPE, Vg)L2(Q)d - (€€(u5), vf)Lz(Q)d + E(UC, 50675) = (Q7£)W7

for all v € V, £ € W. Where (-)r, stands for the duality product between W’ and
W. Note that this formulation is obtained by setting the condition o, (ue, @) =
—%[u67n]+ withVa € R, ay =aifa>0and ay =0if a <O0.

We have the following results
Theorem 3.1. Assume that (hy)-(hs) hold. Then there exists L* > 0 such that if

LyL+ My < L*, then The problem PV, has a unique solution such that (ue, @) €
V xW.

Proof. The proof of Theorem 3.1 will be carried out in several steps, based on a
fixed point argument. For this purpose, we introduce the operator A, : X — X
defined by

(47) (Aemay)X = (A:an)X + %<[Ue,n]+;vn>f‘c;

for all z = (u, @), y = (v,£) € X, where A given by (29).
Using (54) and observe that

(48) ([ur]4,u1 —u2)ry — ([u2]4, ur — u2)re >0, Yuy,uz €V,
we find
(49) (Acvy — Acwo, 1 — 22) x > mallzy — 22| /%

We use now (55), (16) and the inequality |[u1]+ — [uz2]+] < |u1 — ug|, we obtain

1
(50) [ Aczr = Acas|lx < (Ma + —c§) o1 — 221
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It follows that the operator A : X — X is strongly monotone and Lipschitz
continuous.
Let n € L*(T'3) be given, and we construct the following intermediate problem.

Problem PV1. Let n € L*(I'3) be given, find uey € V and e, € W such that for
allveV,eW

Fe(ten),e(v)n — (5*Vsﬁena5(’0))L2(Q)d + %<[Ue,n]+,’0n>rc =(f,v)v
BV ey VE) 2(q)a — (E€(Uen), V) L2(a)a = (¢, )w — £4(8).

Using (47), (35) and (36), it is easy to see that ey = (Uey, @ey) is a solution to
problem PV if and only if

(53) (Ael'enay)X = (fgay)Xa Vy = (’U,g) € X.

We now use (53) to obtain the following existence and uniqueness result.

(51)

(
62)  (

Lemma 3.2. For any n € L*(T'3), assume that (hy)-(h3) hold. Then, the problem
PV] has a unique solution Te; = (Uen, Pen) € X.

Proof. For all fixed € > 0, it follows from (49), (50), f; € X and a standard result on
nonlinear variational equation that there exists a unique element ze¢; = (Uey, Pen) €
X which satisfies (53). O

The rest of the proof follows from arguments of fixed point, similar to those used
in the proof of Theorem 2.1. O

4. Finite element approximation and error estimates

In this section we introduce the finite element approximation of the variational
problem PV, and derive an error estimate on them. To this end, for any given dis-
cretization parameter h > 0, let 7 be a regular family of triangular finite element
partitions of € that are compatible with the partition of the boundary decomposi-
tions' =TpUl'yUTl'¢c and I' =T, UT', U, that is, any point when the boundary
condition type changes is a vertex of the partitions, then the side lies entirely in
TpuUTyU I‘C, and T, UT, UT¢. Then we consider two finite-dimensional spaces
VP c V and W" C W, approximating the spaces V and W, respectively, that is

h = {vh e C(Q)4, ’UlT eP(T)!, Terh v"=00nTp},
h={yh e CQ), w P(T), T € 7, " =00n T,}.

Here P1(T) represents the space of polynomial functions of global degree less or
equal to 1 in an element 7' of the triangulation. We also introduce X"(I'c), the
space of normal traces on I'¢ for discrete functions in V"

XMTe)={un e CT¢c): Hhevh vreT" vhn=u}.
Thus, the discrete approximation of Problem PV, is the following.

Problem PV: Find ul € V" and ¢! € W" such that, for all v" € V" and
rewn,

(54)  (Fe(ud), e(™)u + €Vl e(w"))u + 1<[ enl+ vndre = (F,0")v,

(55) (BVL, VE ) L2ye — (Ec(ul), VEM) 2(qpa + L(ul, ol ") = (¢,6")w
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Applying Theorem 3.1, for the case when V and W are replaced by V" and
Wh, respectively, we find that the problem PV has a unique solution (u”, ") €
Vhx wh.

We have the following results.

. d
Theorem 4.1. Suppose that u € (H%*"’(Q)) and ¢ € H3+(Q) with v € (0, 1.
Let (ul, p¢) be the solution of problem PV. We have:

1
(56) On (’U/, (p) + E[U’Zn]‘i‘
—v,I'e
v 1 v—1
§C<h Un(uasa)+z[u?,n]+ +h Z(HUu?||179+||50<p?||119)) )
0.l
1
(57) ||on(u, @) + —[uen]+
€ —v,I'c

1
on(u, @) + E[Ue,n]+

SC(E”

with C a constants independent of u,u’ h and .

1
+ €7 (lu—uell g + llp - %Hm)) ;
0,'c

d
Theorem 4.2. Suppose that u € (H%*"’(Q)) and ¢ € H2(Q) with v € (0, 1].
Let (ue,e) be the solution of problem PV.. We have:

(58) = uellyo < CeE (Julls g + 19l 00)
69 le—wdy < CeH (lulgsn+Iellyina)
1 v
(60) onlus @) + <luealr| < C (Julginn + I6l3h0)
O,Fc
1 2v
(61) oulu, @) + lwenl | <O ([ully o+ 19l 3100)
—v,I'e

with C > 0 a constant, independent of € and u.

d
Theorem 4.3. Suppose that u € (H%J”’(Q)) and ¢ € H3+(Q) with v € (0, 1].

Let (ul, o) be the solution of problem PV satisfies the following error estimates
m two space dimensions:

1 1
hu—ullla+ e = @tla + e llon(u,9) + <[l J+lo.re
(62)
(h%Jr%JF”? + h¥ez + h”’%e) (||u||g+u,9 + ||<P||g+u,§z) fo<v<sg,

<C
(I alt + (re)* + €) (lullze + lell2.0) if v="=,
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1
low (w, 0) + [l )41l -vro

(63)
(s 4 n¥ 0”2 ted 412 (Jullgy + el )
fOo<v<i,
<c
(n2malFe 4 plmhlE + (he)? + ¢ (Jlullze + ¢l20)
if v= %,

With C' > 0 a constant, independent of €, h and u.
In three space dimensions, the terms h2+5+7° (resp. h|Inh|2 ) in (62) have to be
replaced with h2 5 (resp.h3 ).

d
Corollary 4.4. Suppose that u € (H%J”’(Q)) and ¢ € H3(Q) with v € (0, 1.

Suppose also that the parameter is chosen as € = h.The solution u of the discrete
penalty problem PV satisfies the following error estimates in two space dimensions:

lu—ull1.0+ o — !

1 1
vo + hE[lon(u, @) + [ug] o r,
1
1_ 1
+ hz V||0—n(u790) + E[u?,n]JrH_,/,Fc
1, v 2 .
B (ullgya +lielgy,)  #0<v<i,

(64) <C 1 | 1
bl (lulpg +lieloe) — #v=1%

With C' > 0 a constant, independent of h and u.
In three space dimensions, the terms hz+s+”" (resp. h|Inh|2 ) in (64) have to be
replaced with h2+% (resp.h? ).

5. Proof of Theorems 4.1, 4.2 and 4.3

5.1. Proof of theorem 4.1. Let P" : L?(I'¢) — X"(T¢) denote the L%(T'¢)-
projection operator onto X" (I'¢). We suppose that the mesh associated to X" (T'¢)
and the mesh contact boundary are quasi-uniforme.

We recall now some results: there exists a constant C' > 0 such that

-Vse[0,1], Vove H*Tc),

IP"v]ls,re < Cllo]

ster v =P"llore < Ch¥||v]sre.-

- IARM: Xh(Fc) — Vh, ol € Xh(Fc),

R ("), n =", [R*(W")10 < Cllv" |3 re-

Keeping in made

<Un(ua 90) + %[u?,n]-i-v U>Fc
= sup

-v,ITe veEH " (T'c) HU”IAFC

)
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we have

1
Un(ua (10) + Z [’U’Q,n]'ﬁ‘

—v,I'e
(on (,9) + et v = Pho)re (o (t, 9) + Ll ]+, P}
< sup + sup
veHY (Ie) vllv.re e H (T T
1 HU*PhUHOF
< Un(U,CP)+—[u?n]+ sup r -~ e
|| € s HO7FCUEH"(FC) |
On(U, Jrlu? ,th
L0 (D) R P
veHY(Tc) (|P
v 1 On U, Y c, 77) v
< O on(us @) + Ll Jallore + sup (2ol clienle Phodre
€ veHY(Tc) PPl re

On other ship we have:

{(35(“)a5(v))?{+(5*v%5(”)H {on(u,9),vn)re + (fiv)v; veV

(3e(ue), ()3 + (EV (000t = (- Ltemlsr v} + (f0)v: vEV

Hence

(65) (on(u,p) + %[ue,nh, Un)re = (§e(u = ue),e(v))u + (E7V (P = @), &(v))n,

for all v € V. When we replace V by V" we find

(ot )42l T v = (@), 0t (E T (o), eV, o € VP

and using the continuity of (u,v) — (Fe(u),e(v))y and (¢, v) = (V(p), Ec(v))x, it
results

sup (onlu, 0) + £[ul ]+, Pho)r,
veHY (I'c) ||P UHMFC
<Un (u7 90) + %[u?,n]-‘ra R" (th)\rc 'n>Fc
= sup o
veHY (T'e) [P vl|y,re
_ g (Bl ud) ERMPM)n + (Ve = 9), ERM (P 0))n
veHY(I'e) [P vl re
h h
< O(fju ! o) s 1PV
veHY (I'¢c) |
Phol|1
o o) sup IP*oll1 re

veHY(I'c) HP UHVFC
We make use of the inverse inequality

1Py . < CR= 2P

we get

on(u, @) + Ll 14, Pho)r el
(onln )  clinl e PRONC it (1~ g+ o= o ).

sup
veHY (T'c)
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So we finally obtain:

1
Un(ua 90) + E[u?,n]Jr

§o<hu

Now, we introduce V¢ a fictitious finite element space, defined identically as V"
and with the choice of mesh size h = e. We note simply P¢ : L?(I'c) — X*(I'¢)
the L?(T'¢)-projection operator onto X¢(I'¢). Therefore, we obtain

1
Un(ua 50) + E[u?,n]Jr

ol o ).
0,I'c

1
Un(ua 50) + = [u?,n]Jr

€
§C<e”

5.2. Proof of theorem 4.2. From (27) and (46) we find

(5V(80 - 906); Vf)Lz(Q)d - (58(“’ - ué)ﬂ vf)Lz(Q)d + E(U, 12 g) - e(uév Pes g) =0,

this implies

re (=il o= 21,0)
0,I'c

(Ee(u—ue), V(p — WE))L%Q)O’
= (BV(p = ¢e), V(e — @) L2()a + L(u, 0,0 — 0c) = L(te, e,  — Pe).
We know that
(Se(u),e(v) —e(u)u + (E*Vp,e(v) —e(u)u = (on(u, ©), vn —un)re + (f,0 —u)v,
hence
(S(e(u) —e(ue)), e(u) —e(ue))n + (BV(e = @e), V(e — @) L2 (0
(66) = (on(u,p)+ %[ue,n]+,un — Uen)Te + (te, Pe; p — pe) — L(u, 0,0 — Pe).

We denote by a : V xV — Rand b: W x W — R the following bilinear and
symmetric applications
a(u,v) = (§(e(u)),e(v))n,
b((p, g) - (ﬂV((p), v(g))LQ (2)d>

By the assumptions (h;) and (hs) it is easy to see that a and b are coercive and
continuous forms. Moreover,

(67)

2 2
aa flu—uell{ g + o llo — ¢elli o
<a(u — e, u—ue) +b(p — pe,  — @)
= a(u,u —ue) + b(p, ¢ — @c) — alte,u — ue) — b(@e, © — @e)

1
= (on(u, @) + ;[ue,nh, Up — Uen)Te + L(Ue, Pe, @ — @c) — L(u, 0,0 — ©c)

1 1
= (on(u, @), un)re + <E[U6,n]+aun>l“c — (o0 (U, @), Ue.n)Te — <E[u6,n]+aue,n>l“c

+€(U’E) Pe, P — 906) - E(u, PP — 906),
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where a, > 0, ap > 0 the ellipticy constants.
Due to the contact conditions (7) on I'c, we observe that

<0n(ua 50)7 un>Fc = 07
<%[“e,n]+aun>l“c <0.
Then
—(on (U, @), Uen)re < —(On(U, @), [te,n]+)rc
(68) ) L
<Z[u€,n]+7u€7n>rc = <Z[u€,n]+7 [u€,n]+>FC'
We apply this result to the previous inequality and obtain

1
2 2
L Ue||1,Q +a [l — ‘PeHLQ < —(on(u, ) + E[“e,n]% [Uen]+)re + R,

where

(69) R = (e, pe, 0 — @c) — L(u, 0,0 — @c).
We have

2 2
aa llu=uclly o+ llo = el o

< —(e(on(u, p) + %[Ue,n]+)7 %[Ue,n]+>rc + R
< ~(elon:0) + = baenl1), <l +onn0) = on (s P))re + R
2

1 1
on(u, p) + E[UE,H]Jr + €{on(u, @) + E[uem]% on(u, 0))re + R

0,T'¢c

From o, (u, ¢) € H”(I'c), we obtain

1
on(u, @)+ E[Ue,n]Jr

1
(on(u,p) + E[Ue,n]Jra on (U, ¢))re < llon(u, SD)HV,FC :

—vl'c

With § € [0,1] and 8 > 0 we have

2 2
aq flu=uclly o+ llo = el o
2

1
< —ellon(u, p) + =[ten]+
€ 0.lc
) 1 1-46
+ € |lon(u, ) + E[UE,H]Jr €% [lon(u, SD)HV,FC +R
—l/,Fc
1 2
< —ellon(u, p) + =[ten]+
€ 0.lc
€20 1 2 562_26
+ % Un(ua SD) + Z[ue,n]-'r vl + 2 ||0-71(u7(p)||12/,Fc + R
From (57) we find
) ) £2(6+v)—1 1 2
aa flu = uelly g+ llo = @elli o < —€(1 = C————) ||lon(u, @) + —[uen]+
B € 0,lc
e2(6+v)—1 ) ) Be2—26 )
+ CT( lu —uclli o + o = @elliq) + 5 lon(w, @)l re + B,
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which implies

62(5+1/)71 5 €2(§Jr1/)71 5
(aa — C—3—) [l —uelly o + (o — CT) e = @elli o
€2(§Jr1/)71 1 2
(70) 4+ e(l = C———) ||on(u, p) + ~[uen]+
B € 0,T¢
562726
<P ontu )2y, + B
On the other hand, it follows from (69) and (23) that
R = V(Uen)PL(Pe — 0F) (P — @e) da — / U(un)orL(e — or)(p — ¢e) da
I'c I'e
= Y(uen)(@L(pe — oF) — OL(@ — oF)(p — ¢e) da
I'c
)+ [ luen) ~ ))ore - or)le - vo) da.
I'c
Then
2
IR < Mylle— 906”071"0 + Ly L [Juen — Un”oyrc lle — 506”0,1“0
Ly L 2 9
< My + ) e = ellirg +7LoL e = unll
C 2 2
(72) < (My + E)||@_@€||1,Q+C’YHUE —ulliq;
with v > 0. Then
62(6+V)_1 9
(ag —7C — CT) [ = uelly o
62(6+V)_1 C
+ (o — C—Fp— My - B) llp = @ell? o
(73) €2(§Jr1/)71 1 2
+ 6(1 - C——F) Un(uv ©) + _[ue,n]-i-
B € 0,I'c

2—-26
€
SB

2
||Un(u7 ()D)HV,FC )

where C' > Ly L a constant.
We know that a, and « are sufficiently large then we can find C' a constant
sufficiently large.

B=C (142 +250)
c

1 P in order to find
=53 g

We choose § = % — v and

2(5+v)—1

aq —yC — C< 0,
ap — 62(6;”71 — Mq/) % > 0,
1-C=2— >0,

and using the estimate |0y (u, 9|, . < C’<||u||u+%79+ ||50||V+%,Q) proves the

bounds (58),(59) and (60) . The bound (61) is a direct consequence of this last
result.
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5.3. Proof of theorem 4.3. We denote by £" (resp.ﬁ’h) the Lagrange interpo-
lation operator mapping onto V" (resp.W"). We first use the ellipticity and the
continuity of a(.,.) and b(.,.), as well as Youngs inequality, to obtain:

aauufuﬁuigwbuwwﬁlﬁg

<alu—ulu—ul)+ble -t o -t

= a(u—ul,u— L") +a(u—ull, L —ul) + b — ol o — L)
+b(p — ol L0 — o)
§CHufuhHlQ||uf£hquQ+a(u7u?,£hu7u?)

+Clle— soeHmHso £’h<pH +b(p— @ LMo — o)

+— Hu—ﬂh a(u,ﬁhu—u?)

< St - ullly g
ottty + G o= el + g o= 2",

(74) +b(p, L0 — 1) — b(soé L0 = ol).

We can transform the term

a(u, L — u?) — a(u?, LMy — u?) + b(ep, £'h<p — @?) — b(go?, E’hgo — go?)

So we obtain

. 1
% Ju— h||m+ |~ <Pe||m on () + = [ue ), LU = uy)ro
(75) ol ol Lo — o) — t(u, 0, £ — o).

Because the 1D— Lagrange interpolation with piecewise linear polynomials pre-
serves the positivity, we have that (£"u),, < 0 on I'c. This implies:

We have again

(76) *<O—n (ua 30)7 u?,nh‘c < *<0n (ua 30)7 [u?,n]+>f‘c
<%[u?n]+ﬂu?,n>Fc = <%[u?,n]+7 [u?,n]+>rc
This results into
h 2 (67 h 2
% Jlu— it Fle- s
C h |12 h
< ol £} + e [ = £+ tontl ) (i

)

1

(77) _<0-n(u7(p)+2[ ?n]-ﬁ-a > +€(’U, L' (PE,QD_(PQ)_E(U, (107£lh(p_90?)'
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We bound the term: —(oy (u, @) + [ul ,]1, [ul, ]+ )r. as follows

1
- <Un(u7 (p) + E[u?,n]-iﬂ [u?,n]+>rc
Lo Lo
= _€<0n(u7 90) + Z[ue,n]-‘ra Z[ue,n]-i-)FC
1 1
= —(e(on(u, @) + ;[uﬁ,nh% ~lucnls +on(u, ) = on(u, ¥)ire
S 1,
= —€ Un(ua 50) + _[ue,n]Jr + €<0n (’U,, 90) + _[ue,n]Jra Un(ua 50)>Fc
€ 0. €
I 1,
< —elon(u, @) + —[uc ]+ +€||on(u, @) + —[ul,]+ lon(u, @), re. -
€ 0,Tc € S
Hence
- <Un(u7 (,0) + _[u?,n]'i" [ue,n]+>rc
1 2 €2 1 2
(78) < —e Un(u’ 90) + _[u?,n]-i' + 2_ Un(“’v (P) + _[ug,n]-i-
€ 0,Tc B € —uvlc
B 2
+ 5 lon(, @) 2

With 8 > 0 a constant indepedant of h, e, u and ¢.
We bound now the term £(u”, o, £/ o — o) — b(u, o, Lo — o)

‘E(UZZ Pt L — o) — b, o, £ — o7

h 1h h h 1h h
§ M’é!) HSD — Pe ||O,Fc L ®© — Pe 0.0 + Ld)L Hue,n - unHOJ‘C L © = Pe 0rc

2
< My HSD - sD?HO,FC + My HSD - sD?HO,FC ‘ Elh‘p - CPHO,FC

+ Ly [l | .. (’ c

LyL+ M,
+ 2o = wllre + Lol [l — wnlly

h
o= 0] o, o= o, )

< (My

LyL n
+ (W +yMy)|IL" — 90||(2),Fc

Ly L+ M,
< (MyL+ %) [l — sa?”isz +2yLy L ||uf — uHiQ
Ly L
+ <f7 ML 0 — o2 .-

So we obtain:

h h
Cul, @ L0 — @) — t(u, 0, L o — o)

Ly,L+ M,
(79) < (My + === [lo - Gy o+ 2L [ut = ulf;
L., L
+ (Y My + ZED L0 — )2 0

4y
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Now we combine (77), (78) and (79)

(8% 2 (8% 2
ey P N

C h 2 C LwL h 2 h
< 2an lu—L UHMZ + (Tab + My + e ) H(p —r ('DHLQ + (on(u, @), L Un )T
2 2 2
1 € 1 3
— €||on(u, @) + =[ug )+ + oz ||on(u, ) + = [ug ]+ + 5 lon(w )l re
€ o, 24 € Wl 2 '
L C v\l c
LyL + My Tk W2
+ (My + T) e — e HIQ +2yLy L [|u¢ — quQ
c ho112 C LwL 1h 2 h
< 20, HU - L u”l,Q + (wa Jr’}/qu —+ W) Hcp - L CPHI,Q + <Jn(u,<p),£ un>pc
eh?” L, oy 1 €2 w2 2
,6(1*0—2B ) Un(ua¢)+z[u67n]+ . +Ch %(Hu—uEHLQJrHSD*%HLQ)
L C
B 2 LyL + My 2 2
5 llon s @)llrg + My + === o = ey g + 2Lyl flu — ufy g

Then we have

o L€ 2
(% Cr 1 S o, L) |,

2 B
ap b1 € LyL + My 2
+(7f0h2 lﬁwa*T)HSD*S"?Hm
2
80 _o Lt
( ) +€(1 C 25 ) an(u,go) + e[ue,n]‘i‘ 0T
C 2 C LyL o2
< o lu— £l + (e + 20+ 2 - 27

p 2
+ (on(u, @), Ehunh“c + 9 llon (u, ‘P)HV,FC :

We show now that § > 0 and « > 0 exists such that the terms
2 2
G — Ch gy — 29Lyl, % — Ch¥ lgr — My, — 22520 and 1 - C
positives,
it equivalent a

R2v
283 are

g — 4yLyL > 0

We know that a, and « are sufficiently large then we can find C' a constant
sufficiently large and we choose

Ly L+My, Qg
oy —20,) <~V < IL,L

2v
=C h2u71€2 1 4 1 + h""e
ﬂ (aa—QMw ap—2M,— LszjM,# ) 2
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1
a—2My

it results that:

p
2

Using L <1
a + M, — Y
a572M1/,7%

low(u, @)lI3pe < CO* 7 + %) on(u, 9)l

The estimation of the Lagrange interpolations in L? and H' norms on a domain D
is classical (see.e.g. [24]) For all s € (1, 2] we have:

(81) h™! ||“_£h“Ho,D+||“_£h“H1D < Chs_l”“”s,D
_ h h s
o=l 4o -2l < em ol

o [ el < Ol

or s =35+ v we und : h 1
’ lo-2ml| . < i+ lelye.

The contact term (o, (u, ), L u,)r. can be estimated in two space dimensions
using results from [25] :
(82)

2 2 2 .
Rl o+ ol 0) 0 <w< i

(0, 9), (LMu)n)r, < C
p2ltn ] (Jlull3 o + Iel3) = 1.

In three space dimension the bound is obtained in a straightforward way using (81)
for any 0 < v < %

v 2
(83) (o, 0), Lrun)re < R (ulld 0+ 191300 -

We combine the last estimations in two space dimension we prove that:
(84)
1

o — w12+ o = @17 o+ € lomCus ) + 2l 1
(h1+l/+21/2 + R 4 p2ve) (“u”Q%—i-l/Q 4 ||50||2.%+V’Q) if0<rv< %

=C 2 2
(Rl k| + € + he) (Jlull3 g + 01,0 ity = 4.

Finally in two space dimension we prove that:

[l (u, ) + Ll 4]l

(2 mf (hFe s 4 1) + hbed et n) (luly + lel0)

o, 1
1fu—2

Using h?" < R35+* and h < h|ln h|% ends the proof.
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