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WEAK GALERKIN FINITE ELEMENT METHOD FOR SECOND
ORDER PARABOLIC EQUATIONS

HONGQIN ZHANG, YONGKUI ZOU, YINGXIANG XU, QILONG ZHAI, AND HUA YUE

Abstract. We apply in this paper the weak Galerkin method to the second order parabolic
differential equations based on a discrete weak gradient operator. We establish both the continuous
time and the discrete time weak Galerkin finite element schemes, which allow using the totally
discrete functions in approximation space and the finite element partitions of arbitrary polygons
with certain shape regularity. We show as well that the continuous time weak Galerkin finite
element method preserves the energy conservation law. The optimal convergence order estimates
in both H! and L? norms are obtained. Numerical experiments are performed to confirm the
theoretical results.
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1. Introduction

The weak Galerkin (WG for short) finite element method refers to the finite
element techniques for partial differential equations where the differential operators
(e.g., gradient, divergence, curl, Laplacian) are approximated by weak forms. In
[17], a WG method was introduced and analyzed for second order elliptic equations
based on a discrete weak gradient arising from RT element [13] or BDM element
[1].  When using the RT or the BDM element, the WG finite element method
requires the classical finite element partitions such as triangles for 2-dimensional
elements and tetrahedra for 3-dimensional elements, which limits the use of the
newly-developed method. This problem was first dealt with in [16] where for the
second order elliptic equation the authors using the stabilization for the flux variable
established a WG mixed finite element method that is applicable for general finite
element partitions consisting of shape regular polytopes (e.g., polygons in 2D and
polyhedra in 3D). The idea of stabilization has been applied to the Galerkin finite
element method for the second order elliptic equation, see [10]. At present, the
WG method has attracted many attentions and successfully found its way to many
applications, for example, see [12] for the Helmholtz equation and [11] for elliptic
interface problems.

As far as the parabolic problem is concerned, there are surely many classical
numerical methods applicable. For example, see [5, 3] for the classical finite element
methods, [6, 9] for the discontinuous Galerkin finite element methods, [19, 2, 4, 14, §]
for the finite volume methods. We note here that the WG method is also applicable
for such kind of time dependent problems. In [7], the authors discussed the WG
finite element method for the parabolic equations, where again the definition of
the discrete weak gradient operator proposed in [17] was applied. Comparing to
the existing methods, the WG finite element method allows using discontinuous
function space as the approximation space and thus it is not necessarily to require
the underlying solutions to be smooth enough as in the usual sense. This property
makes the WG finite element method more flexible in applications.
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The goal of this paper is, different from the technique applied in [7], to apply the
WG finite element method to the parabolic partial differential equations, by using
the idea of stabilization. We consider the following initial-boundary value problem
for the second order parabolic equations

(1) ug— V- (aVu) = f, for xze€Qtel,
(2) u = 0, for z€dQtel,
(3) u(-,0) = 1, for ze€Q,

where € is a polygonal domain in R? with Lipschitz-continuous boundary, J =
(0,T) with T > 0, a = a(-)axa € [L>(2)]**? is a symmetric matrix-valued function.
Assume that the matrix function a(-) satisfies the following property: there exist
two constants 0 < a1 < @ such that

(4) e <glag <ane’s,  VEeR?
The standard variational form for (1)-(3) seeks u(-,t) € Hg(£2) such that
(ug,v) + (aVu, Vo) = (f,v), Yo € Hy(Q),t € J.

u(-,0) =1,

where (-, -) denotes the L?-inner product.

In this paper, we, based on the definition of a discrete weak gradient operator
proposed in [10], derive the continuous time and the discrete time WG finite ele-
ment methods for problems (1)-(3) by taking into account the idea of stabilization.
The new obtained methods allow the application of the more general finite element
partitions satisfying certain shape regular conditions, and allow as well using to-
tally discontinuous function space as the approximation space. In addition, the
continuous time WG finite element method preserves the energy conservation law.

The rest of this paper is organized as follows. In Section 2, we introduce the
notations and establish the continuous time and the discrete time WG finite element
schemes for problems (1)-(3). We then prove the energy conservation law of the
continuous time WG approximation in Section 3. In Section 4, the optimal error
estimates in both H! norm and L? norm are proved. Finally, we present the
numerical example to verify the theory.

(5)

2. The WG approximation

To introduce the WG finite element method for the parabolic equations (1)-(3),
we need to consider first the weak gradient and the discrete weak gradient. The
gradient V is a principle differential operator involved in the variational form. Thus,
it is critical to define and understand discrete weak gradients for the corresponding
numerical methods. Following the idea in [17, 10], the discrete weak gradient is
given by approximating the weak functions with piecewise polynomial functions, as
shown in what follows.

2.1. Weak gradient. Let K C ) be any polygonal domain with boundary 9K.
A weak function on the region K refers to a generelized function v = {vg, vy} such
that vy € L*(K) and v, € H/?(0K). The first component vy can be understood
as the value of v in K, and the second component v, represents the value of v on
the boundary K. Note that v, may not necessarily be related to the trace of vg
on 0K, if it is well-defined. Denote the space of weak functions on K by

(6) W(K) := {v = {vo, v} : vo € L*(K),v, € H/?(8K)}.
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Let (-,-)x and (-,-)ox represent the inner product in L2(K) and Hz2 (OK), respec-
tively,

(v, w) g :/ vwdr, Vv,w € L*(K),
K

(v,w)sK :/ vwds, Yv,w € H%(aK).
oK

Define a space
(7) H(div,K) = {v:v e [L*(K)*V-vecL*K)}
The standard gradient operator can be equivalently formulated as following
V: HYK) - (H(div, K))*,
u +— Vu,

(8)

where the gradient V is interpreted as a linear functional on the space H(div, K)
and satisfies

(9) (Vu,q) = —(u,V-q)x + {(u,q -n)sx, Vqe H(div, K),

where n is the unit outward normal vector to 0K.
The weak gradient operator V,, is defined by replacing the space H'(K) by
W(K) and applying the expression in (9), cf. [17, 10].

Definition 2.1. Define a weak gradient operator V,, by
V. : W(K) — (H(div, K))",
v — Vv,
where Vv is a functional on the space H(div, K) which is determined by
(10) (Vou,q) := —(v0, V- @)k + (0, q -n)px, Vqe H(div,K).

The Sobolev space H*(K) can be embedded into the weak space W (K) by an
inclusion map iy : H'(K) — W(K) defined as follows

iw(0) = {glx. dlox}, Vo€ H'(K).

With the help of the inclusion map iy, the Sobolev space H!(K) can be viewed
as a subspace of W(K) by identifying each ¢ € H'(K) with iy (¢). Analogously,
a weak function v = {vg, vy} € W(K) is said to be in H'(K) if it can be identified
with a function ¢ € H'(K) through the above inclusion map. It is not hard to see
that weak gradient is identical with the strong gradient (i.e.V,¢ = V¢) for each
smooth function ¢ € H'(K).

Recall that the discrete weak gradient operator is defined by approximating V,,
in a polynomial subspace. More precisely, for any nonnegative integer r, denote by
P.(K) the set of polynomials on K with degree no more than r. The discrete weak
gradient operator, denoted by Vg, is defined as: Vyv is the unique polynomial in
[P,(K)]? and satisfies the following equation

(11) (vdvvq) = _(Uovv'q)K+<Ub7q'n>3Kv Vq € [PT(K)]Z

In this paper, we shall allow a greater flexibility in the definition and compu-
tation of the discrete weak gradient operator V4v € [P.(K)]? by using the usual
polynomial space [P,(K)]?. This will result in a new class of WG finite element
schemes for parabolic equations with remarkable properties to be detailed in the
following sections.
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2.2. The WG method. In this section, we design a continuous time and a dis-
cretime WG finite element schemes for the initial-boundary value problems (1)-(3).

Let Tp, be a family of partitions of the domain 2, where h is the partition diam-
eter. We assume throughout the paper that 7 is shape regular, namely, satisfying
the shape regularity assumptions A1-A4 in [16]. Denote by T its interior and by
AT its boundary for any T' € Ty, respectively. For each T € Ty, let P.(T°) and
P,(0T) be the sets of polynomials on T° and on 9T, respectively, with degree no
more than r. Denoted by V' the weak function space on 7 given by

V= {v={vo, v} : {vo,vp}|7 € W(T), T € T},

where {vo,vp}r = {vo|r,vplor} is the restriction of v on the element T. For
any given integer r > 1, let W,.(T") be the weak finite element space consisting of
polynomials of degree no more than r in 7° and piecewise polynomials of degree
no more than r on 97, i.e.,

W, (T) = {v = {vo, v} : volr € P.(T"),vp|e € P,(€),eCOT}.

We restrict the domain of the weak gradient operator V4 on the finite dimensional
polynomial space W,.(T') and obtain a linear operator from W,.(T') to G,_1(T) :=
[P,_1(T)]?, which is determined by

(12) (vdvaq)T = *(UO,V'q)T‘F <Ub7q'n>6T7 Vv € WT(T)aqE Gr—l(T)~

Now, we are ready to introduce the WG finite element method for approximating
equations (1)-(3). Define WG finite element spaces

Vi, i=A{v ={vo, v} : {vo, v }|lr € Wi(T), T € T},

and

(13) VYi={v:veV,vu=0 on 00}

Define two bilinear forms on Vj: for any v,w € Vj,

(14) a(v,w) = Z /(avdv) - VqwdT,
TeT;, * T

(15) s(v,w) =Y hp'(vo — vy, wo — wi)or.
TE,]-}L

Denote by as(+, ) a stabilization of a(-,-) given by

(16) as(v,w) = a(v,w) + s(v,w).

In [10, Lemma?.2], it is proved that there exist two constants «, /3 > 0 such that
for u,v € Vj,

las(u, )| < B[l wll- vl
allull? < as(u,u),
where
Ioll? = Y (Vav,Vav)r + Y hy'(vo — vp,00 — vp)or, v € V.
TETh TETh

We define two projections on each triangle: one is Qnu = {Qou, Qpu}, the L2
projection of H(T) onto P,(T°) x P,(9T) and the other is Rj, the L? projection
of [L*(T)]? onto G,_1(T).
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The following identity will be frequently used in our analysis, cf. [10, Lemma
5.1J:

(17) Vd(Qhu) = Rh(Vu), Yu € Hl(T).

Now we are ready to describe the WG finite element methods for problems (1).
The main idea of the weak Galerkin method is to use the space V), as testing and
trial space and replace the classical gradient operator by its weak version.

We propose the continuous time WG finite element method, based on variational
form (5) and the weak Galerkin operator (11). The semi-discrete WG finite element
method for equations (1)-(3) is to find up (t) = {uo (-, t), us(+,t)} € V2 for t > 0 such
that up(0) = Qpt and the following equation holds
(18) ((Uh)t,’Uo) + CLS(Uh,’U) = (fa ’Uo), Vo = {U(),Ub} € V}?7 t>0.

Let & > 0 be a time step-size. At the time level ¢t = ¢, = nk, with integer
0 <n < N,Nk =T, denote by U™ = UJ’ € V}, the approximation of u(t,). We
further discretize equation (18) with respect to ¢ by the backward Euler method to
obtain a full discrete WG finite element method: seek U™ € V,(n =0,1,2,-- -, N)
such that U° = Qv and

(19) (5UnaU0) + as(Un7 U) = (f(tn)v’UO)a Vv = {U0>’Ub} € V}?7
where QU™ = (U™ — U™~ !)/k. This is equivalent to
(20) (U™, v0) + kas(U™,v) = (U™ + kf(tn),v0), Vv = {vo,v5} € V).

3. Energy conservation of WG

In this section, we investigate the energy conservation property of the semi-
discrete WG finite element approximation uy. The solution u of the problem (1)-(3)
has the following energy preserving property on each T' € T, [7]:

[7]
t+At t+At t+At
(21) / /Utdxdt+/ / q'ndsdt:/ fdxdt,
t—nt JT t—nt Jor t—nt JT

where q = —aVu is the flow rate of heat energy. We claim that the semi-discrete
WG finite element method for (1)-(3) preserves the energy conservation property
(21).

Choosing in (18) the test function v = {vg, v, = 0} so that vg = 1 on T and
vg = 0 elsewhere. We then obtain by integrating over the time period [t — At, t+ At]

t+At t+At t+At
(22) / /utdzdt—F/ as(uh,v)dtz/ /fdzdt,
t—At JT t—At t—at JT

where
(23) as(up,v) = / aVuy, - Vavdz + h}l/ (up — up)ds.
T T

Using the definitions of operators Ry, and Vg4 in (11), we obtain
/ aVaup - Vavde = / Rp(aVaup) - Vavdz
T T
(24) - —/ V- Rh(avduh)da:
T

= — Rh(avduh) - nds.
oT
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Substituting (24) to (23), together with (22), we have

t+At t+At
/ / udzdt + / {—Ry(aVaqup) + hy' (up — up)n} - ndsdt
t—nt JT ¢ T

—At
YN
:/ /fdwdt,
t—-nt JT

which provides a numerical flux
q,-n= {—Rh(avduh) =+ h;l(uo — ub)n} ‘1.

We then aim to verify that the numerical flux qj - n crosses continuously the edge
of each T'. Denote by € the common edge between two elements 77 and T5. Choose
the test function v = {vg, vy} so that vg = 0, v, arbitrary on € and zero elsewhere.
Using vg = 0 and (18), we have

/ aVaup, - Vavdxr — hil/ (ug — up) |1y veds
TIUT, dT1NE

(25)

(26)
- h;zl/ (UO — up) |T2 vpds = 0.
oTsNe

Using (11), we obtain

/ aVaqup, - Vavdx
T UT>

=/ Rh(avduh) . Vdvda:
T UT>

- [ (Ru(@Vaun) |1, 01 + Ru(@Vaun) |1, -n2)vpds,

where n; and ny are the outward normal vectors to 77 and T on the edge €,
respectively. Noting the fact ny +ngs = 0, substituting the above equation into (26)
yields

‘Z{—Rh(avduh) I, +hil(u0 —up) |7y, n1} - nyvpds
(27) p
+/7{—Rh(avduh) 7 —i—h;zl(uo —up) |1, N2} - navpds = 0,

which shows the numerical flux qp - n is continuous along the normal direction.
4. Error analysis

In this section, we estimate the errors for both continuous and discrete time WG
finite element methods. The difference between WG finite element approximation
up, and the L? projection Qpu of the exact solution u is measured in different norms.

To this end, we need the following estimates concerning the projection operators
Qr and Ry, see [16]. Note here the underlying mesh 7y, is general enough and
allows polygons.

Lemma 4.1. [16, Lemma5.1] There hold for any ¢ € H™1(Q)
(28) D llo—Qudl+ Y h2IV(6 - Qua)liE < CRH V6],

TEeTh TeTh
(29) > a(Vé = Ru(Vo) 7 < Ch[|6]17 41,
TETh
where C' is a generic constant independent of the mesh size h.
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In addition, the following trace inequality holds [16, Lemma A.1]
(30) 16130 < Clhz6lF + hrlVol7), VT € Tn,Ve € H'(T).

4.1. Continuous time WG finite element method. We then in this subsection
aim to investigate the approximation properties for the semi-discrete solution.
For ¢ € HY(T) and v € V},, based on (11), (17), we have by integration by parts

(aVaQnd, Vav)r = (aRp(V ), Vav)T
= —(vo, V- (aRLV @)1 + {vp, (aRLV @) - m) o7
= (Vvo, aRpV ) — (vo — vy, (aRrV @) - m)or
= (aVo,Vvg)r — ((aRrV @) - n,v9 — vp)ar.
Let v and up be the solutions of (1)-(3) and (18), respectively. Denote by

e :=up — Qpu € V) the difference between the weak Galerkin approximation and
the L? projection of the exact solution w.

(31)

Theorem 4.2. Assume u € H™1(Q). Then there exists a constant C > 0 inde-
pendent of the mesh size h such that the following estimates hold

t t
le(- )] + / allel? ds < [e(- 0| + Ch2r / lull2, 1ds,

and
¢
o
/0 lec*ds + 7 lle 1P +llell < Bl e(:,0) 1> +le(-, 0)[>
t t
2r 2 2 2 2

+ O (s + Tl + [ Nl ads+ [l ads).

Proof. Let v = {vg,vp} € V0 be a test function. By testing (1.1) against v,

together with R;,(Vu) = V4(Quu) for u € HY, (Qnui,v0) = (ug,vp), and (31), we
obtain

(fa UO)
=(ut,vo) + Z (=V -aVu,v)r
TeTh
:(Qouhvo) + Z (CLVU7 V’UO)T - Z <U()7 a’(vu) : n>3T
TeTh TeTh
—(Qour,v0) + > (aVaQuu, Vav)r + Y (a(RyVu— Vu) - n,v0 — vp)or,
TETh TETh

where the fact that » ;. (a(Vu) - n,vp)or = 0 is applied. Adding s(Qnu,v) to
both sides of the above equation gives

(f7 UO) + S(Qhuv ’U)

B2) =(Qour, v0) + a5 (Qu,v) + Y (a( RV — V) - 1,09 — v)or-
T€eTh

Using (18), we then obtain an error equation
(o — Qou)t; vo) + as(un — Qnu, v)
(33) = Z (a(Vu — RpVu) - n,vg — vp)ar + s(Qnu, v).

T€Th
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Now, we bound the terms in the right-hand side of (33) one by one. Using
the Cauchy-Schwarz inequality, the trace inequality, and the Young’ s inequality
consecutively we have

| Z (a(Vu — RpVu) - n,vg — vp)ar|

TETh
<Y hrlla(Vu = RaVull30) (> byt llvo — vbll3r)
TeTh TETh
1 o _
(30) <= > hrlla(Vu—RaVu)lFr+ 5 D byt llvo —wl3r
TETh TETh
C o
<—( > (la(Vu = Ry V)7 + b3 [|V[a(Vu — Ry Vu)]||F) + il of||?
TETh

s (67
<CR"uller + 7 o P

Similarly,
|5(Qnru,v)|
= Y hp'(Qou— Quu,vo — vp)or|
TETh
= Y hp'(Qou —u,vo — ve)or|
TET,
<Y hrt1Qou —ull3e) 2 (Y bt lvo — vll3r) '
(35) TETs TET;,
1 _ lo% _
== > it 1Qou —ull3r + 1 > hitlvo —vll3r
TeTh TETh
C _ Q@
<3 > (077 1Qou — ullF + | V(Qou — w)[17) + 2 ol
T€7-h

. !
<CR"uller + 7 ol
Choosing v = e in the error equation (33), we obtain
(er,€) +as(e,e) = Z (a(Vu — RpVu) -n,eq — ep)or + s(Qru,e).
TeTh

Using again the Cauchy-Schwarz inequality and the coercivity of the bilinear form,
we have

1d 1 _ a
S—|lel?+alle]* < S > (thla(Vu—RhVu)H%TJrthHQou—UH?)TH5 lell”.

2dt TeTh
By integrating over the time period [0, t], we get

t
le]|? +/O allell* ds < le(-, 0)]*
(36)

2 [ _
+2 [ 5 (rla(Vu - RSl + 11 Qou — ullr)ds.
Te7—h.

Hence, we have

t t
WW+AamHW%SW@®W+WWAHMﬁM&
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In order to estimate |||e|||, we apply the error equation with v = (up —Qpu); = ey,
(et er) +as(e, e)
= Z (Vu— RpVu) - n, (er)o — (er)v)or + s(Qru, er)
TETh
d
= Z (a(Vu — RpVu) -n,eq — ep)ar + (Qhu €)
dt TET

— Z (Vuy — RpVuy) -n,eq — ep)or — $(Qpug, €).
TeTh

This in turn gives by Cauchy-Schwarz inequality

1d
||etu2 + 5 oa(ee)

d
— Z (Vu — RpVu), n,eg — ep)or + %S(Qhu e)
TGTh

1 «
+ 50 Z hrlla(Vu, — R V)37 + by l ell?
TeTh

+* > hrtllQous — wil3r + 5 H|6IH2'

TeTh

Thus, integrating with respect to t and together with the coercivity and bounded-
ness yields

t
(0%
[ ledias + S el
0

<l 07 + 2 e, 0) I? +5(Qut, ) — s(@una(-,0) (-, 0)
+ Z (Vu — RpVu) -n,eq — ep)ar

TeTh
— Z thu( )) ' n,@(',O)o - €(',0)b>aT
TeTh
b
+ [ 55 (X hrla(Van = B 3pds
TE€Th
[ o 3 Qo wlirds + [ il ds
TeT

<lle(-, 0)[I* + 5 Il (-, 011

2 _ a
+o > (hrlla(Vu = RyVu)l[3r + hit|Qou — ull3r) + 2 e||?
TET}L

+3 =3 (halla(Vu(, 0) = RuVu(, 0) 3

TeTh

+h'l|Qoul-, 0) = u(-, 0)|[57) + g Il e (-, 011>



534 H. ZHANG, Y. ZOU, Y. XU, Q. ZHAI, AND H. YUE

t
1
—l—/o 2a g hr|la(Vus — Ry Vuy)||3pds
T€7-h

+ [ o 3t IQun — g + [ alleas

TeT

Combining (34), (35), (36) and the above equation, using the Young’ s inequality,
we have

t
«
le]|? +/ lecli*ds + [l [l
0
<lle¢-,0)I* + B Il e(-, 0)]II?

# O (a2 + i + [ TulZads + [ ulzado)

This completes the proof. [l

2. Discrete time WG finite element method. We then in this subsection
investigate the error analysis for full discrete weak Galerkin finite element method.
To this end, we need the following Poincare inequality related to the weak gradient
operator.

Lemma 4.3. [10, Lemma?7.1] There exists a constant C independent of the mesh
size h such that

lol> < Cllvlli*, Vo ={vo, v} € V3.

We estimate the error of the full discrete WG element method. Let w and U™ be
the solutions of (1)-(3) and (19), respectively. Denote by e™ := U™ — Qpu(t,) the
difference between the backward Euler WG approximation and the L? projection
of the exact solution wu.

Theorem 4.4. Assume v € C*([0,T); H"*(Q)). Then there exists a constant
C > 0 independent of the mesh size h such that for 0 <n < N

tn
le™[1* + Zak el < Hle®I* + C (R ullP4a,00 + k2/ [[usel|*ds),
0

Jj=1
and
IFe™II? < C{lle’(1* + llle°(II?
tn
+ 2 (lul 0120+ el 00 + lluelFp 0 + kz/o [t ||, ds)
tn
+k2/ ||uttH2d5}7
0
where

41,00 = e {[u(®)lr1}.

Proof. 1t is easy to see that
(U™ — Qnue(tn), vo)
=(0(U" = Qnultn)), vo) + (9Qnu(tn) — Quue(tn), vo)
=(0(U" = Qnultn)), vo) + (u(tn) — ue(tn), vo).
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Then, we obtain the following error equation for the backward Euler WG method
QU™ = Qnu(tn)), vo) + as(U™ — Qrultn)), v)
=(us — Oulty),vo) + Z (a(Vu(ty) — RpVu(ty)) - n,vg — vpor + s(Qru(ty),v),

TETh
i.e.
(0e™,vo) + as(e™,v)
BT) —(ug = Bulta),v0) + 3 (a(Vu — RyVu) -1, v0 — v)or + s(Qrultn), v)-
TeTh
Let
Wi = u(ty) — Oulty),
Wiy = (a(Vu(ts) — RuVu(t,)) ) |or,

(
w;T = (QOu(tn) - Qbu(tn)) |3T7
er = (eo(tn) —ev(tn)) lor -
Choosing v = e™ in (37) gives
(38)  (De ") +as(ee") = (wivep) + > (Wha,ef) + hyl (@hp, ).
TeTh

By the coercivity of the bilinear form (16) and the Cauchy-Schwarz inequality, we
obtain

le™ 1 + ok ||| €™ |

<(e" ) k[t el + kD (Wi ) + hpt (Wh s ef)]
TeTh

1 n— 1 n n n n n - n n
§§H€ PP+ 5”6 12+ Ellwi ]| - [le™[| + K] Z ((wp,er) + hT1<w3,TaeT>)|'
TeTh

By the Poincare inequality in Lemma 4.3, we have

1
S lle™lI* + ek [l €|

1. .- ka ck,
<Slle 1P+ = e 1P +—flwt (1
2k ka
+ > hrlla(Vult) — RaVu(ta) |3y + = el
TeTh
2k _ ka
+ = D> bt Qoultn) — ultn) 3 + - Il € I
TeTh

Therefore,
1 1 1 k
S+ Sk Il enlI? <z e 7 + g |2

2k
+ =Y hrlla(Vu(tn) — BaVu(ty)|3r
o
TeTh

2k _
+ =7 hr'IQuu(tn) — ulta) I3
TeTh
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which gives by induction

n

n
, ck _
le™* + Y ak [l ][> <[l”]” + "™ > lledl?

Jj=1 Jj=1
4k — )
(39) + 253N hrlla(Vult) - BaVult) 3y
J=1T€T,
4k . )
=30 b lQuutty) — ut) 3
Jj=1T€Th

Noting that
. wu(t;) —u(t;_ (%
wi = u(tj) — ) = ults-) = */ (s = tj—1)unds,
tj—1

we then obtain
. 1 t;
= [ G [ 65— ti-uuds)?s
Q tj—

1
1 t; 7]
(40) < —2// (sftj_l)zds/ uftdsdx
Q tji—1 t

-1
t;
< Ok/ luse|2ds.

tj71

Similar to the analysis in (34) and (35), we get
(41)

> hrlla(Vu(ty)=RaVu(ty) |30+ Y hitlQoulty) —u(ty)I5r < CR*"[|u(t)|17 -
TET TeTh

Thus we have proved the error estimate for [le”|. In order to estimate [[|e"[[, we
choose v = 0e™ in error equation (37) and obtain

(D€, 0e™) + as(e", De™) = (i, 0eg) + Y ((wh 7, Delp) + hi (Wi p, Dett)),
TEThH

where delt = 1((eff — eg™") — (ep —ey™")) |or. Noting that (wQTﬁE@ on the

right-hand side can be written as

(w57, Delp) = Owy . ) + ((wW5)e — i e ') — ((W5)e e ),
where (wh) = a(Vug(tn) —RpVue(ts)) -n |7. Analogously, Let (wh): = (Qoue(tn)—
Qvu(ty)) |7, the following form holds

(w5, 0eT) = 0wy 7, ) + (W) — Owl e ') = ((wh)e, e ).
Then we obtain

k||0e™||? + as(e™, e™)
=as(e™, e ) + k(w], de™)

+k Y {0WE ) + (W5 — 0wl p, ) = (W5 ef )
TeTh

+hpt (O p, ) + (W5)e — Owip e ') = (W), er 1))}
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As what we have done to (34) and (35), by the Cauchy-Schwarz inequality and the
triangle inequality, we have

k:||5e"||2 +as(e",e™)
1 " on 1

2 as(e”,e )+§as( Le ) +k Z (Wi, €f) + hpt 0wy g, )
TETh

*Ilwl I” + Kl 9e™) |1

3, N — n 3 k —
+ Z k(hr|l(wg): — an,T”??T + hpt|[(wh)e — aw:?,TH%T) + 5 e M2

TeTh
n k n—
+ Y k(| @B )3 + by 1||(w3,T)tH?)T)+§ e HIP,
TETh
where
|l rll3r = (a(Vu(t;) — RaVu(ty)), a(Vu(t;) — RaVu(t;)))or,

g rll5r = (Qoulty) — Quulty), Qoulty) — Quulty))or

Moreover, by the triangle inequality and (28), we have

> hrllwd pl3e = > hrlla(Vu(t;) — RaVu(t;)|3r

TeT TeTh

< Y Clla(Vu(ty) — RaVu(ty))|I7
TETh

+h7[|V(a(Vu(ty) — RaVu(t;)))lI7
< Ch*"fu(ty) I 41

Using the Cauchy-Schwarz inequality, the trace inequality (30) and (28) the follow-
ing form holds

Z h%lllwé,TllﬁT

TeTh
= 3 2 (Qoult;) — Quulty), Qoult;) — Quult;))or
TET
= Z hzH (Qoult;) — ulty), Qoults) — Quulty))or
TeTh
<Y hpt1Qoults) — ult)|3r) (D hrt1Qoulty) — Quulty)lI3r) "
TETh TeTh
<CR u(t)llr+1( Y h'Qoults) — Quulty)|37)".
TETh
Thus
(42) Z hT”wg,T”%T + Z h%lllwé,TII%T < Ch%”“@j)”%ﬂ'

TET TeTh
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After cancellation and by induction, we arrive at

1 1
ias(e",e”) §§as(eo,eo)

+ > {(wsr,ef) — (@8, e0)) + by (Wir, ef) — (@81, €2))}
TeTh

k n ) n .
7Dl + B e
j=1 j=1

kY D (hrllwh)e — 0wi pli3r + byt l[(wh)e — 8w3 £ l13r)

J=1T€eT,
+kZ S (hrll @b p)ell3r + hpt I (@h 2)ell2r)-
j=1T€T,

By the coercivity of the bilinear form (16) and the Cauchy-Schwarz inequality again,
we obtain

e <2

]ﬂ n ) n .
<M 2+ D Il + B fler 2
j=1 j=1

2 _ «
+o > (hrllws pll3r + bt lwd rll3r) + 2 Cl s
TETh

]
— e
2

B o
or) + 5 Il <l

(43) ﬂ Z (hrllwg ll3r + hy
TETh

+EY D (hrll(wh) — 0wd pll3r + byt [[(wh)e — 0wd 1113r)

j_l TETh

Z Y (el @3 )elldr + bz lwh )el3r).
Similar to (40), we obtain

. . t] tj
S hell@h)i—dwilir < Ck S by / |(wa)ee2rds < CkR>" / el ds,

TETh TeTh i1 ti—1
and
14/ Gy A gn2 [0 2 o [T 2
D bt l(wh)i—0wi|3r < Ck > by [(ws)eelBpds < Ckh el 1ds.
TET TET, ti—1 ti_1

Substituting the above inequality into (43), together with (39), (40) and (42), we
complete the proof. O

4.3. Optimal order of error estimates in L? and ||| - ||| norms. The optimal
order of error estimates for Vg e and Vg e™ was obtained in Section 4.2. In this sec-
tion,we derive an optimal order of estimate for e in L?-norm, the basic idea applied
is to use Wheeler’s projection as [18, 15]. Now, we define an elliptic projection Ej
onto the discrete weak apace V}, as follows

(44) as(Enu, x) = (=V - (aVu), x), Vx € Vy,u € Hg,
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which can be viewed as that Epu is the WG finite element approximation of the
solution of the corresponding elliptic problem with exact solution u

V- (aVu)=f in Q,
(45) u=0 on Q.

The error estimate for Eju, as shown in the following lemma, should be applied.

Lemma 4.5. [10, Theorem8.1,Theorem8.2] Let Epu € V}, be the WG finite element
solution of problem (45). Assume that the exact solution of problem (45) is so
reqular that v € H™1(Q). In addition, assume that the dual problem of problem
(45) has the usual H?-regularity. Then, there exists a constant C such that

(46) 1Enu — Quulll < Ch"[Jullr11,
(47) 1Bhu — Quullzz < CRH™ [lull1.

We consider the error uj, — Qpru, which can be separated as

(48) un(t) = Qru(t) = 0(t) + p(t),

where p = Epu — Qpu is estimated using Lemma 4.5, 8 = up — Epu is thus the
term we need to further bound. The error estimates for continuous time WG finite
element method in L? and ||| - ||| norms are given in the following two theorems,
respectively.

Theorem 4.6. Let u € H™1(Q) and the corresponding elliptic problem (45) has
the H?-regularity. Then there exists a constant C > 0 independent of the mesh size
h such that

t
lun(t) = Quu(t)ll < un(0) = Quu(0)|| + CR™ ([[¢]]r+1 +/0 [t r41ds).

Proof. According to Lemma 4.5, we obtain

t
(49) loll < CH™* fully1 < CH ([l + / el +1ds).

In order to estimate 6, notice that
(01, x) + as(0,x) = (une, X) + as(un, x) — (Enue, X) — as(Epu, X)
= (f,x) — (Brue, x) — as(Enu, X)
= (f,) + (V- (aVu), x) = (Enur, x)
0 = (04,0 = (B )
= (Qnue, x) — (Enut, X)
—(pe: x),

where the property that the operator Ej; commutes with time differentiation is
applied. Since 6 belongs to Vj,, we choose x = 6 in (50) and conclude

(51) (0t79) + as(eve) = _(ptaX)a t>0.

Removing the nonnegative term as(6, ) to obtain

2
<
S l6l2 = 1615 161 < el

which leads to

(52) 1o < 16(0)] + / loelds.
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Using Lemma 4.5, we find

(53) 10C0)[| = lun(0) = Enu(0)]| = [[un(0) = @nu(0)[| + | Epu(0) — Qnu(0)|]

< [Jun(0) = Qru(0)|| + Ch™ [l t1,

where the following inequality is applied

(54) lpell < CR™ g4

The desired bound for 6(t) now follows. O

Theorem 4.7. Let the assumptions in Theorem 4.6 hold. Then, there exists a
constant C' > 0 independent of the mesh size h such that

2
llun(t) — Quu(®)I? SEB Il . (0) = Quu(0) I +CR*" (|| 1741 + llul?4y)

t
+ CR2rD / el 1 ds.
0
Proof. As in the proof of Theorem 4.6, we write the error in the form (48). Here

by Lemma 4.5, there holds
(55) @Il < Ch"[|ullr41-

In order to estimate |||6]||, we choose x = 6; in (50) to obtain
(0t,9t>+&s(070t) = _(ptaat)a t> 07

which gives

1d 1
0:]1* + = —as(6,0 0 = L /A TES
1601+ 5 rs(80) = ~(o1,00) < 3l + 5160
As a consequence, we have
d
%@5(979) <lpe]l?.
And integrating with respect to time ¢ to obtain
0s(0,6) < 000,00 + [P,

where

a5(6(0),6(0)) = > (aVa(un(0) = Exu(0)), Va(un(0) — Enu(0)))
TETh

+ 5((un(0) — Enu(0)), (un(0) — Eru(0))).

Using the coercivity and the boundedness of the bilinear form (16), we obtain

o | > <a.(0,6) < ax(0 / v
<2, (3 (0) — Quu(0), un(0) — Quu(0))
+ 2a5(Epu(0) — Qru(0), Epu(0) — Qru(0 / | e || %ds
<25(([[un (0) — Quu(0) |2 + Il Eu(0) — Quu(0)]|?) / el Pds,

which gives together with (46) and (54)

2/8 T T ‘
1< == 1l A (0) — Quu(0) I* +C(R*"[[17, + 1™ “)/O luel7 41 ds).

This ends the proof. O
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Theorem 4.8. Let uw € H™"Y(Q). Then there exists a constant C > 0 independent
of the mesh size h such that

U™ = Quu(ty)
tn

t’”/
<[0° = Quu0)]| + Ch (s + [ urlriads) + Ch [ usaids.
0 0
Proof. Similarly, we write
(56) U™ — Qnu(ty,) = (U™ — Epul(ty)) + (Epu(t,) — Qru(ty,)) = 60" + p",
where p™ = p(t,) is bounded as in the following way

t’Vl
o™l = 1Enu(tn) — Quulta)ll < CA™ (19|41 +/0 [wellr1ds)-

In order to bound 6", we use

(00™,x) + as (0", x) = (U™, x) + as(U™,x) — (0Bnu(tn), x) — as(Enu(ty), x)
= (f(tn),x) (8EhU( ), X) — as(Epu(tn), X)
= (f(tn);x) + (V- (aVu(tn)) — (OEnu(tn), x)
= (ut(tn),X) = (0Bnu(ts), x)
= (ut(tn) = Oultn), x) + (Ju(tn) — OEpu(tn), x),
(57) (99, ) + as(0", x) = (w", ),
where

W = (u(tn) — Oultn)) + (Qu(tn) — OBpu(tn)) = wi +wj,
with wf = du(t,) — OEpu(t,). Choosing x = 6" in (57), we have
(06™,6™) <l |[]16"]].
Consequently, we obtain
1671* — (677, 6) < Kllw™[I16™ ],

or, equivalently
107 < 19" + Kllw™ |-
It follows by induction

16711 < 116°] +kZ lw? I} < 116°] +kz leof | +kZHw4II

Jj=1 Jj=1
As in (53), 0° = 6(0) is bounded . According to (40), we obtain

n . n t; tn
5s) K ll<Y / (5 — t—)ure(s)ds] < / e ds.
j=1 j=1 Jti-1

Noting that

S _ t 2
(59) w) = du(t;) — OEpu(ty) = (I — Eh)kfl/ urds = kfl/ (I — Ep)uds,
ti_1 tj_1

Ji— Ji—

and by (54) we have

n tn
B3 Il < OhH [l gads,
j=1 0
The proof is complete. O
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Theorem 4.9. Let uw € H™"Y(Q). Then there exists a constant C > 0 independent
of the mesh size h such that

U™ = Quu(ta)lI* <21 U° = Qnru(0) [I* +C{R* (111711 + lull?y 1 ds)

tn tn
+#Wﬂéuw%w+HA|WWm}

Proof. Let 6™ and p™ be defined as in (56). By (47), we have
o™ 1% < CR"[fulf? .-
In order to estimate |||§"]||2, we choose x = 90" in (57), we then get
o _ _ 1. 1 - _
(0™, 00™) + as(6™,00™) = ||00™||> + 58%(9", ") + 5%(89”,69”) = (W™, 00™)
1 1, =
< = n|2 - n 2-
< Sl + 211967
By the coercivity of the bilinear form, we have
ad || "7 < [lw" 1.
Thus, we get
n n— k n
6™ 1 < o™= 1%+ fle" .
It gives by induction

n

" k : 2k 2k o~
(60) (o™ I* < 1lle° + Dl < 16 111 t > llwd Il + o > Ml
j=1

J=1 Jj=1
Similar to (58) and (59), we have
n . n t; tn
(61) k§N4W§§mL‘«&WAWMm%ﬂsﬁé Juee|2ds,
i=1 i=1 i

and

n n t;
e AP = kY [ [ s
j=1 j=17% ti-1
(62) =SS N ANEIED o RRTARS
mledt =1/t

tn tn
< [ lodPas) < e [T g, s
0 0

It is easy to verify that

(63) 16°11% < 2(11U° = Qnu(0) I +Ch*"[¢]74.4),

which together with our estimates (60), (61) and (62) completes the proof. O
5. Numerical Experiment

In this section, we shall present some numerical results for problems (1)-(3). The
domain €2 is chosen to be the unit square [0, 1] x [0, 1], and the time interval is [0, 1].

In the example, the uniform triangle partition is employed, where h denotes the
spatial mesh size. We also use the uniform partition for the time discretization with
7 denoting the time step. The degree of polynomial r is set to be 2, i.e. the finite
element space is

Vi = {{’Uo,vb} t Vg € Pg(T),’Ub € P2<€)}.
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The analytic solution is chosen to be

t

u = e~ "sin(mrx) sin(ry),

the boundary condition and the source term can be calculated accordingly.

First, we fix a sufficient small mesh size h = 1/256 and we obtain the error
order with respect to the time step in Table 1 which conforms well the theoretical
analysis.

TABLE 1. Numerical results for h = 1/256.

T llenl order lleo] order
1/4 | 5.7524e-03 1.2541e-03
1/8 | 2.7501e-03 | 1.0647 | 5.9954e-04 | 1.0647
1/16 | 1.3443e-03 | 1.0326 | 2.9303e-04 | 1.0328
1/32 | 6.6492e-04 | 1.0156 | 1.4487e-04 | 1.0163
1/64 | 3.3123e-04 | 1.0053 | 7.2028e-05 | 1.0081
1/128 | 1.6642e-04 | 0.9930 | 3.5913e-05 | 1.0040

Then, we fix a sufficient small time step 7 = 1/8192 and we get the error order
with respect to the mesh size in Table 2 which also conforms well the theoretical
analysis.

TABLE 2. Numerical results for 7 = 1/8192.

h llel order [leoll order
1/4 | 9.6144e-02 8.2838e-03
1/8 | 2.4149e-02 | 1.9932 | 1.0306e-03 | 3.0068
1/16 | 6.0448e-03 | 1.9982 | 1.2862e-04 | 3.0022
1/32 | 1.5118e-03 | 1.9995 | 1.6091e-05 | 2.9988
1/64 | 3.7800e-04 | 1.9998 | 2.0924e-06 | 2.9431
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