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PARTIALLY OBSERVABLE STOCHASTIC OPTIMAL CONTROL

GUANGCHEN WANG, JIE XIONG, AND SHUAIQI ZHANG

Abstract. This paper is a survey on some recent results in optimal control and stochastic
filtering. The goal is not to cover all recent developments in control and filtering, instead we
focus on maximum principle for optimality of partial information backward or forward-backward
stochastic differential equations and branching particle approximation of nonlinear filtering.
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1. Introduction

Stochastic control is the study of uncertain dynamical systems which can be
controlled by decision makers so as to reach the best expected goals. In the real-
world, the decision makers are usually only able to observe partially the state
by other noisy observations. For example, in financial models, risky asset prices
are observable but the appreciation rates of the assets are unavailable. See e.g.
Xiong and Zhou [42] and the references therein. See also Huang, Wang and Wu
[23] for optimal premium of insurance company with partial information. In these
situations, we are facing optimal control problems of partially observable systems.

Such a kind of partially observed optimal control problem is composed of filtering
and control. The filtering part is related to two stochastic processes: signal and ob-
servation. The signal process is what we want to estimate based on the observation
which provides the information we can use. Analytical solutions to the filtering
problems are rarely available in general. Thus, we have to resort to numerical
schemes. Particle system approximation is an effective class of numerical schemes.
The main idea is to represent the solution as a stochastic partial differential equa-
tion (SPDE) via a system of weighted particles whose locations and weights obey
stochastic differential equations (SDEs) which can be solved numerically. The par-
ticle system approximation was studied in heuristic schemes by Gordon, Salmond
and Ewing [20], Gordon, Salmond and Smith [21], Kitagawa [25], Carvalho et al.
[3], Del Moral, Noyer and Salut [18]. Del Moral [14] considered a particle ap-
proximation for a model with independent observation noise that discounted past
information. Florchinger and Gland [19] formulated a particle approximation for
optimal filter. A rigorous proof of the convergent result for the particle filter is pub-
lished by Del Moral [15], and independently, by Crisan and Lyons [11]. After that,
many improvements were made by various authors. See e.g. Crisan and Lyons [10],
Crisan [4], [5], [6], [7], Crisan, Gaines and Lyons [12], Crisan, Del Moral and Lyons
[9], Crisan and Doucet [8], Del Moral and Guionnet [16], Del Moral and Miclo [17].
Later, Crisan and Xiong [13] proved a central limit type theorem for a new class
of hybrid filters as well as for the original branching particle filters based on Kurtz
and Xiong [26].
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In tradition, the partially observable optimal control problem is turned into
a full information optimal control problem governed by Zakai equation, which is
an SPDE driven by the observation process. However, this leads to an infinite
dimensional optimal control problem, which is difficult to solve. See e.g. Bensoussan
[2] for a systematic account. Recently, Wang and Wu [32] proposed a backward
separation approach in order to study partially observed optimal control. The
main idea is to decouple optimal control and state estimate by formally deducing
optimal control first and then computing optimal filtering. An advantage of the
approach is as follows. We use the original state and observation equation—which
are finite dimensional-to calculate the variation, rather than the Zakai equation
of the state based on the observation, which is infinite dimensional in general.
Making use of this separating technique, lots of complicated stochastic calculus
in infinite dimensional spaces are avoided. The approach is applicable to a broad
class of control systems, say, backward or forward-backward stochastic differential
equation (BSDE or FBSDE) systems. See e.g. Wang and Wu [33], Huang, Wang
and Xiong [24], Wu [37], Shi and Wu [30], Xiao and Wang [39, 40], Xiao [38], Wang,
Wu and Xiong [34, 35] for more details. See also Tang [31], Hu and @Qksendal [22],
(Oksendal and Sulem [29], Meng [28], where optimal filtering was not studied.

The rest of this paper is organized as follows. The next section establishes
several maximum principles for optimality of BSDEs and FBSDEs with partial
information. To illustrate the maximum principles, a linear-quadratic (LQ) optimal
control problem by means of BSDE is presented. Section 3 gives a brief introduction
to the theory of nonlinear filter. A branching particle system is used to approximate
the nonlinear filter in Section 4. Some numerical results will be presented in Section
5 to compare the particle filter, the optimal filter and the underlying state process.
Finally, Section 6 lists some concluding remarks.

2. Maximum principle

Maximum principle is a set of necessary conditions satisfied by optimal solutions,
which offers an approach for solving optimal control problems. This section is
concerned with optimal control of BSDEs and FBSDEs with partial information.
Two maximum principles for optimality are established, and an LQ example is used
to shed light on the application of the maximum principles. These results are taken
from the articles of Huang, Wang and Xiong [24], Wang, Wu and Xiong [34, 35].

2.1. The case of controlled BSDEs with partial information. We begin
with a complete filtered probability space (Q, FWV:Y, (fy’y)ogtgl, P) on which an
R™*+4_valued standard Brownian motion (W,Y') is defined, and let (F,""" )o<i<1 be
the natural filtration generated by (W,Y), and FWY = A" 1f2:[0,1]xQ — S
is an Fi-adapted and square-integrable process, we write x € L?EW,Y(O, 1;9); if
r:Q — Sisan ]-'1W Y _measurable and square-integrable random variable, we write
T € LQIW,Y(Q; S).
1
Let U be a non-empty convex subset of R*. Consider now a BSDE
() —dye = f(t,ys, 2t, Ze, v)dt — 2,dYy — 2, dWr,
Y1 = 57
where £ € L;W,Y(Q;R”), v :[0,1] x Q@ — U is a control process, and f : [0,1] x
1

Rrtnxmtnxd o 7 5 R™ is a continuous mapping and satisfies
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(H2.1). The function f is continuously differentiable with respect to (y, z, z,v)
and the partial derivatives fy, f., fz and f, are uniformly bounded.

Definition 2.1. Let G; be a sub-c-algebra of ftW’Y, which represents the in-
formation available at time t. A control process v is called admissible, if it is a
Gi-adapted and square integrable process, i.e., v € Lé(O, 1;U). The collection of all
admissible controls is denoted by Uyq.

Under (H2.1) and Definition 2.1, (1) admits a unique solution which is denoted
by the triple (y¥, 2%, z¥). The associated cost functional is in the form of

1
@ J[v]=E[ [ ittt e+ o).

where [ : [0, 1] x RrHnxm4nxd . 17 - R is a continuous mapping, and ¢ : R” — R.
(H2.2). For any 0 <t <1, there exists a constant K > 0 such that

1+ [y1> + 2 + |21 + [o]*) it y, 2, 2,0)| +

(L4 [yl + |2 + 12 + o) Iy (8 v, 2, 2,0) | +

L= (t,y, 2, 2,0)| + |lz(t,y, 2, 2, 0) | + [l (t, 9, 2, 2,0)]) < K,
A+ 1y el + 1+ y) eyl < K.

We state an optimal control problem of BSDEs with partial information.
Problem 1. Find u € U,4 such that

J[u] = min J[v]

vEULA

subject to (1). If such a w exists, we call it an optimal control, and (y*, z%,z%)
an optimal trajectory. When there is no confusion from the context, we take the
shorthand notation (y, z, z) = (y*, 2%, z%).

Let (yutev, z¥Fev z4+€v) he the solution of (1) corresponding to the perturbation
u~+ev of u, where 0 < e <1 and v € U,q. We first introduce a variational equation

_dytl = (fy(t7yt7ztyzt;ut)ytl +fz(t7ytaztyzt;ut)ztl +f§(t;ytyzt7zt;ut)ztl)dt
— 2 dY, — 2 dW,,
yi = 0.

Once (y, 2, z) is determined, the variational equation admits a unique solution un-
der (H2.1). By Ito’s formula and Gronwall inequality, we get a continuity result.

Lemma 2.1. If (H2.1) holds, it yields

u+tev 2
. Yi — Ut 1l _
lim sup E|=— —y;| =0,
e—0 0<t<1
1 u+ev 2
. z — 2t
ImE [ |Z——= 2| dt =0,
e—0 0 3
1| zutev = 2
. z — 2t _
ImE [ |[Z——= 21| dt=o.
e—0 0 £
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Next, we introduce an adjoint system
dpe = (fy (£, Yes 2ts Zes we)pe — by (t, Ye, 20, Ze, ue) )dt
+ (f2 (Yt 2, Zes ue)pe — L (Y 24, 2t ue) )A Yy
+ (f2(t yes 2t, Ze, ue)pe — (Y, 265 2t ue) )dWo,
Po = by (Yo),

(3)

which has a unique solution under (H2.1) and (H2.2). Hereinafter, % appearing
in superscript denotes the transpose of a matrix and a vector. Then, we define a
Hamiltonian function H : [0, 1] x Rrnxmanxd 5 17 x R* — R by

H(t7y’z’2’v’p):l(t7y’z’27v)_f*(t7y’z’2’v)p'

(H2.3). (i) For any t, 7 such that 0 < t+ 7 < 1, and bounded Gi-measurable
random variable v, we formulate a control process vs € U, with

vs:I/I[t,t-l—T](s)a OSSS ]-a

where Iy 4+ (s) is the indicator function on the set [t,t + T].
(it) For any vs € G5 with vs bounded, s € [0,1], there is an ¢ > 0 such that
U+ €0 € Uyq for e € (—e,€).

Finally, applying the first variation of J[v] with Taylor’s expansion and Lemma
2.1, we derive a maximum principle for optimality of Problem 1.

Theorem 2.1. Under (H2.1), (H2.2) and (H2.3), if u is a local minimum for
J[v], we have

E[H,(t, yt, 2t, Zt, ut, pi)|Ge] = 0,

where p is the unique solution of (3).

To show the application of Theorem 2.1, let us now solve an L(Q optimal con-
trol problem with partial information. For notational simplicity, we assume that
m=n=k=d=1.

Example 2.1. Find a u € U,q to minimize

1

Jv] = 51@ {/01 [O:(y?)? + Ryv7 ] dt + N(yg)Q}

subject to the state equation
—dy: = (Btyf + C’tzf + C_'téf + Dt’Ut) dt — Z;)de — Edet,
yr =¢

(4)

and the observable filtration
G =F =o{Ys0<s <t}

Here O; > 0, Ry > 0, By, Cy, C; and D, are uniformly bounded and deterministic
functions; 1/R; is also bounded; N > 0 is constant, and £ € L% (2 R).

It seems that [24] formulated originally the example. However, [24] were only
able to solve the case that the drift term of the state equation does not depend
on CZ due to the limit of techniques used there. Very recently, Example 2.1 was
solved by Wang, Wu and Xiong [35], where some complicated techniques were
used, for example, maximum principle, optimal filtering for FBSDEs, existence and
uniqueness of FBSDEs.
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With the above data, the adjoint equation is

(5) dp; = (Bipr — Ogyr)dt + CypydY; + CipedWy,
po = — Nyo.
Introduce a Riccati differential equation
- 1
v — (2B, + CF + C) oy — —Dial + 0y =0
(6) Qi ( t+ t + t)at Rt tat+ t ’

OéOZ—N,

and give an additional assumption.
(H2.4). The solution o of (6) satisfies

1 - 1
—C?+ —D} > 0.
Qg ¢ + Rt t=
With these preparations, we now obtain
Proposition 2.1.Under (H2.4),
1 N
up = — DUt

Ry

is the unique optimal control of Example 2.1, where « satisfies (6), and the optimal
filtering (g, 2,p) of the solution (y,z,p) to (4) and (5) with respect to Gy solves

dps = (Bipy — O )dt + CypydYy,
1 - 1
(7) —djy = _Cf,? + —D? Dt + By + Cr 2 | dt — 2:dYr,
(673 Rt
Po= — Nijo, 1 =E[£|G1].

Note that (7) is referred to as a kind of forward-backward stochastic differential
filtering equation.

2.2. The case of controlled FBSDEs with partial observation. Let C'(0,1;R)
be a space of continuous functions from [0, 1] to R, let (W,Y") a standard Brownian
motion with values in R?, let (F}V )o<t<1 and (F} )o<i<1 the natural filtrations gen-
erated by W and Y, and let Py and Py the probabilities on C(0, 1; R), respectively.
Set @ =C(0,1;R) x C(0,;R), F; = FV @ FY, F = F; and P = Py x Py.

Let U be a non-empty convex subset of R. Consider an FBSDE

dxy = b(t, ze,v)dt + o(t, ze, v)dWy + 6 (L, a, vt)de’,
(8) —dy; = g(t, Te, Yi, 20, Ze, v0)dt — 2edWy — Z,dY,
Ty = xoy y1 = f(z1).

Here v : [0,1] x C([0,1];R) — U is a control process, and (z,y, z, Z) is the state
process of (8), taking values in R*, with initial state 2° € R. b, 0,5 : [0, 1] xRx U —
R, g:[0,1] xR*xU — R and f : R — R are continuous mappings. W7 is a
stochastic process depending on v and takes values in R.

Suppose that (z,y, 2, Z) is observed partially by a noisy process

t
(9) Y, = / h(s,xs)ds + W},
0
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where h : [0,1] x R — R is a continuous mapping.

Definition 2.2. A control process v is called admissible, if v; is F} -adapted with
sup Evf < +o0.
0<t<1

The set of all admissible controls is denoted by V,q.

(H2.5). The functions b, o, &, f, g and h are continuously differentiable in
(z,v), (v,y, 2, 2,v) and x, respectively. h and the partial derivatives by, b,, 04, oy,
Oz, Ov, Nay Gz Gys Gz, Go and f, are uniformly bounded.

For any v € Vg4, (8) admits a unique solution (z¥,y",z",2") under (H2.5).
Introduce a martingale process

t 1 t
zy :exp{/ h(s,x2)dYs — —/ h2(s,x§)ds},
0 2 0

whose differential form reads

Az} = Z{h(t,zy)dYy,
(10) { i =2 (t,27)dY:
zZ§ = 1.
We are able to define a new probability P¥ by
dp?
— =77.
dP !

Thanks to Girsanov’s theorem and (9), (W, W?) is a 2-dimensional standard Brow-
nian motion defined on (Q, F, (F¢)o<t<1, P?).
The cost functional is of the form

1
(1) Jp] = E [ [tttz vt + o) 40
0

Here EV is the expectation with respect to PY. [:[0,1] xR* x U - R, ¢ : R — R
and v : R — R are continuous mappings.

(H2.6). I, ¢ and 7 are continuously differentiable with respect to (x,y,z, Z,v),
x and y, respectively, and there is a constant K > 0 such that

Ut 2y, 2, Z,0) < KL+ |2 + [yf? + [ + |27 + [0]?),

la(ts 2, y, 2, 2,0)| + |ly (2, y, 2, 2,0) | + (8 2, y, 2, 2,0) | + [1z(8, 2, y, 2, 2,0)|

+ |l (@, @,y,2,2,0)] < K(1+ [z + [y| + |2] + |v]),
1+ [2*) " He(@)| + (1 + [y1*) v (y)| < K,

L+ [2) e (@) + 1+ ly) " )] < K.

Problem 2. Find an admissible control u such that
Ju] = min J
[u] = min J[y]

subject to (8) and (9).

Any u satisfying the above equality is called an optimal control process of Prob-
lem 2, the corresponding state processes, denoted by (z,y, z,2) = (2%, y*, 2%, 2%)
and Z = Z", are called the optimal state processes. For simplicity, we also adopt
the shorthand notation W = W*. According to Bayes’ formula, (11) is rewritten
as

1
(12) J[v]zE[ | itttz Zote) +208)
0



PARTIALLY OBSERVABLE STOCHASTIC OPTIMAL CONTROL 499

Thus, Problem 2 is equivalent to minimizing (12) over V,q subject to (8) and (10).

Let (zutev gutev jutev zutev) and YU+ be the states of (8) and (10) corre-
sponding to the perturbation u + v of u, where 0 < e <1 and v € V,4. Introduce
a variational equation

13) dZ} = (Z}h(t,x;) + Zihy(t, )z} )dYs,
Zy =0
and
dog = [(ba(t, 2y, us) — 64 (t, e, ) h(t, 20) — 6 (t, wy, ue) ha (t, 34) )2y
+ (bv (t) Tt ut) - 6’1) (t) Tt Uf)h(t, xt))vt]dt
+ (00 (b, x4, ue)xt + 0 (t, 20, wp) v ) AW,
(14) + (Gu(t, e, us)mf + Go(t, T4, ue)vr)dY,

—dyi = (gu(t, T, Yt» 2, 26, u) Ty + Gyt e, Y, 20, Ze, Ut) Y,
+gz(ta$taytvzt;2t;ut)ztl +g§(t7xtvytazt72t7ut)2tl
+ Golt, Te, Yoy 20, Zes ug)ve)dt — 20 dWy — 2} d Y3,

37(1) =0, y% = fT(xl)xi

For any v € V,4, it is easy to see that (13) and (14) admit a unique solution under
(H2.5), respectively. Thanks to Itd’s formula and Gronwall inequality, we derive a
continuity result.

Lemma 2.2. If (H2.5) holds, it yields

4
u+tev

. z Tt

lim sup E ti—x,} =0,
e—0 0<t<1 g

2

) Zu-l—ev Zt

lim sup E|[“+—-—"" -7 =0,
e—0 0<t<1 g

2
u+tev

. Y — Yt

lim sup E ti—ytl =0,
e—0 0<t<1 5

1 utev 2

. Z — 2t

ImE [ |Z—2 2l at=o,
e—0 0 9

1| zutev = 2

. z — 2t -

lim E A zfl dt = 0.
e—0 0 £ ’

Next, we introduce a Hamiltonian function
(15) o . )
H(t7 x? y) Z’ 2) /U;p7 q) k? k? Q) = b(t7 x? U)q + O.(t7 x? ,U)k + &(t7 x? ,U)k + h(t7 x)Q
- (g(ta z,Y,z, 27 U) - h(tv x)’g)p + l(tv z,Y, %, 2) 'U),

and an adjoint system

(]_6) —dPt = l(t, Tty Yty 2ty Zt, Ut)dt - Qtth - Qtth,
Py = ¢(x1)
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and
(17)
dpt = (gy(ta Tty Yty 2ty Zta Ut)pt - ly(tv Tty Yty 2ty éta U't)) dt
+ (gz(t, Tty Yty 2ty Zta Ut)pt - lz(ta Tty Yty 2ty Zta ut)) thv
+ [(gi(tv Lty Yty 2ty Ztv ut) - h(tv xt))pt - li(tv Tty Yty 2ty Ztv ut)]thv
—dqy = [(ba(t, me,up) — & (t, 2, we) hg (t,wr)) g + 0 (b, 2o, )y + G2 (t, 4, up) oy

+ ha:(tvxt)Qt - ga:(tvxtvyta Zt, Ztvut)pt + lw(t’ Tty Yts 2t Zt7Ut)]dt
— ke dWy — kydWr,
po= —wWo), @ =—fe(@1)pr+ da(1).

It is easy to see that (16) and (17) admit unique solutions under (H2.5) and (H2.6).
Similar to Theorem 2.1, we obtain a maximum principle for optimality of Prob-
lem 2 by applying Taylor’s expansion and Lemma 2.2.

Theorem 2.2. Under (H2.3) with G; being replaced by FY , (H2.5) and (H2.6), if
u s a local minimum of Problem 2, we have

E* Hv(t,ift, Yty 2ty Etvut;pta qt, ktv ];ta Qt)

F=o,

where H is defined by (15), and (x,y,2,%), Q and (p,q, k,l;;) are the solutions of
(8), (16) and (17), respectively.

The maximum condition in Theorem 2.2 depends explicitly on the boundedness
of the drift term h of (9). It excludes some important applications in practice.
Recently, an approximation method and a decomposition method are used to extend
Problem 2 under the assumption that i grows linearly in x. We omit the extension
for saving space. The interested reader can refer to Wang, Wu and Xiong [34, 35]
for more details.

3. Optimal filtering

In this section, we give a brief introduction to the nonlinear filtering theory. We
refer the reader to the monographs of Bensoussan [2], Xiong [41], Bain and Crisan
[1] for a detailed account.

Let (Q,F, (Ft)t>0,P) be a complete filtered probability space. The signal is
modeled by a d-dimensional diffusion process x; governed by an SDE

dxy = b(xy)dt + c(xy)dWy + o(x)d By,

where (W, B) is an (F;)>0-Brownian motion taking values in R™*%. The mappings
b:RY - R ¢: R — R™™ and ¢ : R — R4 are bounded and Lipschitz
continuous. The observation process is an m-dimensional process satisfying

t
Y = / h(xs)ds + Wy,
0
where h : R — R™ is a bounded and Lipschitz continuous mapping. Let

]:tYZO'(Y;IOSSSt)

be the observable information at time ¢. The optimal filter m; is the conditional
probability distribution of z; given FY, i.e.,

E(f(ze)lF) = (me, f)-
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Denote by E the expectation with respect to a probability P such that

dP b 1 [t )
P }_t—exp <—/0 h (xs)dWS—E/O |l (xs)] ds).
Mt_exp(/h 5)dYy — = /|h (z4)] ds).

It yields from the observation equation that
dpP
dP| r,

Set

= M;.

By Girsanov’s theorem, Y becomes a Brownian motion under P which is indepen-
dent of B. The signal is written as

dx, = b(xy)dt + c(x,)dY; + o(x,)dBy,

where 3
b=1>b-—ch.

Theorem 3.1 (Kallianpur-Striebel formula). The optimal filter 7, is represented
by the unnormalized filter Vi, i.e.,

Vi, f)

(18) (o f) = gy V€ R,
where
(19) (Vi, f) = B(My f ()| FY),

and Cy(R?) is the set of all bounded continuous real-valued functions.

Next, we give a particle system representation for (V;, f) which will be used in the
rest of this paper. On the probability space, let B* (i = 1,2,---) be independent
copies of B, and let them be independent of Y. For i = 1,2, .-, consider an
interacting particle system
{ dai = b(z))dt + c(2))dY; + o(x})dBl,

(20) A o .
AM} = Mh(z})dY,, M=1.

By (19) and the conditional law of large numbers, we derive

Theorem 3.2. If {z},i=1,2,---} are i.i.d. random vectors with common distri-
bution my on R?, then

(21) (Ve f) = lim + ZMf (}),

where {(M*® 2%),i = 1,2,---} is the unique strong solution to the particle system
above.
Applying Itd’s formula to (19), (20) and (21), we get

Theorem 3.3 (Zakai’s equation). The unnormalized filter V; satisfies
t

(22) <V§e,f>:<Vo,f>+/0 <v;,Lf>ds+/O (Vi V" fe + R dYa, Vf € CR(RY),
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where .
Lf=V*fb+ §tr[682fc* + 00*fo*],
tr(A) denotes the trace of the square matriz A, and CZ(R?) is the set of all bounded

continuous real-valued functions with their derivatives up to order 2.
Applying It6’s formula to (18) and (22), we obtain

Theorem 3.4 (Kushner-FKK equation). The optimal filter m; satisfies
(23)
t

(m ) = (o, f) + / (mes L) ds + / (s V* fe P17} — (o, f) (mas B7)) ds,

where f € CF (RY), and the innovation process g, given by

t
VtZYZ—/ (ms, h) ds
0

is a Brownian motion with respect to the probability IP.
We note that the boundedness condition about b, ¢, 0 and h is not necessary for
the nonlinear filtering thoery.

4. Branching particle approximation of

This section is concerned with the branching particle approximation to the op-
timal filter 7 given by (23). These results are based on the recent article of Liu
and Xiong [27] and the monograph of Xiong [41].

4.1. Branching particle system. We now introduce the branching particle sys-
tem in a random environment, which is used to define an approximate filter.

Let 7o be the initial distribution of the signal. We sample n particles from
Denote by xf (i =1,2,--- ,n) their locations and assign weight % to each of them.
Let §=n"2*, 0<a< % Define

5(t) = 46 for j& <t < (5 +1)d.

n
0 -

During the time interval [jd, (j+1)d), there are m? (j = 0,1,2, - - ) number of parti-
cles alive and they move according to the following diffusions: for ¢ =1,2,---,mj,
) = xéa + B(xéa)(t —Jjo) + C(fféa)(yi —Yjs) + 0($§'5)(Bti - ;‘5)~
At the end of the interval, the ith particle (i = 1,2,---,m?) branches (independent
of others) into a random number f;- 41 of offsprings which is chosen such that the

conditional variance (with respect to P)
Var (&1 F+1)5-)
is minimized subject to
B(& 1| Fns—) = My (),

where ,
Mﬂu (z*)

\71 n (le) =
Jj+1 1 m”
my 2= My ()

and

n 7 * (0 1 7
M3a(a") = exp (0 (als) (Vs = ¥3) = 5l(als )8
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It is clear that
P []\:43"_1_1@’)] with probability 1~— {Mf+1(x’)},
It [M?,(z")] + 1 with probability {M}",(z")},

where [z] is the largest integer which is not greater than x and {z} = = — [z] is the
fraction of z. Denote the conditional variance of ;1 by 77, (2*). We have

%T'L+1(xi) = {Maﬂl(xi)} (1 a {M;l+1(xi)}) .

The approximation to 7 is defined by

1
O L, jo< j .
e m?'Z;dmja’ Jost<(j+1)d
4.2. Duality representation and some estimates. Let X be a Hilbert space,
and let Cf (R9, X) be the set of all bounded continuous maps from R? to X' with
bounded partial derivatives up to order g. We endow C}! (R4, X) with the norm

lpllgoo =D sup, |Dag()|lx, © € CFRY,X),
la|<q €

where a = (a!,--- ,a?) is a multi-index and D,¢ = 8?185‘2 ---83‘(190. Denote by

W (R?, X) the set of all functions with generalized partial derivatives up to order ¢
with both the function and all its partial derivatives being p-integrable. We endow
W(R?, X) with the Sobolev norm

S0

elar = | 32 [ IDwela)| da
laj<q R
(H4.1). The mappings a,b,c,a,h,¢ are in C} (R, X) with ¢ = [%} +2 and X
being Sq, R, R¥*™ RI*Xd R™ gnd R respectively. Also, we assume ¢ € Wy (R9).
Define the usual distance by

dp,v) = 27" (| (n—v fa) [ A1),
n=0

where fo = 1 and for n > 1, f,, € CZ?(RY) N W (RY) with || fullg42.00 < 1 and
| fallgt2,2 < 1, where ¢ = [2] + 2 is given in (H4.1).
Consider a backward SPDE

dips = —Lipyds — (V*sc+ B, )dYs,  0<s<t

(24)
d}t = ¢a

where dY, stands for the backward Itd’s integral. The following lemma is taken

from Xiong [41].

Lemma 4.1. Under (H4.1), there is a constant K > 0 independent of ¢ and
s € [0,t] such that

[l 3,2] < K| ¢ 3,2-

)
As a consequence, s € CF (R%) a.s. and there is a constant K > 0 independent of
¢ and s € [0,t] such that

E[[|¢s]13.00) < Kll012.,-
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Applying Lemma 6.20 in Xiong [41], we get an identity which plays a key role
in proving the convergence of the approximating filter.

Lemma 4.2. For every t > 0, we have

e My — o) = /0 MoV, ()0 (s )dBs
_ / MV (w)e(as) (h(ws) — hlxo)) ds
- / M0, (x)(h(xs) — hiz))*dY..

Using elementary estimates about stochastic integral, we obtain

Proposition 4.1. Recall that 6(t) = jo for jo <t < (j + 1)0. Then the loca-
tions and weights of the branching particle system satisfy:

e For any 0 <t <T, there is a constant K > 0 satisfying
E|zi — xf;(t)|2 < K6 and IAE|x; - xf;(t)|4 < K62

e Forany0<j<I[T/d],i=1,2,---, we have

E ((MP(2)))2|Fj5) < K70 andE(( L (29)4Fjg) < 8570,

e Forany 0 < j < [T/d],i=1,2,---,m7, there is a constant K > 0 such
that X ‘
B (IM} (2') — 1P| Fjs) < KO
Similar to Crisan and Xiong [13] or Xiong [41], the following proposition is de-
rived.

Proposition 4.2. Let

k ;‘L—l
;™
= 2 v
j=1 mj— =1
e For each 0 < j < [T/4], there is a constant K > 0 such that
n n [ n\2
E(mj (nj) ) < Kn.

e Forany 0 < j < [T/d],i=1,2,---,m7, there is a constant K > 0 such
that

n n i n n\2
E (%‘H (X*) (e /n}) ‘}—jé) < KV5.
e For any 1 < j <[T/d], there is a constant K > 0 such that

E ((777/W§L—1)2|f<j71>6) <.

The next lemma is obtained by Proposition 4.2.
Lemma 4.3. For any 0 < j < [T/d], i = 1,2,---,m?, there exists a constant

K > 0 such that ”
A ny 2 ny 2
E ()" (m})") < Kn®.
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4.3. Branching particle approximation of V;. In order to study the conver-
gence of 7', we first define the unnormalized filter approximation and prove its
convergence. In detail, define the unnormalized filter approximation by
V= %ng Z;M,?(xi,t)&mi, kS <t < (k+1)0.
i—

We first prove the convergence of the approximating unnormalized filter at any
fixed time k6 (k =0,1,---,[T/d]). Next, we study the convergence of the approxi-
mating unnormalized filter at any fixed ¢. Finally, we derive the uniform convergent
rate for ¢ in any finite time interval.

Let 15, 0 < s < kd be the solution to (24) with ¢ replaced by kd. Note that
(Vs is) — (V3. vo) can be denoted as a telescopic sum

k
Z( Vi i) <V(?,1)5,w<j,1)5>).

Jj=1

As Yrs = ¢, we have

k
<Vk%’¢> VO »%o) Z ( J6’¢J5 -E (<VJ‘757¢J‘5> |'Fj5* \/}—%,ké))
j=1
+ Z (E (Vs 1js) | Fis— v s k) — <V(?71)57¢(j—1)5>)
j=1
=17+ I3,

where FY, = o(Y, — Yy :s <u<t),

B M S
= ZTI}?; Z Vis(s)(§; — M (x"))
j=1 i=1

and

mm
my_q

Iy —Z% 1 Z (%6( 5) M (x") — Yi—nys (e, 1)5))~

i=1
Furthermore, it follows from Lemma 4.2 that I3 is rewritten as

@E%—%—%-

@—Zm . Z / PRUSER S
Izg—Zn“ Z / R 7 (@ 5) V(i e(wd) (hal) = b)) ds,

I3 = ZTIJ 1 Z / M | (2%,5)04(z") (h(x;) — h(a:z('jfl)é))* dYs.

Propos1t10ns 4.1, 4.2 and Lemma 4.3 imply that
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Suppose that (H.1) holds, then there exists a constant K > 0

Lemma 4.4.
such that
E(Il) < Kn~ (1=e) ||¢Hq27 E(Im) < Kn~ 1||¢Hq2;
E(I3)° < Kn=2*||gl|2 5, E(13)> < Kn>*(|g]|2 ,.
Combining (24) with Lemma 4.4, we get

Theorem 4.1.Under (H{.1), there is a constant K > 0 such that
BI(Vi5,0) = (Vis, ) < K (n=07) vin=22) ]2,

Now we extend Theorem 4.1 to a general time point ¢t. To do so, we need to
estimate the distance between V; and Vs, and the distance between V;* and V5.

In terms of the definitions of V;, V;" and martingale properties of stochastic cal-
culus, we have
Lemma 4.5. For fized t, there is a constant K such that
E[(Vi, ) — (Vi )|° < Kn=2[19]2,,

~ 2
BV 0) = (Vi 0)| < Kn=22]12,:

According to Theorem 4.1 and Lemma 4.5, the next theorem is available

Theorem 4.2. For fized t, we have
(V" 6) — (Vi @) < K (n~07)

Finally, we discuss the uniform convergence of V;"* to V; on any finite time interval
[0,T]. We first consider the equation satisfied by V;*. For any d(t) <t < §(¢) + 9,
it follows from It6’s formula that
Af (1) = V" £ (@) (0 (b)) B + bl (p)dt + elwh,))dYi)

=) o]l

q,2°

d
1 i
+ ) Z aPQ(xé(t))aIZ)qfdta

p,q=1
where
a = (a;;) =cc* +oo”.

By Ito’s formula, we have
A (a0 (@)
=Mg 5(x' R (x50 f () dY
o+ M5t 09" f (@) (0wl )ABE + b))t + ()Y )

d
N
+M5(t /5 Z‘ t 5 Z apq .136 t) qfdt

p,q=1

+ Mgy 5 (2t R () )V f () (@ gy )dt
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The jump of V;* at t = (j + 1) is

mj’

M S € §:

2 ] ; _

Tty . - I+ s (e Tt
1=

n
J

n 1 i rn 7
:nj-i—lﬁ Z (fj+1 - Mj+1(37 )) 6a:fj+1)5'
i=1
Therefore,
t

Vi f) = (Vi f) + /0 (VI Lf)ds + /0 (VI fe + f17) dY,

/o] | ™ Gent 1 ¢ , ,
_ Z DY / 6 HCEDY (apalt) — apa () 02, fds
1=1 p,q=1
[t/5] M (+1)6At ‘ d A ‘ A
X[ M Lot (ied) ~ )
i=1"vJ p=1

[t/5]

_Z 77]%_:

[t/5] mj /g+1 YOAL
jé

_Z 771

(j-i—l)é/\t

(', )V (1) (elat) - elwh,))) dYs

Pt s) £ () = b)) s

i=1
[t/‘S] M (1)L , 4 4 ,
DI /6 M ()9 £l B
i=1"J
[t/a] s

+Z ~n} Z (& — M (") f ().

By Burkholder—Dams—Gundy inequality, Propositions 3.1 and 3.2, Lemma 4.3
and Theorem 4.2, we derive

Theorem 4.3. Under (H/.1), there is a constant K > 0, such that

I@sup d(V;",V})Q <K (n_(l_“) v n_m) .
t<T

4.4. Convergence of 7}'. We study the convergence of 7}’ to 7. For this, define
a new filter 7j* by
W
)
Note that 7}" coincides with 7}* at ¢t = ké(k =0,1---,[T/d]).
Applying Cauchy-Schwarz inequality and Theorem 4.3, we get

Theorem 4.4. Suppose that (H4.1) holds, then there is a constant K > 0, such
that

E sup d(7},m) < K (n_l_Ta \Y n_“) .
0<t<T
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The next theorem is an immediate conclusion of Theorem 4.4.

Theorem 4.5. Under (H/.1), there is a constant K > 0, such that
sup  d(mps, Tre) < K (n‘lfT& v n_o‘) .
0<k<[T/9]

Applying (23), Jensen’s inequality, Burkholder-Davis-Gundy inequality and The-
orem 4.5, it follows that

Theorem 4.6. Suppose that (H4.1) holds. Then, for any v < %, there is a
constant K > 0 and o such that

E sup d(m},m) < Kn™".
0<t<T

5. Numerical illustrations

To better demonstrate our results in Section 4 that the branching particle indeed
approximate the optimal filter, we present a numerical example in this section. Here
we consider the model with the state

dx; = bxydt + cdWy + 0dBy,
and the observation ,
Y; :/ hxgds + Wy.
0
We takeb=1,¢=2, h=1,0=1,a=1/3, T=10.

The following figure represents the distance supg<;<7 d(f*, 7;) between the par-
ticle filter 7™ and the optimal filter 7w, where n is the number of the particles.

F1GURE 1. Optimal filter and particle approximation.

Clearly, m{" approximate m; nicely when the number of the particles becomes
large.

The next two figures compare the state process x; with the optimal filter and
the particle filter when the testing function f is taken as f(x) = x and the time
variable is ¢ € [0, 2]. The Figure 2 is for the smoother case of o = 1 and the Figure
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3 is for the rougher case of 0 = 2. They show that the particle filter approximates
the state process quite nicely (comparable to the optimal filter).

6 T

T
optimal filter
particle approximation -
state I

. . . . . . . . .
0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2
time

FIGURE 2. Let n =88, T' =2, b=1,c =2, h =1, 0 = 1,

a = 1/3. Comparison among the optimal filter (z, m;), the particle
filter (z, ;") and the state x(t).

0.8

T T

optimal filter
particle approximation | |
state

0.6

FIGURE 3. Let n =88, T =2, b=1,c =2, h =1, 0 = 2,
a = 1/3. Comparison among the optimal filter (z, 7;), the particle
filter (z, 7}") and the state process x(t) .

6. Conclusion

Many economics, finance and insurance problems can be formulated as partially
observable stochastic optimal control models. These models are essentially optimal
control problems with infinite dimensional state spaces, which are always hard to
solve. Then it is highly desirable to study various numerical methods to approx-
imate these filtering-control problems by problems with finite dimensional states.
The branching particle system approximation is an efficient method.
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