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NEW DEVELOPMENTS ON THE COUPLING OF MIXED-FEM
AND BEM FOR THE THREE-DIMENSIONAL EXTERIOR
STOKES PROBLEM
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Abstract. In this manuscript we consider the three dimensional exterior Stokes problem and
study the solvability of the corresponding continuous and discrete formulations that arise from
the coupling of a dual-mixed variational formulation (in which the velocity, the pressure and
the stress are the original main unknowns) with the boundary integral equation method. The
present work is an extended and completed version of the analysis and results provided in our
previous paper [ZAMM Z. Angew. Math. Mech. 93 (2013), no. 6-7, 437—445]. More precisely,
after employing the incompressibility condition to eliminate the pressure, we consider the result-
ing velocity-stress-vorticity approach with different kind of boundary conditions on an annular
bounded domain, and couple the underlying equations with either one or two boundary integral
equations arising from the application of the usual and normal traces to the Green representation
formula in the exterior unbounded region. As a result, we obtain saddle point operator equations,
which are then analyzed by the well-known Babuska-Brezzi theory. We prove the well-posedness
of the continuous formulations, identifying previously the space of solutions of the associated
homogeneous problem, and specify explicit hypotheses to be satisfied by the finite element and
boundary element subspaces in order to guarantee the stability of the respective Galerkin schemes.
In particular, following a similar analysis given recently for the Laplacian, we are able to extend
the classical Johnson & Nédélec procedure to the present case, without assuming any restrictive
smoothness requirement on the coupling boundary, but only Lipschitz-continuity. In addition,
and differently from known approaches for the elasticity problem, we are also able to extend the
Costabel & Han coupling procedure to the 3D Stokes problem by providing a direct proof of the
required coerciveness property, that is without argueing by contradiction, and by using the nat-
ural norm of each space instead of mesh-dependent norms. Finally, we briefly describe concrete
examples of discrete spaces satisfying the aforementioned hypotheses.

Key words. Mixed-FEM, BEM, 3D Stokes problem, Johnson & Nédélec’s coupling, Costabel &
Han’s coupling.

1. Introduction

The classical approach combining finite element (FEM) with boundary element
methods (BEM) for solving exterior boundary value problems in continuum me-
chanics, usually known as the coupling of FEM and BEM, has been extensively
employed since its creation during the second half of the seventies up to nowadays.
The usual procedure is as follows. The underlying domain is first divided into two
subregions by introducing an auxiliary boundary I, if necessary, so that the original
exterior problem can be reformulated as a transmission problem through I'. Next,
the latter is reduced to an equivalent problem in the bounded inner region by im-
posing nonlocal boundary conditions on I' that are derived by employing boundary
integral equation methods in the unbounded outer domain. The resulting nonlocal
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boundary value problem is then solved by a conventional Galerkin method, in which
the boundary integral operators involved are discretized using finite element spaces
on I

While detailed surveys on most of the different ways of coupling BEM and FEM
can be seen in [43] and [27, Chapter I], we simply recall here that the most popular
ones correspond to the Johnson & Nédélec (J & N) and Costabel & Han (C &
H) procedures (cf. [12], [13], [20], [38], [45], and [58]), which employ the Green
representation of the solution in the unbounded region. The success of the J & N
method, being based on a single boundary integral equation on I" and the Fredholm
theory, hinged on the fact that certain boundary integral operators are compact,
which usually requires I' to be smooth enough. According to it, it was not possi-
ble, at least from a theoretical point of view, to employ this approach when the
coupling boundary was non—smooth, say for instance polygonal, which left out the
possibility of utilizing classical finite element discretizations. Moreover, the J & N
idea seemed to be applicable only to the Laplace operator since for other elliptic
systems, such as the elasticity one, and irrespective of the smoothness of the bound-
aries, the aforementioned compactness did not hold. One attempt to overcome this
was suggested in [9] where the underlying transmission problem was replaced by
one employing the pseudostress instead of the usual stress. As a consequence, the
foregoing mapping property was achieved, but the coupling boundary was still re-
quired to be smooth enough. One has to admit, however, that the above described
drawbacks were mainly theoretical since no failure of the corresponding discrete
schemes was ever reported by users of the method in problems where those hy-
potheses were not met. Any way, in order to circumvent these apparent difficulties,
suitable modifications of the original J & N method, in which neither the compact-
ness nor the smoothness play any role, were proposed by Costabel and Han in [20]
and [38], respectively. Both techniques are based on the addition of a boundary
integral equation for the normal derivative (resp. traction in the case of elasticity).
The former leads to a symmetric and non-positive definite scheme, while the latter,
on the contrary, yields a positive definite and non-symmetric scheme. Neverthe-
less, and since the only difference between these formulations lies on the sign of an
integral identity, from now on we simply refer to either one of them as the C & H
approach. Further and later contributions in this direction, including applications
to nonlinear problems and coupling with mixed-FEM, non—conforming FEM, local
discontinuous Galerkin, and hybridizable discontinuous Galerkin methods, can be
found in [8], [14], [15], [16], [17], [18], [19], [21], [24], [25], [26], [34], [35], [36], [49],
and the references therein.

The whole picture on the coupling of FEM and BEM, and particularly the widely
accepted fact since the eighties concerning the lack of further applicability and
usefulness of the J & N method, changed dramatically with [52]. More precisely,
it was proved in this paper, without any need of applying Fredholm theory nor
assuming smooth domains, that all Galerkin methods for this approach are actually
stable, thus allowing the coupling boundary I' to be polygonal/polyhedral. As a
consequence, the classical J & N method was begun to be considered as a real
competitor of the C & H approach. In other words, the appearing of [52] gave rise
to several new contributions within this and related topics. Indeed, we first refer to
[48] where the corresponding extension to the combination of mixed-FEM and BEM
on any Lipschitz-continuous interface I' was successfully developed. Furthermore,
the analysis of the quasi-symmetric procedure from [9] was improved in [30] by
showing that the interface I' can also be taken polygonal/polyhedral, and that in
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the case of the elasticity problem, the coupling can be performed by employing
the usual stress instead of the pseudostress. In addition, a new and extremely
simplified proof of the main result in [52], by showing directly ellipticity of the
operator equation, was provided in [30]. An alternative proof of this ellipticity
result has been recently given in [56], using a particular expression of the Steklov—
Poincaré operator, which is based on a Schur complement of a perturbation of
the Calderén projector. Some comments on the consequences of the new theory
of non-symmetric coupling of BEM and FEM can be found in the republishing of
[52] as [53]. Nevertheless, the utilization of mixed-FEM instead of the usual FEM,
and the application of the J & N coupling procedure to the 3D Stokes and similar
elliptic systems such as Lamé, is still missing. Moreover, most of the related works
available in the literature involve either 2D problems or just the coupling of BEM
and the usual FEM (see, e.g. [37], [50], [51], and [55]). In addition, the analysis
of the C & H approach for the coupling of mixed-FEM and BEM has not yielded
too satisfactory results when it has been applied to the elasticity problem (see, e.g.
[14]). Other contributions dealing with the coupling of BEM and FEM for exterior
boundary value problems in fluid mechanics are available in [39], [40], [41], and [42].

According to the above bibliographic discussion, and specially motivated by the
recent results from [52], [48], and [30], we now aim to analyze the coupling of mixed-
FEM and BEM, as applied to the 3D exterior Stokes problem, by utilizing both the
J & N and the C & H approaches. More precisely, we extend the first method to the
present case, without assuming any smoothness requirement on the interface, but
only Lipschitz-continuity. Furthermore, and differently from the analysis in [14] for
the elasticity problem, we are also able to extend the second coupling procedure
to the 3D Stokes problem by providing a direct proof of the required coerciveness
property, that is without argueing by contradiction, and by using the natural norm
of each space instead of mesh-dependent norms. Our results here can be easily
extended to the 2D and 3D Lamé systems. We also remark that a preliminary
version of a small part of the contributions to be described in the present work were
already published in [29] as part of a special issue honoring Professor Wolfgang L.
Wendland. In fact, whereas just a homogeneous Neumann boundary condition and
the continuous analysis of the J & N approach were considered in [29], we now
address not only the continuous analysis of the C & H method as well, but also
several other kind of boundary conditions, and the discrete analysis of each one of
the resulting coupled formulations.

The rest of this paper is organized as follows. In Section 2 we introduce the exte-
rior boundary value problem of interest by describing it as the transmission problem
between the non-homogeneous Stokes equation (holding in a bounded annular do-
main Q) and the homogeneous Stokes equation (holding in an unbounded exterior
region Q7). The incompressibility condition is employed here to eliminate the pres-
sure so that the stress tensor and the velocity vector become the main unknowns of
the resulting transformed problem. The dual-mixed formulations in 2~ for different
boundary conditions on the interior boundary of this region are derived in Section
3. Then, in Section 4 we recall the main aspects and properties of the boundary
integral equation approach as applied to the homogeneous Stokes equation in Q.
Next, in Section 5 we derive and analyze the coupled variational formulations that
arise from the combination of the dual-mixed approach in Q= with the boundary
integral equation method in Q. We first identify the solutions of the associated
homogeneous problems and then establish the well-posedness of the continuous for-
mulations. In particular, the classical Johnson & Nedelec procedure, which employs
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a single boundary integral equation and yields a non-symmetric scheme, is extended
to the present case by requiring only a Lipschitz-continuous coupling boundary. In
addition, the Costabel & Han approach, which makes use of two bounday integral
equations and leads to a symmetric formulation, is also successfully analyzed with
the natural norms of the spaces involved and through direct proofs of the required
continuous and discrete coerciveness properties. Finally, in Section 6 we consider
the Galerkin schemes arising from the coupled formulations studied in Section 5,
and provide explicit hypotheses to be satisfied by the respective discrete spaces
in order to guarantee their corresponding solvability and stability. Moreover, con-
crete examples of finite element and boundary element subspaces verifying those
conditions are also identified here.

We end this section with some notations to be used below. Given any Hilbert
space U, we denote by U2 and U3*3, respectively, the space of vectors and square
matrices of order 3 with entries in U. In particular, the identity matrix of R3*3 is
I, and given 7 := (1), ¢ := ((;5) € R¥*3, we write as usual

3 3
1
TV = (1), trT o= izgl Ti, T i=T-— 3 tr(r)I, and 7:¢ := E Tij Gij -

i,j=1

Also, in what follows we utilize the standard terminology for Sobolev spaces and
norms. However, given a domain O, a closed manifold I', and r € R, we simplify
notations and define

H"(0) = [H"(0)]®, H"(0) := [H"(0)***, and H'(T) := [H"(D)]*.

In the special case r = 0 we usually write L2(0), L?(0), and L*(T) instead of
H°(0), H°(0), and H°(T"), respectively. The corresponding norms are denoted by
I lro (for H"(O), H"(O), and H"(0)) and || - ||,r (for H"(T') and H"(T")). In
addition, denoting by div the usual divergence operator div acting on the rows of
a tensor, we define the Hilbert space

H(div;0) := {r € L*(0): divr € L*(0)},

and the subspace

(1) H(div; 0) := {T € H(div;0) : / trr = o}
o

which are both endowed with the norm

) ) , V2 )

ITlav o = {ITl}o + Idivriio} Y7 € H(div;0).

Note that there holds the decomposition:
(2) H(div; 0) = H(div;0) & Py(O)I,
where Py(0O) is the space of constant polynomials on O.

Finally, throughout the paper we employ 0 to denote a generic null vector, and
use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic
constants independent of the discretization parameters, which may take different
values at different places.
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2. The boundary value problem

We now describe the boundary value problem of interest by following basically
the same notations and grammar style from [29]. Let £y be a bounded Lipschitz-
continuous domain in R? with boundary I'g, let Q= be the annular region bounded
by I'g and another Lipschitz-continuous surface I" whose interior contains €y, and
let QF = R3\(Q U Q) (see Figure 2.1 below). We consider a steady incom-
pressible flow in the region R\, under the action of external forces on Q~, and
are interested in determining the velocity, the pressure, and the stress of the corre-
sponding fluid. More precisely, given f € L2(Q27), we seek a vector field u, a scalar
field p, and a tensor field o such that:

o = E[u,p = 2pe(u) — pI and divu=0 in Q" UQT,

dive = —f in Q°, dive=0 in QF, BC on Iy,
(3)

[u:=u —u" =0 and [ov] = (ov)” — (ov)' =0 on T,

u(x) = O(|x|™") and p(x) = O(|x[7%) as x| = +oco,

where BC stands for a suitable boundary condition on I'g, which will be specified
later on. Hereafter, = is the stress operator acting on the velocity /pressure pair, u
is the kinematic viscosity of the fluid, e(u) := % (Vu+ (Vu)!) is the strain tensor
(or symmetric part of the velocity gradient), v is the unit normal on I'g and T’
pointing inside Q= and Q7, respectively,

ut(x) = lim u(x) Vx eI,
)"(XE‘}QX:E
and
(ov)E(x) := lim o(X)v(x) vVx el

FIGURE 1. Geometry of the problem.

Note that, thanks to the incompressibility condition given by divu = 0 in Q7 U
QT there holdsdiv o = yAu—Vp in Q~ UQT, which means that the second
row of (3) becomes the nonhomogeneous and homogeneous Stokes equations in 2~
and Q7T respectively. However, since we are going to apply a mixed variational
formulation in Q™ and the associated boundary integral equation approach in Q¥,
we need to keep o as an independent unknown.
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Throughout the rest of the paper, and without loss of generality, we assume
that © = 1/2. Otherwise, we just redefine p as p/2u and let ¢ = Z[u,p] =
e(u) — pI in Q° U QF, which yields the datum f to be replaced by f/2u. In
addition, it is easy to see, using that tre(u) = divu, that the pair of equations

o = Z[u,p| :=e(u) —pI and divu=0 in Q UQ",

is equivalent to

1
(4) o = E[u,p| := e(u) — pI and p—l—gtra:O in Q°uUQt,
which can be rewritten as

1
(5) 0% = e(u) and p—l—gtrU:O in Q" UQt.

Consequently, from now on we replace our transmission problem (3) by the
following:

1
0% =e(u) and p + gtra' =0 in Q UQt,
dive = —f in Q, dive =0 in QF, BC on Iy,
[u ;=u” —ut =0 and [ov]:= (ov)” — (ov)t =0 on T,
u(x) = O(x[™") and p(x) = O(Ix|7*) as x| = +oc.

Our aim throughout the following sections is to introduce and analyze several
weak formulations of (6), employing either the Johnson & Nédélec (see [45]) or
the Costabel & Han (see [20], [38]) coupling procedures, and taking into account
the specific boundary condition on I'y. Since the pressure can be computed in
terms of the stress, we focus mainly on the approaches that do not include p as an
explicit unknown but only as part of o. In what follows we let v~ : HI(Q7) —
H'/2(0Q7) and v, : H(div;Q~) — H~Y/2(0Q7) be the usual trace and normal
trace operators, respectively, on 92~ := I'g U I'. Similarly, given a fixed Lipschitz-
continuous surface '™ whose interior region contains Qy U Q7, we let QT be the
annular domain bounded by I and T't, and let 4+ : H'(Qt+) — HY2(I') and
vE : H(div;Qt*) — H~Y/2(') be the usual trace and normal trace operators,

respectively, on I'. In this way, the transmission conditions on I' can be rewritten
in (6) as:

(7) Y (u) = 7" (u) and 7, (6) = v (o) on T.
3. The dual-mixed formulations in )~

We first proceed similarly as for the linear elasticity problem (see, e.g. [2], [22],
[57]) and introduce in the bounded domain Q~ the vorticity

(®) x = 5 (Va— (Vo)) € L, (@)
as an auxiliary unknown, where
L(@) = {ne12@): n* =-n}.
In this way, the constitutive equation relating u and o in Q= becomes

0 = Vu—-x in Q,
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which, multiplying (tensor product :) by 7 € H(div ;™) and integrating by parts,
yields

(9)

/70"i 14— (v, (1), o)1 + /7u~div T+ /7X1"' + (7 (1), (u))r, = 0,
where

(10) ¢ =7 (w) = v (u) € H/*(I)

is an additional unknown, and, given S € {I', Ty}, (-, -)s denotes the duality pairing
between H~1/2(S) and H/?(S) with respect to the L?(S)-inner product. On the
other hand, incorporating the equilibrium equation in 2~ and the symmetry of the
stress tensor o in a weak sense, we arrive at

(11) /7v-div0'+/7n:0' = — /7f-v V(v,m) € L*(Q7)xL2 . (Q7).

3.1. Dirichlet boundary condition on I'j. We assume here that BC on I'y is
given by the natural boundary condition
(12) v (w) = g, € HY*(Iy),

whence (9) becomes

<13>/ Udde—<7;(T),<P>F+/ u~divr+/ X:T = — {75 (7), 8o )re
Q- Q- Q-
for each 7 € H(div; Q7).

Then, we introduce the spaces
(14) Xp = H(diV,Qi) X H1/2(F)’ Yp = L2(Qi) X Lgkew(Qi)v
endowed with the product norms, and let ap : Xp x Xp — R and bp : Xp X
Y p — R be the bilinear forms given by
(15)
a((o.0) () == [ otirt= ()@ V(@) (r.) € XpxXp,

and
(16)

bo((r.4). (v = [ vdivrt [ mir V() vim) € Xox Yo.

Also, we let Fp : Xp — R and Gp : Y, — R be the linear functionals given by
the right hand side of (13) and (11), respectively, that is

(a0 Fo(rw) = - Op(gr,  ad  Golvi)i= - [ v,

Then, collecting (13) and (11), we find that the dual-mixed formulation in Q= can
be stated as: Find ((o, ), (u,x)) € Xp x Yp such that
(18)

ap((o, ), (1,9)) + bo((T,¢),(u,x)) = Fp(r,¢) V(r,¢)eXp,

bD(("?@)a("»”)) = GD(an) V(Vﬂ”l) €EYp.
Note, however, that the above is clearly an incomplete variational formulation since
it actually concerns four unknowns satisfying only three independent equations. In
other words, though the bilinear forms ap and bp are originally defined in X p xXp
(cf. (15)) and Xp x Yp (cf. (16)), respectively, the first equation in (18) does not
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really involve the test function 1. In Sections 4 and 5 below we complete this
formulation through the application of the boundary integral equation method in
the unbounded exterior domain Q7.

3.2. Non-homogeneous Neumann boundary condition on I'y. We assume
now that BC on I'y is given by the essential boundary condition

(19) (o) = gy € H'2(T),
which is imposed weakly as

(20) (0 (0),6)r, = {8y, &1, V€ € H/A(L0).

Then, introducing the further unknown
(21) A =97 (u) € H'2(Iy),
we find that (9) becomes

@) [ otirt—primei + [ waivr s [ xirt (o), = 0

for each 7 € H(div;7), whence X constitutes the Lagrange multiplier associated
with (20).

Next, we let Xy = Xp (cf. (14)), any = ap (cf. (15)), define the space
(23) Yy = L2(Q7) x L2, (Q7) x HY2(Iy),

skew
endowed with the product norm, and introduce the bilinear form by : Xy xYy —
R given by

@) byl €)= [ vedive s [ nir e Gp.en,

for each ((7,%),(v,n,&)) € Xy x Yy. Also, we let Fy : Xy — R and Gy :
Y~ — R be the linear functionals given by

(25) FN(T"‘/)) =0 and GN(V"’?7€> == /{27f'v + <g1\77£>f‘0'

Then, collecting (22), (20), and (11), we find that the dual-mixed formulation in

2~ can be stated as: Find ((o, ), (u,x,A)) € Xy x Y such that
(26)
aN(("v‘P)’(Ta’lﬂ)) + bN((Ta¢)7(u7XaA)) = FN(Tv’l:b) V(T7¢) € XN7

bN((U7SD)a(V7777€)) = GN(V7777£) V(Vﬂlaﬁ) € YN'

3.3. Homogeneous Neumann boundary condition on I'y. When the Neu-
mann boundary condition (19) is homogeneous, that is if g,, = 0, then there is no
need of including the additional unknown A (cf. (21)). In fact, we just introduce
the space

(27) Ho(div;Q7) := {T € H(div;Q7): ~,(r) =0 on Fo},
and redefine X, Y, and by, respectively, as
(28) XN = HO(div ; Qi) X H1/2(F)7 YN = LQ(Qi) X Lgkew(Qi)a

and
(29)

by ((T,%),(v,n)) = /in-div7-+/7n:‘r YV ((r,),(v,n) € XnxYn.
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Then, letting Fy : Xy — R and Gy : Yy — R be the linear functionals given by

(30) Fy(r,v) =0 and Gy(v,n) = — f-v,
-
we find that the dual-mixed formulation in Q= becomes: Find ((o, ), (u,x)) €
Xy X Y such that
(31)
aN((o-a ‘P)v (Tvd’)) + bN((T’d’)a (u, X)) = FN(Tv"/)) V(T,’l/}) € Xn,

bN((Uv¢)7(V7n)) = GN(V’n) V(Vﬂl) €cYn.

An analogue remark to the one given at the end of Section 3.1 is valid here. In fact,
it is clear that (26) and (31) constitute incomplete variational formulations since
they concern five and four unknowns satisfying only four and three independent
equations, respectively. Hence, similarly as we did for (18), we now announce that
(26) and (31) will also be completed in Sections 4 and 5 by applying the boundary
integral equation method in the unbounded exterior domain Q.

4. The boundary integral equation approach in QF

The contents of this section, being mainly a compilation of classical known re-
sults, are presented following the same notations and grammar style from [29]. We
begin by recalling from (6) that in QO there hold the homogeneous Stokes equations
with decay conditions at infinity given by

u(x) = O(||lx||™") and p(x) = O(|x[7*) as [x] = +oc.

Hence, following [44, Chapter 2], our aim in this section is to apply the Green’s
representation formulae to express the velocity u and pressure p of the fluid in QF
in terms of the Cauchy data on I'. For this purpose, we first let £ and @ be the
fundamental velocity tensor and its associated pressure vector, respectively, which,
using that u = 1/2, become (see [44, eq. (2.3.10)]):

R S BN e A
I A - S et

and

1

(33) Qx.y) = —Vy (”X1y|) Vx#y.

In addition, we let (S,D) and (®,II) be the pairs of simple and double layer hy-
drodynamic potentials for the velocity and the pressure, respectively, that is

(34) S p(x) := /FE(x,y) p(y)ds, VYx¢gT, ¥VpeH VYD),
(35)
D, ¢
Dy=| Do |, Dp(x) = / {EIE(x ), ~Qix ) vy) | (y) dsy

D3
Vx ¢ T, Ve e HY3(T),

where F;(x,y) is the i-th column of E(x,y) and Q;(x,y) is the i-th component of
Qx,y),

(36) B p(x) = /FQ(x,y>~p(y>dsy Vx ¢T, Vpe H VD),
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and

(37) Mep(x) := /Fvycz(x,y)wyw(y) dsy YxgT, Ve HAD).

It is important to recall here that, for each p € H’l/z(l“) and for each ¥ €
H'/2(I"), the velocity /pressure pairs (S p, ® p) and (D), I1) satisfy the homoge-
neous Stokes equations in R*\I'. In addition, the main continuity properties of S,
D, &, and II are summarized in the following lemma.

LEMMA 4.1. The hydrodynamic potentials define the following bounded linear op-
erators:

S:HTVAI) = H(2754) x Hi .27, 4),
D : HY/T) — H,(27;4) x Hy, loc(Q+7A)7
d:HYV2T) — L*Q7)x L*Q1),
IT: HY2(T) — L*(Q7)x L*(Q),

where

H) (Q7:A) = ={ve H'(Q): divv=0inQ and Av € I:Io_l(Q_)}7
Hdiv’lOC(Q'F,A) = {v €HL.(QT): divv=0inQ" and Av € (Hlloc(Q+))/} ,
and I:Ial(Q*) is the orthogonal complement in (HI(Q’))/ of the space defined as

{ve (Hl(Q_))/: suppv C F}.

Proof. Tt follows by combining analogue continuity properties for the Lamé system
and the Laplacian. We refer to [44, Lemmas 5.6.4 and 5.6.6] and [46, Theorem
3.3] for details. Alternatively, [54] contains similar boundedness statements using
weighted Sobolev spaces. O

We now let V, K, K*, and W be the boundary integral operators of the simple,
double, adjoint of the double, and hypersingular layer hydrodynamic potentials,
respectively. These operators can be defined using lateral traces of the single and
double layer hydrodynamic potentials (see [44, Lemma 5.6.5] and [54, Sections 5
and 6):

(38) vH(Sp) =7 (Sp) =Vp Vpe H VD),
(39) (i;I + K) W € HY2(T)
(40) vE(E[Sp, @ p)) (:F I+ Kt) Vp e H V(D)

41) A (EDY,IY]) =, (EDy,1y]) = -Wy V¢ € H/2(D).

As a consequence of (38

)- (4 ) the following jump conditions hold:
(42) [1(Sp)] =7 (Sp) =" (Sp) =0  Vpe H VD),

(43) (DY) =7 (DY) — 1 (DY) = -y V¢ € H/AD),
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(44)
1 (ESp,@p]) ==, (ESp.2pl) — 7 (E[Sp.@p]) =p Vp e H VD),

(45)
b (EID 9, 9] = v, (ED,119]) - 7} (ED . 11¢]) = 0 Yy € H/(I).
Integral expressions for the above boundary integral operators can be found in the

literature. For smooth enough densities p and almost everywhere on I we can write
[44, (2.3.15)]

(46) Vp(x) = Sp(x) = /FE(XJ) p(y) dsy.
An integral expression for K can be found in [44, (2.3.30)]
(47  Ke(x) = % p.v. /F (=) VTE())_(;Ts i)

This integral formula involves a Cauchy principal value. For the explicit integral
form of W we refer to [44, egs. (2.3.30) and (2.3.31)].

Furthermore, some of the main properties of V, K, K*, and W are collected
next. To this end, given O C R3 and ¢ € NU {0}, we now let P;(O) be the space
of polynomials of degree < ¢ on O, and let RM(O) be the space of rigid motions
in O, that is

RM(O) :={z: z(x) =c+dxx VxeO; c,deR’}.

(x —y)dsy.

We also introduce the vector field m : I' — R? given by

and the spaces
Hy (1) == {p c H2):  (m,p)r = 0}

and
HY/2(T) = {1/; e HY/2(I): (r,p)r =0 Vre RM(r)}.

LEMMA 4.2. The following boundary integral operators are linear and bounded:
V:HYXT) — HYAD),

K : H/?T) — HY*D),
(48)

K : HV3(I) —» H YD),

W : HY?T) — HYD).
In addition, V and W are selfadjoint,
(49)

1 1
ker (V) = ker (2 I- Kt> = Py(T)v, ker(W) =ker <2 I+ K) =RM(),
and there exist aq,as > 0 such that

(50) (o, Vp)r > a1lpl?yor Ve € HyY2(D)

and

(51) (Wep, ) > az 9], Vo € HY?(D).
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Proof. The proofs of these results appear in [54, Sections 5 and 6]. (]

Note that the decompositions
(52) H™V2(T) = Hy/*(T') @ Py(T)v and HY2() = HY*(I') @ RM(T),
are stable and have associated oblique projectors 7, : HJUQ(I‘) — Py(I")v and

Ty, - HY2(I) — RM(T). Therefore, the inequalities (50) and (51) are equivalent
to

(53) (p,Voir > alp—mpl2or Vp € H/2(T)
and
(54) <W'¢a’¢'>r > Qo H"/) _TrRIW’l?Z)H?/Q,F Vi € Hl/Q(F)'

As a simple consequence of (49) we can prove that
1 1
(55) (v,r)r = <<21 + Kt> V,r> = <I/, (21 + K) r> =0 VreRM(D).

On the other hand, we have the following technical result.
LEMMA 4.3. There holds
(56) (Wop, ) = [[e(Dy)|§par Yo € H/AD).
Proof. Given 1 € H'Y?(T"), it follows from (41) and (43) that
(Wap,9p)r = (=5 (EID %, 11¢]), 7" (Dy) — v (D))r
= (% EDy,104)), 7 (DY))r — (1) (EDp, ), 7" (De))r.

Next, integrating by parts in Q := QqUQ ™ and recalling that the velocity /pressure
pair (D), 1)) satisfies the homogeneous Stokes equations, we find that

(v (EID 9, 119]), 7~ (D4))r
- /VD¢:E[D1,Z),H1,ZJ] +/D¢-div =D <, 4]
Q Q
~ [ vDy:{emy) -1y} = [ YDy ieDY) = e,
Q Q

Similarly, integrating by parts in Q*, noting that v points inward Q7, and using
additionally the conditions at infinity, we deduce that

- <r>/l—i_ (E[D"/)an’l/’])ﬁJr(D ¢)>F = ||e(D w)H(Q),QJF ’

which, together with the previous identity, yields (56) and ends the proof. Alter-
natively, this proof can also be found in [54, Proposition 6.4].
O

We now go back to the homogeneous Stokes equations in Q7. In fact, according
to the Green’s formulae provided in [44, Section 2.3.1], we have the representations

(57) u=-Sv} (o) + Dy (u) in QF,
and

(58) p=—®vy (o) + Uy (u) in QF.
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Therefore, evaluating the operators v+ and 7} in u and & = Z[u, p|, respectively,
with u and p given by (57) and (58), and applying the trace properties, we arrive
at the following boundary integral equations:

(59) yH(u) = = VAl(o) + <;I + K) yf(u) on T,
and
(60) wio) = (31 K) o) - Worw on T

Moreover, thanks to the transmission conditions (7) and the introduction of the
additional unknown ¢ (cf. (10)), the above equations become:

1
(61) <p——V’yl,(0')+<2I—|—K)go on T,
and
1
(62) ch+(2I+Kt> v, () =0 on T.

5. The coupled variational formulations

In this section we combine the dual-mixed approach in 2~ (cf. Section 3) with
the boundary integral equation method in Q (cf. Section 4) to derive and analyze
coupled variational formulations for the transmission problem (6). We remark in
advance that just the contents of Section 5.1 below constitute the contributions
described in [29]. However, while we could have simply referred to the results in
[29], for sake of completeness we prefer to provide here most of the corresponding
details. The remaining approaches and cases analyzed in the present Section 5 were
not considered in [29].

5.1. J & N coupling with homogeneous Neumann boundary conditions
on I'g. Here we follow the Johnson-Nédélec coupling method (see [12], [45]) and
incorporate the single boundary integral equation (62) into the dual-mixed vari-
ational formulation in Q~ given by (31), which considers the homogeneous Neu-
mann boundary condition v, (o) = 0 on I'g. More precisely, we test (62) against
W € HY?(T) and add the resulting equation to the first equation of (31) thus
yielding a redefinition of the bilinear form ay = ap (cf. (15)). In this way, our
coupled variational formulation reads as follows: Find ((o, ¢), (u,x)) € Xy XYy
such that

(63)
an((e,9),(7,9)) + bn((T,%), (u,x)) = Fy(r,¥) V(r.¢) € Xy,
bN((o'v(P)a(vvn)) = GN(Van) V(V,T]) € Yy,
where

(64) Xy := Ho(div; Q™) x HY3(), Yy := L2(Q7) x L2, (Q7),

ay : Xy x Xy — R and by : Xy x Yy — R are the bounded bilinear forms
defined by

(65)

ax((o,¢). (r )= | ;

ol + (W, ) + <<11 + Kt) %(0),¢>F

- (W (T)er
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and

(66) ba((r ) v = [ vedive+ [ mir,

and Fy : Xy — Rand Gy : Yy — R are the bounded linear functionals given by
(67) Fy(r,v) =10 and Gn(v,m) == — A f-v.

We now observe from (66) that the bounded linear operator induced by by,

say By : Xy — Yy, is given by By ((7,9)) = (div7,i(r — 7%)) for any

(1,%) € Xy. If follows easily that V y, the kernel of By, reduces to
Vy = {(T,'t/:) €EXy: =71 and divr =0 in Q_}.
The following lemmas, which establish a positiveness property of ay on V and

an inf-sup condition for by, are crucial for the forthcoming analysis (see, also [29,
Lemmas 1, 2, and 3]).

LEMMA 5.1. There holds
68)  an((r9), () > 5 {30 + (W)} Vire) e V.

Proof. Given (7,%) € Vy we have from (65) and (39)
(69)

_ 1
a((r b (r.9) = [P + (Wowlr + (o (r (~51+K) %)
r
=15 a- + (W, 9)r + (7, (7),7~ (D9)),. .
Hence, integrating by parts in Q7 and using that v, (7) = 0 on I'g, we find that

w0y D = [
= /Sre(Dv,b):T: /Qie(D’l/)):Td7

where the free-divergence and symmetry properties of 7, together with the incom-
pressibility condition satisfied by D ), have been utilized in the last two equalities.
In this way, replacing (70) into (69), and then applying Cauchy-Schwarz’s inequality
and the identity (56), we deduce that

an (7, 9), (1, 9) = 7920 + (W e, )r + / (D) : 7

-

- {VD¢:T+D1/)-diVT}

1 1

z 5 17050~ + (Wb, ob)r — 5 le(D)[5 o
1 1

z 5 1705 o + (Wb, b)r — 3 le(D 9|5 ravr
1 1

= 3 1050 + §<W1/’,’l/’>r,

which finishes the proof.

LEMMA 5.2. There exists 8 > 0 such that for any (v,n) € Y there holds

b (7, ), (v,1))
71 y N -
) B e e NGl
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Proof. It reduces to show that the operator By is surjective. In fact, given (v,n) €
Yy, we let z be the unique element in HE(Q7) = {W e HY(QT) : w =

0 on I‘}, whose existence is guaranteed by the second Korn inequality, such
that

/7e(z):e(w):7/7v~wf Q777:VW Yw € HA(Q7).

Hence, defining 7 := e(z) + 7 € L2%(Q27), we deduce from the above formula-
tion that div 7 = v in Q7, which shows that ¥ € H(div;Q7), and then that
v, (T) = 0 on I'y. In this way, T € Hy(div;Q~) and it is easy to see that
By ((7,0)) = (v,n), which ends the proof.

(I

Note that the fact that by ((7, ), (v,n)) does not depend on v guarantees that
the inf-sup condition (71) can also be rewritten as

by ((7,0), (v,
(72) sup VUm0 0 5 gyl V() € Y.
reHo(divio-n{or  [(7,0)[Ixy

We now begin the solvability analysis of (63) by identifying previously the solu-
tions of the associated homogeneous problem.

LEMMA 5.3. The set of solutions of the homogeneous version of (63) is given by
{((a‘,cp),(u,x)) = ((0,2r), (2, V2)): 7 € RM(Q*)}.

Proof. Let ((o,¢),(u,x)) € Xy x Yy be a solution of (63) with f = 0. It is
clear from the second equation that (o, @) € Vy, thatis & = o* and dive = 0
in Q7. Then, taking in particular (7,%) = (o, ) in the first equation, and then
applying the inequalities (68) (cf. Lemma 5.1) and (54), we find that

0= ax((0.9). (0.9) > 3 { o3 + (We o }

1 2
> § Ho'dH(Q),Sr 2 HQD 7TRM¢||1/2 T

which gives ¢ = 0 in Q= and ¢ = z|p, with z € RM(Q7). In turn, the
conditions satisfied by o, namely dive = 0 and o? = 0 in 2™, together with the
fact that v, (o) = 0 on I'y imply that & = 0. Next, taking ¥ = 0 in the first
equation of our homogeneous problem, and then integrating by parts in Q~, we
obtain that for any 7 € Hy(div ;™) there holds

0= bN((TﬂO)v(uv X)) - <7;(T)»§0>F = bN((T’O)v(u7 X)) - <’7;(T)vz>f‘

bn((7,0), (u,x)) — /Qiz~div7' - \/7VZ:T

= by ((T,0), (u—z,x — Vz)),

which, thanks to the inf-sup condition (72), gives
it is easy to see, in particular using that ker (W)
any z € RM(Q ) the element ((o,¢), (u,x)) =
homogeneous version of (63).

,X) = (z,Vz). Conversely,
RM(T) (cf. (49)), that for
((0,2|p), (z,Vz)) solves the

v

(]
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According to the above lemma and the decomposition H'/?(T") = H(l)/2(1") @
RM(T') (cf. (52)), and in order to guarantee the unique solvability of the coupled

problem (63), we now look for the solution ((o, ), (u, X)) in the space Xy x Yy,
where

(73) Xy = Ho(div; Q™) x HY*(I).

In turn, it is easy to see, using that (W ¢, ¢)r = (W), o)r and that ker(W) =
1

ker <2 I+ K) = RM(T) (cf. (49)), that the ocurrence of the first equation of

(63) can be equivalently established for any (, 1/)) € Xy. As a consequence, and
instead of (63), we now seek ((o,¢),(u,x)) € Xy x Yy such that
(74)

aN((U7SO)a(T71/))) + bN((T71p)7(u7X)) FN("/‘/’) V(Taw) € Xn,

bN((U7 (P), (Vﬂ’l)) = GN(va 71) V(V, 71) € YN 5

m

The following two lemmas are needed to show the well-posedness of (74). They
make use of the decomposition defined by (1) and (2), which says in this case
that each 7 € H(div; Q) can be written in a unique way as 7 = 79 + d I, with
7o € H(div;Q ") and d € R. The associated projector will be denoted =, :
H(div; Q™) = Py(27) I.

LEMMA 5.4. There exists ¢c; > 0, depending only on Q= , such that
(75) %5 a- + Idiv Tlo- > alr—m7|5q-  V7eH(div;Q7).

Proof. See [3, Lemma 3.1] or [11, Proposition 3.1, Chapter IV].

|
LEMMA 5.5. There exists co > 0, depending only on Q~, such that
(76) ||7'_7"17'||?1iv;9* > C ”THfliv;Q* VT € Ho(div; Q7).
Proof. See [31, Lemma 4.5].

O

We are now in a position to establish the main result of this section.

THEOREM 5.1. Given f € L2(Q7), there exists a unique ((o, ), (u,x)) € Xy X
Y n solution to (74). In addition, there exists C > 0 such that

1((a, ), (W x)lxnxyy < Cllfflog--

Proof. Tt reduces to verify the hypotheses of the classical Babuska-Brezzi theory.
The boundedness of ay and by was already noticed at the beginning of this section.
Also, we observe that Lemma 5.2 establishes the required inf-sup condition for by.
Next, because of the replacement of the space Xy by Xy (cf. (73)), the kernel of
the operator induced by by : XN x Yy — R becomes now

Vy = {(T,’l/)) € Ho(div; Q) x HY?(): 7 =% and div 7 = 0 in Q" }
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Hence, applying (68) (cf. Lemmas 5.1), (75) (cf. Lemma 5.4), (76) (cf. Lemma
5.5), and (51) (cf. Lemma 4.2), we deduce that for any (7,1) € Vy there holds

an((r. ), () > 1[50 + & (Woa)r

vV
|
3
3

1
IT||(2),Q_ + 5 <W¢7¢>F

= L mPia + 5 (Wi
C1 C2
2
which proves that ay is \Y% n-elliptic. In this way, the proof is completed by applying

the corresponding result from the above mentioned theory (see, e.g. [11, Theorem
1.1, Chapter IIJ).

v

Q2
Il 0 + 5 191

O

Notice that the result provided by the previous theorem constitutes the natural
extension of the continuous analysis developed in [48], which in turn adapts and
modifies the main ideas from [52], to the present mixed formulation of the three-
dimensional exterior Stokes problem. Furthermore, it is important to remark at this
point, as shown in the proof of Lemma 5.1, that the \N/'N—ellipticity of ap, which is
certainly needed for the well-posedness of (74), does require that the component 7
of each pair (7,1) in \N/'N be free-divergence and symmetric. In particular, recall
that the symmetry of 7 is employed to replace / VD4 : T by / eDy): 7
in equation (70), which constitutes a crucial iden?ity for the remaining part of the
proof. Analogously, for the analysis of an associated Galerkin scheme, one would
need to show that ay is elliptic at the discrete kernel of by, which is given by

\NZN,h = {(Th,’l/)h) S jv(N,h = HZ,O X Hf_o : / vp-divr, =0 Vv, € L}:
; -

and /7Th:nh:0 VnhEILif},

where Hf ;, HY ;, L)}, and L} are finite dimensional subspaces of Ho(div;Q7),
HY/?(I'), L2(Q7), and L2, (), respectively. Nevertheless, while it is possible to

skew
choose these subspaces so that the discrete inf-sup condition for by is satisfied and
the first equation defining \N/'Mh yields the components 7, of the pairs (75,,%,,) €
\NfN,h to be free-divergence, no subspaces implying additionally the symmetry of
these components from the second equation defining \% ~,» are known (at least, up
to the authors’ knowledge). In order to overcome this difficulty, one could consider
Galerkin schemes for the simplified continuous formulation that arises from (74)
after eliminating the vorticity unknown x, which means that one looks, from the
beginning, for a symmetric stress tensor o. The recent availability of new stable
mixed finite element methods for linear elasticity with strong symmetry allows for
the choice of concrete finite element subspaces towards this purpose (see, e.g. [5],
[1]). However, due to the high number of local degrees of freedom involved, this
procedure is still a bit prohibitive. Alternatively, instead of proving the \NfNyh—
ellipticity of an, one could try to show that this bilinear form satisfies the discrete
inf-sup condition on Vy p, hoping that the symmetry property in question is not
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needed along the way. However, this idea is rather an open question that needs
to be further investigated. In the present paper we suggest a different approach
which makes no use of any strong symmetry property of the discrete tensors. More
precisely, we show below in Section 6.1 that, under a suitable assumption on the
mesh sizes involved, ay does become uniformly strongly coercive on the discrete
kernels of by.

On the other hand, another procedure that certainly avoids the need of any
symmetry condition, neither for the continuous nor for the discrete kernels of by,
is based on the incorporation of both integral equations (61) and (62) into the
respective variational formulation. This coupling method, known as the Costabel
& Han procedure, which has been denoted C & H in Section 1, is analyzed with
Dirichlet and Neumann boundary conditions on I'y in the forthcoming sections.

5.2. C & H coupling with Dirichlet boundary conditions on I'y. We now
follow the Costabel & Han coupling method (see [20], [38]) and incorporate the
boundary integral equations (61) and (62) into the dual-mixed variational for-
mulation in Q= given by (18), which assumes the Dirichlet boundary condition
7~ (u) = g, € HY?(Ty) on Ty. More precisely, we replace ¢ in the first equation
of (18) by the right hand side of (61), and simultaneously add (62) tested against
@ € H'Y2(T') to the same equation, thus yielding a redefinition of the bilinear form
ap (cf. (15)). In this way, our coupled variational formulation reads as follows:
Find ((o, ), (u,x)) € Xp x Yp such that

(77)

aD((o'v‘P)a(T’w)) + bD((va)’(uaX)) FD(Tv'lp) V(T,'lb) € Xp,

bD((U’ 90)’ (V’n)) = GD(an) v (an) €Yp,

where
Xp = H(div; Q™) x H/2(T'), Yp := L3(Q7) x L% . (Q7),

ap : Xp x Xp - R and bp : Xp x Yp — R are the bounded bilinear forms
defined by
(78)

ap((o. ). (r) = [
b eVl - (5. (314K ¢)

o1+ (We,¥)r + <(;I + Kt) %7(0)»1/’>

T

r
and

(79) bo((r.4). (v i= [ vedive s [ mir

and Fp : Xp = R and Gp : Yp — R are the bounded linear functionals given by

80 Folr) = ~Op(hglr,  ad  Golvm) = - [ fov.

We first let Vp be the kernel of the bounded linear operator induced by bp (cf.
(79)), that is

Vp ::{(T,¢)€XD: =71 and divT =0 in Qf},

and identify the solutions of the homogeneous problem associated with (77).
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LEMMA 5.6. The set of solutions of the homogeneous version of (77) is given by

{((@.9).(0x) = ((0.2),(0,0):  z€RMT)}.

Proof. Let ((o,¢),(u,x)) € Xp x Yp be a solution of (77) with g,, = 0 on I'y
and f = 0 in Q. It is clear from the second equation that (o,¢) € Vp, that
is ¢ = o and dive = 0 in Q7. Then, taking in particular (7,¢) = (o, ¢)
in the first equation, recalling that K* is the adjoint of K, and then applying the
inequalities (75) (cf. Lemma 5.4), (54), and (53), we find that
(s1)

0=ap((0.9). (0.9) = %12 + (We.@)r + (15 (@), Vay (o))r

> alo—m,0o|f o +azlle — T elipr +a (@) =7, (@)% o
Therefore ¢ = ¢I and ¢ = z € RM(I'). As a consequence, and using the

characterization of the kernels of V- and W given by (49), we find that the first
equation of the homogeneous (77) becomes

c(w,¥)r + bp((1,4), (u,x)) =0  V(r,9) € Xp.

Then, taking @ = 0 in the above equation, and using the inf-sup condition (72),
which is possible in this case thanks to the inclusion Hy(div;Q~) C H(div;Q7)
and the fact that the expressions defining by and bp coincide, we deduce that
(u,x) = (0,0). In this way, we obtain that for any » € H!?(T) there holds
c{v,¥)r = 0, which necessarily implies that ¢ = 0, and thus o = 0. Conversely,
it is not difficult to see, using again the characterization of ker (W) (cf. (49)), that
for any z € RM(T), ((o,¢),(u,x)) = ((0,2z),(0,0)) solves the homogeneous
version of (77).

O

Similarly to the analysis in Section 5.1, and in order to guarantee the unique
solvability of the coupled problem (77), we now look for the solution ((o, ¢), (u, x))
in the space Xp x Y p, where

(82) Xp = H(div; Q") x HY*(I),
which yields the kernel of the operator defined by bp : X p X Yp — R to become
Vp = {(T,’l/l) €eXp: 7=7" and divr =0 in Q_}.

In turn, thanks again to the characterization of the kernels (cf. (49)) and the
symmetry-type property of W, we deduce that it suffices to require the first equa-
tion of (77) for any (7,%) € Xp. Therefore, instead of (77), we now look for
((o,9),(u,x)) € Xp x Yp such that
(83)
aD((Uv ‘10)7 (Ta 1zb)) + bD((T7 w)a (ua X)
n

bD((o'v QD), (V7 )

Note, according to the definition of ap (cf. (78)) and the identity V(v) = 0 (cf.
(49)), that for any ¢ € R there holds ap((cI,0),(cI,0)) = 0, which proves that ap
is not V p-elliptic. However, the following lemma establishes the weak-coerciveness
of ap on this kernel.

) = Fp(r,¢) V(r,¢) € Xp,
) = Gp(v,n) V(v,n) € Yp,

LEMMA 5.7. The bilinear form ap : \~/'D X \~/'D — R defines an invertible operator
Ap:Vp—>Vp.
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Proof. Using that K* is the adjoint of K and the inequalities (75), (51), and (53),
it is easy to show that
(84)

ap ((0’, »), (o, (P)) +|7, o

Ba- 2 C{llolia +lel3er}  Vie) € Vb

Therefore, the operator A p is Fredholm of index zero. If Ap((o,¢)) = 0, then (by
the same arguments)

(85) 0= aD((Ua 90), (0'7 90)) > C {”U - Trlo-Hgiv;Q* + HS‘)H?/Q,F}a

which implies that ¢ = 0 and o = I for some ¢ € R. Therefore 6 =0, v, (o) = cv
and, using (49)

0=ap((o,9),(0,7)) = c<(;I + Kt) y,¢>r = (v, ¥P)r V) € H(l)/Q(F).

This identity, (55), and (52) imply that ¢ = 0. We have thus proved that Ap is
injective, and therefore invertible. O

The well-posedness of (83) can now be established.

THEOREM 5.2. Given g, € HY?(I'g) and f € L*(Q7), there exists a unique
((a,9),(u,x)) € Xp x Yp solution to (83). In addition, there exists C' > 0 such

that
0,0~ } .

Proof. Tt is clear from the beginning of the section that ap and bp are bounded
bilinear forms. In addition, the continuous inf-sup condition for bp : X pxYp—R
follows straightforwardly from (72) by noting that the expressions defining bp (cf.
(79)) and by (cf. (66)) coincide and that certainly Ho(div;Q~) C H(div;Q7).
Consequently, the proof is completed by applying the corresponding result from the
Babuska-Brezzi theory (see, e.g. [11, Theorem 1.1, Chapter II]).

(o), (X)) X pxvp < C{ g5 ll1/2.00 + [If]

O

The proof of weak coerciveness of ap (cf. Lemma 5.7) uses a compactness
argument starting from a Garding inequality. At the discrete level this would
impose a certain restriction on the approximation properties of the space to be fine
enough. Note that an even more indirect argument (by contradiction) was used in
[14, Lemma 4.3] for the analysis of the coupling of mixed-FEM and BEM as applied
to the elasticity problem. However, a mesh-dependent norm had to be employed
there instead of the usual norm of H(div;7), and it is not clear from the proof
whether the constants involved depend or not on h. In the next Lemma we are
going to give a refined version of the weak-coercivity that can be inherited at the
discrete level.

LEMMA 5.8. Let 171 be an arbitrary but fized element in H/?(T') such that (v, 17J>p >
0. Consider the functional ¢ : H(div,Q~) = R given by

(o) 1=

= — tro.
12~ Jo-

Then there exist positive C and §, depending on 17:, such that
ap((0,¢). (0.¢ +dc(0))) 2 Cll(. @)k,  V(o,¢) € Vp.
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Proof. Because of (55) we can assume that @ € H(l)/Q(F) (just write ¥ — 7,
instead of ). Let us next notice that 7,0 = ¢(o)I and therefore

ap (TI'IO', 0)7 (07 C(O')"Z)) = 0(0)2<V? ’LZ>F
This inequality, combined with the bound

21175112
an (o~ 7,0,0), (0,c(0)$))| < 3e(o) (1,9 lapl 9 e

<Va ¢>F

1
)+ s o —malk,

prove

ap(\lo clo }ca 2(y _1%

At the same time, we know (see the proof of Lemma 5.7) that there exists C>0
such that

(87) aD((U7 50)5 (Uv QO)) > GH(U - m,o, So)Hg(D V(Uv (P) € vD'

Taking

cr—TrIaH%(D.

C<V7 ¢>F

lap %172 0

and combining (86)-(87), we easily prove that

- Clv, )}
88 o,9),(0,p+ic(o)P)) = —— = ——
(88) ap((o. %), (o, p+c(o)th)) 2HaDH2”wH%/2,F

This finishes the proof. (I

5
(@) + 5 o—m,0,0)lk,

We note that the result of Lemma 5.8 fits into what is called a T-coercivity result.
In this case, the bounded isomorphism T'(o, ¢) := (o, + 0(0')51,~b) applied to the
second component of the bilinear form makes it coercive. This gives an alternative
proof of Lemma 5.7 providing additionally an estimate of the norm of the inverse
of the operator Ap, which depends exclusively on (v,¥)r, [[¢ — 7, %|1/2,r, the
norm of ap, and the coercivity constant of (87).

5.3. C & H coupling with non-homogeneous Neumann boundary con-
ditions on I'y. Similarly as in the previous section, we now apply again the
Costabel & Han coupling method (see [20], [38]) and incorporate the boundary
integral equations (61) and (62) into the dual-mixed variational formulation in 2~
given by (26), which considers the non-homogeneous Neumann boundary condition
v, (o) = g, € HY/2(Ty) on Ty. In this way, our coupled variational formulation
reads as follows: Find ((o, ), (u,x,A)) € Xy x Yy such that
(89)

aN((a', 90)7 (7-7 d’)) + bN((T7 d])ﬂ (ua X >‘))

bN((U’ 50)7 (V’ n, g))

FN(T7¢) V(Taw) € XN7
GN(V77’7£) V(Vﬂ?vg) € YN7

where

Xy = H(div;Q7) x HY2(I), Yy := L2(Q7) x L2_.(Q7) x HY?(Iy),

skew
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ay : Xy x Xy — R and by : Xy x Yy — R are the bounded bilinear forms
defined by

(90)
QZN((U,LP),(T,w)) ::/ ot 7t + (We,¥)r + <<;I + K“) vu(a),w>F

b Vi - (. (314K ¢)

r

and
O)  by((rw)vn) = [ vedive [ mir s (Gum).8r,.

and Fy : Xy — R and Gy : Yy — R are the bounded linear functionals given by

(92) FN(T7¢) = 07 and GN(Vanaé) = = 47 f-v + <gN7€>1—‘0 .

We now observe from (91) that By : Xy — Yy, the bounded linear operator
induced by by, is given by

. 1 _
By((T,%)) = (dlv T, 5(7’ -7, Ro", (7')) V(r,¢) € Xn,
where Rq : H~/2(Ty) — H'/?(Ty) is the respective Riesz operator. Then, we begin
the analysis of solvability of (89) by proving next that by satisfies the continuous
inf-sup condition, which is equivalent to the surjectivity of B .

LEMMA 5.9. There exists § > 0 such that for any (v,n,&) € Yy there holds

bN((T’ 1/))7 (V’ n, g)) v
o - Ay [ory e AU S

Proof. We proceed as in the proof of Lemma 5.2. In fact, given (v,n,£) € Yy, we
let z be the unique element in HL(Q7) := {w eHY(Q): w=0 on T },
whose existence is guaranteed by the second Korn inequality, such that

[ e@ietw == [ vow— [ 0 Gwr(Ri O (whr, Y e HE@).

Hence, defining 7 := e(z) + n € L%*(Q7), we deduce from the above formula-
tion that div 7 = v in Q~, which shows that ¥ € H(div;Q7), and then that
v, (F) = Ry (€) on Ty. In this way, it is easy to see that By ((7,0)) = (v,n,€),
which ends the proof.

U

In what follows we let Vy be the kernel of By, that is
Vy = {(T,1p) eXy: 7=7"anddivr =0in Q, and’y;(T)zoonFO},

and establish a positiveness property of ay on V.

LEMMA 5.10. There exists & > 0 such that
(94)

aN((T,w)’(Tv"/’)) 2 &{ HT”(Qiiv;Q* + H"/) _WRIVI,(/}H%/ZF} V(va) € V.,
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Proof. Let (7,1¢) € V. Then, recalling that K* is the adjoint of K, noting that
T € Hy(div;Q27), and then applying the inequalities (75) (cf. Lemma 5.4), (76)
(cf. Lemma 5.5), (54), and (53), we find that

(95)

ay((1.9). (1,9)) = |75 + (We,¢)r + (7, (1), Vy, (T)r

allr - 7"17'||3iv - T Y — TrRM'l/J”%/Q,F +anlly, (1) — 7,7, ("')H2—1/2,F

Y

v

C1C2 ”TH?liv;Q* + a2 ”’Q/) ~ Trum H%/Q,F )

which yields the required inequality (94).
O

LEMMA 5.11. The set of solutions of the homogeneous version of (89) is given by
{ ((o,¢), (u,x,A) = ((0,2),(0,0,0)) : z € RM(I) }

Proof. Tt follows similarly to the proof of Lemma 5.6. Indeed, let ((0', ), (u,x, )\))
€ Xy x Yy be a solution of (77) with g, = 0on I’y and f = 0in Q7. It
is clear from the second equation that (o,¢) € V. Then, taking in particular
(1,%) = (0,¢) in the first equation, and using the inequality (94) (cf. Lemma
5.10), we find that

(96) 0 =an((0.9),(0,¢) = a{loliy.a + le—Tuelier

from where it follows that ¢ = 0 in Q@ and ¢ = z for z € RM('). As a
consequence, and using the characterization of the kernel W given by (49), we find
that the first equation of the homogeneous (89) becomes

bN((Taw)v(uv)(’A)) =0 V(T"‘/}) € Xy,

which, thanks to the inf-sup condition (93) (cf. Lemma 5.9), yields (u,x, ) =
(0,0,0). Conversely, it is not difficult to see, using again the characterization of
ker (W) (cf. (49)), that for any z € RM(T'), ((o,¢), (u,x,A)) := ((0,2),(0,0,0))
solves the homogeneous version of (89).

O

Therefore, similarly as for the analysis in Sections 5.1 and 5.2, and in order to
guarantee the unique solvability of the coupled problem (89), we now look for the

solution ((o,¢), (u,x,A)) in the space Xy % Y n, where

(97) Xy = H(div; Q) x H)/*(T),

which yields the kernel of the operator defined by by : X ~N X Yy — R to become
Vy = {(T,i/)) eXy: T=7tanddivr =0in Q" andv;(T):00nF0}.

In addition, applying again the characterization of the kernels (cf. (49)) and the
symmetry-type property of W, we find that it suffices to require the first equation
of (89) for any (T,%) € Xx. As a consequence, instead of (89), we now look for
((o,9),(u,x,A)) € Xy x Yy such that

(98)

aN((U7‘P>7(Tv"p)) +bN((Tv¢)7(uaX7>‘)) FN<T>¢) V(T,I/)) € iN’
bN((o-aLP)v(vanag)) = GN(V’T’7€) V(Vﬂ?ag) € YN?
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Next, it follows from Lemma 5.10 and the above characterization of \NIN that
the bilinear form ap is strongly coercive on \~/'N. In addition, since actually by
does not depend on the component v € HY/?(I'), it is quite clear from Lemma 5.9
that by satisfies the continuous inf-sup condition on X ~N X Y as well. Hence, the
well-posedness of (98) is readily established as follows.

THEOREM 5.3. Given g, € H™V/2(Ty) and £ € L2(Q7), there exists a unique
((o,9),(u,x;A)) € Xn x Yn solution to (98). In addition, there exists C > 0
such that

1), (% Al svs < C{llgwll-12m + oo |-

Proof. According to the previous discussion, the proof follows by applying once
again the usual result from the Babuska-Brezzi theory (see, e.g. [11, Theorem 1.1,
Chapter I1]).

|

5.4. C & H coupling with homogeneous Neumann boundary conditions
on ['y. In what follows we proceed similarly as in the previous section and apply the
Costabel & Han coupling method to the case of homogeneous Neumann boundary
conditions on I'y. This means that we now incorporate the boundary integral
equations (61) and (62) into the dual-mixed variational formulation in Q~ given
by (31). In this way, as in Sections 3.3 and 5.1, there is no need of introducing the
additional unknown A € H'/2(T'y), and hence our coupled variational formulation
simply reads as follows: Find ((o, ¢), (u,x)) € Xn x Yy such that

(99)

aN((O',(p),(T,’l,[))) + bN((va)a(u’X)) FN(Tﬂ'Qb) V(T,’l,b) €Xn,

bN((”?SD)’(an)) = GN(V777) V("ﬂ?) €Yy,

where
Xy = Hy(div; Q™) x H/2(), Yy := L}(Q7) x L3, (Q7),

ay : Xy X Xy — R and by : Xy x Yy — R are the bounded bilinear forms
defined by

(100)
(o) r)i= [ ot Wew + (314 K) (o))

b Vi - (o, (314K ¢)

r
and

(101) by ((7,%),(v,n)) = /7v-div7' + /77]:7'7

and Fy : Xy — Rand Gy : Yy — R are the bounded linear functionals given by

(102) Fy(r,v) =0, and Gy(v,m,€) = —/ f-v.

Concerning the solvability analysis of (99), we first observe that the continuous
inf-sup condition for by was already proved by Lemma 5.2. In addition, it is clear
that the kernel of by is given by

Vv ::{(T,’I/J)GXN: 7=7%" and divr =0 in Q*},
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and that apy satisfies the same positiveness property from Lemma 5.10, that is
(103)

an((m ), (1,9) = a{ I3 - + ¥ = 7wl or )  V(r.9) € Vi

Moreover, basically the same proof of Lemma 5.11 shows that the set of solutions
of the homogeneous version of (99) is given by

{((@.9) (W) = ((0,2),(0,0): 2z € RM()}.

Consequently, following a similar analysis to the one from the previous section, and
in order to guarantee unique solvability of the resulting problem, (99) is reformu-
lated as: Find ((o, ), (u,x)) € Xy X Yy such that

(104) )
aN((Uﬂ¢)7(T7¢)) + bN((Tﬂ/’)a(U,X)) = FN(Ta'l;b) V(Ta'l;b) € XNv
bN((U7SD)7(V777)) = GN(V7n) V("ﬂ?) €EYxN,
where

Xy = Ho(div; Q™) x HY*(I).
Then, the kernel of by : }~(N X Yy — R becomes now

Vi ::{(T,’I/J)GXN: 7=7%" and divr =0 in Q*},

whence (103) yields the strong coerciveness of ay on \N/N. In turn, since by does
not depend on the component ¥ € H(lJ/2 (I"), it is also clear from Lemma 5.2 that

by satisfies the continuous inf-sup condition on Xy x Y as well. These remarks
and [11, Theorem 1.1, Chapter II] imply the well-posedness of (104).

THEOREM 5.4. Given £ € L2(Q7), there exists a unique ((o, ), (0,x)) € Xy X
YN solution to (104). In addition, there exists C' > 0 such that

||((07 ‘10)7 (u7 X))HXN XY N <C ||f||0,Q* .
6. Galerkin schemes of the coupled formulations

In this section we study the well-posedness of the Galerkin schemes associated
with each one of the coupled variational formulations analyzed in Section 5. Need-
less to say, no discrete analysis was reported in [29].

6.1. J & N coupling with homogeneous Neumann on I'g. We first let HF ,,
H?, L}, and L be finite dimensional subspaces of Hy(div; ™), H'/?(I'), L*(27),
and L2

skew

(Q27), respectively, and define
(105) HY = {w €EHP: (r,4)ir =0 Vre RM(r)},

which is clearly a subspace of H(l)/ 2(I‘). Note that, because of reasons that will
become clear below, we take a different meshsize for defining H;L‘P (and hence H;i: 0).

Then we introduce the product spaces

X . e _ Tu
XN,h = Hh,O X HBLPO and YN,h = Lh X ]Lz(,
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and define the Galerkin scheme associated with (74) as: Find ((o4, j,), (U, X1))

IS )~(N7h X Y n,5 such that
(106)

aN((G’M‘PE)? (Taw)) + bN((T’d")v (uh7Xh)) FN(Tv'lp) V(T’¢) € XN,h;
bN((o-h790ﬁ)7(Van)) GN(Vﬂ?) V(V,T}) € YN,ha

where ayn, by, Fy, and Gy are the bilinear forms and functionals defined in
Section 5.1.

In order to prove the unique solvability, stability, and convergence of (106), we
have in mind the discrete Babuska-Brezzi theory and consider in what follows the
following assumptions:

(H.1) the bilinear form by satisfies the discrete inf-sup condition uniformly on
Xn,n X Ynp, that is there exists 8 > 0, independent of h and h, such that
(107)

. bN((Th7¢}~1)’(van))
sup

Z B ||(V7"7)||Y V(Vﬂ'l) S YN,h .
(rapeXnaoy N Th¥R)lxs !

(H.2) div HY, C LY.
(H.3) there exists € € (0,1/2) such that H? = C H/2+¢(T) for each h > 0.

(H.4) the finite element subspace HFL‘P 0 satisfies the inverse inequality, that is there

exists C' > 0, independent of k, such that

(108) lepllijzsr < CR70ll@slljar  Vey € HY |, V5 € [0,

(H.5) the orthogonal projector IT¥ : L2 (©27) — LY satisfies the approximation

property

(109)

In —TXMlloo- < Ch|nllsa-  Vn € Lia(Q7) NH(Q7), Vie[o,1].
We notice that, being the bilinear form by independent of the t-component,

its discrete inf-sup condition (cf. (107) in (H.1)) involves only the subspaces Hf ,,

L}, and LX. In addition, since the discrete kernel of by becomes

(110)

\~7N7h = {(Thﬂ/’;}) € XNJL = Hy o % Hgo : /

vp-divr, = 0Vvy, € Ly
o-

and / Thim, =0 VnhEL?L‘},
o

it is straightforward to see that hypothesis (H.2) yields
(111) divr, =0 in Q° Y (Th, ;) € V-

The statement (111) and hypotheses (H.3) - (H.5) are utilized next to prove
that ay is uniformly strongly coercive on \~/'N7h. The fact that D : HY/2T9(T) —
H'*9(Q7) is a bounded linear operator for each § € [0,1/2), which follows from
similar arguments to those mentioned in the proof of Lemma 4.1, and which cer-
tainly extends the corresponding result for D, will also be employed.
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LEMMA 6.1. There exist &, co > 0, independent of h and iL, such that whenever
h < ¢y h, there holds

112)  an((Th¥3), (T, ¥7)) = all(Tnvi)lky  V(Tht3) € V.

Proof. Given (Tp,j) € \~7N7h, we first proceed as in the proof of Lemma 5.1 and
obtain

an ((Th,¥5), (Th,¥3)) = Tl + (W, ¥p)r + /Q, V(D) T
Note that, while 7, is divergence free (according to (111)), its lack of strong sym-
metry stops us of replacing / V(D 1#;1) : 7% exactly by / e(D 1/’;}) : 7% as

we did in that proof. However, what we can certainly do in the present discrete
case is to write

V(Dy;) = e(Dy) + (D),
where ) .
n(Dy;) = 5 { V(D) + (V(Dv,)) |-
In this way, we have that

aN((Th7 ¢E)’ (Tha 1/’;}))
— IrtBa- + Wo e + [ e(Dwy)iri+ [ n(Dw;) i,
Q- O

which, following the last part of the proof of Lemma 5.1, yields
(113)

ax((rn i) (mp) = 5 {17l o- + Wonw)e } — | [ (D) i

Next, using from (110) that /
that

T4 im, :/7Th:77h =0 Vnm, € L¥, we find

| on@w)irt = [ {nDw;) - m@m@) e,
from which, applying the approximation property of LY¥ (cf. (109) in (H.5)),

(H.3), the boundedness of D : H'/2T¢(T") — H't¢(Q~), and the inverse inequality
satisfied by H‘P (cf. (108) in (H.4)), we deduce that

(114)
| / (D) s rh| < (D) = @) o0 17 loe-
< Ch (D)l o Imhlloa- < CRVD ;| o lITillo.0-
Che HD%HHE@ < Ohe gy

h°€ R (1 2 1 9
C {E} (K3 o =C {ﬁ} {2 [Bally o0 + 5 1751160 } :
Therefore, using that (W, ¢)pr > agthHl/QF Vi € Hé/z(F) (cf. (51)), it
follows from (113) and (114) that

an ((Th, %), (Th, ¥5))

AN 1 h) €
> 3 {1 - C {B} } HT?L||§797 + 3 {042 -C {ﬁ} } ||¢’ﬁ||%/2,r»

A

IA

[t
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which yields the existence of a sufficiently small constant ¢y > 0 such that for each
h < ¢ h, ay is uniformly strongly coercive on Vy p.
|

The well-posedness and convergence of (106) can now be established.

THEOREM 6.1. Assume that the hypotheses (H.1) up to (H.5) are satisfied, and
let ¢y be the positive constant provided by Lemma 6.1. Then, for each h < ¢g h
there exists a unique ((on,j,), (Un, X)) € XN,}L x Yy, solution of (106). In
addition, there exist C1, Cy > 0, independent of h and h, such that

[((ahs @7), (Un, Xp)Ixnwxyy < C1lfllo,0-,
and

1o ), (W, x)) = ((@n; #5)s (an, X)X n < x

< Codist (((07 ¥), (1,x)), iN,h X YN,h) .

6.2. C & H coupling with non-homogeneous Dirichlet on I'j. We now let
Hg, HY, LY, and LY be finite dimensional subspaces of H(div;Q™), HY/2(I),
L2(Q7), and L2, (Q7), respectively, and define

skew

(115)

(116) Hf, := {¢ EHY: (r,)r =0 VreRM(F)} — HY NHY(T).

Note that, differently from the previous section, in this case we do not need to take
any different meshsize for Hf,o- Then we introduce the product spaces

Xpy = H] x Hf; and Yp, = L} x LY,

and define the Galerkin scheme associated with (83) as: Find ((or,¥4), (Ur, X1))
€ Xp,n X Yp  such that
(117)

aD((Uh790)7(T’¢)> + bD((T?w)’(uMXh)) = FD(T>'¢) V(T’¢) € jV(DJH

bp((on,epn), (vin)) = Gp(v,n) V(v.n) € Ypu,

where ap, bp, Fp, and Gp are the bilinear forms and functionals defined in Section
5.2.

Next, we apply again the discrete Babuska-Brezzi theory to prove the unique
solvability, stability, and convergence of (117). To this end, in what follows we
assume the following hypotheses:

—~

(H.1) the bilinear form bp satisfies the discrete inf-sup condition uniformly on
Xp.n X Ypp, that is there exists 5 > 0, independent of h, such that

(118)
sup bD((T}uwh)a (V7"7>)
(Thp,)EX D1\ {0} (T, ¥u)llxp

Z B ||(V?T’)HYD V(Vﬂ?) € YDJL .

(H.2) div H7 C LY.

(H.3) there holds Py(27)I C HY and RM(I') C HY.

(?I\._él/ there exists @ € HY2(T) such that (v,%)r > 0 and o € H? for each
h > 0.
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Similarly as in the previous section, the bilinear form bp is independent of the

—~

tp-component, and hence its discrete inf-sup condition (cf. (118) in (H.1)) involves

only the subspaces HY, L}, and LX. In addition, hypothesis (H.2) implies now
that the discrete kernel of bp reduces to
(119)

\~/'D7h = {(Th,’l,[)h)E}zD,hi divr, =0in Q™ and/ Th:nhOVnhGILZ‘}.

As announced right before the statement of Lemma 5.8, we now establish the
discrete weak-coerciveness of ap.

LEMMA 6.2. There exists @ > 0, independent of h but depending explicitly on 'zz,
such that
(120)

wp lan((@n ). (r.)

= al(on en)lx V(o) € Vo,
(T )EV D L \{0} 107, )l i

—_~—

Proof. This is a direct consequence of Lemma 5.8 using hypotheses (H.3) and

e~

(H.4). O

As a consequence of the foregoing analysis, we can provide now the well-posedness
and convergence of (117).

—_~—

THEOREM 6.2. Assume that the hypotheses (H.1) up to (H.4) are satisfied. Then,

there exists a unique (o, @p), (Un, X)) € Xp.n X Yp i solution of (117). In
addition, there exist Cq, Co > 0, independent of h, such that
0,Q— } 5

[((ohs @n), (Un, Xp)Ixpxy, < Ch {IIgDH1/2,r0 + [If]
and

(). (0.3)) = ((@h 1), (0. x0) | s
(121) -
< Cydist(((e,9): (W) X x Ypon)

6.3. C & H coupling with non-homogeneous Neumann on I'y. We let HY,
HY, Ly}, LX, and H%‘ be finite dimensional subspaces of H(div;Q~), HY/2(I),

L2(Q7), L2,..(Q7), and HY?(Ty), respectively, and define, as in (116), the sub-
space

(122) HY, = Hf nHy*(I).

Note that, in order to be able to define specific discrete subspaces satisfying the
assumptions to be specified below, we need to take a different meshsize for the
finite element subspace of H'/?(Ty). However, as in the previous section, this is
not required for H;f,o- Then we introduce the product spaces

Y . T @ _._ Tu X A
X,y = Hj x Hh70 and YN’h,h = L x Lh X Hﬁ,

and define the Galerkin scheme for (98) as: Find ((op, ¢},), (Un, X5, A;)) € Xy X
Yy 1, 5 such that

aN((o'ha‘P)’(Tv"/J))+bN((Tv¢)’(uhaXh7)‘ﬁ>> = FN(Tv'd’),
by((on, 1), (v,n,§) = Gn(v,n,§),

(123)
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for all (7,%) € )~(th and (v,n, &) € Yy 5 where ay, by, Fy, and Gy are those
bilinear forms and functionals defined in Section 5.3.

Proceeding as before, in what follows we apply the discrete Babuska-Brezzi the-
ory to establish the well-posedness and convergence of (123). For this purpose, we
now assume the following hypotheses:

@ the bilinear form by satisfies the discrete inf-sup condition uniformly on
XNh XY N that is there exists $ > 0, independent of h and h, such that
(124)

sup bN((Thﬂ'lrbh)»(VvTh&))

> Blv.n &)y Y(v,mE) €Yy,
(Th,ab,)eX N n\{0} H(Thﬂph)HXN

(H 2) div Hf C L}.

(H 3) there holds Py(Q7)I C HY.

(H 4) there exists & € HY/2(I'y) such that (v, £>p0 > 0 and € € H/\ for each
h > 0.

Note, as in both previous sections, that the bilinear form b is also independent
of the t-component, and hence its discrete inf-sup condition (cf. (124) (H 1))

involves only the subspaces HY, L}, and L. In addition, hypothesis (H 2) implies
now that the discrete kernel of by reduces to
(125)

\NINth: (Th,’l,[)h)G}N(N’hZ divrh:Oinﬁf, /_Th:nh:()VnhGILif,

and <7;(Th)7£>ro =0 V&e H%} .

o —

In turn, (H.3) guarantees that there holds the decomposition (cf. (1) - (2))
7= H @ ()T,

Iﬁl‘g::{rheHg: /7tr7'h:0}.

In other words, T, — 7,7}, € ]ﬁl,”Z for each 7, € HY. Hence, the discrete analogue

—

of Lemma 5.5 is established now as a consequence of (H.4).

where

LEMMA 6.3. Let H, j = {Th EHT . (v (1), =0 VE € Hg}, Then
there exists ¢a > 0, independent of h and h, such that

(126) ||Th||<2:liv;Q— < éaTa _7"17'h||<21iv;9— VTh € Hh,ﬁ'

Proof. Let T, € Hh,ﬁ and write 7,7, = dpI. Then

0= (75 (T0),E)ry = (75 (Th — m,T4),E)r0 + dn (V,E)ry
which gives

€]l /2.1
|dh| < C# H h _WITthiv;Q* .
‘ <V7£>Fo ‘
This inequality and the fact that |53 .- = Il7h — 7, 7all3y o- + 247 [Q7]

imply (126). O
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In this way, noting that \N/'NJL C Hh,ﬁ X Hf,o’ and using now Lemma 6.3 (instead
of Lemma 5.5) together with (75) (cf. Lemma 5.4), (54), and (53), we conclude the

strong coerciveness of ay on V. Therefore, we summarize the foregoing analysis
in the following main result.

—_—

THEOREM 6.3. Assume that the hypotheses (H.1) up to (H.4) are satisfied. Then,
there exists a unique ((o'h, Pp), (Wns Xns A7) € Xnn X Yy, 7 solution of (123).
In addition, there exist Cq, Cy > 0, independent of h, such that

0,0~ } )

[((ahs @n)s (s Xns A Ixyxyn < Ch {HgNH—l/z,Fo + [|If
and
||((a’¢)><u7Xa)‘)) - ((Uha‘:oh)’(uh7th)‘}]))HXN><YN
< Oy dist(((a',cp), (1%, A)), Xvp X YN’h’,—l) .

6.4. C & H coupling with homogeneous Neumann on I'y. We now let HF ,,
H?, LY, and LY be finite dimensional subspaces of Hy(div; Q~), HY/?(T'), L?(Q7),

(127)

and L2, (Q7), respectively, and define, as in previous occasions,
(128) HY, = H nHy/*(I).
Then we introduce the product spaces

> . = P . Tu X
XN,h = Hh,O X Hh,O and YN,h = Lh X Lh,

and define the Galerkin scheme associated with (104) as: Find ((op, 1), (1, X)) €

XNJ,, X YN,h such that

(129) _
aN((o-hagah)v(T7’l:b)) + bN((va)a(u}hXh)) = FN(Ta":b) V(va) € XN,ha

bN((o"w‘Ph)’(an)) = GN(V777) V(V,T[)EYN,;L,

where ay, by, Fy, and Gy are those bilinear forms and functionals defined in
Section 5.4.

We assume the following hypotheses:

(H.1) the bilinear form by satisfies the discrete inf-sup condition uniformly on
XN, X Y p, that is there exists 8 > 0, independent of h, such that
(130)

sup bN((Thawh)7 (an))

Z B ||(V777)||Y V(Van) € YN,h .
(rnabexafoy  I(Th¥n)lxy "

(H.2) div Hf , C L.

(H.3) there holds RM(T") C HY.

As in all the previous subsections, we note once again that the bilinear form by
does not depend on the t-component, and hence the eventual verification of its
discrete inf-sup condition (cf. (130) in (H.1)) is determined only by the subspaces
Hgo, Ly, and L;L‘. In turn, it is also quite obvious from (H.2) that the discrete
kernel of by reduces to
(131)

{/th = {(Th,’l,bh) c XN,h : divt, =0in Qi, /
a-

ThinhOV”IhG]L?f}-
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Furthermore, it is clear that m yields the decomposition HY = HY, @
RM(T'), and ), — m,,, 1), € HY  for all 4, € Hf. Consequently, (131) and the
application of (103) to the above discrete context confirm that the bilinear form
ay is strongly coercive on \Y% N,h-

The well-posedness and convergence of (129) is established next as a straight-
forward consequence of the foregoing analysis.

THEOREM 6.4. Assume that the hypotheses (H.1) up to (H.3) are satisfied. Then,
there exists a unique ((op, @), (Un, X)) € XM x Y, solution of (129). In
addition, there exist Cy, Cy > 0, independent of h, such that
[((on, en); (r, xp)Ixnxyn < Crllflloo-
and
(e, ), (0, %)) — ((Fn, ), (A, Xn))Ixn x ¥

(132) _
< Oy dist (((a, ), (u,x)), Xnp X YN,h) .

We end this paper by remarking that specific subspaces satisfying the hypotheses
described in each one of the subsections of the present section can be easily found
in the existing literature. Indeed, we first observe that the expressions defining the

bilinear forms by, bp, and by involved in (H.1), (H.1), and (H.1), respectively,
are the same as the one arising from the mixed formulation of the linear elasticity
problem in ©~ with Dirichlet or homogeneous Neumann boundary conditions on
99~ . Hence, any triple of finite element subspaces (Hy, Lj, L) (or (HF ;, L}, L))
yielding the discrete stability of that problem will satisfy our aforementioned hy-
potheses. In particular, besides the classical PEERS (cf. [2]), we can consider for
any integer k > 1 the PEERS; and the BDMS}, elements, whose definitions and
corresponding proofs of stability are provided in [47]. In addition, new stable mixed
finite element methods for 3D linear elasticity with a weak symmetry condition for
the stresses have been constructed recently in [4] and [6] by using the finite element
exterior calculus. This is a quite abstract framework involving several sophisti-
cated mathematical tools (see also [5] and [7] for further details), which has been
simplified in some particular cases by employing more elementary and classical tech-
niques (see, e.g. [10]). The resulting Arnold-Falk-Winther (AFW) element with the
lowest polynomial degrees, which is referred to as of /O_E(}SI‘ 1, and which certainly

constitutes another feasible choice verifying (H.1), (H.1), and (H.1), consists of
piecewise linear approximations for the stress o and piecewise constants functions
for both the velocity u and vorticity x unknowns.

In turn, the bilinear form by involved in (?IT) corresponds also to the one
arising from the mixed formulation of the linear elasticity problem in Q~, but now
with Dirichlet boundary condition on I' and non-homogeneous Neumann boundary
condition on I'y. As stated at the beginning of Section 6.3, we recall here that a dif-
ferent meshsize h is assumed to define the finite element subspace H>‘ of HY/2(Ty).
In other words, we consider a partition FO 7, of I'g that is mdependent of the parti-
tion I'g 5, of I'g inherited from a regular triangulation 7, of Q™. In this case, given
an integer k > 0, and denoting the classical PEERS from [2] by PEERS,, we first
take either PEERS), or BDMSy, (when k > 1) to define the triple (H§, L}, LX), and
then let H;L‘ be the space of continuous piecewise polynomials on Foi of degree
< k+1. Similarly, one could also take the above described AFW element of order 1
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and set Hﬁ’\ as the space of continuous piecewise polynomials on Po, ;, of degree < 1.
Hence, proceeding analogously as in the proofs of [32, Lemmata 4.1, 4.2, and 4.3],
one can easily show that for each one of the foregoing choices there exist Cp, B >0,
independent of h and h, such that whenever h < Cjh, the hypothesis (T—IT) is
satisfied with the constant 5. We can also refer to [28, Lemma 7.5] for a closely
related argument.

Furthermore, it is easy to see that the above described pairs of finite element
subspaces (HZ,L}!) (or (H;;O,Lz)) also verify the respective hypotheses (H.2),

—

(H.2), (H.2), and (H.2), which imply that the first components of the discrete
kernels of by and bp become all free divergent. In addition, it is clear that the
corresponding subspaces LX satisfy the approximation property required by (H.5).

—~—

Moreover, it is quite straightforward to notice that the first condition in (H.3), and

o —

(H.3), are both satisfied by any of the previously mentioned choices of HY .

Next, with respect to the boundary element subspaces of H/2(T") and H}/*(T),
we first let I';, and I';, be independent partitions of I', with I, being the one inherited
from a regular triangulation 75 of Q7. Hence, in order to satisfy the regularity
assumption (H.3) and the inverse inequality (H.4), it suffices to consider an integer
k > 0, set H;L‘P as the space of continuous piecewise polynomials on I';, of degree

< k+1, and define H}fo as the intersection of H(l)/Z(I‘) with HB‘P. Similarly, defining

)

HY as the space of continuous pieE?XvEe polynomials on I'y, of degree < k + 1, we

find that the second condition in (H.3), and (H.3), follow straightforwardly from
the fact that RM(T") is certainly contained in the space of continuous piecewise

—

polynomials on I'j, of degree < 1. On the other hand, concerning (H.4) and (H.4),
we just remark that the existence of ¢ € HY/2(I') and € € HY/2(T;) satisfying the
required conditions in those hypotheses, follows by simply adapting the procedure
suggested in [23, paragraph right before Lemma 8] to the present 3D case (see
also [33, Section 3.2]). To this end, we just need to define HY (resp. H%) as any
subspace of HY/2(T) (resp. H/?(I'y)) containing the space of continuous piecewise
polynomials on I'j, (resp. I'g ) of degree < 1.

Finally, while the definitions of Hﬁ“’,0 and HY  (cf. (105), (116), (122), and

(128)) are theoretically correct, we remark that for the sake of the computational
implementation of the corresponding Galerkin schemes, it will be better off to
introduce Lagrange multipliers handling the orthogonality conditions defining these
boundary element subspaces. We omit further details and leave this issue and
other related matters, including numerical essays and the analysis of the associated
experimental rates of convergence, for a separate work.
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