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THE IMMERSED FINITE VOLUME ELEMENT METHOD
FOR SOME INTERFACE PROBLEMS
WITH NONHOMOGENEOUS JUMP CONDITIONS

LING ZHU'2, ZHIYUE ZHANG!, AND ZHILIN LI3:!

Abstract. In this paper, an immersed finite volume element (IFVE) method is developed for
solving some interface problems with nonhomogeneous jump conditions. Using the source removal
technique of nonhomogeneous jump conditions, the new IFVE method is the finite volume element
method applied to the equivalent interface problems with homogeneous jump conditions and have
properties of the usual finite volume element method. The resulting IFVE scheme is simple and
second order accurate with a uniform rectangular partition and the dual meshes. Error analyses
show that the new IFVE method with usual O(h2) convergence in the L? norm and O(h) in
the H! norm. Numerical examples are also presented to demonstrate the efficiency of the new
method.

Key words. Elliptic interface problem, non-homogeneous jump conditions, immersed finite
volume element.

1. Introduction

Interface problems are often encountered in many important physical and indus-
trial applications [11,17].

In this paper, we consider the Poisson equation in a bounded {2 with an interface
T" in the domain,

(1) ~Au=f (x,y) € Q\I' C R?,
with a Dirichlet boundary condition
(2) u(z,y) =g(z,y) (z,y) € 09,
and jump conditions
(3) [ulr = w,
(4) [unlr = Q,
where
= Jim, wow) = Jim, ueu fele= Jm e Jlim,
(z,y)eQt (z,y)eQ— (z,y)eQt (w,y)eQ—

with the notation u,, = Vu - n. The interface I' € C? is a curve separating ) into
two subsets QT and Q7, and n is the unit outward normal vector of I' pointing to
the Q7T side, see Fig. 1 for an illustration.

In this paper, we assume that w # 0 and @ # 0. That is why we call such a
problem that has nonhomogeneous jump conditions. The jump conditions can be
obtained from the physics or mathematical derivations. For example, in Peskin’s
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FIGURE 1. A diagram of the domain for the interface problem.

immersed boundary (IB) model [22], the pressure and its gradient are discontinu-
ous, while the velocity is continuous, but the normal derivative of the velocity is
discontinuous.

There are variety of methods that can be applied to solve the interface problem
(1)-(4) numerically. First of all, in terms of the meshes, one can use a body fitted
mesh or an unfitted mesh. With a body fitted mesh, the standard finite element
method or finite volume element method is straightforward when w = 0. In this
paper, we discuss a new finite volume element method using a uniform mesh with
which there is almost no cost in the mesh generation; and we can utilize a fast
Poisson solver, for example, the one from Fishpack [1]. Thus here we only give a
brief literature review on numerical methods using a uniform unfitted mesh.

When w = 0, then the problem can be written as

~Au(x) = Fx) = [ QX(:))3x - X(s))ds. x €

u(x) = g(x), x € 99,

where X(s) € T'. In this case, we can use Peskin’s IB method [22] to solve the
interface problem. IB method is first order accurate and usually requires that the
solution is continuous to have a convergent result. The immersed interface (II)
method [12] is a second order accurate finite difference method even if w # 0 and
@ # 0. To solve the resulting linear finite difference equations, both IB method
and II method can call a fast Poisson solver. The main difference between the
two methods are the right hand sides and the convergence rates. Related other
methods include the matched interface and boundary (MIB) method [25], the ghost
fluid (GF) method [3,19], the virtual node algorithm [2]. Another type of methods
is based on finite element formulation. One type of approaches is to add some
enrichment function near the interface [23] in which the number of degree of the
freedom will be changed. Our method is more related to the immersed finite element
(IFE) method [7,14, 16] for which the structure and the number of degree of the
freedom remain unchanged. IFE method has been applied to interface problems
with nonhomogeneous jump conditions in [7,9,10,24]. In [7,15,18], the source
removal technique was developed for treating nonhomogeneous jump conditions.
In [10], a weak formulation inspired by the boundary condition capturing method
[20] is proposed. In [24], the locally modified triangulations on irregular domains
are proposed.

In this paper, we develop the immersed finite volume element (IFVE) method
which is based on IFE method, similarly to [5,8]. The finite volume element method
is also called generalized difference method [13]. Because the finite volume element
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method can preserve the mass conservation law and many important physical quan-
tities. Compared with previous work of IFVE method [5, 8], the new developed
IFVE method in this paper can deal with non-homogeneous jump conditions.

The basic idea in IFVE method for the interface problem is that the standard
finite volume element method is used away from the interface and the finite vol-
ume element schemes are modified locally near or on the interface according to
the interface relations. In [5, 8], the basis functions in the finite element space are
reconstructed to satisfy the jump conditions on the interface as accurately as possi-
ble. Here, we introduce a formulation which is based on the extension of the jump
conditions (3) and (4) along the normal lines like IFE method in [7,15,18]. By
the formulation, we transform the interface problem to a problem with a smooth
solution and only need to use the usual finite element basis functions. Unlike IFE
method in [7] which only need to treat the non-interface elements and interface
elements, one of the difficulties of IFVE method in this paper is that we need to
modify the so-called sub-interface dual elements.

The rest of this article is organized as follows. In section 2, we explain the source
removal idea to treat nonhomogeneous jump conditions. In section 3, we present
IFVE method that is based on the bilinear finite element. In section 4, we provide
error estimates about the numerical solution. In section 5, we give two numerical
examples to demonstrate features of the proposed method. In section 6, we draw
some conclusions about IFVE method.

2. The source removal technique of nonhomogeneous jump conditions

Our idea of the new method is to apply the source removal technique for nonho-
mogeneous jump conditions developed in [7,15,18] before applying the finite volume
element method. In this section, we briefly explain the source removal technique.
We assume that w € C?(T') and Q € C%(T). Let the interface I' be represented by
the zero level set of a Lipschitz continuous function ¢(x,y), that is,

<0 if (z,y) € Q7

>0 if (z,y) € QF.
We assume that op(z,y) € C3(Q) and |[Ve(x,y)| # 0 in a neighborhood of the
interface I". The signed distance function is such a function. In a neighborhood of

the interface I', we define the extensions of w(z,y) and Q(z,y) along the normal
line (in both directions) by

wp(z,y) = wp((X,Y) + a(p1,p2)) =w(X,Y) (X,Y) €T,

Qp(xvy) = Qp((XaY) + a(plap2)) = Q(X7 Y) (X,Y) er,
where p = (p1,p2) = (¢, py) (note that n = p/|p|), and the scalar « is determined
from the following quadratic equation,
1
o(z,y) + (Vo(z,y) - pla+ 5 (0" He(p(w, y))p)a® = 0,
where
P He(p(,9))p = 0aPaz + 2020y Pay + CaPyy-

The values of ©(z,Y), @z, @y, -, Pyy are approximated using the standard second
order finite difference at the grid point (z,y). Usually there are two solutions of «,
we choose the one such (X,Y) + a(p1, p2) is closer to the interface.
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We construct u, : 2 — R based on the extensions,

ez, y)
6 u,(x,y) = wy(z,y) + Q,(x,y) =———.
Then we define
0 if p(z,y) <0,

U’P(x7y) lf (p(.ﬁ,y) Z 07

where H () is the Heaviside function. Note that u,(z,y) € C? in the neighborhood
of the interface T, @i(z,y) has the same nonhomogeneous jumps conditions across
the interface as u(z,y). We refer to [7,15,18] for details.

The source removal technique is based on the following theorem.

(7) Wz, y) = H(o(z,y))uy(z,y) = {

Theorem 2.1. Let u(x,y) be the solution of (1) to (4) and let 4(x,y) be defined
mn (7) If we deﬁne Q(Iay) = u(l‘,y) - ﬁ(xay) = U(I’,y) - H((p(l‘,y)up(l',y), then
the following are true:

(8) —Aq = f(z,y) + H(p(z,y))Aup(,y) (2,y) € Q\T,

(9) [Q]I‘ =0, [Qn]F =0.

The proof can be found in [7,15,18].

Remark 2.1. While q(x,y) is smooth (C*()) across the interface T, the right-
hand side of (8) is discontinuous across the interface.

3. The immersed finite volume element method

For a rectangular domain ©Q = (—1,1) x (—1,1), we now consider a rectangular
decomposition 7T}, consisting of closed rectangle elements K such that Q = Uger, K.
We will use Np, to denote the set of all nodes or vertices of T},

N, ={p: pis a vertex of element K € T}, and p € Q},

and we let N g = Nj, N Q, which denotes the set of interior vertices.

We then introduce a dual mesh T} related to Tj. The elements of 7} are called
control volumes. In each element K € T}, consisting of vertices xi, X;, X, Xp, We
take @ as the joint of the two lines connecting the midpoints of the opposite sides
of the rectangle element K. This is called the central dual decomposition. Then
connect @) to the midpoints by straight lines v, k. For a vertex xj we let Vj, be
the rectangle whose edges are 7.,k in which x;, is a vertex of the element K. We
call Vi a control volume centered at x;. Obviously, we have

Ux,eNy, Vi = Q.

For simplicity, let the decomposition T}, is equal in the x-direction or the y-direction.
See Fig. 2 for the illustration of V. Vj also denotes the dual element of the node
X -

We call the grid T} regular or quasi-uniform if there exists a positive constant
C > 0 such that:

C~'h? < meas(V},) < Ch?, for all V, € Ty,
Here, h is the maximal diameter of all elements K € T},.

For an arbitrary interface I', some of the dual elements will be cut through by T'.
There are three cases of a dual element Vj, centered at a node point x; = (z;,y;),
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FIGURE 2. The dual element V. centered at xy.

see Fig. 3 for an illustration. Type I is an non-interface dual element; Type III is
an interface dual element; Type II is a sub-interface dual element, that is, the dual
element V} is not cut through by I', but the elements related to Vj are cut through
by I'. Here, we assume that the interface I' intersects the edges of the elements at
D and E, and approximate the arc DE by the line segment DE. The area of the
region enclosed by the DE and the arc DE is of order O(h?).

[ [ | E RN

(i) ! U (@ y) i D (@i fu) !

L LT

FIGURE 3. The three kinds of the dual element.

If w=0and @ =0 on I', we integrate (1) on V; ;, and employ the Green’s
formula to obtain the weak form. We need to find u € H'(Q) with u = g on 99
such that

ou ou
10 — —dy — —dx :/ dxdy.
( ) /8\/7,,1 (al’ Y dy ) Vij / !

In this case, the standard finite volume element method can be applied.

In this paper, we focus on the case when w # 0 and Q # 0. We employ to
the source removal technique [7,15,18] and combine the technique with the finite
volume element method.

We integrate (8) on V; ;, and employ the Green’s formula to obtain

0q 0q ) / /
11) — —dy — —dx | = dxdy + H(p(x,y))Au,dxdy.
(11) /Mj (8:0 Y v fdzdy . (p(z,y))Au,ydzdy

Then we introduce the bilinear finite element space W), C H'(Q) with respect to
the decomposition Tj,. Let {¢; ;(z,y)} be the bilinear nodal basis functions of the
usual finite-element space W7,

12)  ¢ii(z,y) = (1 - w) (1 - @) (z,y) € Ry,

0 otherwise,
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where R; ; is a rectangular element centered at the point (z;,y;).

Theorem 3.1. There exists a unique q;, € W}, such that

(13) —/ %dy— 6qhdac :/ fdacdy—i—/ H(o(z,y))Au,ydrdy,
Vi ; Ox ay Vi, j Vi

where

Vi, = E Ditm.jtnGh,itm,jtn-
m,n={—1,0,1}

ah

We rewrite (13) in terms of up = gp, + @ to obtain the IFVE scheme:

8uh auh
aa - [, (Gew-Gye) -

/ fdxdy —/ (0udy — %dz) +/ H(p(z,y))Au,ydrdy.
Vi Vi ; 8:0 8 Vi

As shown in Fig. 3, the dual element V; ; of type I or type II is entirely in Q~,
and thus the last two terms of integration over the element V;; are zero since
H(p(z,y)) =0 and @ = 0. If this element is entirely in Q*, we have

ou o
g, _/ H(p(z,y))Au,ded
/avq,,j (ax - ) . (p(z,y))Au,dzdy

Ou, ou
= —Ldy — —pdl'> - / Au,dxdy = 0.
/avi,j < Ox dy Vi ’

V)

When the dual element is Type III, the last two terms of integration are not zero
in general. We define

> Gitm jtnUhitm,jtn it V; ; is type I or 11,

uplv; ; (z,y) = > GitmjtnUnitmjtnt

> Gitm,j+n W Titm, Yjtn) otherwise.
m,n={-1,0,1}

As a result, if V; ; is type I or II, we use the following scheme

(15) f/ <%dy %d ) / fdrdy.
avi,j 8I

If Vi ; is type III, we use the scheme (14).

However, if we treat Type II as above, we will get wrong results since the element
K3 is cut through by the interface I', see Fig. 4 for an illustration. That is, on
Ks, un # ¢ijUnij + Git1,jUnh,it1,j + Git1,j41Uh,i+1,j+1 T Pi,j+1Unij+1- For this
case, we could reconstruct the bilinear nodal basis function ¢; ; as described in [8].
In [8], ¢i; (also @iy1j, diti1,j+1, Gij+1) is a piecewise functions with two bilinear
polynomials on K3 patched up together by the interface jump conditions. The
schemes proposed in [8] is complicated and difficult to implement. Clearly, such
basis functions depend on the interface location and the jump conditions. In our
proposed approach, we modify the scheme without changing the basis functions.
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FIGURE 4. The dual element V; ; of Type II.

We reconsider the schemes from (13) for sub-interface dual elements. If V; ; €
0, then H(p(z,y)) = 0. Hence, we have

Iqn 3%
(16) /8‘/%1 (Edy ) / fdxdy.

Furthermore, we use up = g + 4 to get the scheme

6uh é)uh
(17) —/avi,j (Edy ) /fd:vdy

+ Z H(@($i+ma yj+n))Ai+m,j+n“p (xi-i-rm yj+n)a
m,n={-1,0,1}

where

09 j 995
18 Azif/ ( 7]d - 7]d1'>.
( ) »J Vi, ox Y ay

Similarly, if V;; € QF, then H(p(x,y)) = 1 and we have

(19) —/ %dy awl / f(z,y d:vdy—i—/ Au,dzdy
Vi ; al' 3

+ Z H(o(@igym, yj+n))Ai+m7j+n“p(xi+mv Yj+n)-
m,n={-1,0,1}

If we consider the local conservation property on a control volume of the finite
volume element method, we can get a simpler scheme than (19). Now, we let
¢ = u + u, and define

_ 0 if p(z,y) >0,
20) u(z,y) = (1 — H(p(z, u,(x,y) =
(20) (e, y) = (1~ H(p(a,p)uy(w.y) { (0.) i ple,y) 0.

(1) is written similarly as Theorem 2.1,
(21) —Aq = f(z,y) = (1= H(p(x,9))Aup(z,y) (2,y) € QNI

Along the interface I', ¢ also satisfies the homogeneous jump condition as follows,

[qlr =0, [gn]r = 0.

We integrate (21) on V; ; and get the numerical scheme,

9in , 0i
7/ < 2 %d ) - /v ety = /vw(1 — H(p(z,y))) Aupdzdy,
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where V; ; is a sub-interface dual element and belongs to Q. Then, (1—H (p(z,y)))
= 0. Thus, by g, = up + @, we have

8uh auh

- > (1 - H(@(Ziera Yi+n))) Aitm,jtntp(Titm, Yjtn)-
m,n={—1,0,1}

In (22), we avoid the computation of the term / Au,drdy in (19). Hence,

IFVE method that we proposed can be summarized as follows: For Type I, we
use the formula (15); for Type II, we use the formula (17) or (22); for Type III,
we use the formula (14). We refer the readers to [7,8] for the details about the
computation of the integrals.

4. Error estimates

We analyze our proposed method in this section. For simplicity, we consider the
homogeneous Dirichlet boundary condition, i.e., g = 0. In fact, we can get the same
conclusion as g # 0. We define the dual volume element space W) of the bilinear
finite element space Wj, C H}(Q),

Wy ={v € L*(Q): v|y,, = constant, V V; ; € Tj;}.

Let I, : C(Q) — Wj, and I} : C(2) — W} be the usual interpolation operators,
ie.,

Ihq: Z q17]¢17](1',y) and I;;q: Z qz,jX’L,j(xvy))
(zi,yj)ENR (zi,y;)ENR
where

1 (Ia y) € ‘/i,ja
0 elsewhere,

Xij (T, y) = {
¢i,; = q(xi,y;), and ¢; j(z,y) is defined as (12).
Then, (cf. [4,21])
(23) |q - I}lq|Hm(Q) < Ch27m|q|H2(Q) Vq S C(Q), m = 0, 1.
(24) |qh - I;;qh|L2(Q) < Ch|qh|H1(Q) Van € Wp,.

We multiply both sides of (8) by a test function v € H}(Q) and integrate over
Q) to get the weak form. The problem is then to find ¢ € H{(£2) such that

(25) a(gv) = (f,v) Vv € H(Q),
where the bilinear form a(q, v) = / Vq-Vudzdy, f = f(z,y)+H(e(z,y))Au,(z,y).

The finite element approximation gy of (25) is defined as a solution to the fol-
lowing problem: Finding ¢; € W}, such that

(26) a(gn,vn) = (f,vn) Yon € Wi,
where the bilinear form a(gn,vp) = / Vap, - Vopdxdy.
Q
Multiply (13) by v; ; and add all the terms, we obtain

— Z v”/av Vap -nds = — Z Uw/ fd:cdy

(xzay])ENh (3'77y])eN}L
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Then the bilinear form a(qy, I v) = — Z Vi j / Vap - nds.
Vi ;

(wi,y;)ENR
Let us introduce the following discrete norms:

1/2
lan|r2(q).n = Z meas(V; ;)qi ;; ;
(zi,y5)ENR
1/2

|an| ()0 = > > meas(Vig)(qnig — gnmn)/dijmn ;

(2i,95)ENR (Tm,yn) €ETL(4,5)

llgn| %,h = |Qh|i2(9),h + |Qh|12r{1(9),hv

where d;j mn is the distance between (z;,y;) and (2, yn), and II(7, j) is the index
set of those vertices that along with (z;,y;), which are in some element of T},.

Lemma 4.1. ([6,13]) There exist two positive constants Cy, C1 > 0, independent
of h, such that

Colanlr2).n < llanllz) < CilanlLz)n Yan € Wh,
Collanllzrr(@y,n < llanllmr ) < Cillanllzr@)n Van € Wh.

Lemma 4.2. ( [6,13]) There exist two positive constants Co, C1 > 0, independent
of h and hg > 0, such that for all 0 < h < hy,

(27) la(qn, Ivn)| < Cillanllar @).pllvnllar@)n Yan, v € W,

(28) a(gn, Ivn) = Collanll7r ) n Yansvn € Wi.
This lemma guarantees the existence and uniqueness of the IFVE solution.
Lemma 4.3. For any gy, vy, € Wy, we have
(29) a(gn; vn) = a(qn, Iyvn) + En(qn, vn).
with

En(qn,vn) = Z/ (Van - n)(vn — Iyvn)ds.
0K

KeTy
Moreover, there is a positive constant C > 0, independent of h, such that
(30) |En(gn, vn)| < Ch |l an 52wl o8 2 @Q)5 -

Proof. For each K € T}y, with vertices xi, X;, Xm, X,, we use Ky, K;, K,,, K, to
denote a quasi-uniform rectangle formed by vx; and the edges of K, xi; denotes
the midpoint of the edge XX, see Fig. 5 for the sketch.

Due to g, € Wp, we find —Agq, = 0. It follows by multiplying by I;v, and
integrating on K that:

(31) */ Agnlyvndrdy = — Z / Agplyvpdzdy
K K;

i=k,l,m,n

= f/ (Van -n)Ijvpds — vk/ Vg - nds — vl/ Vap - nds
0K Ynk+Vkl Vet +Yim

—Um/ Vqp - nds — vn/ Vay - nds.
Yim+Ymn Ymn+Ynk
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FIGURE 5. The element K.

Similarly,

(32) —/ Agpupdady = —/ (Van 'n)U}zd5+/ Van - Vopdxdy.
K oK K

Thus, from (31) and (32), we have:

/ Vaqn, - Vopdxdy = —vk/ Vaqp - nds — v, / Vap - nds
K Ynk+Yki

Yl +Yim
f’um/ Vagp - nds — vn/ Vaqp - nds + / (Van - n)(vy, — Ijvp)ds.
Vim +Ymn Ymn+Ynk oK
For the proof of (30), c.f. Lemma 3.1 in [5]. O

Theorem 4.1. Assume that Ty, is reqular and q € H () and g, € W), are the
solutions of (11) and (13), respectively. If the solution q satisfies ¢ € H?*(Q2) and
feL*(Q)nHYQ\D), then

(33) g — anllm @) < Ch(llallzo) + 1fllz2();

(34) llg — Qh||L2(Q) < ChQ(”Q”H?(Q) + Hf||H1(Q\r))~
Proof. By (29), (23), (24) and (30), let pp, = Inq — qn,
lg = anline = ala—an q— Ing) + alq — qn, pn)
a(q = qnq — 1nq) + (f, oo — T;pn) = Enlgn: pr)

Chllq — anllm (@ llall g2y + ChI L2l onllmr)n
+Chllgnll zr (@), nllonll 21 () b

IN

By Lemma 4.2 and the approximation theory we have
lanll g @)n < CIF Iz,

lonll e @),n < lg — anllzr ) + Chllgl a2(0) -
The proof of (33) is then completed.

To obtain the L? error estimate, we use the standard dual argument. Let r €
H}(Q) be the unique function satisfying

(35) —Ar=q—q, Y(z,y) €, and r =0 on JN.
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Then we have ||7|| g2(q) < [|¢ — qullz2(0)- By (33) and (29),

lg—anl2) = alg—an,r—ra)+alg = qn,rs)

IN

Ch(llgll o) + 1 fllz@)lIr = rall o) + ala = qn,ma)
Ch(llgll o) + 1 fllz@)lIr = ol o)

+(f,rn = Iirn) = En(an,mn).

As xy; is the middle point of each edge (see Fig. 5), we have:

IN

/ (ry, = Iirp)ds =0 for all K € Ty,
K
So that, by (24),

(f,rn — i) = Z (f = frorn — Lirn)k < CR2|| fll v oamy el e ) -
KeTy,

Here, if K is an non-interface element, fK is the average value of f on K;if K is
an interface element,

F— fif if (z,y) € K+ C Qt,
7 je if (my) e K- O,

where K = KT UK, and f;g and f; are the average values of f on KT and K,
respectively.
And we have

Ep(gn, Int) < CW® ||| @y w | Il 11 (), s
see [21] for the proof.
Thus, by taking r, = I,r, we get
llg — qhH%z(Q) < ChQ(HQHHQ(Q) + ||f|\H1(Q\F))H7"||H2(Q)
JrChQHfHHl(Q\r)||q = qnllz2(0)
ChQ(HQHHz(Q) + ”fHHl(Q\F))Hq — qnllz2(0)-
The proof of (34) is completed. O

IN

5. Numerical experiments

We present two numerical examples in this section to show the convergence
results of IFVE method proposed in this paper. We define e, g, €1 as the errors
in the L>°, L? norms and semi-H' norm, respectively,

coo = max  fu(wi,y;) —un(ei, )l

co=h{ > |ulwiy)—un(ziy)? |

(mi,yj)GQ

=

e1=n"h Z e (24, y5) = wno (i, y5)° + |uy (@, y5) = wny (@ y))* |
(wi,y;)€Q
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where up o (z;,y;) is defined as follows, i.e.,

U, (T4, Y5) ~

Uh,i+1,57 — Uh,i,j P
L VLY if TiTi+1 N = @,

h
Uit i — Up(Tiv1sUi)) — Unii .
( h,i+1,j p( };+1 y])) h,i,j if TwaTNT # O and Unit1 € Q+’
Uhid1i — (Uni i — Wy (T, Y, . N
hoit1s — h’;l’] p(i:3)) if Tz, aNT # 0 and up i1, € Q7

where up; ; = un(zs, y;).
The derivative uy, ,(z;,y;) is defined as similar. We define the functions u*, u™
as follows,

u(z,y) = ut(z,y) if (z,y) € QT UT,
) {u(fﬂ,y) if (z,y) € Q.

+

Example 1. The level set function o(x,y) and the solution u™ are given by

ple,y) = Va2 +y? =05,  ub=h(®+y%),  u =sin(z+y)

see Fig. 6 for a solution plot, the domain, and the interface. The source term f(x,y)
and the Dirichlet boundary data g(x,y) are determined from the exact solution

u*(z,y).

@ (b)

05 P S

05 P

FIGURE 6. (a) The domain and interface of Example 1. (b) A plot
of the exact solution of Example 1.

In Table 1, we show a grid refinement analysis. The first column is the mesh size
h. The third column is the estimated order of convergency using the formula

1Og(e<><>,N/eo<>,2N)

order = log?

)

where N is the number of intervals in x or y directions. The fifth and seventh
columns are similar but with L? and semi-H' norms, respectively. We can see
clearly second order convergence in the L>°, L? norms, and first order in the semi-

H' norm as expected.
Example 2. The solution u™ are the same as Example 1. But the interface which

is the zero level set of ¢(x,y) is complicated, where

o(r,0) =r —0.5—0.1sin(50) 6 € (0,2),
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TABLE 1. A grid refinement analysis of the immersed finite volume
element (IFVE) method for Example 1.

h €oo order €o order e order
1/10  4.066 x 10~ 3.205 x 1073 3.476 x 10~ T
1/20 1.208x 1073 1.75 9.128 x 107* 1.81 1.614x 10~* 1.11
1/40 3471 x107* 1.80 2431x107* 1.91 7.885x 1072 1.03
1/80 9.411x 1075 1.88 6.569 x 107° 1.89 3.912x 1072 1.01
1/160 2.475x 107° 1.93 1.681x 1075 1.97 1.952x 1072 1.00

where tanf = x/y, see Fig. 7 for a plot of the solution, the domain, and the
interface.

@) )

-05

FIGURE 7. (a) The domain and interface of Example 2. (b) A plot
of the exact solution of Example 2.

TABLE 2. A grid refinement analysis of the immersed finite volume
element (IFVE) method for Example 2.

h Coo order €o order e1 order
1/10 2.138 x 1072 1.123 x 1072 3.620 x 1071
1/20  4.965x 1073 211 2531x 1073 215 1.672x 107t 1.11
1/40 1.011x 1073 230 6.297x 107* 2.01 8114x 1072 1.04
1/80 2423 x107* 2.06 1.077x107* 2.55 4.051x 1072 1.00
1/160 6.534 x 107° 1.89 2.849 x 1075 1.92 2.019x 1072 1.00

In Table 2, we can see that although the interface is complicated, IFVE method
still has second order convergence in the L, L? norms, and first order convergence
in the semi-H ' norm.

At last, we use the linear regression to analyze the data in Table 1, and find that
the data obey

|[up, — uloo & 0.2938R1 5493 | luy, — ullo & 0.2596h" 396 |uy, — ul; ~ 3.6684R 10354,
The data in Table 2 obey
[un, — ul]oo ~ 2.6348h%1955 | juy, — ul|o = 1.7402h> 1801 |y, — ul; ~ 3.8257R10374,

See Fig. 8 for these linear regressions. These results further indicate our results.
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() (b)

log(error)
&
log(error)
&

-4 E E E -4 -3
log(h) log(h)

FIGURE 8. (a) The linear regression of the data in Table 1. (b) The
linear regression of the data in Table 2. In this diagram, ‘o’ denotes
L norm error, the straight line '—’ denotes the linear regression
for L° norm error, '+’ denotes L? norm error, the dotted line ' — —’
denotes the linear regression for L? norm error, '+’ denotes semi-
H' norm error, the dot dash line ’ —.” denotes the linear regression
for semi-H! norm error.

6. Conclusion

In this paper, we have presented IFVE method for Poisson equations with non-
homogeneous jump conditions across an arbitrary interface. The method possesses
both the advantages of local conservation in the finite volume element method and
the capability of IFE method for handling the nonhomogeneous jump conditions
across the interface. Particularly, in the interface or the sub-interface dual ele-
ments, we do not modify the usual bilinear basis functions, and only modify the
right-hand sides of the resulting linear system of equations, which greatly reduces
the complexity of the numerical method, and speeds-up the entire algorithm. The
resulting IFVE scheme is simple to implement and maintains the data structure as
for a regular problem. We have shown that our proposed method is second order
accurate in the L>® and L2 norms, and first order in the semi-H! norm.
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