INTERNATIONAL JOURNAL OF © 2016 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 13, Number 2, Pages 265-279

FINITE ELEMENT METHOD AND ITS ERROR ESTIMATES
FOR THE TIME OPTIMAL CONTROLS OF HEAT EQUATION

WEI GONG® AND NINGNING YANT

Abstract. In this paper, we discuss the time optimal control problems governed by heat equation.
The variational discretization concept is introduced for the approximation of the control, and the
semi-discrete finite element method is applied for the controlled heat equation. We prove optimal
a priori error estimate for the optimal time 7', and quasi-optimal estimates for the optimal control
u, the related state y and adjoint state p.
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1. Introduction

One of the most important optimal control problems is the optimal time control
problem. There have been extensive researches on the theoretical parts of the
time optimal control problems of ODEs (see, e.g., [4] and [5]) and time-dependent
PDEs (see [14, 15, 17] and the references cited therein), but only a few works
related to their numerical algorithms can be found, especially the finite element
approximations and error estimates for PDEs, among them we should mention the
work [8], [9] and [16].

The purpose of this work is to investigate the finite element approximations of
the time optimal control problem governed by heat equation. The model problem
that we shall investigate is the following time optimal control problem:

(1) min {75 y(Tiyo,u) € BO, 1)},

u€Uqq

where u is the control, the state y satisfies the following controlled equation:

% — Ay(z,t) = Eu(x,t) in Q x (0,4+00),
(2) y(z,t) =0 on 99 x (0, +00),
y(x,0) = yo(x) in Q.
The details will be specified in the next section.

Although the finite element approximations of PDE-constrained optimal control
problems and related error estimates are well studied in the decades and there are
huge literatures in this aspect (see, e.g., [3], [7], [10], [11], [12] and the references
cited therein), the finite element method and its error estimates for time optimal
control problems are addressed only in a few papers. To the best of our knowl-
edge, the earliest work can be traced back to [8] and [9]. In both works, the finite
element approximations are introduced for the time optimal control problems and
the convergence analyses are provided. In [8] Knowles considered the finite dimen-
sional control (u = Y_1", f;(¢)g;(z), where g;(z), i = 1,--- ,m, are given functions)
which acts as the Robin boundary condition of the controlled equation and gave
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the error estimate for the optimal time with order O(h2~?) for an arbitrary small
0 > 0. While in [9] Lasiecka proved the convergence (without orders) of the optimal
time for the Dirichlet boundary control problem. In a recent work [16] by Wang
and Zheng, the time optimal control problem (1)-(2) is discussed. The error esti-
mate for the optimal time with order O(h + 1) is provided under some additional
assumptions. These assumptions are not easy to verify in general cases. In this
paper, we introduce the variational discretization concept (see, e.g., [6] and [7]) for
the approximation of the control. Using this scheme, the error analysis becomes
easier and the optimal error estimate for the optimal time is proved without those
complicated assumptions. Moreover, the error estimates for the optimal control
and the state are also provided in this paper which are not found elsewhere.

The plan of the paper is as follows. In section 2, we introduce the model time
optimal control problem and construct its finite element approximation. The error
estimates for the time optimal control problems are then analyzed in section 3,
where the error estimates for the optimal time 7', the optimal control u, the related
state y and adjoint state p are provided. Finally, we give a conclusion to the results
obtained in this paper and an outlook for some possible further works in the last
section.

2. Time optimal control problem and its finite element approximation

In this section, we formulate the model optimal control problem and its finite
element approximation.

Let & C R™ (n = 2 or 3) be a convex and bounded domain with sufficiently
smooth boundary 0f2. In the rest of the paper, we shall take the control space
U = L*(0,+o0; L?(w)) with @ C 2. We use the standard norms || - le(fa,p1:22(92))
and || - || z2(a,b;22(0)) for related Sobolev spaces. For simplicity, we denote by || - ||
and (-, -) the usual norm and the inner product of L?(Q2), respectively. In addition,
C denotes a general positive constant independent of the mesh size h.

Let

Uaa = {v € L*(0, +00; L*(w)) : lv(t)|| L2y < 1 for almost every t € [0, +00)},
B(0,1) ={we L*(Q): |w| <1}
Then the model problem that we shall investigate is the following time optimal
control problem (see [16]):
(3) min {T: y(T; 90, u) € B(0, 1)}

u€Uqq

with y(+; yo,u) the unique solution of the following equation

% — Ay(z,t) = Eu(x,t) in Q x (0,400),
(4) y(z, t) =0 on 99 x (0, +00),
y(x,0) = yo(x) in Q

corresponding to the control u and the initial value yg, here

s ={ 3¢ TEe,

Throughout this paper, we will treat the solutions of (4) as functions of the time
variable ¢, from RT := [0,+00) to the state space L?(Q). We call the number

T(yo) := m(i]n {T : y(T;yo,u) € B(0,1)} the optimal time, while a control @ € Ugq,
u€lUaq

and satisfying the property that y(T(yo);yo,@) € B(0,1), is called an optimal

control with corresponding optimal state § := y(-;yo,@). Clearly, T(-) defines a
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functional from L?(Q) to R*. Just for simplicity, in the following we denote T @
and y by T', u and y, respectively.

It is proved in [16] that the solution of the problem (3)-(4) is exist and unique.
Moreover, it can be proved that when T is the optimal time, we have the unique op-
timal control u and the adjoin state p such that the following Pontryagin maximum
principle holds (see [16])

(%, w) +a(y,w) = (Bu,w) Yw e HY(Q), te(0,T],
y(x,0) = yo(z) T €,

(5) —(2.9) +alg,p) =0 Vq € Hy(Q), t€[0,T),
p(z,T)=y(x,T) z€Q,
fOT(E*p,U —u),dt >0 Vv € Uyg,
where

a(y,w) = (Vy, Vw)

and E* is the adjoint operator of E such that E*p(z) = p(z) when z € w, and
(*,+)w is the inner product of L?(w). Moreover, the last inequality in (5) can be

replaced by
B
(©) O = TEp0lL

where || - ||, is the norm of L?(w). It should be pointed out that (6) is valid because
that || E*p(t)||, > 0 for all ¢t € [0,T — §), where ¢ is any positive constant, and the
control u has bang-bang property which reaches the boundary of U,g, see [16] for
more details.

Next, we introduce an approach to approximate the problem (3)-(4) with semi-
discrete finite element method (see, e.g., [2] and [12]) for the controlled equation
(4) and the variational discretization concept for the control v and the optimization
problem (3) (see, e.g., [6] and [7]).

Let us firstly consider the finite element approximation of the controlled equation
(4). Here we consider only n-simplex elements, as they are among the most widely
used ones. Also we consider only piecewise linear conforming Lagrange elements.
Let Q" be a polygonal approximation to Q with a boundary 9Q". Let T" be a
partitioning of Q" into disjoint regular n-simplices 7, so that Q" = U,epn 7. Let
h; be the size of the element 7, and h = max{h,}. For simplicity, assume that
Q" = Q. Associated with 7" is a finite dimensional subspace S" of C'(Q"), such that
X|- are piecewise linear functions for ¥y € S" and 7 € T". Let W" = S" 0 H}(Q).
It is easy to see that W" C HZ(9).

With above preparations we can formulate the semi-discrete finite element ap-
proximation of (4) as follows:

for almost every ¢t € [0,T),

(7) { (%’Z’,wh) +a(yn, wr) = (Bu,wy), Yw, € WP, t e (0,+00),
yn(z,0) =yl (), z €,
where y;, € H(0,T; W"), the initial value y2 € W" is an approximation of yq.

Then the finite element approximation with variational control discretization
concept for the time optimal control problem (3)-(4) is

: . ok
(8) Join {Th o yn(Thsyg,u) € Br(0, 1)}

such that yp,(-;yl,u) is the solution of equation (7), where Bj,(0,1) = {wn €
W o |lwp|| < 1}. In this problem, we define the number T, (yl) = mLi[n {Ty, :
ue
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yn(Th; yh,u) € Bi(0,1)} to be the optimal time for the discrete time optimal con-
trol problem (7)-(8), while the control @), € Uaq which satisfies the property that
yn(T(yo); ¥k, ) € Bu(0,1), is called an optimal control with associated optimal
state 7y, := yn(-;yl, @n). Again, we use T}, uj, and yj, to denote Th(yg), up, and gy,
respectively.

It should be noticed that the approach (7)-(8) provided in this paper is different
from the approach presented in [16]. Here we use the variational discretization
concept to approximate the optimization problem (3). Instead of discretising the
control space such that u; € U!; with [ the mesh size for the triangulation of w,
we require that up € U,q. Then u; might be an approximated function, but not
necessarily in the finite element space W, especially when the restriction of 7" on
w does not give a triangulation of w.

Again, it can be proved that the problem (7)-(8) admits a unique optimal control
up € Uyq. Moreover, it can be proved that when T}, is the optimal time for the
discrete problem (7)-(8), we have the unique optimal control u;, and the discrete
adjoint state pp such that

(%Uth,wh) +a(yn, wn) = (Bup,wy,) Yw, € Wh, t € (0,Ty],

yn(z,0) = yf () x €,
9) (apf",%) + a(gn,pn) =0 Vg, € Wh, t €1(0,Ty),
(2, Th) = yn(z, Th) x €,
fQTh (E*ph»v - uh)wdt >0 Vv € Uggq-

For the discrete optimal control u;, we actually have the following observation: for
each ¢t € [0,T}) there holds

E*pp(t) . "
(10) uh@:{ S it B p ()]l # 0,

E*uy, for Yo, € Wh satisfying ||vp|l, <1 if ||E*pu(t)|l. = 0.

3. Error analysis

In this section, we will discuss the error estimate of the time optimal control
problem (3)-(4) and its finite element approximation (7)-(8).

Firstly, let us introduce two lemmas, which are the standard results of finite
element analysis. The proof of these lemmas can be found in many references, see,
e.g., 1], [2], [12] and [13].

Lemma 3.1. Let y(-;y0,u) be the solution of equation (4) and yn(-;yl, u) be the
standard finite element approzimation of y(-,yo,u) defined in (7). Assume that
Yo € HY(Q), u € L?(0,T; L*(w)), Q is a convex domain or with smooth boundary.
Then we have

(390, w)ll o) + 1Yo, Wllz20,1m ()
(11) < C(loll + 1Bl 20,7120

(s yo,u) — yn( Z/ga U)HL?(O,T;L?(Q))

+h|ly (- yo, u) — yn(:; yg7u)||0([o,T];L2(Q))

+hlly (3 yo,w) — ya (508 u)ll 2o, ()
(12) < CP2(llyoll 0y + 1Bull 20,7522 (2)))-
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Lemma 3.2. Let \; be the first eigenvalue of the operator —A, and A} be the first
etgenvalue of the discrete Laplace operator —Ay which is approximated by standard
piecewise linear and continuous finite elements. Then it holds

(13) A1 — AL < Ch2

Moreover, we need some regularity results for the solutions of the time optimal
control problems. Since u € L (0, +00; L?(w)), it follows that y € L(0,T; H?(Q2)N
HY(Q))NH(0,T; L?(£2)) under the assumption that yo € H} (), which in turn im-
pliesy € C([0,T); HE()) (see [10]). From (5) we conclude that p € L2(0, T; H?(Q)N
HA()) 1 (0, T; L2(2)) and p € C(0, T); HA(2)).

Next, we will present the property of the discrete optimal time, which has been
provided in [16].

Lemma 3.3. Let T and T}, be the optimal times for the time optimal control
problem (3)-(4) and its approzimation (7)-(8) with the initial value yo and yf,
respectively. Let

[0 s € (0,1],
9(s) = { In- se(1,400)
1

and
0 s € (0,1],
gn(s) = In5% s € (1, +o0),
1

where \; and A are defined in Lemma 3.2. Then, it holds that

(14) T(yo) < g(llyol)
and
(15) Th(y) < g(llvil)-

Now we are in the position to prove our main result: the error estimate for the
approximation of the optimal time. Some of the ideas for the proof follow [16].

Theorem 3.1. Let T and T} be the optimal times for the time optimal control
problem (8)-(4) and its approzimation (7)-(8), respectively. Assume that the con-
ditions in Lemma 3.1 are all valid. Then

(16) |T —Th| < Ch.
Proof. Let us start with proving
(17) Tp —T < Ch.
Let u be the optimal control to the time optimal control problem (3)-(4) with
optimal time 7. Then it follows from (12) that
Iy(T3 90, w) = yu(T; 95 w)l| < Ch,

where yp,(T;yl, u) is the solution of (7). Note that T and u are the optimal time
and the optimal control to the time optimal control problem (3)-(4). We have that
y(T;yo,u) € B(0,1), and therefore ||y(T; yo,u)| < 1. It follows that

lyn (T w6, wll - < 1y(Tsyo, w)ll + (5 yo, w) — yn(Ts w5, )l
(18) < 1+Ch.

If yp(T;yl,u) € Bp(0,1), that is yu(T;yl, u) takes value in By (0,1) at time
T. Considering that T} is the optimal time of the discrete time optimal control
problem (7)-(8), we have that T}, < T, which proves (17) in the case of y, (T; yh,u) €
B(0,1).
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Next, let us consider the other case that y,(T;y%, u) is outside of By (0,1). Let
yr = yn(T; yl, u) be the initial value of the discrete time optimal control problem
(7)-(8), let T; and uj be the related optimal time and optimal control. Then the
solution yp, (T + T} y5, uy) € B(0,1). Moreover, it follows from (15) and (18) that

v 1L . 1 C
(19) Tj < sy nllyill < 55 In(1 +Ch) < 5.
1 1 1

Using Lemma 3.2, (19) implies that
(20) Tr < —h.

‘We construct another control as

) t e (0,7),
aft) { Wt —T) te (T, +oo).

Then, it is easy to see that @ € U,q and y,, (T + T} ;yh, ) € By (0,1). Considering
that T}, is the optimal time of the discrete time optimal control problem (7)-(8),
we have that

(21) T, <T+Ty.

Then (17) follows from (20) and (21) immediately. In summary, (17) is proved in
all cases, including yy, (T; y%, ) is in By,(0,1) and outside of By (0, 1).
Now, we are in the position to prove

(22) T — T, < Ch.

Let up, be the optimal control to the discrete time optimal control problem (7)-(8).
Then it follows from (12) that

19(Ths yo, un) — yn(Thi vl wn)|| < Ch,

where y(Th; yo, up) is the solution of (4) with right hand side substituted by Euy,.
Considering that T} and up are the optimal time and the optimal control to the
discrete time optimal control problem (7)-(8), we have that ||y, (Th; vl un)l| < 1,
and therefore

(T yo, un)ll < Mlyn (Ths s un) |+ Ny(Ts o, wn) = yn (Ths s, un) |
<

(23) 1+ Ch.

If y(Th; yo,un) € B(0,1), that is y(Th; yo, un) takes value in B(0,1) at time Tj.
Considering that T is the optimal time of the time optimal control problem (3)-(4),
we have that 7' < T}, which proves (22) in the case of y(Th; yo,un) € B(0,1).

Next, we consider the other case that y(Th;yo,up) is outside of B(0,1). Let
y* := y(Th; Yo, up) be the initial value of the time optimal control problem (3)-(4),
let T and u* be the related optimal time and optimal control. Then the solution
y(Th + T*;y*,u*) € B(0,1). Moreover, it follows from (14) and (23) that

1 1
(24) < Ly < Lmarcon < a
A A A

‘We now construct a new control

R B u (t) t e (O,T ]a
a(t) = { uf(t ~Ty) te (Th,ioo)
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Then, it is easy to see that 4 € U,q and y(T}, + T*; yo,u) € B(0,1). Considering
that T is the optimal time of the time optimal control problem (3)-(4), we have
that

(25) T < T, +T"

Then (22) follows from (24) and (25). In summary, (22) is proved in all cases,
including y(Th; yo, un) is in B(0, 1) and outside of B(0,1).
Summing up, (16) follows from (17) and (22). This completes the proof. O

After deriving the error estimate between the optimal time T and the discrete op-
timal time T}, we are going to consider the errors between (y, p, w) and (yp, pp, un),
which are the solutions of the problems (5) and (9), respectively.

Theorem 3.2. Let T and T} be the optimal times for the time optimal control
problem (3)-(4) and its approximation (7)-(8), let (y,p,u) and (yn, pn,un) be the so-
lutions of problems (5) and (9), respectively. Assume that the conditions in Lemma
3.1 are all valid. Let T = min{T,Ty}. Then, for allt € [0,T) and ¢ € (0,1) there
hold

_ l—e ! ds %
Chlfs
(27) lp(t) — pr(t)]| < TE @l
Chl—a
(28) lu(t) —un(t)|lo < m

Proof. To begin with, we prove an error estimate with reduced order:

1
(29) ||p - ph”c([ojﬂ];Lz(Q)) < Chzx.

Let us consider two different cases.
(i) At first we consider the case T), < T'. Let (yn(u),pn(u)) be the solutions of
the following auxiliary equations

(20 ) + a(yn (u), wn) = (Bu,wy)  Yw, € Wt € (0,Th],

(30) yn(u)(2,0) = y§ (z) zeqQ,
— (225 g1) + algn, pa(u)) = 0 Vg, € Wh, t €0,T)),
pr(u)(z, Th) = yn(u)(z, Th) zeq.

Note that u is defined in [0,77], and then (30) is well defined when T}, <T.

Here and later we extend uy, from (0, T3] to (0,7 by setting up(t) = u(t) when
t € (Ty,T). Tt is clear that u and wuy, are all in the control set Uq. It follows from
(5) and (9) that

T
(31) / (B, un — u)udt > 0
0

and

Th
(32) / (E*pp,u — up),dt > 0.
0
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Adding the above two inequalities together leads to

T, T
/ (E*p — E*pp(u),up — u),dt + / (E*p,up, — u),dt
0 Th

Ty
(33) 4 / (E*pr () — E*pryup — w)dt > 0.
0

Considering the definition of wy, in (T}, T], we have that v = wuy, in (Th,T]. Thus
(33) can be rewritten to be

T Th

(34) /0 (E*p — E*pp(u), up — u),dt +/0 (E*pp(u) — E*pp,up — u),dt > 0.
It follows from (9) and (30) that

s Th
/ (E*pn(u) — E*pn,up — u),dt = / (pr(u) — pr, Bup, — Eu)dt

0 0

T .
/0 ((WWh(W —pn) + a(yn — yn(u), pr(u) — ph))
/0 ' ( - (M,yh — yn(u)) + alyn — yn(u), pr(u) — ph)>

ot
+(n(Th) = yn(uw)(Th), yn(w)(Th) — yn(Th))
0+ (yn(Th) — yn(u)(Th), yn(u)(Th) — yn(Th))
(35) = —llyn(Th) — yn(u)(Tn)|1>.

Therefore, (34) and (35) imply that

Th
lon(T) — (@) (TP < / (B (p — pi(w), un — u)dt

IN

/O (B (p— o)), un — u)udt

Ty
(36) + / (B (o (y) — pa(u)), un — w)dt,

where py,(y) is the solution of the following equation

(37) { — (22 qn) + alqn, () =0 VYan € W', t €0, Th),
pr(y) (@, Th) = Pry(z,Th) x € Q

with P,y € W" an appropriate approximation of y. It is easy to see that pr(Y)
is the standard finite element approximation of p, where p is the solution of the
equation

(38) { —~(F.a) +alg.p) =0 Vg€ HY(Q), t€0,Ty),

ﬁ(vah) :y(vah) T € Qa
and it follows from (12) that

(39) 15 = prW)llc o112 < Ch.
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Similar to the proof of (35) we have

Ty
/O (B* (o) — pu()), un — u)pdt

= [ 0n(6) ~ ) Bl —
(40) =(yn(Th) — yn(u)(Th), Pay(Th) — yn(u)(Th)).
Then (36), (40) and e-Young inequality imply that
lyn(Th) = yn(u)(T)II> < CllPuy(Th) — yn(uw)(Th)|?
(41) +C /OTh (E*(p = pn(y)), un — u)udt.

It is obvious that y(T},) € H}(Q). If we choose Pny(T},) as the L? projection of
y(Ty) onto W", we can conclude from the standard projection error estimate ([2])
and (12) that

1Pry(Th) — yn(w)(Th)|| |Pry(Th) — y(Tu) |l + [[y(Th) — yn(u)(Th)|l

(42) Ch.
Note that u,up € Uyg and p, py(u) € L2(0,T; L*()). Then (39) implies that

<
<

Th
/O (B*(p — pu(y)) un — u)udt

1P = Pl L2072 @)) 1 — wnll L2(0,70: 12 ()

Cllp — pn (y)HL2(O,T;L;L2(w))

Cllp = pll20,1;22)) + ClD — Pl L2(0,10:22 ()
ClIp = pllrz(o,7,:22(0)) + CRH*.

VAN VAN VAN VAN

(43)
Moreover, it can be shown from (11) that
(44) 19 = pllrzo,7:02(0) + 1P = Plleo,miz2 @) < ClIB(Th) — p(Th)]l-

When Tj, < T and h is small enough, the initial conditions in (5), (38) and the
error estimate (16) imply that

15(Th) —p(Tw)ll = ly(Th) — (Th)||
= |ly(Ty) — AT Ty(T)||

T
= [ly(T) — AT (ATT)y (7, ) 4 / AT Bu(s)ds) |
T

h

T
(1= 22Ty ()| + || | 2T Bu(s)ds||
Ty

T
11— AT (T, | + / e MT=5) g

Th
C
CMT = Tw)lly(Tu)ll + 3—(T' = Tn)
(45) < C|T—Th < Ch.
It follows from (44) and (45) that

IN

IN

AN

(46) 15— pll20,1:22(02)) + 1D = Plleo,m);z2 @) < Ch.
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Therefore, we can conclude from (41), (43), (42) and (46) that

(47) lyn (Th) — i (u)(Ty)|| < Ch3.
It is easy to see from (12) that
(48) 19(Th) — yn(w)(Th)|| < Ch.

Then (47) and (48) imply that
(49) l9(Th) = yn(Th)|| < Ch%.
We can then conclude from (9), (11), (37) and (49) that
Ipn = prW)llcqomgzz@) < Clpa(Th) — pa(y)(Th)]
(50) = Cllyn(Th) = Puy(Tu)]| < Ch3.
Thus, it follows from (39), (46) and (50) that
(51) lp = prllco.myra ) < ChE,

which proves the error estimate (29) with the case T, < T.
(ii) Next we consider the case T < Tj,. Let (y(up), p(un)) be the solutions of the
following auxiliary equations

(28en) ")+ a(y(up), w) = (Bup,w) Yw e HY(Q), t € (0,T),

(52) y(un)(z,0) = yo(z) xz €,
—(20m) ) + a(q, plun)) = 0 Vg € HLQ), t € [0,T),
pun)(z,T) = y(un)(x,T) z € Q.

For the case of T' < T}, we set u(t) = up(t) for ¢ € (T,Ty]. Then, it follows from
(31) and (32) that

T T,
/ (E*p — E*p(up), up — u)dt + / (E*pp,u — up)wdt
0 T

T
(53) —|—/ (E*p(up) — E*pp, up, — u),dt > 0.
0

Considering the definition of w in (T,T}], we have that v = wy, in (7,73]. Thus
(53) can be replaced as

T T
(54) / (E*p — E*p(un), un — u),dt + / (E*p(un) — E*ph,up — u),dt > 0.
0 0

It follows from (5) and (52) that
T T
| D= ) un — i = [ (0= plun). Bun — Ewyi
0 0

T —
(P ) + atotun) = o plun)) )

[ (- AR ) ) + atutun) = o plan))

+(y(un)(T) = y(T),y(T) = y(un)(T)) = (Yo — y0,p(0) — p(un)(0))
(55) = —lly(T) —y(un) (D).
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Therefore, (54) and (55) imply that
1(T) — y(u) (D) < / (E* (p(un) — pn), un — w)oudt
T
< / (B* (plun) — plyn)), un — u)odt
0

(56) + / (E* (plyn) — pi)s un — w)udt,

where p(yp) is the solution of the following equation

_ (9p(yn)
U R

15
P(yn)

)+ a(q,p(yn)) =0 Vg€ H{(Q), t€0,T),
z,T) = yp(z,T) z e Q.

Let pj, € W be the solution of the equation

(58) { ~(%an) +alan, ) =0 Vg €W, t€0,T),
pr(x, T) = yp(z,T) x €,

it is easy to see that Py, is the standard finite element approximation of p(yp,), and
it follows from (12) that

(59) 51 — p(yn)llc(o,m:L2(0)) < Ch.

Similar to the proof of (55) we have

/ (B o) — plum) un — ot = / " (p(un) — ), B — )t
(60) — ()(T) — y(T), 5w )(T) - yu(T)).
Then (56), (60) and &-Young inequality imply that
() — gD < Cllyun)(T) - yn( D)2
(61) v | C (B (on) — pn) un — w)odt
From (12), we also have

(62) ly(un)(T) —yn(T)|| < Ch.

Note that u,u, € Uyq and p(yn),pn € L2(0,T; L2(Q)). Then (59) implies that

T
/ (E*p(yn) — E*pn,un — u)udt
0

Ip(yn) — ph||L"'(07T;L2(w)) Ju— uhHL"’(O,T;L?(w))
Cllp(yn) — prllL2(o,7:L2(w))

Cllpn = prllz2o,r:c2@) + Cllon — p(yn)ll 20,7522 ()
Cllpn = pnll2 0,020 + Ch?.

VAN VAN VAR VAN

(63)
Moreover, it can be shown from (11) that

(64) I5n — PrllL2(0,1:L2(9)) + [1Pn — Prlleo,ry2)) < Cllpn(T) — pu(T)]-
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Using the initial conditions in (9), (58) and the error estimate (16) again, we have
that

126(T) = pu(T)||
= |yn(T) = pa(T)]|
= lyn(T) — 20T Dy, (T,) |

Th
= |lyn(T) — eAr T (AT =Ty, (T) + / A2 Buy (s)ds) |
T

Th

< Dy @) [ e By (s)as]
T
Ty h

< - SO ()] + [ e s
T

h C
< CM =T+ 7 (T =)

65 < C|T—Ty| < Ch.
This together with (64) gives

(66) 5 — pullL2o,7:L2()) + 1Pn — Prlloqo.m)i2)) < Ch.
Therefore, it follows from (61), (62), (63) and (66) that
(67) ly(T) = y(un)(T)|| < Ch2,
Combing (62) and (67) we are led to
l

(68) [y(T) = yn(T)|| < Ch>.

We can conclude from (9), (11), (57) and (68) that

1

(69) Ip = pr)llcqomirze) < Cly(T) —yn(T)|| < Ch>.

Thus, it follows from (59), (66) and (69) that

(70) lp = prlleqo,m;r2 ) < Ch2.
Again we proved the error estimate (29) with the case T' < Tj,.

We can observe from the proof of the error estimate (29) that the main reason
for the reduction of convergence order for ||p — pnllc(jo 7], 12(0)) lies in the estimates
of (43) and (63), where |[u — un||;2() 7,12(.)) is Pounded from above by a constant
C. So we need the estimate of |[u — unl|¢((o 7}, 12(q)) t0 improve the estimate of p.

Using (6), (10), (51) and (70), we have that for all ¢ € [0,T), if ||[E*pp(t)||, # 0
then

(t) E*pp(t)
1)~ w0l = | i~ TG
1 * * * *
= T OLIEEL | E P OIE POl — BpOIEp @l
1 . * *
HE*ph(t)HwHE* ||w (‘”E ||w - ||E ph || ’”E ph )Hw

+IEpn(t) — E p(t)IIwIIE*ph(t)Hw)

C Chz
T 1 E () — E*p() e < s
EZOP I < 1B,
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1

Vel

() |1E*p(t) |
lu(t) llw‘Hu )||w‘m||i;*p(t> |

NI A ||E*p<t>||wHw

else if || E*pp ()|l = 0 we may choose up(t) = with |w| the measure of w, then

Vvl IIE*

= W”E* ”wa pr(®) ~ 1Ep(0) o + 1B a0,
) < e - E O < G
Then (71) and (72) imply that for all ¢ € (0,T) there holds
(73) Ju(t) - <>||MHE*C’EQ)HW.

Inserting (73) into both the estimates of (43) and (63) and proceeding as above we
are led to

5 1 3
74 t)—pn@)|| < Cha (| —F+],
(74) o) = 2] < O8F (o)
which in turn implies

s 1 3
75 u(t) —up(t)||o < Cht | ———) .
(75) ) — un )] iz

Repeat the above process, a bootstrapping like technique enables us to estimate
that for all positive integer n > 1 and all t € (0,7,

pitartotaw

Ip(t) ~pu(t)| < C e —

I1E*p(t)]|<
_ Ch%‘ﬁ) _ ClEp(0)[5h =
B )|| 7=7m) [E*p(t)]].
. Chl#
~Ep@)lle
because that || E*p(t)]l, < C. Then (27) is proved. Moreover, we can also obtain
Chl—<
(76) l[u(t) = un(t)]w < E O

for all t € (0,T) and ¢ € (0,1), this gives (28).

Last, we consider the error for the state y. It is easy to see that yp(u) is the
standard finite element approximation of y on the time interval [0, Tj,] when T}, < T
and yp, is the standard finite element approximation of y(up) on the time interval
[0,7] when T < Tj. Then it follows from (12) that

(77) ||y - yh(u)||c([07Th];L2(Q)) < Ch when T, <T
and

(78) ||yh — y(uh)HC([O,T];Lz(Q)) < Ch when T <Tj,.
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Moreover, it can be proven from (11) and (28) that

ey | ds 3
(79)  ly(®) = y(un) (O] < Cllu —unllr2(0,t;22(w)) < Ch (/0 mV
and
) (0 ~ O] < Ol < V([
. o [1E*p(s)ll

Collecting the above results we obtain

e [ ds 1
(81) Iot6) =m0 < OW'=<( | o)
which proves (26). Then the proof of the theorem is completed. ([

Remark 3.1. It should be noted that when ||E*p(t)||l, > C >0 for all t € [0, 7],
Theorem 3.2 implies that for allt € [0,T] and € € (0,1),

1y = wnllcqo, 7102 + P = Prllogo g2y + o = wnlloqo nz ey < O

This is the quasi-optimal error estimate.
4. Conclusion and outlook

In this paper, we discussed the finite element approximation to the time optimal
control problem. The variational discretization concept was introduced for the
approximation of the control, and the semi-discrete finite element method for the
controlled equation was applied. The error estimates for the optimal time 7', the
optimal control u, the related state y and adjoint state p were provided. The
quasi-optimal error estimates were obtained.

There are still many important issues to be addressed in this area. The fully
discrete finite element method for the controlled equation and the numerical algo-
rithm for the time optimal control problem should be investigated. It is also very
interesting to study a posteriori error estimates and superconvergence for the time
optimal control problems. Moreover, the research for efficient numerical algorithms
of time optimal control problem and their application remains a challenge, which
calls for more new techniques.
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