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Abstract. In this paper, we investigate a spectral method for mixed boundary value problems
defined on hexahedrons. Some results on irrational orthogonal approximation are established,
which play important roles in numerical solutions of partial differential equations defined on
hexahedrons. As examples of applications, we provide spectral schemes for two model problems,
and prove their spectral accuracy. Efficient numerical implementations are described. Numerical
results demonstrate the high efficiency of suggested algorithms.
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1. Introduction

Over the past three decades, spectral methods have been increasingly popular in
scientific computations. Especially, the Legendre and Chebyshev spectral methods
have been widely used for numerical solutions of partial differential equations, see
[ 2L B [7, 8, [Tl 13, 18] and the references therein. Recently, there was also some
work on the Jacobi approximation and the Jacobi spectral method for degenerated
problems, see [9, [10] 14} 15 [16]. Most of the problems considered in these papers
are defined on bounded rectangular domains. However, it is more practical to deal
with problems defined on non-rectangular domains. In particular, it is interesting to
develop the spectral method for three-dimensional and non-rectangular domains.
Recently, Guo and Jia [I2] proposed a spectral method and a spectral element
method on polygonal domains. Whereas, so far, there has been little work on
spectral and spectral element methods for hexahedrons and polyhedrons.

In this paper, we investigate the spectral method for mixed boundary value
problems on hexahedrons. We first recall some recent results on the Legendre
orthogonal approximation on the cube in the next section. Then, we introduce the
irrational orthogonal approximation on arbitrary convex hexahedrons and establish
the basic results on such approximation in Section 3. These results play essential
roles in numerical solutions of partial differential equations defined on hexahedrons.
As applications of the above results, we propose the spectral method for two model
problems on hexahedrons in Section 4. Their spectral accuracy is proved. We
describe the numerical implementation of proposed schemes in Section 5, together
with some numerical results to demonstrate the high efficiency of our algorithms.
The last section is for some concluding remarks. The main idea and techniques
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developed in this work are also applicable to other mixed boundary value problems
defined on three-dimensional and non-rectangular domains.

2. Preliminaries

In this section, we recall some recent results on the Legendre orthogonal approx-
imation in three-dimensions. Let the interval I; = { {; | —1 < §; < 1} and the cube
K={¢&=(£&,8,8) & €1, 1 <j<3}. Wedenote by H"(K) and H}(K) the
Sobolev spaces as usual with the norm ||ul|, x. The inner product and the norm
of L?(K) are denoted by (u,v)x and ||u||x, respectively.

For any integer N > 0, Py ([1) stands for the set of all polynomials of degree at
most NV, and

VN(K) = Pn(11) ® Pn(l2) ® Pn(Is).
The L?(K)—orthogonal projection Py k : L?(K) — Vy(K) is defined by
(upryKu,(,b)K:O, V¢€VN(K).
For describing the approximation error precisely, we introduce the following quan-
tity with an integer r > 0,
M) = [ [ 0= ehiogut el deads
3 2

+ / / 10— )50L uler, - )|, derdes

I3 J1I,

[ 1= @rionute ol déadee

I JI

Throughout this paper, we denote by ¢ a generic constant independent of any
function and N. According to Theorem 2.1 of [19], we know that if u € L?(K), and
A, g (u) is finite for integers r > 0,7 < N + 1, then

(1) ||PN7Kuqu§( < cN*QTAT,K(u).

Next, let VH(K) = H}(K) N Vy(K). The H}(K)—orthogonal projection P]{,’,OK :
H}(K) — VJ(K) is defined by

(V(Py5eu—u), Vo) =0, Vo € Vo(K).
For any integer r > 1, we define
(2) By k(1) = B (u) + BE) (u) + BE (w),

where for r =1, 2,

1 2 3
B! (u) = B (u) = BY) (u) = [ul|? .,
and for r > 3,

)

B (u) = / / /K (1-€2)7 =1 (08, w)>+(1—€2) 1 (O, u)>+(1—€3) 1 (0%, u)?)dé: s,

B (u) ) (O Deyu)? + () Dy u)?)dE 1 dEndes

e
/ / /K (1= &) (0, 0%, ")’ + (9, ' Oeyu)*)ddéads
[ ]a-e

)" (0,08, u)® + (9, g, Hu)?)dérdéades,

+ o+
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B (u) /// — &) O 206, 0,u)? + (1 — €5)" (0, O, 20c,u)?
(1 — &3)773(0e, 0¢, 0, *u)?)dérdéadés.

According to Theorem 2.3 of [19], we have that if u € H} (K) and B, k(u) is finite
for integers 1 < r < N + 1, then

(6) |PY%u—ull2 < eN*"2'B, (u), n=0,1.

In many practical problems, Neumann or Robin boundary conditions are im-
posed on certain parts of the boundary of K. For solving such mixed boundary
value problems, we need several specific projections. For instance, we set

OHI(K) = {u € Hl(K) | U’(L€27§3) = u(Ela 17§3) = U’(§17§25 1) = 0}7
oyy(K) = OHY(K)N Vi (K).

The orthogonal projection Py ;- : °H'(K) — Vi (K) is given by
(VO Py, u—u), V) =0, 6 € Vi (K).

It was shown in Theorem 2.4 of [19] that if u € "H'(K) and B, k(u) is finite for
integers 1 <r < N + 1, then

(7) 1Py ku = ullf ke < eN*72B, g (u), p=0,1

Remark 2.1.In the same manner, we may define the orthogonal projections and
derive their error estimates for functions in H*(K), vanishing on other faces.

3. Irrational orthogonal approximation on hexahedrons

In this section, we propose the irrational orthogonal approximation on hexahe-
drons, which serves as the mathematical foundation of spectral method on hexahe-
drons.

3.1. Variable transformation. Let = (21,22, 23) and 2 be a convex hexahe-
dron with the eight vertices Q; = (x1,xj2,2;3),1 < j < 8, see Figure 1.

(8)
o1(61.6.6) = %(1 £)(1— &)(1 - &), 02(61,62,65) = %(1 FE)1-6)(1- &),
03(61,82,&3) = ?(1 + &)1+ &)(1 = &), 0a(61,62,83) = §(1 )1+ &)1 - &)
o5(§1,82,83) = §(1 &)1 = &)1+ &), 06(61,€2,83) = §(1 + &) (1= &)1+ &),
07(61,82,&3) = g(l + &)1+ &)(1+ &), 08(61,2,83) = g(l §)(1+&)(1+&).

We make a coordinate transformation

(9) zi(§1,€2,83) = i%i@(&,&,és% i=1,2,3.

i=1
More precisely,

(10)

x; = bio +bi1&1 +bi282 + ;383 +bia182 + 0i5§163 + biga8s + bir&162E3, 1=1,2,3.
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By the transformation (@), the hexahedron Q2 is mapped to the reference cube K

with the vertices V

= (&1, &2, &;3) corresponding to Q; for 1 < j < 8, see Figure

2. Indeed, we have

11
12
&13

-1
-1

&1 §31 &n 51 61 én &s1
a2 32 &a2 52 62 &ro &82
&a3 33 43 53 63 73 &s3

-1 1 1 -1 -1 1 1 -1
-1 1 1 -1 -1 1 1
-1 -1 -1 1 1 1 1

If Q is a parallelepiped, then b;, = 0 for 4 < v < 7,2 = 1,2,3. In this case, the
transformation (@) is reduced to an affine mapping.

x
For simplicity, we denote =1 by O¢, 21, ect.

. The Jacobi matrix of transforma-

231
tion of (@) is
8§1x1 8511‘2 8&1‘3
MQ (E) = 852$1 0&302 0&303 =
8€3$1 053.%2 a§3x3

b11 + b14&a + b15&3 + b17&2&3
bi2 + b14&1 + b16&3 + b1761E3
b1z + bis&1 + biséa + bi7&1 &2

ba1 + boaba + basés + baréals
bag + boal1 + bogés + baréiés
bag + bas&1 + bas&a + bar&1éo

b31 + b3a&a + b5z + bsr€als
b3o + b3a&y + bsgls + bsr&1&s
b33 + bas&q + bag€a + bzr&1&n
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Its Jacobian determinant is denoted by Jo(€). We assume that hexahedron € is
convex. Therefore, there exist positive constants dn and &g, such that

(12) 0<dg < JQ(&) < (56

The inverse of transformation (0 is given by € = &(x), namely, & = &;(x1, x2, 23), i =
1,2,3. They are irrational functions generally. The Jacobi matrix of the above in-
verse transformation is

03,61 01,82 02,83
(13) Mg (w) = My (€)lg=a = | 02,61 Onn&a OnyCs
893351 8:6352 893353
Its Jacobian determinant is denoted by Jx (x). Thanks to (I2)), we assert that
1 1

1
(14) 0<5_*§JK() m<5—

3.2. L?(Q)-irrational orthogonal approximation on hexahedron. We define
the spaces H"(Q2) and H{ () in the usual way, with the norm ||u||,,o. The inner
product and the norm of L?(Q2) are denoted by (u,v)q and ||u||, respectively.

For nonnegative integers [, m and n, we introduce the following irrational func-
tions on the hexahedron €2,

(15) Yimm () = Li(§1 (21, 22, 23)) L (§2(21, ¥2, 23) ) L (§3 (1, 22, 3)).
Let
VN (Q) = span{ Y1 mn(x) | 0 <I,m,n <N }.
The L?(Q)-irrational orthogonal projection Py ¢ : L*(Q) — Vi (£2), is defined by
(16) (Pn,av —v,¢)q =0, Vo € VN (9).

Let dg be the length of the longest edge of 2. For characterizing the approxima-
tion error, we introduce the quantity

ZZZII 590 ok—iar=Fy|3,
i=1 k=0 j=0

Theorem 3.1. If v € L*(Q), and A, o(v) is finite for integers 7 > 0 and
r < N 41, then

(17) | Pn.av —v|3 < b6 N7 A, q(v).
Proof. By the projection theorem, we have

1Px.ov = vl[§ < llo =3, Vo € V().
Let u(§) = v(x1(§), z2(€), 23(£)), and

V(&) = Pn.xu(§), p(x) = (& (z), &2(), E3(x)) € V().
By using () and ([I4)), we obtain

(18) 6 — ol = / / /K (1 — Py )2 o (€)ddésdes < by N> A, e (u).

By virtue of (I{]), a direct calculation shows
(19)

Ot u= ZZc’f (O, 1)7 (D, w2) 9 (Dg,3)"~R01 X9, i =1,2,3.
k=0 j=0
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Moreover, we see from ([0 that
(20) |0¢, 1] = |b11 + b1a&a + bi5&s + bi17&263] < 2dq, etc..

Therefore, we use ([9), 20) and (I4) successively, to derive that A, x(u) < cdg A, q(v).
This, along with (18], leads to the desired result.

Remark 3.1. In the norms of derivatives 95 0F197 " v involved in the quantity
A, o(v), there are the weight functions (1—£2)2,(1—¢€2)2 or (1—£€2)%, which tend
to zero simultaneously as the point Q(x1,x2,x3) goes to the vertices of Q. As a
result, |Pn v —v|q still keeps the order N~", even if the approximated function
has certain weak singularity at the vertices of §2.

Remark 3.2 If Q = Ky, 45,05 = {(z1,22,23) | 25| < @i, ¢ = 1,2,3}, then
r; = a&;, 1= 1,2,3. In this case, Jo = ajasas and

3
1Pxav = vl < eNT2 Y |I(af —23) 50y, vlf3.

=1

Thus, the L?(Q)-irrational orthogonal approximation turns out to be the Legendre
orthogonal approrimation. It keeps the same spectral accuracy, even if the consid-
ered function possesses certain singularity on the faces of Q.

3.3. Irrational orthogonal approximation in Hi(£2). We now turn to the
H}(Q)-irrational orthogonal approximation. According to Poincaré inequality, there
exists a positive constant cq such that

(21) [wlle < colVuwllo, Yw € Hy(9).

Let V(Q) = HY(Q)NVN(Q). The H}(Q)-irrational orthogonal projection P]{,’,OQ :
H () — VI(Q) is defined by

(22) (V(Py'gv —v), V)a =0, Vo € V().

For simplicity of statements, let 4 = x1 and x5 = x2. We also introduce the
quantity B, q(v) as follows,

(23)
By a(v) = 65 d 03 o). Baa(v) = 65 dh ol ) + 55 ol g,
Bra(v) = BU)(0) + BUY (0) + BUG(v), r>3,

where

3 r k
_ r r—1 _ . Ciar—
24) B w) =d5"aF Y S STl - T ol ko R, v >3,

i=1 k=0 j=0

k
ST - €32 0l ok an 0, 03

k
ST €)= ol ok or 20, )R, v >3,
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(26)
3 r—2 k

B =5y 335 3 (- )’
) v=1i=1 k=0 j=0
+||(1—€2)H g Ok Ior k202 vllg+d52ll(1—£2) 2,05 05200, 0(13)
3 3 r—3 k
+ogtdE QZZZZ (1 =€) 700 05707 5730,,0,,,,v|3
v= '11 1 k=0 j=0
+Hi —W* 1,050 00 v||Q +d-2||<1 — )70
3 r—4

S S5 S I - € 00,0500, ol

v=1 i=1 k=0 j=0

j ak—jar—k—2 2
.',8183:2 81'3 81i81i+1v||9

a)

HQ-€2)F 08 ok T 02 0))B), T >4,
and
3
3 _
(27) B (0) = 05" > d3M o2 oy
A=1

Theorem 3.2. If v € H}(Q2) and B, o(v) is finite for integers 1 <r < N + 1,
then

IV (Pyv = 0)l3 < edbdq ' N> Bq(v),

28 ,
%) 1Pyiqe —vll3 < (et + 1)%di (da +1)%85° N> Bq(v),

where g is a positive constant determined in ([@3)) of this paper.
Proof. By the projection theorem,

(29) IV(Pyoo = )lig < IV (6 = o)l Vo € Vy(9).
Let u(€) be the same as before, and
$(E) = Pyjeu(®).  d@) = b(& (@), (). &(x) € VR(Q).
Let Vxw = (9¢,w, Og,w, Og,w)T. It can be shown that Vw = MoVw. Let Mg

be the adjoint matrix of Mg. Then Vw = MS;IVKU) = ngMg*viw. Hence, we
use (@), (I4) and some inequalities like (20), to verify that

Y@=l = [ [ [ (39— PiSe) 5" (©désdeade
(30) <cdhoo N2 2B, i (u).
We are going to estimate the upper-bound of B, x (u) appearing in (30).
We first deal with the upper-bound of IBSI)((U) for r > 3, which is defined by

@). Using ([I4), (I9) and some inequalities like ([20), we verify that for r > 3,

(31) B!} (u) < eB) (v).



SPECTRAL METHOD FOR MIXED BVPS ON HEXAHEDRONS 671

Next, we derive an upper-bound of IB7(«21)( (u) for r > 3, which is defined by @). A
calculation yields that

(32)
0L O u
r—1 k ] ) . ) )
= YD CFCL (O m1) (e, w2)" T (O, )" T (O, 08 0T 04 R
k=0 j=0
+0§2$23§21 ag-jl_j@;;l_kv + Og, 1304, 05,70, )
.
Hr = 1)) Y CF o CL(Oe,21) (0, w2)" 7 (e, w3)" 7O, O, er 0411 O8I 07w
k=0 j=0
+0¢, 0g, ©20] 05 I 07 7 0 + Og, O, 130, 047 07 7 ),
orto
&1 U
r—1 k ] ) . ) )
= YD CFCL (O m1) (e, w2)" T (O, )" T (O 03T 0T 04 R
k=0 j=0
+8€3x28£18§j;_j8;;1_kv + 8§3x38£18£;j8;,_kv)
-
Hr—1)D > CF 2CL(0e,21) (De,x2)" 7 (e, w3)" > ¥ (0e, 0,1 011 07 0772 Fo
k=0 j=0

+8§1 853 xgé)glé)ﬁjl‘jé);f‘kv + 8&1 8§3x38£18’;;j8;;1_kv).
Moreover, with the aid of ({0, we deduce that

(33) |0g, O, 1| = |b1a + b17&3| < dg, etc..

Thus, together with 82) and (B3], an argument similar to the derivation of (ZI))
leads to

/ / /K (1= )7 2((0 Dy 0)? + (L0, ) dbnd

3 r—1 k
_ r—2 _ T
(34) Sebgtdy Yy D - &) 0,070 0s 0l
i=1 k=0 j=0
3 r—2 k Y ]
+eogtdy Y NNl - &) 0g 0k o 20, vl
i=1 k=0 j=0

We could obtain the upper-bounds for the other two terms appearing in () sim-
ilarly, with a modification of replacing the weights in @) by (1 — «fg)%2 or

(1- E%)%, respectively. Consequently, we reach that

(35) Bk (u) < BIYv), r>3.
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Finally, we derive an upper-bound of IB(B) 1o (u) for » > 3, which is defined by (@]).
We have for r» > 4 that

(36)
r—2 k 4
Or 20, 0cu =D Y CF O] (0, 1) (e, 22)" 7 (O, w3)" 2 7*
k=0 j=0

X (Dgy 010,102 72051 97 =2 Fy
+0¢, 206, 1207, 0y 771 0, 270 + O, w306, 250], 0,7 07 v
+0¢,0,01001 0,7 0 720 + (O, w103 + 8§3$1852x3)(9j+18k Tyt

+0¢, O, 007 o - Ja’“ 2= kv—i—(852x2853x3—1—853302852303)8] rt1- jgr-t- ’f

x1 T2 T1 T2

+a€zagzxsaﬂ O ARy + (Og, 7106, 2 + Ogy1 0, 02) 03 T ON I 00 2k v)

+C’r} QZZ 3C 8511'1) (aﬁle)kij
k= 0] 0
X (O, w3)" " (De, (O, 11 Dy ) 04 208 0772 Fo
+0¢, (O, w20, w2) 0, O™ 1y 70+ e, (g, w30g,w3) 05, 05,7 07 R
+8518§28§3x18]+18k Ja’“ 3=
+0¢, (O¢, x10g, w2 + 353931352932)3jir13§:1_j‘9§§3_k”
+0¢, g, 0, w20 05T 70, My
+0¢, (Dey 010, w3 + gy 01 0g,03) 00, 7972w
+8€18§28§3x38118];2 JaT - k
+0¢, (Og, 120g, w3 + 353932352933)3%135117]"9;;27%)
r—4 k
+Cg QZZ 4C 8511'1) (aﬁle)kij(aﬁlx3)Ti4ik
k=0 j=0
X (3521 (8521‘1 853331)83{;&8;?;].8;;47161}
+a§1 (O, w20¢,w2) 0% 05 FT2T 07 47Ky
Sl £ (O, 010¢, 2 + 353301352302)35;135:1_@;;4_%
gl (e, w30¢,23)0% O T 97 "2y
05, (Oc,010¢, w3 + Oy 010, 3)00, 1 07 0, 2 ~Fo
(0§2x2853x3 + a§3x28§2x3)8£'1aalccjlija;:gikv)'

1

+8

1

Therefore for r > 4,

/ / / — 1) (0F 206, 0, u) 61 dadés

3 r—2 k

<edgldg Y NN (I -€)” ;la;c;ja;;k*amawv||é
i=1 k=0 =0
—3 —
+H(1— €2 3 ;la;zka;;f 202 v||a+d92||<1—£%> 205 Ok 20, v)13)
+edg gy 22 Z (1 — €)= 82 0k 00 530,,0,,,, 0|13

=1k
- _ r—3
+Ha - &)= i% Jkar - 3(%iUII?zerQQII(l—éf) 2

3 r—4
el S S (1 - )

z=1k 0 j=0
—3 — =
(1 =€) 8,05, 70; K402 vl|3,)-

i ak—j qr—k—4 2
xlaxz 81‘3 8$i8$i+1U||Q

We can estimate the other two terms involved in (&) in the same manner, and
obtain their upper-bounds similar to (37). But, the weight (1 —£2)"~3 in (§]) is now
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replaced by (1 —£3)"73 or (1 — £2)"~3, respectively. Consequently, we obtain
(38) BE) (u) < eBU(v), >4

Moreover, a direct calculation yields

(39) B} (u) < cdg lzdg a0y = B A (V).
A=1

A combination of B, (B3), (B8) and ([B9) leads to
(40) B, k(u) < B, a(v), r > 3.

This, together with (29) and ([B0), implies the first result 28] with » > 3.
On the other hand, with the aid of (@), (I0), and Poincaré inequality, a direct
calculation shows that

By x(u) <cdg 1dQ|v|H1(Q) = By ,0(v),

41
4D Boc(u) < e (@Blvfs gy + dhlodegqy) = Baa(v).

The above two inequalities, together with (29)) and ([B0), lead to the first result (28]
with r = 1, 2.

We now prove the second result of 28)). Let g € L?() and consider an auxiliary
problem. It is to find w € H{ () such that

(42) (Vw,V2z)a = (g, 2)q, Vz € Hy(Q).

Taking z = w in (@2) and using (21)), we obtain [|Vw|q < cqllglla. Moreover, by
the property of elliptic equation with the homogeneous boundary condition, there
exists a positive constant ¢ such that

43)  lwllm2(e) < callwla + llgle) < calcal Vulle + llglle) < ca(c + 1lgla-

We now take z = PJ{,’%’U — v in (@2). Then, we use (22) and the first result of (28]
to verify that for 1 <r < N +1,
(44)
(Pyigu — v, 9)al = (Vw, V(Pyge —v))al = [(V(Pygw — w), V(Pyigv — v))al
<V(PY e — w)lla| V(PN S — v)lle < cdhdg "N (Bro(v)*

_1
Moreover, a calculation shows that we have (IBg@(U}))é < dg 2 da(da +1)[|w| 52(0)-
Finally, we use [@3]) and (@) to deduce that for 1 <r < N + 1,

0
|(PJ{[,QU - vag)Q|

IV(PyGv—v)le =  sup
’ geL2(Q),9#0 ||9||Q1 .
< capszt -r Bra(®)F (Bao(w)?
lola
(Br,a(v)) 2 |w| 20

< edd,(dg + 1) N~
llglle

_3
< ceq(ch + 1)dg(da +1)55 2 N~ (B, q(v))=.

=

This ends the proof of this theorem. m
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Remark 3.3. In the case with Q) = Kg, 45,45 a5 in Remark 3.2, we could improve
the results in Theorem 3.2. To do this, let

3 3
- 1
Bra() = Q=) alldxvlf + [1v]3),
i=1 @

=1
3 3 3
IBQ,Q(U): IBIQ Z ZZ(Z?G?H(?%(?%UH%,
P

i=1

A

3
and B, o (v )*ZI@U)( ) for r >3, with

B () = / / / d (a2 — 22 (00, 0)? + ad(ad — aB) (O, v)?

+a3(a3—x3)7 Y(05,0)?)dxy dxodas,

BEw) = (3 )} / / / G201 00y0)? + a2(D " 00y0) )iy dendes
+a2/// a3 (04,057 '0)? + a3 (05, 1 0p,v)?)dar daadas
+a3/// a3 (04,05, 10)? + a3(05, 05, 'v)?)dardaadas),

B = (3 pplatae / / / 20,0y 0)?

+ (a2 )T 300,00, 204,0)% + (a3 — 23)" 2 (00, 00, 04 *0)?)d1 dadas.
By (@) and an argument similar to the derivation of (30), we verify that for r > 1,
(45) IV(Pyigo = v)lle < eN*7*"Bro(v).
Neat, like ([{4]), we have that for 1 <r < N +1,
(Pyv = v,9)al < N7 (Bra(v)? (Bag(w))?.

Moreover, we obtain from ({{2) that |w|p2(q) < cllglla. Finally, by an argument as
in the last part of the proof of Theorem 3.2, we derive that for 1 <r < N + 1,

(46) IPy Gy — vlla < N7 (Ba(u))®.

3.4. Other irrational orthogonal approximations. For spectral method of
problems with mixed boundary conditions, we need other irrational orthogonal
approximations. For instance, we denote the boundary of the reference cube K by
0K = U?:1Sja with
51:{£€K,§1:*1}, 52:{66}'{752:71}7 S3Z{£€Ka§3:71}a
S4Z{£€Ka€1:1}a SSZ{EGKa€2:1}7 56:{€€K7£3:1}
Meanwhile, let the boundary 9 = U}_, Fj and F; = {z = x(€),§ € S;},1 < j <6.
Now, let 0**Q = U?:le , 0" = U?:4Fj, and

CHY Q) ={v|veH Q) andv=00n0*Q},  “Vy(Q) ="H'(Q)NVN(Q).
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The "H' (Q)-irrational orthogonal projection °Py ¢, : °H'(Q) = "V (Q) is defined
by

(47) (V(OPY qv—v),V)a =0, Vo € "V (Q).

Following the same line as in the proof of the last theorem, we use () to obtain
the following result.

Theorem 3.3. If v € "H(Q) and B, o(v) is finite for integers 1 <r < N + 1,
then
IVOPY qu = v)l[f < edhdg' N*~'B,q(v),
I°PY v — & < ¢cd . (ch,. +1)%dE (da +1)%6 N ~>"By,a(v),

where cq . and €q « are certain positive constants, which are similar to cq and cq,
respectively.

(48)

4. Spectral method for problems defined on hexahedrons

In this section, we propose the spectral method for boundary value problems
defined on hexahedrons.

4.1. A steady problem with Dirichlet boundary condition. We consider
the following Dirichlet boundary value problem,

—AW(x) = G(z), in Q,
(49) { W(x) = g(x), on 01,

where G(x) and g(x) are given functions. Let g(a) = g;(x) on the faces F;,1 <
7 <6.If Fj N Fy # 0, then we denote their common edge by Eir,1 <4,k <6.
Assume that the boundary value g(x) satisfies the consistent condition, namely,
gj(®) = gr(x) at the common edge Ej,1 < j,k < 6. In other words, g(x) is
continuous on 0f2.

We shall reformulate problem (3] to a homogeneous boundary value problem.
To do this, we set (&) = g(x(€)), and introduce the following functions,

Ws(€) = = ((1 - €1)g(—1,6,&) + (1 — &)§(&1, —1,&3) + (1 — £3)9(&1, &2, —1)
(1 + gl)§(17£2a§3) + (1 + gQ)é(fla 1;53) + (1 + 53).@(51;52; 1))7

Wi(€) = — (1~ €)(1 ~ £)3(~1,~L.&) + (1 - 6)(1 + &)3(~1,1,6)

1
2
+

(1 + &)1 = &)g(1, —1,&) + (1 + &) (1 + &2)9(1,1,&3)

+(1 =) =E&)g(—1,&, —1) + (1 = &)1+ &3)9(—1 €2, 1)

+(1+&)(1 = &)a(1, 527—1)‘*‘ (T+&)(1+&3)g(1,&2,1)

+(1—=&)(1 —&)g(&r, =1, —1) + (1 — &)(1 +&3)9 (17 1,1)

i(1+§2)(17£3)g( 1; y T )+(1+§2)(1+£3)§( 1; ) ))a
Wy (€) = g((1+§1)(1+§2)(1+53) 9(1,1,1)

+(1=&)(1 = &)(1 —&)g(—1,-1,-1)

+(1 = &)1 —&)(1+&3)9(-1,-1,1)

(1 + &)1 = &)(1+&3)9(1,—-1,1)

+(1+ &)1+ &)1 —&)g(1,1,-1)

+(1=&)(1+&)(1-E&)g(-1,1,-1)

+(1 = &)1+ &)1 +8)g(-1,1,1)

(1 + &)1 = &)(1—E&3)g(1, —1,-1)).

Furthermore,

WaK(E) = Ws(f) + WL(E) + WV(€)~
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Next, we let Waq () = Wax (€(2)), which only depends on g(a). It can be checked
that W(x) = Waq(x) on 0.
We now make the variable transformation

W(z)=U(z) + Woa(z),  f(x)=G(x)+ AWsa(z).
Then, ([@3)) is changed to

(50) { —AU(z) = f(x), in Q,
U(x) =0, on Of).

A weak formulation of (50) is to seek solution U € H} () such that
(51) (VU,Vv)a = (f,v)a, Yo € H} ().

The irrational spectral scheme for (&) is to find uy € V() such that
(52) (Vun, Vo)a = (£,6)a, V6 € Vn(Q),
The numerical solution of problem (@3] is given by
(53) wy(x) = un(x) + Waa(x).

We now deal with the convergence of scheme (52). Let Uy = PJ{,:OQU. We have

from ([22)) and (5I) that

(54) (VUN. Vo) = (f.9)e, V6 € V().
Let iy = uy — Un. By subtracting (54) from (G2)), we obtain
(Viy, Vé)a =0, Vo € Vi ().

Taking ¢ = @y in the above equation, we obtain ||Vauy||3 = 0. It follows from
Pocaré inequality that uy(x) = 0, and so uy = PJ{,’,OQU. Finally, we use (28)) to
conclude that for integers 1 <r < N + 1,

V(U —un)[§ < cdhd' N>~>"B,o(U),

U —un g < cci(cg +1)%dg (da + 1)?65° N~ B, (U).
This, together with (53]), implies that for 1 <r < N +1,

(56)

(55)

V(W —wy)|I3 < cdddq N> (Bro(W) + Br.o(Wa,)),
W —wn||3 < ccd(cd +1)2dE (do + 1)%65° N 2" (Bro(W) + By.o(Waq)),

provided that B, o(WW) and B, o(Waq) are finite.

4.2. A mixed boundary value problem. In this subsection, we propose the
spectral method for a mixed boundary value problem. Let 0**Q = F} U Fy U
F5,0*Q = F4UF5UFg, and a(x) be a non-negative and uniformly bounded function.
We consider the following problem,

—AW(z) = G(x), in €,
(57) W(x) = g(x), on 9*(),
W (x) + a(x)W(x) = H(x), on 9**Q.

where G, g and H are given functions. Let g;(x) = g(x)|F;,j = 4,5,6. Assume that
the boundary value g(x) satisfies the consistent condition, namely, g;(x) = gx(x)
at the common edges Eji, 4 < j,k < 6.

We shall change the inhomogeneous boundary value problem (&7 to a boundary
value problem with homogeneous Dirichlet boundary condition on 9*Q). To do this,
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we set 0*K = S4 U S5 USs and §(€) = g(x(€)). We also introduce the following
auxiliary function,

WS(&) = %((1 + gl)g(17§27§3) + (1 + 52)‘&(517 1)&3) + (1 +€3)g(€17§27 1)))

Wi(6) = — (1 + &)1+ &)1, 1,6) + (1+ &)1 +E)3(1,6,1)
+ (14 &) (1 +£3)9(81,1, 1)),
Wi(€) = 50+ E)(1 +&)(1+&)3(1,1, 1)
Furthermore,

Wa*K(E) = WS(E) + WL(f) + WV(E)-

Next, we let Wa-q(x) = Wa-x (€(2)), which only depends on g(a). It can be shown
that W(x) = Waoxq(x) on 9*Q.
We now make a change of the variables:

W(z) =U(z) + Wo-al(z), f(x)=G(@)+AWs-o(z),
h(z) = H(x) — 0p,Wa+q(x) — aWaxq(x).
Then, (B7) is reformulated as

—AU(®) = f(=), in 0,
(58) U(x) =0, on 9*(,
U (x) + aU(x) = h(x), on I\ I*Q.

Let
aq(u,v) = (Vu, Vo)g + // a(x)uvds, Y u,v e "HY(Q).
o\ Q
A weak formulation of (58) is to seek the solution U € °H'() such that
(59) aa(U,v) = (f,v)q +// hvdS, Vv e "HY(Q).
o\ Q
The irrational spectral scheme for solving (59) is to find uy € Vi (Q) such that
(60) ao(un,d) = (f,d)a + // hedsS, Vo € "V ().
o\ Q
The numerical solution of the original problem (B7) is given by

(61) wn (x) = un(x) + Woxq(x).

For analyzing the convergence of scheme (60), we introduce the auxiliary pro-
jection Pjv: YHY(Q) — Vi (€2), such that

(62) aa(Plv —v,0) =0, Vo € "Vn ().

With the aid of (62)), a direct calculation shows that for any v € °H(Q) and
PSS OVN (Q),

ao(v— 2,0 —2) = aq(v— Piv,v— P{v)+ an(z — Piv,z — Po)
(63) +2aq(v — PYv, PRv — 2)
> aq(v — Pv,v — Pjov).

It follows from (BY) and (G2) that

aa(PRU,8) = (f.6)a + / /6 S VO V(@)
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Subtracting the above equality from (@0), we have
aa(uprl*\‘/'Uad)) :07 Vd)EOVN(Q)

By taking ¢ = uy — P U in the above equation, we find that ||V (uy —P3U)||a =0
and uy — PRU =0 on 00\ 9*Q. This fact, together with the Poincaré inequality,
leads to uy = Py U.

Next, let OP]{]’QU be the projection defined by (@7). By using ([@3) with v = U
and z = OPJ{,VQU , the trace theorem, the Poincaré inequality and (@8] successively,
we derive that

IV(uny —O)|Ig < aa(uy —U,uy —U)

= ao(P3U - U, PLU —U)

6 < ao("Pk oU — U,°Pk oU —U)

(64) < (14 a)|[°Ph U — U2
<c(l+ o)1+ IIVOPy U - U
<c(l+a)(l+cd,)ddq N7 B, o(U),

whence

(65) luny = Ul[f.q < c(1+a)(1+ ¢§,)%do0G N> 72 B, o(U).

We next use a duality argument to derive the optimal estimate of |uny — Ul|q. Let
g € L*(Q). We consider an auxiliary problem. It is to find € °H'(£2) such that

(66) aa(n, 2) = (9, 2)0, vz e "H'(Q).

By taking z = 7 in (66), we use Poincaré inequality to assert that ||n]|1,0 < cq«(1+
ca.«)||9]lq. Furthermore, by taking z = uy — U in (66), we obtain

as(myuny —U) = (g,un — U)q.
Since uy = P5U € "V (), we use (62) with v = U and ¢ = P37 to deduce that
ao(Pyn,uny —U) = 0.
A combination of the above two equalities leads to
ao(n = Pyn,uny —U) = (g, un —U)g.

Therefore, it follows from the trace theorem that
(67) (g, un = U)ol <clln = Pynllialluny —Ulha.
Furthermore, by taking v =n and z = OP]{,ﬂn in ([G3]), we find that

ao(n = Pinn — Pn) < aa(n = "Pyan,n — " Py gn)-
Thus, an argument as in the derivation of (63]) leads to

In=Pinllia <ec(l+a)1+ch,)%dh05 N=°Baa(n)
< c(l+ o)1+ ch ) dhog N2l q.

Accordingly, we use (63), [@1) and (68)) to reach that

(68)

1
(g, un = U)al < (1 +a)(1+ ¢ ,)%do00" N [nll20B.o(U).

By virtue of the property of elliptic equation, there exists (o > 0, such that ||n]|2,q <
Callglla (cf. [5]). Consequently, we verify that
(69)

suy — U
luy—Ullg = sup I(g,un = U)al

1
< cCa(l+a)(1+c,)%dodg ' N™"B o (U).
g€L2(Q),9#0 lglle ’ '
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Finally, we obtain from (&1]), 64) and (€9) that for 1 <r < N + 1,

(70)
IV(wny = W)IIG < c(l+a)(l+ ¢ )dodg N2~ (Bro(W) + Br.o(Wo-a)),
lwy = WG < G+ ) (1+ e, ) dyog N> (Bra(W) + Bro(Wo-q)),

provided that B, o(W) and B, o(Waq) are finite.

5. Numerical results

In this section, we describe the numerical implementations and present some
numerical results.

5.1. Dirichlet boundary value problem. We first consider the spectral scheme
(). Let L;(§) be the Legendre polynomial of degree I, and

_ Li(§) = Lit2(§)
VAI+6

The basis functions are given by

Vi 1,05 () = X1, (€1(2)) X1, (E2(2)) X215 (§3(T))-

We expand the numerical solution as

xi(§) 0<I<N-2.

N—-2N-2N-2

(71) un(@) =D Yty 1y ot ().

13=012=01;=0

Inserting (1)) into (52)) and taking the previous basis functions ¢ = 9y iy 1 ()
as the test functions, we obtain a symmetrical discrete system with the unknown
coefficients ay, ;,.1, as follows,

N—2N-2N-2
(72) SN (Vs Vo i) iy = (F o)

13=012=01;=0

Let X be the vectors of unknown coefficients wy, 1, ;,, namely,

X =
(©0,0,0, U1,0,05 " "+ » UN—2,0,0, U0,1,0> UT,1,05 " * » UN—2,1,0," " * » UO,N—2,0, U1,N—2,0; - * s UN—2,N—2,0,
u0,0,1, U1,0,1," "+ y UN-2,0,1,U0,1,1, U1,1,15, " , UN—-2,1,1, " WO, N—2,1, U1 N—2,1, " , UN—-2 N—2.1,
e
up,0,N—2,41,00N—2,""* , UN—-2,00N—-2,U0,1,N-2,U1,1,N-2,""* , UN—-2,1,N—-2, " , UO,N—-2,N—2,
T
ULN—2,N—2," " ,UN—2 N—2,N—2)
Also, we put
F =
(f0,0,0: f1,0,0, "+ » fN—=2,0,05 fo,1,05 f1,1,00 - s [N—2,1,0, 5 fo,N—2,0, fL,N—2,0," "+, [N—1,N—2,0,
fo,0,15 f1,0,1, -+ 5 Fn=2,0,15 fo,1,15 fi,i,00 - s fv—2,1,1, 5 foon—2,1, fi,N—1,1, 7 FN—2,N—2,1,
e
foo,n—2, fion—2,", [N—20N-2, fonq,n—2, f1,1,N=2, ", [N—2,1,N—2, ", fo,N—2,N—2,
T
fin—2N—2,-, fN—2.N—2,N-2)",

with the components

fru = (f, Yo )0, 0<1,lyl5 <N -2
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Then, we obtain the following compact matrix form of ([72)),
(73) AX =F,

where A = (al’l,l;,lg,ll,b,la) with the following entries,

(74) ary iy 0o ks = (V0,1 1005 VI 1 1) 0

We now calculate the entries ay i1 17 1, 1,,15- The hexahedron Q is transformed to
the reference cube K by the coordmate transformation x; = z;(£). Similar to the
derivation of (30), we have

(Vo, Vo) = (Jo ' MV icu, MGV i) i
More precisely, we denote the entries of the matric Mg by m;;(1 < ¢,5 < 3). Then

(Vo, Vg = / / /K o MAY s - MEY scibdéy s

= // / Jo H((m110g, u + m120g, u + m1sde, u) (Ma19g, ¥ + ma2de, 1 + mi3de,1h)
K

+(m210¢, u + M220g, U + MagOe, u) (M210g, Y + Ma20g, ¥ + MazOe, )
+(m310¢, u + M320¢,u + M330¢,u) (M310g, Y + M320e,1) + M3z0g, V) )dE1 €8s,

Accordingly, we obtain from (74)) that
a1 1l o ls = (ng llo,lss V1 1.1)0

sb1s

/ /] Zmuag, (s )01 (€21 () S 005 6 (60 (E2) ()

Jj=1
+Zm2]a@ (61, (61) 1, (£2) 1, (E3) ngja@ iy (€1) 1y (62) by (€3))
J 1 g 1
me@&] (b1, (§1) D1, (E2) P15 (€3) me@g] b (§1) by (§2) ¢y, (§3)))dE1dE2dSs.
j=1 Jj=1
Besides,

T, = (f, Yo ) = (f xi (§1)xi, (§2)x, (§3) Jo) k 0<1,lyl3 <N -2

For description of numerical errors, let (n; and py (1 < i < N) be the nodes
and the weights of the one-dimensional Legendre-Gauss-Lobatto quadrature. We
measure the errors of numerical solution of (£9) by

N N N
En =(X X > W(@(CN N CNs)) — W (®(CN1 5 Ny (N L))

11=013=0 15=0 )
XJQ(&)PN,1L PN 1PN I5) 2

z(///K(W(m(é))fwN(m(g)))zjg(g)d§1d§2d53)%:HW,wNHQ_

Our first example is for the Dirichlet problem of (Z9) posed on a hexahedron
domain with the following vertices:

(75) Ql - (07050)7 QQ = (25070)5 Q3 (% 0)7 Q4 - (Oa 270)5
Q5:(0705%)5 QGZ(%7051)7 Q7 (1 a%)7 QS ( 7371)'

We assume that the right hand side f and the boundary value g are suitably defined
so that ([@9) admits the following exact solution

(76) W(x1, x2,23) = (21 + 229 + 33) sin(z1 + x2 + x3).
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In Table 1, we present the values of log;q En vs. the mode N. As is predicted

by (G6), the numerical errors decay faster than any power of N1 since the exact
solution W (z1, z2,x3) is analytic.

TABLE 1. Numerical errors of problem (9).

N=5 N=10 | N=15 | N=20
8.27E-05 | 1.48E-10 | 1.89E-15 | 1.87E-15

5.2. Mixed boundary value problem. We next consider spectral scheme (G0).
Let

bu(6) = Ll(§2) *liu{l(f)

The base functions are given by

Vi k() = 01(§1(2)) P (E2(x)) P (3 ().

We expand the numerical solution as

N—-1N—-1N-1

(77) un(@) =D Yty 1y ot ().

13=012=01;=0

Inserting (77) into (G0) and taking the previous basis functions ¢ = 1oy iy 1 ()
as the test functions, we obtain a symmetrical discrete system with the unknown

coefficients uy, 1,1, as follow,

AX = F*,
where X and F* are similar to X and F in (73),

fi = (f a0 +/ hME)bayy1,dS,  0<11,1,15 < N — 1.
9ON0*Q

The matrix A = (ay 11 111, 1,,1,) With the following entries,

ary iy 1 0o, = (VY1 1,05 V0,1 1.1 )0 +/ @)Yy 15,150 00,15 15,15 45
a0\8*Q

As the second example of our numerical experiment, we consider the Neumann
and mixed problem (G7]) with the same domain 2 as in (75 and the same solution
as in ([ZG). The boundary value g and H in (&7 are slected according to the exact
solution for two different cases of « = 0 and o = 1. In Table 2, we list the values
of log,, En vs. the mode N. As is predicted by (7)), the numerical errors decay
again faster than any power of N1,

TABLE 2. Numerical errors of problem (7).

N=5 N=10 |N=15 | N=20
a =01 3.56E-05 | 8.50E-11 | 1.63E-14 | 8.04E-15
a=1]3.50E-05 | 843E-11 | 1.16E-14 | 6.99E-15
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Concluding remarks

In this paper, we proposed a spectral method for mixed boundary value prob-
lems on hexahedrons and prove its spectral accuracy. As examples of applications,
the spectral schemes were applied to two model problems. The numerical results
demonstrated the high efficiency of the proposed schemes, which is consistent with
our theoretical analysis well. Although we only considered two model problems,
the main idea and techniques developed in this work are also applicable to other
mixed boundary value problems. In particular, the proposed irrational orthogonal
approximation may serve as the mathematical foundation of spectral method for
partial differential equations defined on hexahedrons.

An more important problem is how to design spectral element method for prob-
lems on polyhedrons. In fact, we may generalize the basic results of this paper to
the composite irrational quasi-orthogonal approximation on polyhedrons, which in
turn leads to the spectral element method for polyhedrons. We shall report the
related work in the future. On the other hand, some authors also considered pseu-
dospectral method for non-rectangular domains, which are also called as spectral
element method oftentimes, see [4, [0 [I7] and the references therein.
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