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CONVERGENCE OF A CELL-CENTERED FINITE VOLUME
METHOD AND APPLICATION TO ELLIPTIC EQUATIONS

GUNG-MIN GIE AND ROGER TEMAM

Abstract. We study the consistency and convergence of the cell-centered Finite Volume (FV)
external approximation of Hé(ﬂ), where a 2D polygonal domain €2 is discretized by a mesh of
convex quadrilaterals. The discrete F'V derivatives are defined by using the so-called Taylor Series
Expansion Scheme (TSES). By introducing the Finite Difference (FD) space associated with the
FV space, and comparing the FV and FD spaces, we prove the convergence of the FV external
approximation by using the consistency and convergence of the FD method. As an application,
we construct the discrete FV approximation of some typical elliptic equations, and show the
convergence of the discrete FV approximations to the exact solutions.

Key words. Finite Volume method, Taylor Series Expansion Scheme (TSES), convergence and
stability, convex quadrilateral meshes.

1. Introduction

In engineering, fluid dynamics, and physics more recently, the Finite Volume
(FV) discretization method is widely used because of its local conservation property
of the flux on each control volume. From the numerical analysis point of view, many
different types of FV methods, depending on the way of computing the discrete
fluxes, have been introduced and analyzed up to this day. Concerning the varieties
of the FV methods and their applications, we refer the readers to, e.g., [52, 32, 51,
18, 24] for general references, and to [36, 1, 37, 47, 58, 60, 48, 38, 40, 49, 11] for the
computational applications.

In proving the convergence of the cell-centered F'V method, one specific difficulty
is due to the weak consistency of the FV method. Namely, the companion discrete
FV derivative arising in the discrete integration by parts does not usually converge
strongly to the corresponding derivative of the limit function. To overcome this
technical difficulty, in an important earlier work, the authors of [32] employed a
discrete compactness argument for the FV space, even for linear problems. Since
then, using this approach, further analysis of the cell-centered FV method has been
made in, e.g, [28, 27, 12, 31, 41, 8, 14]. A different approach was introduced in
our earlier works [39, 42] to prove the convergence of the cell-centered FV method.
More precisely, we introduced there the Finite Difference (FD) space which is as-
sociated with the FV space, and compared the FV and FD spaces by defining a
map between them. Then, thanks to the consistency and convergence of the FD
method which are proven in a classical way, the convergence of the FV method
is inferred. This approach was conducted in [39, 42] for the study of the cell-
centered FV method when the domain considered has a rectangular mesh, whereas
more general meshes are desirable for FV which are specifically aimed at handling
complicated geometries. For a different type of FV methods other than the cell-
centered FV, the convergence of, e.g., the cell-vertex FV method is well-studied in,
e.g., [54, 55, 56, 10, 53, 59].

Received by the editors December 31, 2014.
2000 Mathematics Subject Classification. 65N08, 65N12, 76M12, 65N06.

536



CONVERGENCE OF A CELL-CENTERED FINITE VOLUME METHOD 537

There is a broad class of FV methods which correspond to various equations
and applications, and to various strategies of approximation. After choosing, for
a given mesh, the nodal points and the reconstructed functions, one needs to de-
fine an approximation of the derivatives (which is not easy on a general mesh).
For elliptic problems which admit a weak (variational) formulation, the gradient
schemes (studied in, e.g., [34, 26]) consist in mimicking the variational formulation
by replacing the exact derivatives by the approximate derivatives. Another more
general direction applying to all classes of equations and conservation laws, con-
sists in integrating the conservation law on the control volume and then looking for
approximations of the fluxes. Our approach relates to the gradient schemes. Us-
ing cell-centered unknowns, we approach the spatial derivatives using the so-called
Taylor Series Expansion Scheme (TSES) method that was introduced in the early
90’s in the engineering literature, see, e.g., [46, 52, 45, 18]. Note that the TSES is
commonly considered in the engineering fluid mechanics, whereas the MPFA ap-
proach, [9, 3], not studied here is considered in the petroleum and hydrogeology
literatures. We can then define approximate variational problems and study the
convergence of the approximate solutions to those of the exact ones. The construc-
tion of the TSES method is closely related to, e.g., that of the so-called diamond
scheme in [22] or the Discrete Duality Finite Volume scheme in [44, 23] according
to this terminology which was subsequently introduced; see Remark 3.2 below. See
other related works as well in, e.g., [43, 30, 16, 2].

As we said, there is a substantial body of work related to the numerical analysis
of the FV methods; see, e.g., the review articles [32], and more recently [34, 26];
see also, e.g., [31, 41] and the references quoted in these articles. Despite their
importance and major interest, the existing works deal with objectives different
than ours and do not cover our objectives. These works are generally motivated
by reservoir (underground) flows and address the corresponding equations, and,
on the mathematical side, they use compactness arguments to prove convergence,
even for linear equations. Due to the growing importance of FV methods, and
the considerable difficulties for proving their convergence, it is clear that there will
be many more works in years to come on the numerical analysis of FV methods,
and there is need to diversify the available tools. This article, like earlier works
[39, 42], is generally motivated by classical or geophysical fluid mechanics; it uses
a form of the FV method, the TSES method, which is not dealt with in the review
articles previously mentioned; and it uses the comparison with a related Finite
Difference method instead of compactness arguments. Another major difference
between prior works and this article is that, in, e.g., [32, 34, 26], the FV method
and its analysis is taylored to one specific equation in divergence form and, as far
as we understand, the work needs to be redone or suitably adapted if we consider a
different equation with, e.g., lower order terms as in equation (124) in this article.
On the contrary, our approach consists in approximating the underlying function
space of type H'(Q), leaving all flexibility for the equations whose coefficients can be
nonhomogeneous and nonisotropic. Finally it is noteworthy that [24] emphasizes the
use of the maximum principle which is mostly not relevant to classical or geophysical
fluid mechanics (nor to multi-species underground reservoir flows which produce
systems).

In this article, to prove the consistency and convergence of the TSES Finite
Volume approximation of H} (), (which is equivalent to verifying the properties
(C1) and (C2) below), we impose some conditions (H1)-(#5) on the mesh. (H1)-
(H3) are standard hypotheses which guarantee that the mesh is not too distorted.
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The hypotheses (H4) and (#5) on the mesh are specific to the discretization that
we consider and comparable to similar hypotheses made in the literature. The
hypothesis (H4) is local while the hypothesis (H5) is not too complicated, it relates
to the function space that we approach and is then valid for all the corresponding
equations, unlike some other similar hypotheses in the literature which relate the
mesh to a particular equation.

Our work is organized as follows: We recall some elementary geometric notations
in Section 2. Then we construct the discrete FV space in Section 3, and introduce
the external approximation of H}(Q) by the FV space in Section 4, where the
property (C1) for the FV scheme is verified as well. As briefly explained before,
due to the weak consistency for the FV method, we first introduce the FD space
associated with the FV space in Section 5, before we verify the property (C2) for
the FV. Then the convergence of the FD approximation is proved in Section 6.
Finally, by comparing the FV and FD spaces and using the convergence of the FD
approximation, we finally obtain the convergence of the FV external approximation
in Section 7. As an application of the convergent cell-centered FV approximation,
we demonstrate in Section 8 how one can use the FV scheme to approximate the
weak solution of some typical elliptic equations. The convergence of the discrete
FV weak solution to the exact weak solution is proved as well.

2. Notations and preliminaries

For any point (x4, y) in R?, we write P, = (7, y.). A vector from a point P4
to a point Pp is written as

N
(1) PsPp = (zp — x4, Yy — ya).

Let K be a convex quadrilateral with the four vertices P4, Pp, Pc, and Pp
which are ordered counter clockwise. Then the area of K, denoted by |K|, is
classically written in the form,

1 1 Tc— %A Tp—TB
2 K| = =|P,P¢ x PgP :—dt< )
() K| =5|PaPé x PPy Q}e e o

In the use of (2) below, a sign issue will occur, and to avoid it, we assume that
the convex quadrilateral is not too distorted in the sense that the projection of each
side onto the opposite side has a nonempty intersection with that side. Under this
assumption, the determinant in (2) is always positive, and hence we write

1 _ _
(3) K| = —det( re = TA ID IR )
2 Yc —Ya Yp —YB

For the FV and the corresponding FD meshes in this article, thanks to the restric-
tions (H2) and (H3) below, we will mainly use the formula (3) to compute the area
of certain convex quadrilateral cells.

The area of a triangle T with vertices P 4, Pp, and P¢, ordered counter clock-
wise, is given by

1
(4) |T|:§|PAPBXPAPD|:

1 B —TA XIp —TA
- det( ) .
2 Ys —YA YD — YA
In this article, we denote by s a generic constant, depending on the domain )
and the other data, but independent of the mesh size. When we want to keep track

of such a constant, we number it as ;.
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3. Cell-centered Finite Volume setting

We consider the discretization of a 2D polygonal domain €2 by MN convex
quadrilateral control volumes K; ;, 1 < i < M, 1 < j < N, see, e.g., Figure 1
below, so that = UM, U;-V:l K; j. Here the FV mesh is topologically equivalent
to a rectangular mesh. The interiors of the Kj; ; are disjoint, but of course two
adjacent control volumes share a (full) common edge.

FIGURE 1. A polygonal domain €2 with boundary T' =
Ui=g,w,nN,s I's, which is discretized by convex quadrilaterals.

For each control volume K; ;, we define the FV nodal points P;t;/9 j+1/2 as

the corner points of K, ; as in Fig. 2 below. Then we obtain the (M +1) x (N +1)
nodal points P; /2 jy1/2 such that

(5)
ntQ, 1<i<N-1,1<j<M-—1,
I'w, i=0,
Piiy 4y = (xi+%,j+%v yi+%,j+%) € Up, i': M,
FS) J :Oa
'y, j=N.

i—5.0-% I‘fj

FIGURE 2. Control volume K; ; with the vertices Pji1/2 j+1/2
and the boundary I'; ; = Ux—=g,w,N,s Fﬁj.

On the boundary IT" of €2, we define the flat control volumes:

Ky, ; = segment connecting P%’];% and P JIEY 1<j5<N,

PR

©) K415 = segment connecting Py 1 ;1 and Pyy1 01,1 <7 <N,
K; o = segment connecting Pi_%’% and PH_%, 1, 1< < M,
K; n+1 = segment connecting PF%’NJF% and PH%’NJF%, 1<¢< M.

For convenience, we set

(7) Ko,0 =Kumy1,0=Ko,n+1 = Kpy1,v+1 = 0.
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Then we write the closure of €2 as the union of the control volumes:
M+1 N+1
(8) o= U Ki;
i=0 j=0
We introduce the barycenter of K; ;:
(©) midpoint of K; j, fori=0o0or M +1,0r j =0o0r N +1,
9 =
e barycenter of K ;, for 1 <i< M, 1 <j<N.

Since each control volume is convex, we can write the barycenter P; ; of K; ; as
an interpolation of the four corners of K; ;. Thatis, for 1 <¢ < M,1<j <N,
(10)
P, ;= Z )\Z J mPirs jym for some )\;fn > 0 such that Z )\;fn =1.
l,m=%1 jm==%1

We write the boundary I'; ; of each control volume K ; in the form,

(11) Ly ;= U Y., (see Fig. 2).
k=E,W,N,S

We name the four internal angles of K; ; as 0"
obvious notation.

When M and N get large, we assume that the number of points in each direction
remains comparable by imposing the analytic hypothesis below:

m=WS,ES,EN,W N, with an

i, 70

(H1) There exists 0 < kg < 1 such that

M
0§—§/{51 as M,N — oo.
N
At each discretization level M and N, we consider the maximum and minimum
lengthes of the edges of all the control volumes and assume that there exist 0 <
h < h such that

(12) h<min min |F

max —max ‘Ffj| < h,
i,j k=E,W,N,S ’

K J‘ ~ i,j k=E,W,N,S
where ‘F ‘ denotes the measure of I’k i We consider also the maximum and
minimum sizes of the internal angles of all the control volumes and assume similarly
that there exist 0 < @ < 8 < 7 such that
(13) 0 < min 07", < max 0. < 6.

i,j m= WSESENWN J i,j m= WSESENWN »J

Following the suggestion in, e.g., [19, 57] and other references therein, we assume
that the FV mesh is not highly distorted, that is:

(H2) There exists 6, (2v/3)/9 (=~ 0.384) < § < 1 such that
72
(14) min (sin6, sinf) > 5?.
Using (H2) and by writing |ABC/| the area of the triangle with vertices A, B,
and C, we find that

(15)
Kisl o Pimg =3 Pirs i Picg | H 1Py 4 Pivt e Pivg ol o
(Kl = [Pr i3 Pryr g i Proa [+ [Py 1Py i Pra | —
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for 1 < i,k < M and 1 < j,I < N. Moreover, since there are at most M (or N)
control volumes in the horizonal (or vertical) direction, using (#2), we notice that

(16) max(Mh, Nh) < — max(Mh, Nh) < k1 := 6§77  max ‘I‘k|

k=E,W,N,S

=1 =1

We infer from the lower bound of ¢ in (#H2) that

(17) cosf <

m‘m

Thanks to (17), the area of each control volume K ; is written in the form in (3).
Hence the formula (3) can be made useful when we compute the area of K; ; (or
Kit1/2,5, Ki j+1/2 in (25) below). The explicit expressions of the areas are given in
(36) below. In addition, (17) also implies that
(18)
If K; ; and Ky _j are two adjacent control volumes (i — 4’ = £1 and j = j/,
or ¢ =14 and j — j' = £1), then the vector P; ;P; ; intersects the common
boundary of K; ; and Ky j (see Fig. 3 below),

and

(19)
P12, j41/2 s located inside the quadrilateral with vertices P; ;, Pit1,,
Pi+1,j+1; and Pi,j—i—l for 1 < ) < M — 17 1 < j < N -1 (see Flg 3 below).

Thanks to (19), there exist ,ufrwll/ZjH/Q > Osuchthat 32, 4 M;fé/lj*lﬂ =1
and
TR
(200 Pxjii= > w27 PPy i, 1<i<M-1,1<j<N-1
1,m=0,1

This expression (20) will play an important role below when we define the discrete
FV derivatives.

FIGURE 3. A nodal point P; 15 ji1/2 and the nearby barycenters.

Construction of the FV space. We now define the F'V space of step functions
that satisfy the homogeneous Dirichlet boundary condition in the form,
step functions uy on Q= Ui]\igl U?ZBI K; j such that
(21) Vi = u; 5, for 1 <i< M, 1<j<N,
B ‘Kw‘ - { 0, fori=0,M+1, or j=0,N+1.

Then, for any uy, € V},, we write

M N
(22) up = Zzuz] XK,

i=1 j=1

where y K, ; 18 the characteristic function of K; ;.
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Remark 3.1. A Neumann boundary condition on, e.g., I'g can be implemented
by setting

(23) ug,; = U1, 5, 0§]§N+1

Similarly, if the FV mesh in (5) is periodic near, e.g., I'yy and I'g (that is, K1 ; is
the horizontal reflection of Ky, ; for 1 < j < N), then one can enforce the periodic
boundary condition on I'yy = I'g by setting

1

(24) Up,j = UM+1,5 = 5( 1,5+ un ).

Using (23) and (24), many other mixed type boundary conditions can be im-
plemented as well. Therefore all the analysis in this article is valid for any 2D
polygonal domain, (including the one topologically equivalent to an annulus (i.e. a
2D torus)) under various boundary conditions.

To define the discrete F'V derivatives on V},, we apply the Taylor Series Expansion
Scheme (TSES), which was introduced in, e.g., [45] and suitably modified in [42]
for the case of a non-uniform mesh. The convergence of the FV method using the
modified TSES scheme is proved in [42] when the domain is discretized by a mesh
of rectangles.  Toward this end, we first introduce the quadrilaterals (diamond
cells) K j11/2 and Ky 1/o ; that will serve as the domains of constancy for the FV
derivatives (see Fig. 4 and Remark 3.2):

(25)
Ki+%,j = quadrilateral connecting four points P; ;, P;t1,;, and Pi+%7ji%,
for0<i<M+1,0<j <N,
KZ-’]JF% = quadrilateral connecting four points P; ;, P; jy1, and Pii%’ﬁ%,

for0<i<M, 0<j<N-+1.

Thanks to (9), K1/2,j, Kar1/2, 55 Ki 172 or K; n41/2 near the boundary I' becomes
a triangle.

FIGURE 4. Dash-lined Ko ; and dot-lined K; ;1,7 are the do-
mains of constancy for the FV derivatives.

Then the domain €2 can be written in the form,

M+1 N M N+1

(26) o= (U UK )U(U U Ky

i=0 ;=0 i=0 j=0

Remark 3.2. The diamond cells K; ji1/2 and Ki 1/ (or IN(M_H/Q and IN{H_I/QJ
defined below in (69)) were introduced and used in earlier works, e.g., [22, 23,
44] where some Finite Volume schemes, related to the current TSES method, are
analyzed.
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We consider the barycenters of two triangles with vertices Pi—%,j—%v PH%JJF%,
P, s jiand Py 1, Pyoxoyi1, Py 501, and name the one closer to the
segment from P; 1 ;.1 to Py 1 ;11 as Q; ;. By definition of the barycenter,
the distance between P; ; and the segment from PF%’]-JF% to PH%JJF% is bigger
than that between Q; ; and the segment from P; 1 ;1 to P 1 ;.1 (see Fig. 5
below). Hence, using (H2) as well and by writing |ABC/| the area of the triangle
with vertices A, B, and C, we find that
(27)

PiiPi 1 j+1Pisy j+i

v

‘Qi,jpifé,ﬁépwé,ﬂ%

1
> gmm(‘Pi—%,j—%Pi+%,j+%Pi—%,j+% » |Pird, -3 Pi g 543 Pirg iy )
1 . L
> —QQ mln(51n9, st)
3
12
>-hd
3

Using this fact, we notice that

K j K 3
(28) max( | Koy + L8] )g—&l, 1<i,k<M,1<jl<N.
(Kl K]/~ 2
P 141 P11
P11 Pyt

FIGURE 5. The X marked barycenter P; ; of a control volume
K; ; and the dotted barycenters of the two triangles, one with ver-
tices Pi—1/2,j—1/2a Pi+1/2,j+1/25 and Pi—1/2,j+1/27 and the other
one with vertices Pii1/2 j-1/2, Pi—1/2,j+1/2, and Pi1/2 jy1/2-

We introduce the (non-singular) geometric matrices M; jy1/2 and M0 5
whose rows represent the diagonals of K; ji1/0 and K, /o ; respectively,

Ti+1,5 — Ti,j Yit1,5 — Yi,j
Miyy,; = ’
| Titd, i+l —Tapd g1 Yl 4l —Yirl -1 ]
M. o= | Titeats T sty Yiegats T Yicgits
i,j+3 = )
Ti, j+1 — Ti,j Yi,j+1 — Yi,j
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Using (20), we define the intermediate value ;1 /2, j11/2 of un € Vi at P17 1172
in the form,
(30)
i+l il
Z u;:'_ni’1+2 Uitl, j4m, 1<i<M—-1,1<j<N-1,
1,m=0,1

0, ¢t=0,M, orj=0,N.

it j+3 =

Thanks to (25)-(30), using the values of the function at the four vertices of
Kit1/2,5 (or K; ji1/2), we write two (discrete) directional derivatives of wuy in
Kit1/2,5 (or K; ji1/2) as a linear combination of the (discrete) gradient of wp,
where the coefficient vectors are identical to the rows of M, q/5 ; (or Mi7j+1/2).
Then, by solving the linear system, we obtain the discrete FV derivatives on Vj:

For u, € Vy,

M N+1 M+1 N
(31)  Vaup = E E Vatn|pe XKt E E Viun| XK
i=0 j=0 +3d i=0 j=0 bita
where
Uit1,j = Ui,j
1 > ,
Mz‘+lj on K1,
2’ Ujp L i1 — Uil 51
i+3,7+3 +35,J—3
(32) thh:

U;'+l, i+1 — U‘_l7 i+1
-1 l 213 13203 OHKiJ»_i_%.
Ui, j+1 = Ui,
We notice from (17) that the area formula (3) is valid for the K1/ ; and K; j11/5.
Hence we write

. 1 Yitrd,j+3 ~Yitd, -3 —(Yi+1,5 = ¥i.5)
Mi.:,-%,j - 2|Ki+%7j| ’
|~ (@i et ~ T got) Ty @
(33) 0<i<M, 0<j<N+1,
33
. -1 Yi,j+1 — Yi,j *(yi+%,j+% *yi—%,ﬂ%)
Mi,j-i,-% = 2|Ki,j+%| ’
| — (i, 1 — 24,5) Titd 41 ~ Ti-1,5+4 |

0<i<M+1,0<j<N.

We equip the FV space Vj, with the inner products (-, -)y, and ((-, -))v;,, which
mimic respectively those of L?(2) and H}(Q):
For uy, v, in Vj,, we define

M N
(34) (“f“ Uh)vh = (“h’ Uh)m(g) = ZZW,J’ vi, 1K, s

i=1 j=1

((un, 'Uh))vh = (Vaun, thh)Lz(Q)

M N+1

=>_ > Vh”h‘Ki

(35) i=0 j—=0 +3
M+1 N
+ Z thuh‘KL]#% . vhvh‘KiJ#l |Ki,j+%|'

i=0 j=0 2

o thh‘KH%’ Kt 1l

J
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Here we write the measure |K,| of K, as

|Ki, 5| = L det { Titd,gtg ~ Vimg-p Tioga+d T Tigg-d }
1,71 — _ I
2 Vit gty ~Yi-3.0-3  Yicdard T Verdaod
1 Li41,5 —Ti,5 Ljpdl ;401 — T 1 5 1
— , , +3,9+5 ~ Tivg,i-3%
(36) |Ki+%,j| = 5 det Ly s e,
Yi+1,5 = ¥Yi,j  Yirl 41 ~Yirl j-1

1K i1l = L et [ Tivg g+ = Tieg, 545 TigHl T Tij } .
TrE 2 Yird,j+s ~Yi-g, 541 Yig+1 ~ Vi
We denote by | - |y, and || - ||y, the norms associated with these scalar products
(y v, and ((+, -))v, respectively.
4. External approximation of Hj({2) via the FV space V,

To approximate the Sobolev space H{(2) in the sense of [17] (see also [57]), we
consider an external approximation as in Fig. 6 where the maps between the spaces
are defined in (37):

€]

H; () L2(Q)?

Th %

Vi

FIGURE 6. External approximation of H}(Q) via V.

(37)
w(u) = (u, Vu), ue H}(Q),
M+1N+1
ra(w) = Y Y (raw)i Xk, w € CF(Q) C Hy(9),
=0 j=

1
—/ ude, 1<i< M, 1<j<N,
where (rpu); j = | K, 51 Ki

0,i=0M+1,0orj=0,N+1,

pr(un) = (un, Vaur), up € V.

We state and prove the discrete Poincaré inequality for this F'V space:

Lemma 4.1. Under the assumptions (H1) and (H2), we have

(38) lunlv, < kpllunllv,, un € Vi,

for a constant kp = 2v/6 111_15*1/2, independent of the mesh size.

Proof. Considering uy, in V3, since u; o = 0 for 1 <¢ < M, we write
j—1

(39) Ui,j:Z(Ui,kH*Ui,k), 1<i< M, 1<j<N.
k=0

Then, using the Schwarz inequality, we find

N

(40) w2, < NS (winin —uik)’, 1<i<M, 1<j<N.

k=0
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On the other hand, we infer from (29) and (32) that
s
(41) P; vP; 1 thh|K_ oy okl T Ui e
i ktg

It is clear that

(42) |PoiPri| < [PonPiry nt |+ |[Povg e Prin| < 40
Combining (40)-(42), we find that
N 2
(43) 2, <16NR’ ‘thh}K ‘ L 1<i<M, 1<j<N.
k=0

Now, using (43) we write

44)  |unl}, = ZZU | K, j| <16Nh ZZ{ ‘thh‘K ‘2|Ki,j|}.

i=1 j=1 i=1 j=1 *~ k=0
Using (28), we deduce from (44) that

2
(45)  |unl3, <24NZR76 lzz\vhuh\K \ 1K, oy 3| < 243 |unl?,.
i=1 k=0
The proof of (38) is now complete. O

Thanks to the discrete Poincaré inequality (38), the stability (uniform bounded-
ness) of the operators py, defined in (37), follows:
(46)

|Uh|2L2(Q) + |Vuh|2L2(Q) _ |Uh %/h + Huh| 2

Vi < (14k3).

lpnll? = sup
L(Vi, L2(Q)3) — wn Vi [lun|

i wevi llunlly,

Convergence and consistency of FV. To prove the convergence and consistency
of the FV method, we need to prove the following two properties (see [17] or Sections
3 and 4 of Chapter 1 in [57]):

(C1) (pnorp)(u) = w(u) in L*(Q)3 as h — 0, Vu € C§°(9Q),
(C2) Ifuy, € Vj, and pp(up) — ¢ weakly in L*(Q)? as h — 0, then ¢ € w(Hg(1)).

We recall some elementary lemmas which can be easily verified by using Taylor
expansions (see also [42]):

Lemma 4.2. Let K be a convex polygon in R? with barycenter £€;,. Then,
1 —
(47) i [ ode = olex) + 0K, o€ CH(R),
K

where O(|K|) < [|¢llc2(x) | K.

Lemma 4.3. Let K be a convex polygon in R? with vertices &;, 1 < < p. Then,
for any point £ inside K of the form,

p p
£=) & 7%=0, Y y=1,
=1

i=1

P

(48) D vid&) = o) +O(IK]), ¢ e C*(K),

=1
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where O(|K]) < [|¢]lc2(x)| K.
Lemma 4.4. Let &, &, and & be three (not necessarily aligned) points in R2.
Then we have
2
(49)  0(&) — 8(€1) = Vo) - (6~ €1) + O(D_ 1€ —€F°), ¢ € C*(R?),
i=1
where O( X, 1€ — &%) < [l9llcas) Tis 1€ — &1°

We recall the big order O(E’Y) for v > 0 with respect to the mesh size h such
that

(50) lOo(R™)| < kR,

for a generic constant x > 0 which is independent of i, j, or h. The small order
O( R’ ), v > 0, with respect to the mesh size h is defined as well so that

olF ) o

(51) lim

A o]
h—0| h

4.1. Proof of (C1) for FV. To verify the property (C1) for this FV space, we
first choose a smooth function u € C§°(£2) and want to show that

(52) rn(u) — u  strongly in L?(Q) as h — 0.

For a point (z, y) in ©Q (up to a set of measure zero), we choose ¢ and j so that
(x,y) € K; ;. Using the definition of 7, in (37), Lemma 4.2, and the Taylor
expansion, we infer that

) (o) = ute, )| =| e [ wde— (o)

(53) < [u(P ) — ule, y)| + O()

< |Vl Loy -
Then we deduce that
ra(u) — u  strongly in L>°(Q) as h — 0,

and hence (52) follows.
As a next step, we need to verify that

(54) Virn(u) — Vu  strongly in L*(Q) as h — 0.

From (26), we notice that any point in € (up to a set of measure zero) is located in
exactly one of the K; ;1,3 or K; 1/ ;. Without loss of generality, we assume that
an arbitrary chosen (but fixed) point (x, y) is inside of K; ;1o for some i and j;
the other case when (z, y) € K113, can be treated in the same manner. Then,
using (32) and (37), we write

(rhu)' 1541 — (Thu)'_l 1
(55) Vh’l’h(u)(:ﬂ, y) — Mi_;url it3,J+3 i—1,5+3 ’
e (rau)i, j+1 — (Tau)i

where (rpu);41/2, j4+1/2 is defined by (30) with u; ; replaced by (rpu);, ;.
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Using the definition of (r,u);, ; in (37), and using Lemmas 4.2 and 4.3, we notice
that
(56)
(rau)i ;= u(P; ;) +O(R°), 1<i<M,1<j<N,

()1 i1 =u(Pips ;1) +O(R), 1<i<M-1,1<j<N-1.
Thanks to (29), (33), (56), and Lemma 4.4, we find that

(Th“)i+%,j+% - (Th“)i—%7j+%

=M, ., 1 Vu(z, y) +O(E2).

(57) - LJ+3

(rnw)i, g1 = (rau)i,
Combining (55) and (57), we obtain
(58) [Vara(u)(@, y) = Vu(z, y)| < O(h).

Then we deduce that Vjry,(u) converges to Vu in L=(f2) as h — 0, and hence (54)
follows as well.
Thanks to (52) and (54), the property (C1) of the FV space is obtained.

As we already recalled, the FV method is weakly consistent, and hence proving
the (C2) property for the FV is not as direct as for the other classical methods such
as Finite Differences or Finite Elements; see, e.g., [32, 39, 42]. In this article, to
verify the property (C2) for the FV, we follow the approach introduced in [39, 42].
More precisely, we will first construct in Section 3 the Finite Differences space which
is associated with the mesh corresponding to the FV space, and prove the stability
and convergence (the properties (C1) and (C2)) of the Finite Differences. Then, by
comparing the FV and FD spaces, we will finally deduce that the property (C2)
holds true for the FV.

5. Corresponding Finite Difference setting

In this section, we construct the Finite Differences (FD) space which is associated
with the F'V space in Section 3.

As a first step, we first choose the FD nodal points along the boundary I" to be
the same as those of the FV,

(59) Piisjys = @Tirs s Uit jes) =Pirs ey, 1=0,M, orj=0M.

Then the boundary cells of the FD mesh are naturally defined as those of the FV
mesh,

(60) K, ;=K;j, i=0M+1, orj=0M+1.
We keep the F'V barycenters as the FD points,
(61) Pij= T 0ij)=Pij, 0<i<M+1,0<j<N+1

We define the inner FD nodal points as the average of the nearby 1:-’Z s

(62)

~ 1 ~ . . ;

Pi+%7j+% =1 Z P jom, 1<i<M-1,1<j<N-1, (see Fig. 7 below).
l,m=0,1

In general, the average defined on the right-hand side of (62) is different from the

barycenter (center of mass) of P;i; jym, [,m =0, 1. They coincide only when the

quadrilateral with vertices Pt j4+m, [,m = 0,1, is a parallelogram.
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Using (60) and (62), we obtain the FD discretization of the domain € in the
form,

M+1N+1
(63) a=U U Kis
i=0 j=0
where
(64) I~{” = convex quadrilateral connecting the four points f’ii%’ji%.

FIGURE 7. The X marked FD nodal point P; /9 j11/2 is the av-
erage of the nearby four points P, j4m, j,m = 0,1; see Fig. 3 to
compare with the corresponding FV mesh, in which P; 1,3 j11/2

is not the average (nor the barycenter) of the points Pty jtm
around it; see (62).

For a cell f(i,j, we write its boundary fi,j as

(65) L= U I,
k=E,W,N,S

The four internal angles of I~(” are denoted 67;7]», m = WS,ES,EN,WN. This
setting of the FD mesh appears in Fig. 2 with P, K, and I respectively replaced
by }3, K , and L.

Since IN’” € IN{Z-,]-, we write IN’” as an interpolation of the nearby nodal points
(the vertices of K; ;):

For1<i<M,1<j5<N,
(66)
f)i,j = Z X;:fnlsﬂ_%,ﬁ% for some X;fn > 0 such that Z X;fn =1.

l,m==+1 jym==%1

Construction of the FD space. We define the FD space of step functions that
satisfy the homogeneous Dirichlet boundary condition,

step functions w, on Q= Ui]\igl U?ZBI I~(” such that
67) V= N Ui, for1<i<M, 1<j <N,
iz, = { 0, fori=0,M+1, or j =0, N + 1.
Then a FD step function uy, € Vh is written in the form,
M N
(68) iy, = Z; Zlﬂm Xk,
i=1 j=

To define the discrete FD derivatives on 17;“ we apply the classical Taylor Series
Expansion Scheme (TSES):
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We introduce the quadrilaterals I?i,j_H/Q and IN{H_UQJ which will serve as the
domains of constancy for the FD derivatives (see Fig. 8),
(69)
= quadrilateral connecting the four points IN’M-, ﬁiﬂ,ja and }3”%’]*%,
for0<+<M+1, 0<5<N,

K, ., 1 = quadrilateral connecting the four points IN’M-, f’m-ﬂ, and f)ii%7j+%,
for0<i<M, 0<j<N+1.

Then the domain © can be written in the form (70):

P, 1. 1
it3.0-3

F1cure 8. Dash-lined I?Z'+1/27j and dot-lined f(m-ﬂ/g as the do-
mains of constancy for the FD derivatives.

M+1 N M N+1
(70) Q= ( Uo ,UOKH%’])U(-UO UOKi,jJr%>'
i=0 j= i=0 j=

We define the (non-singular) geometric matrices Mi, j+1/2 and Mi—i—l /2, whose

rows represent the diagonals of IN(I j+1/2 and fQH /2, Tespectively,

— Tit1,j = Tij Yir1,j — Yij
M, 1= - N g ,
L Tivg.gts ~ Tivgg-3 Yirga+s T Yirgi-g
(71) 0<i<M, 0<j<N+1,
N | Tirtgrd T T+t Yiedord  Yiedg+d
ity ~ ~ ’
xz j+1 — xz 7 Yi,j+1 — Yi, 5 |

0<i<M+1,0<j<N.

Using (62), we define the intermediate value ;1,2 j4+1/2 of up € Vi, for 0 < i <
M, 0<j <N, in the form,

T D Tistgem, 1<i<M-1,1<j<N-1,
(72) ﬂiJr%’jJr% = 1,m=0,1
0, i=0,M, orj=0,N.
Thanks to (69)-(72), we define the discrete FD derivatives on Vj:
For uy, € Vy,

M N+1 M+1 N

(73)  Viun=>.3. thh\K R > > Vaiinlg, e XE

) +3
i=0 j=0 =0 j=0 T



CONVERGENCE OF A CELL-CENTERED FINITE VOLUME METHOD 551

where

— Uiy1,j — Ui,j -
M- 11 ) l | ' ‘| on Ki-‘r%,j’
(74) Vi =

;&:' i 1 _a 1 . 1
-1 t+3.0+3 =3,Jt3 =
M [ on Ki7j+%.

Ui, j1 = Ui, j

—~ ~ 1 Yirl j+l —Yigl j-1 _(yi+1,j _yi,j)
Mi-i—%,j = 2|Ki+%,j| ~ ~ ~ ~ 5
~(@irg,g41 ~ Tirgymg) T~ Ty
(75) 0<i<M, 0<j<N+1,
75
i1 ~ -1 igtr = U5 —(Wird g0t — Vg ed)
i+t T 2|Ki,j+%| ~ ~ ~ ~ ’
(@i = Tig)  Tigages —To1 gyl

0<i<M+1,0<j<N.

The FD space Vi, is equipped with the inner products (-, ~)‘~/h and ((-, ))‘7’ which
mimic respectively those of L(Q) and H}(Q):
For uy, v, in Vj,, we define

M N
(76) (aha quh)‘N/}L = (aha ,ﬁh)Lz(Q) = Zzaz’,jgi,ﬂKi,jL

i=1 j=1

((un, 5}1))% = (Viin, 6iﬁh)Lz(Q)

M N+41 N )
=SS Vil Vil | K,
(77) L h h‘K7,+%,j h h\KH%J z+;,j|
M+1 N _ N N
+ ; j;ovhuh‘f(i’”% 'thh‘f(i,HgK@j*%L

where the measure |I~(*| of K, is given by (36) in which K, x, and y are replaced by
K, 7, and ¥ respectively. The corresponding norms | - |‘~,’ and || - ||‘~/h are naturally
deduced from (76) and (77) as well.

6. External approximation of HZ(2) via the FD space V,

To approximate the Sobolev space H} () via a FD space, we consider an external
approximation as in Fig. 6 where r,, pp, and V}, are respectively replaced by 7,
Dn, and V3, and @ = . The maps 7, and p;, are defined by

M+1 N+1
() =Y > (Fauw)ijxg, » uw€CG(Q) C Hy(Q),

i=0 j=0

_ u(Pij), 1<i<M, 1<j<N,
where (Fpu);, ; =

0,i=0,M+1, or j=0,N+1,

Pn(@n) = (@n, Vatn), n € Vi
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For the analysis below of the FD space, we assume that the FD mesh as well is
not too distorted in the sense that

(H3) The constants h, h, 6, and  in (12) and (13) are chosen so that the ana-
logues of (12) and (13) hold with T and 6 replaced by I' and 6.

Remark 6.1. In fact the condition (#3) can be verified as a consequence of the
condition (H#2) and the condition (#5) that we impose below. We choose to state
(H3) here in this section to complete the analysis of the FD approximation in a
self-contained manner.

Then the discrete Poincaré inequality for the FD space is proven exactly as for the
FV space:

Lemma 6.2. Under the assumptions (H1)-(H3), we have
(79) lUnly, < wpltnlly,, T € Vi,
for a constant kp = 2v/6 ﬁf15_1/2, independent of the mesh size.

Following the same computations as in (46), one can prove the stability of py:

(80) ||5}l||L(V~,“L2(Q)3) <1+ K-

Convergence and consistency of FD. To prove the convergence and consistency
of the FD method, we need to prove the following two properties:

(C1) (pno™h)(u) = w(uw) in L*(Q)3 as h — 0, u € C§°(1),
(€2) If @y, € Vi, and py, (W) — ¢ weakly in L2(Q)® as b — 0, then ¢ € w(H(Q)).

The proof of (C1) for the FD is almost the same as (and even easier than) that
of the FV in Section 4.1. Hence we omit this proof and prove (C2) for the FD only
in Section 6.1.

6.1. Proof of (C2) for FD . We assume that the corresponding FD mesh is
sufficiently regular in the sense below:

(#4) The FD points P; j, (which are identical to the cell centers P; ; of FV
mesh), satisfy that

B P Pijnt Py o
%:Piijro(h), %:pi’ﬁro(h),
13'+1, i+1 Jrf)el, i-1 3 —2 ﬁ'+1, i—1 +I)'71, i+1 3 —2

7 J 5 1 J :Pi,jJrO(h )7 3 J 5 1 J :Pi7j+0(h )7

for2<i<M-land2<j<N-—1.

Remark 6.3. The condition (#4), which is inspired by the earlier work [42], is
satisfied in particular by a typical problematic mesh with the alternating sizes of h
and 2h in the analysis of FV. The simple examples A and B in Fig. 9 satisfy the
assumption (H4) as well, because the inner cells of the corresponding FD mesh for
A (or B) become identical to a parallelogram (or a rectangle).
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m

FIGURE 9. Some particular F'V meshes.

Now, to prove the property (C2) for the FD, we choose a family @, € Vi, such
that

(81) Up — ¢o, Vi — (¢1, ¢2) weakly in L2(Q) as i — 0,
and we wish to show that (¢o, ¢1, ¢2) € W(Hg (L)), that is:
(82) / (61, &y) 0 da = f/ ¢ VOdx, Y0 C5°(R?).

R2 R2

Here ¢, is the function equal to ¢, in Q and to 0 outside of €.
Setting,

(83) Ih = / %hﬂhedw,
Q
we infer from (81) that
(84) Ih—>/ ((gﬁl,qbg)t?dw:/ (¢1, ¢y) 0dz as h— 0.
Q R2

Therefore, to prove (82), (and hence (C2) for the FD), it is enough to verify that
(85) Ih%f/d)oVHda: as h — 0,
Q

which is the same as the right-hand side of (82). Hereafter our task is to verify
(85).

Using the definition of the FD derivatives (73), we write Ij, in (83) in the form,
(86) In =L+ 1y,

where
. M N+1 . Uivr,j — Ui,
' = M, 0dx
h itz U:i1 .1 — U 1 K ’
i=0 j=0 +3,7t3 +t5,0-3 Ki+%u
(87) M+1 N
+ a 1 1 *ﬂ 1 1
vV _ Z -1 it+3.0t3 i3, Jt3
Iy Mz,ﬂ_% [ o - 0 dx
=0 j=0 Ui, j+1 Uq, 5 i j+%
Setting
— ki — | K -1
(88) Mz‘+%7j - (mi+%’j)1gk,l§2 T ‘Kz+%7j| MiJr%,j’
and
~ ~ ~ 1, ~ ~
(89) 041 ; := value of 0 evaluated at P; 1 ; = §(Pi7j +Pit1,5),
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we rewrite [ }IL{ ,

(90)
M N+1 ai-‘,—lj_aij N ~
LE= Y Migs | - _ iy + lnlly, OCR)
i=0 j=0 Uil 4l — Uipl i1

11 (= ~ 12 (~ ~ ~ ~
M ONAL gy (Wi = W) g Sy (@ g W g = Wi, o1 = Wjie1)

21 (o 22~ S~~~
i=0 j=0 mH%,j(UHl,g Uz,])+mi+%7j(uz+1,J+1 + Ui, jp1 = Uig1, j—1 — Ui, j—1)

X[’Zq.%,j + ||ﬂh||x7h O(E)

Integrating by parts, we find that

H _ HI | fHII | 1~ (_ n(T
(91) LT =127+ 1,07 + g, O(h),
where
(92)
1 M XN mzlﬁl -+m3,1; i ~ ~
IH7I _ - ~ 27 27 0 _9
e 2ZZU”J m2l. 1ol itg.d " Vieg.d
i=1j=1 L it3.d i—3,]
Mo, 12 12 T
M N
1 _ Myrs e T 7 3
7§ZZW’]’ m22 1 m22 i+3,0+1 T Vitg,5-1
i=1j=1 L itg, il itg,i-1 |
[, 12 12 7
M N
1 - miféijrleri*%yj*l 5 5
7522'““] m22 1 m22 i=5, 041 T Vimg,5-1 )
i=1j=1 N S R N
and
(93)
| M N mily —mit ] N
THIT _ ~ it+3,] 3.7 g g
e T2 i 21 21 i+4.0 T V-4
— £ m2l, —m?l,
i=1j=1 L "ita.d i=3,J

12 12
M N —
1 _ Myips 1 Mgl i i
IS | T G
i=1 j=1 i+3,5+1 i+3,5-1
12 12
M N —
1 | M T e i i
~3 E > i 22 a9 ( -4+t i—%,j—l)'

i—5,+1 i—g,j—1

Thanks to the assumption (H4), we simplify some expressions in (92) and (93)
which are related to M/ ; defined in (75) and (88): Using (72), we find that,
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for2<i<M-1land1<j<N,
(94)

11 11
i+3,7 i—%

. Gir 543 =T 25-1) T3 @im ey —Timg-1)

1
2
1, . —2
5(?Ji,j+1 —Ti,j—1) +o(h"),
1
2

ml2 +ml2 — (7~_ T s )+1(,~. T s )
i+%7j+1 i+%’j71 - yz+1,j+1 yz,jJrl 9 szrl,]fl yz,jfl

= G+ g +o(R)

1, _ _
= *5(%“,]’ - yzel,j) + O(hQ)a
ng%,jﬂ + mg%,jfl = —¥i,j +Yi-1,5 0(52)
1, _ _
= —§(yi+1,j —Yi-1,5) + 0(h2)7
and
(95)
11 11 _ 1. ~ - T
mity jmmily =5 Wi ey —Viri-3) =3 Wiog et —iog -1
= o(R’),
12 12 Lo~ ~ - T
Mt e — Mgl jo1 = 5(— Yit1,j+1 + yi,j+1) + §(yi+1,j—1 - yi,j—l)
1 - - 1, - —
= 5(— Yi, g1+ Uim1,j41) + 5( i+1,5-1 = Ui, j-1) + 0("2)
=o(R°).

By symmetry, we also find that, for 2<i< M —1land1<j <N,

mily Amil, = *%(5@]41 ~Fi4-1) +o(R),

M2 i = 5 B — B ) + o),
(96) m?3%7j+1 + m?fgéyjfl - %(fﬂrl,j —&io1,) +o(R),

mily ity = o),

m?f%,jJrl - m?ﬁ%,jﬂ = 0(52)'

Using (93), (95), and (96), we notice that

(97) L] < |y, o(1).
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Now using the Taylor expansion, we write [ f T in the form,

(98)
M N mil, o 4mit
IH’I 1 ~ i+3,7 1=35,7 vé’ ﬁ ﬁ
h —_522161',3‘ m2l, 42! i’j'( i+3,5 i—%,j)
i=1j=1 i+t3.] i—3.]
B 12 12 T
M N
1 B I I I P
3 E E :Uz I 22 4 22 i i+3,+1 i+%,j—1)
i=1j=1 L itz i+3.5-1
LM N mi2, o +ml?
~ i—5,J+1 i—5,J—1 va }~) }~)
gZZUw m22 1 m22 i ( i—g,j+1 i—%,j—l)
i=1j=1 i—g,j+1 i—g,j-1 |

+anllg, O(R).

Using the assumption (#4), we simplify the vectors appearing in (98):

IBHE j —131-,%7] = %(ﬁi-i-l,j —151'—1,3‘)7
1~Ji+%,j+1 - 13i+§,]71 = %(151'+1,j+1 + Py — P — Py,
(99) = 13i,j+1 - 131‘,]‘—1 + O(EQ),
131-,5,]-“ - 131-,5,]-,1 = %(ﬁi,j+1 +15i—1,j+1 - 131‘,3‘—1 - 131‘—1,;‘—1),
=Pij1— Py 1 +o(R).

Using (94), (96), and (99), we rewrite I,?’I in (98) in the form,

1MN

—5 D0 i Vo Ay + g, o(1),

i=1 j=1

H,T
(100) =

where the matrix A; ; is defined by
(101)

A ;= Z{(ﬂi,jﬂ = i, j—1) (Tir1,j — Tio1,5)
—@i+1,j - ﬂi—1,j) (5i,j+1 - 551‘71’—1) } Loxo

= §(area of quadrilateral connecting vertices 1~3ii17j and f’i,jil) Ioyo.

On the other hand, using (3) and (H4), we observe that

~ 1 Tivgg+d ~Tig-4 Tirda-3 T Ticdg+d
[Kijl = gdet | _ _ _ _
Yirgoits ~Yichi—y Yirdi—3 T Yiegi+s
(102) 1., _ _ _
= Z{(yi,j+1 - yi,j—l) (Ii+1,j - Iz—l,j)
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Therefore we finally deduce from (91), (97), and (100)-(102) that

M N
1 - ~ ~ ~
I}};I = —522'&1-’]' VG(Piyj) |Ki7j| + Huth/h (9(1)
(103) =1

1 - ~
:_5/uhVHda:-i-HUhH\N/,Lo(l)'
Q

Thanks to the symmetry between the expressions of I, ,{{ and [ ,‘l/ , using the same
method as for [ ,{{ , one can verify that I X in (86) can be written as the right-hand
side of (103). Therefore, we finally have

(104) I, = 7/ up VO dx + Hath/h 0(1)
Q

We deduce from (81) that the term I}, in (104) attains the limit announced in
(85). Hence the property (C2) for the FD discretization follows. O

Now, we conclude that the FD approximation, constructed in Section 5, is sta-
ble and convergent in the sense of [17, 57]. We summarize the result below as a
proposition:

Proposition 6.4. Under the assumptions (H1)-(H4), the FD discretization method
under consideration is stable and convergent. More precisely, we have

(S) Pl o, 2@y <
(C1) (P o7h)(u) = @W(u) in L>(Q)? (hence in L?(Q)?) as h — 0, Vu € C5°(12),
(€2) If @y, € Vi, and py, (W) — ¢ weakly in L2(Q)® as b — 0, then ¢ € m(H(Q)).
7. Comparison between Finite Volumes and Finite Differences

The Finite Difference and Finite Volume spaces, ‘7h and V},, are related by a
bijective map Ay from Vj to V3 defined by:

N M N M ~
(105) Apuy, = Z ZﬂiijKi,j’ for wup = Z Zﬂi,jxf(l_’j € V.
i=1 j—1

i=1 j=1

The inverse A,:l of Ay, is defined as well:

N M N M
(106) Agluh:ZZuiijfﬂ’j, for Uh:ZZUi’jXKi’jGVh.

=1 j=1 i=1 j=1

To prove the property (C2) for FV, we further assume:
(H5) The FV and FD nodal points are close to each other in the sense that

P2 412 = 15i+1/2,j+1/2 + O(E)7
for 0 <i< M and 0 < j < N; see Remark 7.3 below as well.

Remark 7.1. In Remark 7.3 below, we introduce a condition weaker than (H5)
(but a bit more complicated) which is sufficient to prove the Lemma 7.2 below and
hence the convergence of the FV method (the main result in this article) stated
in Theorem 7.4. However, for simplicity, we stay mainly with the condition (H5)
throughout this article because it is easily computationally verified for a given mesh
in many practical applications.
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Our next task is to prove the following lemma:

Lemma 7.2. Under the assumptions (H1)-(H3) and (H5), we have
(107) ‘ / (thh - ﬁhAgl uh) pdx
Q

Proof. We first write
(108)

/Q (thh — %hA;I uh) pdx

< ||uh||vh 0(1), Yup € Vi, Yo € CSO(R2).

<

M N

ZZ/K (thh — %Agluh) pdx
i=0 =17 Kig

M N
>y

i=1 j=0" 5, ;

+

(thh — %hAgl uh) pdx|.
+3

On K; 1 ;N f(i+%,j’ using (30), (32), (72), (74), and (106), we notice that
(109) Viun — Vil b un = Jp + I3,

where
(110)

2 =
0
M}, 1 L
it3,J (UiJr%,jJr% - Z Z Ui-‘rl,j-‘rm) - (uiJr%yji% — Z Z ui+l,j+m—1>
l,m=0 1,m=0
We notice from (#5) that
(111) Piyrj iPiy1 i1 —Pia 1P 1l = o(h),

for 0 <4 < M and 1 < j < N. Then, using (111) and the fact that K;,/o ; and

K112,  share a diagonal connecting P; ; and P;11, ;, we observe that

(112) |Kiry il = |Kipy sl o), 0<i<M 1<j<N.

Concerning the first term J}! in (110), we first use (33), (75), and (112), and
notice that

=

-1 -1 7j|— o(1)
(113) LY SRS V i = h< =

Then, using the Schwarz inequality as well, we write

(114)
M N
S [ e
Ki+%,jmKi+%,j

i=0 j=1

M N
<o(1)Y ) {|ui+1,j — i j| + gy s — Ui+%,j7%\}ﬁ < Nlunllv;, o(1).
i=0 j=1



CONVERGENCE OF A CELL-CENTERED FINITE VOLUME METHOD 559

Thanks to (H5) and the definition of the intermediate value Uit1/2,j41/2, We see
that
(115)
1
uiJrl,jer‘ <o(h) Z [Witt, jaom], 0<i< M, 0<j<N.

j,m=0

Uiy

M\»—A
I\JM—‘
N | —

Using (115), Lemma 4.2, and the discrete Poincaré inequality, we write

E M N .
ZZ/ _ Jh p dx #ZZW@HH@HLW(Q) D

=0 j=1 -  4=1j=1

7y 0

IN

(116)

IN

[unllv, o(1).

Combining (114) and (116), we find that

Z Z/ (thh — %hA;I uh) pdx

i=0 j=1

(117) < Jlunllv, o(1).

On K;;r%’j =K1 5\ Ki_%’j, we notice from (#5) that

(118) K7y sl =0), 0<i<M 1<j<N.
Then we find that

(119)
M
2.
=03

&MZ

/ ) (thh — %hAgl uh) pdx

i+3.5

M N 1 1

z:;z::{‘VhUh|Km+%,j‘+E|Ui+1’j_Ui’j|+E|ui’j+l_ui’j|}‘K:+évj|
2 1

Vi h(ZZ| z+2,_] )QSHU’}Il

- =0 j5=1

-

< lunl

Vi, 0(1).
We deduce from (117) and (119) that

Z Z/ thh — %hA;I uh) pdx

1=0 j=1 7,+—_]

(120)

< lunl

v, 0(1).

By symmetry, one can verify that (120) with K; /5 ; replaced by K; ;i1/2 holds
true as well. Then, finally (107) follows from (108) and (120), and the proof of
Lemma 7.2 is complete. (]

Remark 7.3. With some additional assumptions, the condition (#5) can be
relaxed to:

Piiijojiij2=Pitio jrip+o0(l), 0<i<M,0<j<N.

In fact, the Lemma 107 can be verified under the relaxed condition above together
with (112), (118), and a technical assumption,

|Kirg s N Kivy 5l = [Kiry o N Kipy | +OF),

~ —3
Koy DK ] = (Ko jay 0K |+ O,
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for1<i<M-—-1,1<j5 <N —1. See Remark 7.1 above as well.
7.1. Proof of (C2) for FV. We choose a family u; in V4, such that
(121) up — ¢g, Vapup — (¢1, <Z)2) weakly in L(Q) as h — 0.

To prove the property (C2) for the FV, since (C2) has been already proven for the
FD, it is enough to show that

A, tup, — ¢o  weakly in L2(Q) as h — 0,
{ %h/\;luh — (¢1, ¢2) weakly in L2(Q) as h — 0.
Thanks to the definition of the FV derivatives, it is easy to verify that
(123) lun — A unl 20y < llunllv, O(R);

hence (122); follows from (121).
Thanks to Lemma 7.2, (122)s follows from (121) as well, and then the property
(C2) for the FV space is finally inferred.

(122)

Together with the stability and the property (C1), which were proved in Section
4, we now conclude that the FV approximation, constructed in Section 3, is stable
and convergent in the sense of [17, 57]. We summarize this below as the main result
of this article:

Theorem 7.4. Under the assumptions (H1)-(H5), the present cell-centered FV
discretization method is stable and convergent. More precisely, we have

(S) lIpnllz, 2 < &,

(C1) (pnorp)(u) — w(u) in L>®(Q)* (hence in L*(Q)3) as h — 0, Yu € C§°(1),

(C2) If up, € Vi, and pp(up) — ¢ weakly in L%(Q)3 as h — 0, then ¢ € W(H{ ().
8. An application

In this section, we construct the F'V approximation of a class of classical coercive
elliptic equations. Then, thanks to the convergence results, that is the properties
(C1) and (C2) of the FV method, we prove that a discrete solution to the FV weak
formulation converges to the weak solution of the original problem. More precisely,
we consider an elliptic equation, supplemented with the homogeneous Dirichlet
boundary condition in the form,

(124) { —div (D(x,y) - Vu) +div (b(z, y) u) + g(,y)u = fix,y; :;S;

where 2 is a 2D polygonal domain as considered in the previous sections, and g
and f are given smooth functions in €2. The smooth data D and b are defined by

(125)  Dwy) = [a"(z,y)] b(z,y) i= (V' (x.9), *(z,9)).

Using (125), the equation (124); can be written in the form,

1<a,p<2’

2

(126) = Y Ga(a®(z,y)0pu) + > (b (x,y)u) + g(x,y)u = f(z,y),

a,f=1 a=1
where 0y = 0/0x and 0, = 0/0y.

We introduce the function spaces,
(127) H:=L*Q), V:=H}Q), V' :=H}Q) =H Q).
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Then, using (126) and (127), we classically write the weak formulation of (124):
Given f € H, findu in'V such that

(128) a(u, v) =1(v), YwevV,
where
(129) a(u, v) Z / O‘BaguaavdmfZ/baua vder/guvdm
a,B=1
and
(130) 1) = (f, V)it = / fvdz.
Q

For the simplicity of our analysis below, we assume that, for each o, 5 =1, 2,
(131) a®?, b, g € C(9),

and we guarantee the coercivity by assuming that
2

aaﬂ(xay) gafﬁ 2 na1|£|2; 6 = (51;52) S R27 (Ia y) S Qa
(132) o f=1

1
191l (@) = K—all\bllimm) > Ka2,

for some strictly positive constants k,; and k2. In fact, one can verify that, under
the assumptions (131) and (132), the continuous bilinear form a(-, -) on V' x V' is
coercive:

(133) a(u, u) > Kallully, weV,

for a strictly positive constant k, := min(ka1/2, Kaz)-

Then, thanks to the Lax-Milgram theorem, there exists a unique weak solu-
tion u to the variational problem (128). In what follows, we will study the FV
approximation of the weak solution w.

8.1. FV scheme for the problem (124). To define the discretized variational
form of (124) (or (126)), we restrict the equation to a fixed control volume K ; and
integrate it over K; ;. Then, by using the definition of the F'V space in Section 3,
we write the discrete bilinear form associated with (128) in the form,

(134) ap(up, vp) = a?(uh, vp) + aZ(uh, vp) + aj (un, vn),

where

2 M N
+ Z Zzaza v uhvhvh” 1 |K’L j+%‘a
a,B=11i=1 j=0

(135)

M N

aj (un, vp) = ZZ g Wi Vi |G-
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Here we set

1
“ff%,j aaﬂ(g(Pz‘,j +Pi+1,j))a 0<i<M,1<j<N,

136 1 . .
( ) GZ§+%Zaaﬂ(a(Pi,j-i-Pi,j_i_l)), 1<i< M, OSJSN,

by =b*(Pij), gi;=9(Pij ), 1<i<M, 1<j<N,

and
_ wo_
(137) { Kfj_KiajmKiJr%,jv K3 —Ki,jsz‘—%,ja
Ky =K jNK; ;11 K2y =KijnK, ; i,

for 1 <i< M,1<j<N,so that Zk:E,W,N,S Ki]fj = K; ;. Using the definition
of the FV derivative, we also set V}, = V§ = (1, 0)- V), and V} = V¥ = (0, 1) V.

For the right-hand side of (124) (or (126)), we define the continuous linear func-
tional I, on V}, by setting:

M N
(138) In(vn) = (ruf, vn)v, = ZZfz',j vi, j| K j;
i=1 j=1
where
1
(139) fus =t [ fdw 1sisaisjsn
‘Kiaj‘ Ki

Since f € H, we see that the linear functionals [;, are uniformly continuous with
respect to the mesh size h.

Now, using (134) and (138), we introduce the discrete FV variational approxi-
mation of (128):

Given f € H (hence rpf € Vi), find up, in Vi, such that

(140) ah(uh, ’Uh) = lh(’l)h), Yon € Vi

8.2. Convergence of the FV approximation of (124). We aim to prove first
the existence of a unique solution to the discrete FV variational problem (140), and
second the convergence of the discrete F'V weak solution u; to the weak solution
u of (128) strongly in H'(2) as the mesh size h tends to zero, using the results
proven in Theorem 7.4.

We first prove the uniform continuity and coercivity of the bilinear forms az:

Lemma 8.1. The bilinear forms ay are continuous and coercive uniformly with
respect to the mesh size h.
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Proof. Using the Schwarz inequality, we estimate af(up, vj,) in (135)2 in the form,

}az U, vh)|

2

Z b ]umvhvhh(k ‘Kl]‘
a=11i=1 1 k=E,W,N

1

141 M 2
(141) <||b|Loo<m(Zg ZV; ”\)

1
2 M N
X (Za-l Dim1 2jet Zk:E,W,N,S(VgUHKQ ) |KF ‘)
<16l oo (o) [unlvi, 1on v, -

Then the uniform continuity of a; follows from (131), (134), (135) and (141).
The uniform coercivity of ay, follows from (132), (134), (135) and (141) with vy,
replaced by up. Lemma 8.1 is now proved. Il

Using Lemma 8.1, the Lax-Milgram theorem asserts that the discrete FV varia-
tional problem (140) has a unique solution wuy, in Vj,.

In view of proving the convergence of the FV approximate solution uj to the
weak solution u of (128) as the mesh size h tends to zero, we recall the following
consistency lemma whose proof can be found in [42]:

Lemma 8.2. If vy, converges to v strongly in 'V as h tends to zero, and if wy
converges to w weakly in V' as h tends to zero, then we have

lim ap (v, wr) = a(v, w),
h—0

(142) lim ap(wn, vn) = a(w,v),
h—0

lim I, (vg) = U(v).
h—0
Thanks to the general convergence theorem in [17] and [57], the convergence of
the FV weak solution u;, to the original weak solution w finally follows from Lemma
8.2:

Theorem 8.3. Under the assumptions (H1)-(H5), the F'V approximate solution
up, of (140) converges to the weak solution u of (128) strongly in V as the mesh
size h tends to zero, that is,

(143) (uh, thh) — (u, Vu) strongly in L*(Q)3 as h — 0.

Remark 8.4. Equations similar to (124) have been considered in the literature,
see, e.g., [20, 33, 4, 21, 5, 7, 35]; however the analysis depends often on the equation
considered. Because of the high generality of our construction based on hypotheses
on the mesh which can be easily computationally verified, and which are indepen-
dent of the problem under consideration and other existing results, Theorem 8.3
can be extended to many linear and nonlinear problems. In particular, nonlinear
elliptic operators of the monotone type can be considered. We can also consider
nonlinear operators of the Leray-Lions type, also called pseudo-monotone operators
[50, 15], as in, e.g., [26, 25, 29, 6, 13, 7], at the price of proving a discrete compact-
ness theorem [32]. Note that the Leray-Lions equations that we can consider are
not necessarily of the divergence form as in, e.g., [26] and thus are more general
than those of [26]. We refrain to do so to avoid making the article too long.
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