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A FINITE ELEMENT DUAL SINGULAR FUNCTION METHOD
TO SOLVE THE STOKES EQUATIONS INCLUDING CORNER
SINGULARITIES

JAE-HONG PYO

(Communicated by Dongwoo Sheen)

Abstract. The finite element dual singular function method [FE-DSFM] has been constructed
and analyzed accuracy by Z. Cai and S. Kim to solve the Laplace equation on a polygonal domain
with one reentrant corner. In this paper, we impose FE-DSFM to solve the Stokes equations
via the mixed finite element method. To do this, we compute the singular and the dual singular
functions analytically at a non-convex corner. We prove well-posedness by using the contraction
mapping theorem and then estimate errors of the algorithm. We obtain optimal accuracy O(h) for
velocity in H'(Q2) and pressure in L?(f2), but we are able to prove only O(h'**) error bounds for
velocity in L2(2) and stress intensity factor, where X is the eigenvalue (solution of (4)). However,
we get optimal accuracy results in numerical experiments.

Key words. Stokes equations, dual singular function method, corner singularity, incompressible
fluids.

1. Introduction

Solutions of elliptic boundary value problems on a domain with corners have
singular behaviors near the corners. This occurs even when the given data of the
governed equations is very smooth. Such singular behavior affects the accuracy of
the finite element method throughout the whole domain. In order to overcome the
singularity problem, the finite element dual singular function method [FE-DSFM]
has been constructed in [3] to solve the Laplace equation and performed numerical
tests in [4]. And then it is extended to solve the Helmholtz equation in [9] and the
interface problem in [8]. The goal of this paper is to reconstruct FE-DSFM to solve
Stokes equations:

—pAu+Vp=1£f inQ,
(1) V-u=0, in{,
u=20, on 09,

with f is a given function in H1(2), Q is a computational domain, and u = Re™*
is the reciprocal of the Reynolds number. Here the unknowns are the (vector)
velocity field u € H}(2) and the (scalar) pressure p € L3(12).

If the solution of (1) is smooth enough, namely (u,p) € H**1(Q) x H*(Q2) with
s > 1, and if a suitable finite element pair is imposed for velocity and pressure, then
the finite element solution (up,pr) using the standard mixed method has optimal
error bounds as shown in [1, 6]:

(2) [w —wnlly + hllw—wanll, +hllp = pally < O (Jully + lpll,) -
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where h is the biggest mesh size. However, if s < 1, then the error bounds of the
method become only

3) [ —unlly + 2% lu = anlly + 2%p = plly < CR** (Jullpy + 2l -

So we call (u, p) a singular solution for the case s < 1, otherwise a regular solution.
Because the singularity is due to reentrant corners of computational domain 2, we
assume that Q is an open and bounded polygonal domain in R? with one reen-
trant corner. Extension to the domain with a finite number of reentrant corners is
straightforward.

Let w be the internal angle. Without the loss of generality, we assume that the
corresponding vertex is at the origin and that the internal angle w is spanned by
the two half-lines § = 0 and 6 = w. We denote I';,, for 2 edges on the boundary
including the reentrant corner and I',,; for other parts of the boundary. Even
though the singular functions are already computed in [10], we will derive those
again in §6 to get more advanced properties of the singular functions and newly
find out the dual singular functions in (8) below.

The singular function (ug, ps), where ug = (us, vs), can be summarized with the
eigenvalue A(> 0) which is the solution of

4) sin?(\w) = A sin?(w),

by

—r*)‘é sin(f) sin((1 + A\)9)
Uqd s
vg | =da —7"7/\% (sin(A@) — Asin(f) cos((1 + \)A))

Pa
2r ="\ cos((1 4 \)6)

T—k% (sin(A0) + Asin(6) cos((1 + A)6))

+d2 7’_)‘é sin(f) sin((1 + A)6) 5
u

2r = I\ sin((1 4 \)6)

where
Cy = sin(Aw) + Asin(w) cos((1 — Mw) and Cs = Asin(w) sin((1 — A)w).

We note that the singular function (us,ps) is the solution of homogeneous Stokes
equations with vanishing Dirichlet boundary condition at I';,,. And A has to be a
positive real number and (us, ps) € H(Q) x H*(Q). As the conclusion in Lemma
6.1 below, A = 1 for any w < m, so (us, ps) € H2(Q) x HY(Q) is a regular solution
and it becomes a singular solution for the case A < 1, namely w > w. Moreover
(4) has a unique non-trivial solution A € R for the case 7 < w < fw. where
B /= 1.430296653124203. And (4) has 2 non-trivial real solutions 0.5 < Ay < Ay < 1
for the case w € (B, 27). In addition, A = 0.5 is the unique non-trivial solution for
w = 2.

Let 1 be a smooth cut-off function which is equal one identically in neighborhood
of origin, and the support of 7 is small enough so that the functions nus vanishes
identically on 9. Then, in general, the solution (u,p) including singular parts of
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(1) can be rewritten with 2 singular functions as

(6) )= (V) o ([ MU ) pay [ PUs2
D q MDs,1 Mps2 )’

where a7 and as are the stress intensity factors and (w,q) € H2(Q) x H(Q).
However, for a simpler explanation, we consider (u,p) including only one singular
function, namely,

(3)-(7)we(3)

because FE-DSFM can be extended to problems with 2 singular solutions of the
form (6) by applying the adjusted Sherman-Morrison-Woodbury formula without
any additional skill, as mentioned in Remark 2.4 below.

The goal of this paper is to construct FE-DSFM to have optimal error decay
(2) for the Stokes equations (1) in a non-convex domain with w > 7. The main
strategy of FE-DSFM is to compute the regular solution (w,q) and the stress
intensity factors a by applying the finite element method. To built FE-DSFM,
we need to use the following dual singular functions (ug, pq), where ug = (uq,vq),
which is derived in §6.2:

A
—r~*Zsin(0) sin
m (0)sin((1 + A)0)

Uqd

va | =di | —r>L(sin(A0) — Asin(0) cos((1 + A)6))

Pd H

2r "1 cos((1 4 \)6)
0 1
riA; (sin(A0) + Asin(f) cos((1 + A)6))
+d; r_)‘% sin(6) sin((1 + \)9) ,
2r 2" Lsin((1 4 \)6)

where

dq = sin(Aw) + Asin(w) cos((1 + Mw) and do = Asin(w) sin((1 + Aw).

The paper is organized as follows. FE-DSFM to find the smooth part (wp, gp)
of the solution and stress intensity factor ay, is constructed in (20) and (21) in §2.
And we establish the well-posedness of the variational form of FE-DSFM in §3. We
carry out the following error estimates in §4 by proving several lemmas.

Theorem 1 (Main theorem). Let Assumption 1 below hold. If h is small enough,
then we have

(9) la — ap| + ||lw — wpl|, < Ch™™  and lw —wnlly + g — anlly < Ch.

The sub-optimality for |o — ap| + ||w — wy|| is due to the weak regularity of
the functions in duality argument, as discussed in Remark 4.4. In §5, we perform
numerical tests with known solution to compare to theoretical results in the Theo-
rem 1. In these tests, we obtain the optimal accuracy (2) which is better than (9).
Finally, we present the singular and the dual singular functions in §6.
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2. The finite element dual singular function method

In this section, we build a new variational formulation to find the regular part
of solution (w,q) and the stress intensity factor c. We start this section with
introducing the following lemma for the properties of the singular and the dual
singular functions.

Lemma 2.1 (Properties of singular and dual singular functions). The singular func-
tion (ug,ps) € HTA(Q) x HNQ) and the dual singular function (ug, pg) ¢ H' () x
L2(2) are solutions of

—pAus + Vps =0, in§,

(10) V-u,=0, inQ,
and

—pAug+ Vpg =0, in$,
(11) Houg Pd

V-oug=0, nQQ,

respectively. The boundary conditions of us and ug vanish on Uy, but the boundary
value of uy is not defined at the origin. Both of us and ug are not 0 on Tyy.

In order to derive a explicit form of the singular functions, we set
B(ri;re) ={(r0):r1 <r<rgand 0< 6 <w} NN

and
B(rl) = B(O, 7’1),

and define a smooth enough cut-off function of r, 7,, as follows:

1, in B (%pR),
np = { very smooth function, in B(5 pR; pR),
0, in Q\ B(pR),

where p is a parameter in (0, 2] and R is a fixed real number which will be determined
later so that the singular part of 7p,us has 0 on whole 02. Here and thereafter,
we choose that = 1, in (7) and assume that 0 < p < 1. That is, the singular
function representation of the solution of problem (1) has the form

()= (3 ) (i)
where w € H}(2) N H?(Q) and ¢ € LZ(Q) N H () satisfy
(12) (=AW + Vq) + o (—pAnpus) + V(neps)) = £, ?n Q,
V- (w+anus) =0, inQ.

For the sake of a clear explanation, we note that the inner product of vectors

a = (a1,a2) and b = (b1, be) is
(a, b) = (a1, b1) + {az, ba)

and

(Va, Vb> = ((%al , 81b1> —+ <axa2, 81b2> + <8ya1 R 8yb1> + <8ya2 , 8yb2> .

Then we can obtain the weak form for (12) by the standard finite element technique:
find (w,q) € H{(Q) x L2(Q) satisfying, for all v € H}(R2) and ¢ € L?(Q),
14 <VW, VV> + <an V> +a <_MA(77pué) + v(npps)7 V> = <f7 V> B

(13) (V-w, 8) +a(V- (), ¢) =0.
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Because 3 unknown variables (w, g) and « are involved in 2 equations of (13), we

need one more linearly independent equation with (13). We test no,uq ¢ H' ()

and n2,pq & L*(Q) with the first and the second equations in (12), respectively, to

get the additional equation

(=AW + Vg, mpua) +a(=pd(pus) + V(npps) s n2p0a) = (£, n2pua)
<V : (W + O”MUS) ) 772ppd> =0.

Because the dual singular functions are not smooth enough to apply the integration

by parts directly in (14), the following lemma is crucial.

(14)

Lemma 2.2 (Integration by parts for dual singular functions). For p € (0,1], we have
that

(15) —p (AW, napug) — (V- W, nappa) = (W, —ul(n2pua) + V(n2ppd))
and
(16) (Va, mpua) = = (g, V- (n2pua)) -

PROOF. We can obtain (15) by integration by parts, if all functions inside the
inner products are smooth enough. So, in light of density argument of Hilbert
space, we need to show boundedness of both sides. Since w € H}(Q2) N H2(Q)
and nz,uy € L(Q) and since V- w = 0 in B($p), we can get the boundedness of
the left hand side in (15). On the other hand, the right hand side in (15) is also
bounded, because of (11) and the definition of 72,. So we conclude (15). By the
same manner, the properties ¢ € H'(Q), n2p,uq € L%(Q), and V - (n2puq) = 0 in
B(p) yield (16). [ |

We subtract the second equation from the first equation in (14) and then apply
Lemma 2.2 to obtain

O‘(ﬁm - ﬁp) = fr — <*NAW + Vg, 772pud> + <V "W, 772ppd>

(a7) = B — (W, —pA(n2puq) + V(n2epa)) + (¢, V - (12o14)) ,

where
ﬁf = <f7 772pud> 9

Bm = (—pA(nyus) + v(inS) ; M2pUd)

ﬂp = <V : (npus)a 772ppd> .
Finally we arrive at the following lemma to compute the stress intensity factor a.

Lemma 2.3 (Formula for the stress intensity factor ). The values |Bt|, |8m|, and
|Bp| are bounded and the stress intensity factor o can be expressed in terms of (w,q)
by the following extraction formula:

(18) o= ﬁ (Be = (W, —pA(n2pua) + V(nzepa)) + (¢, V- (n2p1a))) -
PROOF. Because (18) comes directly from (17), it is enough to show boundedness
of 3 values B¢, Bm, and B,. First, |B¢| < oo is trivial, because of both f and
n2puq € L2(2). In light of the definition of 1, (10) yields —uA(n,us)+V(n,ps) = 0
on B(1p) U(Q — B(p)), or —uA(nyus) + V(n,ps) is a smooth enough function. So
we readily get || < co. By the same manner, we can readily obtain |8,| < oo
from V - (n,u,) = 0 in B(1p). [ |

We note that both —pA(n2,uq) + V(n2,pa) and V - (n2,u4) are smooth enough
functions, because the singular parts are removed by the properties —uA(n2,uq) +
V(n2ppd) = 0 and V - (1n2,uq) = 0 in B(p). So we can compute (18) without any
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special technique to treat singular functions. In order to solve the coupled system
(13) and (18) to find 3 unknown variables (w,q) and «, we insert « in (18) into
(13), and then we obtain a mixed formula

p(Vw, Vv) 4+ (Vg, v) + (a(w) + b(q)) c(v) = (f, v) 5 Or 5 c(v),
(19) 5 ’
(V- w, 6) + (a(w) + (@) d(9) = —5—— 7 (@)
where
a(w) = (W, —ul(n2pug) + V(n2epa)), blg) =

" ﬁp s ﬂp< +(m2pual)

c(v) = (—pulnpus) + V(neps) , v), d(¢) = (V- (pus), ¢) -

In order to introduce the finite element discretization, we need further notations.
Let ¥ = {K} be a shape-regular quasi-uniform partition of € of meshsize h into
closed elements K [1, 2, 6]. The vector and scalar finite element spaces are:

Wy, = {Wh e LQ(Q) : Wth S P(K) VK € ‘I}H Vi =Wy ﬂH(l)(QL
P, = {qn € L3N C°Q) : qu|x € Q(K) VK € T},

where P(K) and Q(K) are spaces of polynomials with degree bounded uniformly
with respect to K € . We stress that the space P;, is composed of continuous
functions to use integration by parts: for all ¢, € Py,

(V-vn,aqn)=—(n,Van), Vv, €V

Finally, we arrive at FE-DSFM from (18) and (19): find (wp,qp) € V), x P, as
the solution of, for all v, € V;, and for all ¢;, € Py,
(20)

1(VWh, Vvi) +(Van, vi) + (a(wh) + b(qn)) c(vi) = (£, vi) —

_B
ﬂmfﬂp

Pe

Bm - Bp
(¢h)

C(Vh)a

(Vwn, ¢n) + (a(wn) +b(gn)) d(én) = —

and then find ap € R by computing

e,
Bm - ﬁp
We note that a(-), b(-), ¢(+), and d(-) are the same functionals within (19).

The matrix form of the coupled system (20) becomes

e [ 5)()en [(T)=(0)

and it is solvable by the Sherman-Morrison-Woodbury formula in [7].
M-UvTM—1
1+VTM-1U
and then we find ay, by computing (21). So we conclude that FE-DSFM (20) and
(21) is an applicable algorithm.

Even though we consider the solution including only one singular part in this

paper, FE-DSFM can be applied to find a solution including 2 singular parts by
the following remark:

(21) ajp = a(wn) + b(gn)-

(M+U-vH =M -
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Remark 2.4 (The solution with 2 singular parts). If the solution has 2 stress in-
tensity factors, then the solution is expressed by the form (6) and the matriz form

(22) becomes
(35 ) ()t | (7)=(%)

It is also solvable by using the generalized Sherman-Morrison- Woodbury formula:

(M40 -V + U - V)™ = M = M UL URJQ Vi, V) M,
where Q) is 2 X 2 matrixz given by

0= 1+ VIM'Uy,  VIM'U,
| O VIMWU, 1+ VIMTWU, |

3. Well-posedness

In this section, we establish the well-posedness of the coupled system (19) by
the use of the contraction mapping theorem. Because solving the system (19) is
equivalent to solving equations of (13) and (18), we will prove the well-posedness
of the system (13) and (18). To do this, we first check the compatibility condition
of (13) as

/ V- (npus)dr = / npus - vds =0,
Q a0

where v is the outward unit normal vector. The system (13) is a standard saddle
point problem and has a unique solution for all given « € R and for all f € L2(Q)
in [1, 2, 6]. So we can define a mapping Tt from R to H!(Q) x L3(Q2) by the unique
solution of (13) for any given f € L?(Q). It means that T¢(a) := (Wa,qa) is the
solution of (13) with o € R. Also we define a mapping T, from H'(Q) x L&(Q) to
R by using (18) as

(23)

1

To (w,q) == "y (Be — (W, —ul(n2pua) + V(n2ppa)) + (g, V - (n2pua))) -

Then the composition Ty, o T¥ is a mapping from R to R. To prove the well-
posedness of the problem (19) is equivalent to prove existence of the unique fixed
point of T, o T¥, and it is equivalent to prove ||T, o T¢|| < 1. We now start to prove
|To o T¢|| < 1 by applying the contraction mapping theorem [11]. To do this, we
choose arbitrary real numbers a; and aq, and let

(24) Tt (1) = (Way,90y)  and Tt (a2) = (Way, Gas) -
Then we can get from (13),
AV (Way = Way), VV) +(V (Gay = das) 5 V)
(25) = — (o1 — a2) (=pA(npus) + V(neps) , v)
(V- (Wa, = Way), ) = — (1 —a2) (V- (nous), ¢) .
And we define the following Stokes type problem:
—puAx + Vk = —pA(napug) + V(neppa), in Q,

(26) Vx= V- (,u0), in Q,
x =0, on 0f).
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We note here that the right hand side terms are smooth functions which come from
Lemma 2.1. In order to assert the existence and uniqueness of the solution of (26),
we need to check the compatibility condition. Since we have

/V~xd:c:/ x-vds =0,
Q o0

it is enough to prove [,V - (n2,uq) = 0. Because V - (n2,uq) = 0 in B(p) and
n2puq = 0 on O except the origin, there exists a function y € H} () satisfying
(V-y, d)=(V-(nuq), ¢), for all ¢ € L?(Q) and y = 0 on 9. So we can get

(27) /V-(ngpud)dx:/v-ydacz/ y-vds=0
Q Q o0

and we obtain fQ V -xdz = fQ V- (ngpud)dac = (0. Thus we conclude that there
exist a unique solution (x, k) € HY(Q) x L2(Q2) of (26).

We apply (24), (23) and (26) as a sequence and then use the integration by parts
to obtain

Too Tf(al) —Tao Tf(O‘?)‘ = |Ta (WalaQal) — T (WagaQaz)
= ﬁ( — (Way — Way , —pAM2p0a) + V(02pPa)) + (dar — Gas » V - (N2p14)) )‘
=| 5 (e~ W, 5 ) {02 V) )|
1
B (7Y (e = W) V)

(Y (Way = Waz) s B) = (9 (G, = daz) s X) ).

Invoking (25) with v = x and ¢ = k, we have

Ta e} Tf(al) — Ta e} Tf(ag)‘
_‘ a1 — Q9
ﬂm 7ﬂp

Integration by parts derives

((—pAMpus) + V(npps) , X) — (V- (npus) , k) ) ‘

o] — Qg
Brm — Bp
We now test n,u, and n,ps with the first and the second equations in (26) to obtain
(=uix+ Vk, npus) = (—pl(nzpua) + V(n2ppa) , npus)
(V-x, nops) = (V- (112pua) ; 7pps)
We can check easily that the right hand side terms of above equations are identically

zero by Lemma 2.1, because of the distinct supports of 1, and 7n2,. Therefore, we
complete well-posedness of the problem (19).

TooTg(ay) —Tyo Tf(ag)‘: ‘ ((npus, —pAx + Vk) — (nyps, V - x) ) ‘

4. Error Analysis for the finite element dual singular function method

In this section, we will prove Theorem 1 which are errors of FE-DSFM (20)~(21)
by comparing them with (18)~(19). To do this, we first introduce an assumption.

Assumption 1 (Discrete inf-sup). For given py, € Py, there exists a constant v > 0
such that

V.
Ylpnllp < sup V- Va, pn)
vREV) thHl
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In order to introduce a useful lemma in [5], we consider the Stokes equations:
—ulAx+Vk=1£f inQ,
(28) V-x=x, inQ,
x =0, on JN.
Lemma 4.1 (Upper bound of regular solution). Let 2 be a polygonal domain with

non-convex vertices. If £ € H™Y(Q) and x € L3(XY), then there exist a unique
solution (x,k) € HY(Q) x LE(Q) of (28), with

I¢lly + 1l < C (Il =y + Ilxllo) -

Moreover, if f € L2(Q) and x € H'(R), then the solution (x,k) € H}(Q) x LE(Q)
can be rewritten in the form of X = Xp+a1n1Us1 +aonauss and k = kg +a1mps1 +
aomapsz, with (xgr,kr) € (HJ(Q) NH2(Q)) x (L(Q) N HY(Q)) satisfying

[Ixelly + krlly + loal + a2l < C([Ello + Ix1)
where (Mus1, Mmps1) and (Nuse, Nps2) are singular functions.

We evaluate errors under the notations:

E =W — Wy, Eh = IhW7Wh, IhE ZZW*I}IW,
€= (q —(gh, en = Inq — qn, Ine :=q— Ing,
and
€= — ay,

where Z;, the Clement interpolant. Because (w,q) € H?(Q2) x H*(2), we can use
the well known results

(29) IZEllo + RIZaEll, < Ch?|[wl,  and [|[Zpell, < Chllq];-
In proof of the main theorem, We will use the solution (z,r) of, for all v € H}(£2)
and for all ¢ € L2(),
p(Vz, V) +(Vr, v) + (1 = £) (e(z) — d(r)) a(v) = (E, v),

(V-z,¢) —(1-r)(c(z) —d(r)) b(¢) = 0,
where k is an arbitrary small positive constant. We will establish the well-posedness
of equations (30) via the same manner within §3. To do this, we rewrite (30) with
a:=(1—-k)(e(z) —d(r)) and
1 (Vz, Vv) +(Vr, v) + aa(v) = (E, v),

V-2, ¢)—ab(¢) = 0.

We will prove well-posedness of (30) in next lemma, by verifying existence and
uniqueness of the solution (z,r, &) of (31).

(30)

(31)

Lemma 4.2 (Well-posedness and regularity of (30)). If k is any number in (0,1),
then equations (30) have a unique solution (z,7) in H{(Q) x L3(Y) and there exists
a positive constant C satisfying

(32) 1zl +lI7llg < Crl[Ello-

PROOF. We first show the compatibility condition for (30). since we have

/V-de:/ z-vds =0,
Q o0

where v is the outward unit normal vector, we conclude fQV - zdx = fQV .
(n2puq)dz=0, because of b(1) = 0 in (27).
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We now start to prove existence and uniqueness of solution of (30). It is well
known that (31) has unique solution (z4,74) for any a € R, if E € L?(Q2). So we
can define a mapping Fg from R to H}(Q) x L3(Q) by Fr(@) := (2za,7a) to be the
solution of (31), for any @ € R. And we define Fj5 from H}(Q) x LZ(Q2) to R by

Fs(z,r): = (1 —k)(c(z) —d(r))
= (1= &) ((=pDMmpus) + V(neps) » 2) = (V- (npus), 7)) -

Then F5 o Fg becomes a mapping from R to R. So we need to show, by the
contraction mapping theorem [11], that F5 o Fg has a unique fixed point to finish
this proof. And it is equivalent to proving ||F5 o Fr|| < 1. To show this, let @; and
Qs be arbitrary real numbers and let

(34) FE (&1) = (Zal ’ Tal) and FE (072) = (wdzardz) .

(33)

From (31), we obtain

H <V (Zal - Z542) ) VV> + <V (Tatl - sz) ) V>

55) = G (n )+ V(nmgra) V).
(V- (s, —202). 6) = G50 (V- (mpua) 6).

And we define the Stokes equations

—pAx + Vk = —pAnpus) + V(neps), in €,
(36) V.-x=V-(nus), in Q,
x =0, on 0.
We note here that the right hand side terms are smooth functions which come
from Lemma 2.1 and the compatibility condition hold because of fQ V- (npus)de =
Joa(mpus) - vds = 0. So (36) has a unique solution (x,k) € H{(Q) x L3(2). We

now apply (34), (33) and (36) as a sequence and then we use integration by parts
to get

FsoFg(an)— Fzo FE(@Q)‘ = |F5 (2ay,7a,) — Fa (Wasy,Tas)

=|(1 = &) (=pL0pus) + V(1,p5) s Zay = Zaz) = (V- (0pUs) s Tay = Tan)) ‘

= (1 - K) (<_MAX+VI€) 2y, — Z&2> - <V'Xa Tay — 7“&2)) ‘

=1 =) (0 (Vx, V (70, = 20,)) =k, V- (B0 —20,)) + (%, V (e, — 7)) |

We now consider v = x and ¢ = k in (35) to derive

Fa 0 Fig(@1) = Fa 0 Fis(iz)|
= |0 = WG () + Vmgpa) )~ (V- () )

and then we apply Lemma 2.2 again to obtain

&oﬁmgf&oﬁmﬂ

:‘(1 - K)@ ((m2pua, —pAx + Vk) — (n2ppa, V- %)) |,
Bm — Bp

)
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In light of (17), testing n2,uq and n2,pq with the first and the second in (36),
respectively, leads

(=X +Vk, mpuq) = (—pAmpus) + V(0,ps) , M2p0a) = Bm,
<V - X, 772de> = <V : (ﬂpus), 772ppd> = ﬂp~

Finally, we arrive
F5 o FE(O_Q) —F;o0 FE(O_ZQ) = |1 - HHO_Q — 0_42| < |5¢1 — 0_42|,

provided « € (0,1). Therefore, we prove that (30) has a unique solution (z¢,7¢) €
H'(Q) x L3(Q) for any f € H~1(Q). From now, we will derive (32) to finish this
proof. Let F: H71(Q) — HY(Q) x L3(Q) be the operator corresponding to the
solution of (30), for all f € H~1(Q2), namely F(f) = (z, r¢). According to (30), the
inverse operator F~! is well-defined and

€[]y = [|F~" (ze,me) ||,
. w(Vzs, Vv) + (Vre, v) + (1 — k) (c(z¢) — d(rs)) a(v)
vEH}(Q) vl
<@ +CO) (llzelly + llrello)
where C' depends on only given datum of domain {2, and given smooth func-
tions ||V - (n2pua)lly, [|=pAn2pua) + V(n2ppa)lly, [I=pAnpus) + V(neps)l, and

[V - (npus)|lo- So F~1 is bounded bilinear transform. If we choose Cy = 1/||F~||,
then we can have

lzelly +[lrelly < IENIEN -y < CullEllo-

If we choose f = E, we arrive at (32) and it is the proof. [ |

Lemma 4.3 (Properties of the solution (z,r) of (30)). Let (z,r) be the solutions of
(30). Then there is a singular function representation

(37) Z=W,+ Uy and T =gy + ag1pps,

where w, € H2(Q) N HY(Q), ¢z € HY(Q) N L3(Q) and oy satisfy the reqularity
estimate

(38) [Wally + llgzlly + loa] < ClE],.

PROOF. It is easy to check the solution (31) satisfies

a
—pulAz +Vr =E+ ———— (—puA(n2puq) + V(n2pp4)) 5
ﬂm - ﬂp
(39) .

Viz=—-V_ ug).

Bm - Bp (7720 d)

The right hand side terms are in L2(Q2) and H'(Q2) N LZ(Q) for the fist and the
second equations, respectively, which come from (11) and (27). So we can directly

get the representation of (37) from Lemma 4.1 and
[Wally + gzl + lea| < Cll—pdz+ Vr|g + |V - 2|,
According to (39), we arrive at
«@

Iwall + gl + ol < €8 4 =% (s + Ty
m p

0

< C([Elly + laf) -

1

—I—C" V -mpug

’ a
ﬂmfﬂp
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Because |a| = |(1 - r)(c(z) —d(r))| < C([[zll, + [I7]lo), (32) leads |a| < C|[E[|, and
(38). It is the proof. ]

If we denote
G:=z—-1Ipz and g¢g:=r—1Iyr,
then thanks to Lemma 30, we have
(40) Gl + llglly < CRME],,
because of ||77pus =1y (npus)H1 + anps —Ip (npps)l\o < Ch.

Remark 4.4 (The reason of sub-optimality). The inequality (40) is the main restric-
tion to get optimal accuracy in the next lemma and the reason of sub-optimality
loo — ap| + |[w — wp||, < Ch'* in Theorem 1. Also the sub-optimality (3) is due
o (40).

From now, we impose x = 0 in (30) to simple explanation, because k is an
arbitrary small positive constant. We start to estimate errors in L%(Q).

Lemma 4.5 (Estimate ||E||,). Let Assumption 1 hold. Then we have
(41) IEll, < Ch* (1B, + llelly)

(42) lel < ClE[l, and lell, < C([[E[l, + hllgll,)-

PrOOF. We start this proof with constructing error equations by subtracting
(20) from (19) to get

(43) p(VE, Vvi) +(Ve, vi) + (a(E) + b(e)) ¢(va) = 0,
(V-E, én) + (a(E) + b(e)) d(¢n) = 0.
We first prove (42). From the second equation in (43), we have

b(e)d(on)| = [ (E, Vén) — a(E)d(¢n)]-

We fix ¢, = Cox with C» satisfying d(Cox) = 1, then ||[Veyl|l, = |C2||Q]/? is a
bounded number, because the space IPj, is composed of continuous functions. So we
can readily obtain

(44) b(e)| < C|IE]],.
Therefore ¢ = a(E) + b(e) which comes from subtracting (21) from (18) yields
el < C([Blly + (@) < CIE,,
and, in light of (43), Assumption 1 leads
E T . E)+b
enll < sup ATE TV (e, V- va) + (alE) + o)) elvi)
v EV), [vally
< C(IEl, + hllall, + 1Elo + [b(e)]) -

Thus, in conjunction with (44), we arrive at (42). We now prove (41) with choosing
vh=Ipz=2z—Gand ¢ =I)r =r — g in (43):

uw(VE,V(z—G))+ (Ve, z— G) + (a(E) + ble)) c(z — G) = 0,
(V-E,r—g)+ (a(E) + ble)) d(r — g) = 0,
And then we choose v =E and ¢ = e in (30) to get
u(Vz, VE) + (Vr, E) + (c(z) —d(r)) a(E) = (E, E),
(V-2z,e)—(c(z) —d(r)) ble) = 0.

(45)

(46)
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We now replace (Ve, z) at the first equation in (45) with the second equation in
(46) to obtain
(47)

u(VE,V(z—-G))—(Ve, G)+ (a(E) + b(e)) c(z — G) — (c(z) — d(r)) b(e) = 0.

By the same manner, we replace (Vr, E) at the first equation in (46) with the
second equation in (45)

(48)

p(Vz, VE) = (V-E, g) + (c(z) — d(r)) a(E) + (a(E) + b(e)) d(r — g) = (E, E).

In light of (40), subtracting (47) from (48) yields
IE|g = 1 (VE, VG) = (V-E, g) - (¢, V- G) + (a(E) + b(e)) (¢(G) — d(9))
< CI* (|[VEllg + IV - Ellg + [lello) [E]l,-

Therefore we arrive at (41) and finish the proof of the theorem. ]

We now estimate error in H}(Q) space.

Lemma 4.6 (Estimate ||E||; + |le||,). Let Assumption 1 hold. If the mesh size h be
small enough, then we have

(49) IE[l; + [lelly < Ch.

PROOF. We choose v, = E, = Ipyw —wyp, = E—-1L,E € V, and ¢p, = e, =
Thg — qn = € — Ipe € Pp, in (43), then we have

4 (VE, V(E — T,E)) + (Ve, E — T,E) + (a(E) + b(e)) ¢(Ey) = 0,

(50) (V-E, e — Tne) + (a(E) + b(e)) d(en) = 0.

And then we replace (Ve, E) in the first equation with the second equation in (50)
to have

u(VE, V(E -T;E)) — (Ve, T,E) — (V- E, Zye)
+ (a(E) + b(e)) (¢(En) + d(en)) = 0.
In conjunction with Lemma 4.5 and |b(e)| < C||E||, in (44), (29) yields
UIVEIS < C(IVEIIVTE], + lelo|IV - TEl,
1 Znello IV - Ellg + [1Ello (1Enlo + HehHo)>
< Ch( (IVEl, + llell) [wll, + [V - Ellllal,)
+Ch* (Bl + [lellg) (Bl + llenllo)
< On( (IVBy + hllaly) 1wl + 19 - Bllglall, ) + OB (IEI, + hlgl,)*

Assumption of a small enough h yields
IEll, < Ch(llwlly + llally) -

Finally, we arrive at (49) by combining with (42) and complete this proof. [ ]
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5. Numerical test

In this section, we document the computational performance of the FE-DSFM
within a polygonal I shape domain ([—1,1] x [-1,1]) ~ ([0, 1] x [—1,0]). So, in this
test, w = 1.57 and the solution X of (4) becomes A = 0.544483736782463925. Let
the solution be given by

u = — sin?(7x) sin(27y) + us,
v = sin(27z) sin?(my) + v,
p = (2 + cos(mx))(2 + cos(my)) — 4.0 + ps.
We note that the solution for velocity has not vanished on I'yy¢. The forcing term

f is determined accordingly for any u; here g = 1. In order to impose FE-DSFM,
we choose the cut-off function 7, € H3(Q2) as

L in B(3pR),
35 (16 — 35¢ + 35¢° — 2195 + 5¢7) ,  in B(5pR; pR),
0, in @\ B(pR),

with ¢ = ;?_JT% — 3 with R = 1. Then the solution (u,p) can be rewritten by

Np =

u=w+1n,us,
P =q+ npDs,

where (w,q) is the regular part of the solution. We note that the regularities of
w = u—n,u, and ¢ = p—1,p, are equal to that of 1,, and so (w, q) € H*(Q)x H3()
in this example. Computations are carried out with the Taylor-Hood (P2, P1) finite
element pair on the union jack shape uniform meshes of size h.

TABLE 1. Error table for the standard mixed method.

| A | 18 ] 116 | 1/32 ] 1/64 [ 1/128 ]
[Bll, || 0-00525989 | 0.00203043 | 0.000863199 | 0.000381872 | 0.000173168
Order 1.373247 1.234020 1.176604 1.140917
B~ || 0027998 | 0.0195703 | 0.0135074 | 0.00928508 | 0.00637329
Order 0.516658 0.534916 0.540764 0.542876
Bl || 0-217839 | 0.121565 | 0.0805253 | 0.0549791 | 0.0376842
Order 0.841534 0.594214 0.550559 0.544924
lell» || 0209838 | 0.142047 | 0.0968696 | 0.0662486 | 0.0453665
Order 0.562908 0.552252 0.548154 0.546263
lel~ || 0713876 | 0.956344 1.31637 1.81283 2.49197
Order -0.421856 | -0.460963 | -0.461679 | -0.459043

Table 1 is the error decay for the standard mixed method. We can check that
the errors consist with (3) and we see that the error |||~ does not converge to
0. It is natural behavior, because s in (3) is less than 1. More precisely, s = A =
0.544483736782463925 in this test.

Tables 2, 3 and 4 are the results of mesh analysis of FE-DSFM with p = 0.125,
p = 0.3 and p = 0453, respectively. The convergence orders in these experiments
are the same as the optimal accuracy in (2) with s = 2, because of (w,q) €
H3(Q) x H3(Q). So we can conclude that FE-DSFM has optimal accuracy in
numerical tests, even though we get only suboptimal accuracy ||E|, < Ch!'*?
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TABLE 2. Error decay for the FE-DSFM with p = 0.125.

| /8 [ 116 [ 1/32 [ 1/64 [ 1/128 |
|B|l, || 0:654576 | 0.00606273 | 0.00103749 | 4.86052¢-05 | 5.53585¢-06
Order 6.754449 | 2.546870 4.415843 3.134234
|E|L~ || 486035 | 0.0539083 | 0.00987302 | 0.000588627 | 7.25307c-05
Order 6.494409 | 2.448944 | 4.068066 3.020690
B[l || 186427 | 032717 | 00799223 | 0.0249258 | 0.00637899
Order 5.832426 | 2.033370 1.680958 1.966240
lell» || 470916 | 0.0830669 | 0.0193997 | 0.00418722 | 0.00119974
Order 5.825052 | 2.098239 2.211970 1.803271
lell= || 553433 1.55404 | 0.254753 0.1594 0.0539996
Order 5.1564313 | 2.608853 0.676447 1.561631
| 0.0385324 | 0.224605 | 0.0435706 | 0.00112617 | 7.46192e-05
Order 2.543246 | 2.365963 5.273858 3.915734
TABLE 3. Error decay for the FE-DSFM with p = 0.3.
18 ] 116 [ 1/32 [ 1/64 1/128
B[, || 0-00930983 [ 0.000962465 | 0.000102994 -05 1.63735e-06
Order 3.273949 3.224174 2.941771 3.033283
|E||L~ || 0-0477212 | 0.00387738 | 0.000521333 | 7.35078¢-05 | 8.82426¢-06
Order 3.621476 2.894805 2.826236 3.058350
B[l || 0-383561 0.116552 0.0285883 | 0.00747874 | 0.00188788
Order 1.718482 2.027477 1.934558 1.986028
lel| . || 0-0615555 | 0.016293 | 0.00492944 | 0.00139146 | 0.000361693
Order 1.917635 1.724757 1.824824 1.943762
lefloe || 0422723 | 0.184322 0.0851973 | 0.0267362 | 0.00702548
Order 1.197484 1.113349 1.672013 1.928126
| 0.091617 | 0.00650135 | 0.000434171 | 3.40152e-05 | 2.34765¢-06
Order 3.816804 3.904404 3.674012 3.856890
TABLE 4. Error decay for the FE-DSFM with p = 0453.
o[ 18 ] 116 [ 1/32 [ 1/64 | 1/128 |
B[, | 0-0111371 | 0.000491094 | 7.48313¢-05 | 8.11691e-06 | 9.89508¢-07
Order 4.503231 2.714285 3.204639 3.036147
|B||ue || 0-0351972 | 0.00146173 [ 0.000238326 | 2.64804e-05 | 3.11194e-06
Order 4.589712 2.616669 3.169940 3.089039
Bl || 0273671 | 00690917 | 0.0179002 | 0.0045319 [ 0.00113814
Order 1.985858 1.948537 1.981788 1.993438
lel|. || ©:051732 | 0.0107246 [ 0.00309985 | 0.000820025 | 0.000208841
Order 2.270133 1.790654 1.918459 1.973263
el || 0-262159 | 0.0874078 | 0.0365356 | 0.0103794 | 0.00267379
Order 1.584608 1.258459 1.815580 1.956765
| 0.0697584 | 0.00162356 | 0.000205428 | 1.66353e-05 | 2.40529¢-06
Order 5.425134 2.982456 3.626313 2.789965
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theoretically in Theorem 1. In addition, we can check that the errors are smaller
for the bigger p, so the errors are reduced in Tables 2, 3 and 4 successively. In
Table 2, we can see also that the errors of the case h = 1/8 are relatively bigger
than others casees and it is due to h = p = 0.125.

6. Singular functions and dual Singular functions

In this section, we derive corner singular functions and dual Singular functions
for Stoke equations (1). To do this, we use notations U, and Uy as polar components
of the vector function u = (u,v)T which means

ue [ ") = cos(f) —sin(6) U,

(51) a < v ) N < sin(f)  cos(6) ) ( Uy >

If we define e, = (cos(f),sin(#))? and ey = (—sin(#), cos(d))?, then (51) becomes
u=U,e, + Upey,

and (1) can be written as the polar coordinate Stokes system

1
2 (

1
- <8TTUT + ;arUr + 7Ur + aGGUr - 289U9)) + 8TP = 0,

1 1 1
6G2) - (&-rUe + ~0:Up + — (~Up + OpoUp + 289U,«)) +—0pP =0,

1

oU, + — (UT —+ 89U9) =0.
T

We will find the singular solutions in §6.1 and the dual singular solutions §6.2 via

solving (52).

6.1. Singular functions. In this section, we will find solutions of (52) by using
the separation of variables. We first assume that the solution (U,, Uy, P) of (52)
has the singular form, with A > 0,

UT(T,G) Y UT(G) o
<Ue<r,o>>r <u€<9>> and  P(r,0) = """ p(6).

Then, as computed in [10], we obtain 4 solutions of (52)

cos((1 —N)b)

! iz 3 cos((1 + A)0)
Uy, 14\ ug .
upg | =1 - sin((1-N0) |- | wg | =] —sin(@+N0) |,
1 3
P # p 0
—4Xcos((1 —N)9)
1—
A sin((1 — A\)6) )
w2 z A sin((1 + A)6)
wp | = 2 osa—ng | | u | =] costt+ne) |,
2 4
p # p 0

—4Asin((1 — A)6)
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and so the general solution becomes

U,(r,0) rul Py
Up(r,0) | =4 rup + Cs ru2
A1l FA—12
(53) P(r,0) p p
rud rul
+ Cs r’\ug + Cy r’\u‘é
PA1p3 A1 pt
To make a homogeneous condition at I';;,, we impose
(54) U, (r,0) =Up(r,0) =0 and U,(r,w) = Up(r,w) =0.
Then the first equations in (54) lead to
1—A 1+ A
=0 and Oy i +Cy=0

and so, in conjunction with (51), (53) becomes

(Z) = 201% ( sm(Ag)Sm(Asi?( cos((1 — W \)0) )

(1 -
9)
r [ sin(A\) 4+ Asin(8) cos((1 — \)6)
-2 ( Asin(f) sin((1 — M)6) ) '

From U, (r,w) = 0 in (54), C; and Cs have to be
(55) C1 =sin(Aw) + Asin(w) cos((1 — Aw) and  Co = Asin(w)sin((1 — Aw),
And the last equation in (54), Ug(r,w) = 0, yields

(56) M sin?(w) = sin?(\w).
Finally, we arrive at the singular function
A
-
Z s in((1 —
" - Asin(f) sin((1 — A)6)
_ A
VIO T Gn(00) — Asin(0) cos((1 — M)
p K
—2r* =\ cos((1 — \)6)
A
T (sin(\0) + Asin(0) cos((1 — \)8))
W
- 02 TA . . )
— Asin(6) sin((1 — A)0)
W

2rA =\ sin((1 — \)6)

where X is the solution of (56), and Cy and Cy are the same as in (55).
In conjunction with Figure 1, we can readily get the following properties for (56):

Lemma 6.1 (Variability of A on w). If we denote § :~ 1.430296653124203, then we
have that

(1) AX=0 and A\ =1 are solutions for all w and we call these trivial solutions,
(2) there are only trivial solutions for 0 <w <,

(8) there is a unique solution for m < w < Bm except trivial solutions,

(4) there are 2 solutions for fm < w < 2w except trivial solutions,

(5) A =0.5 is the unique solution except trivial solutions, if w = 2.
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FIGURE 1. Graphs of sin?(Aw) (dashed line) and A? sin?(w) (solid
line) with variable A and fixed w’s as (a) w = 0.87, (b) w = m,
(¢) w= 1.2, (d) w = 1.430296653124203, (¢) w = 1.6m, and (f)
w = 2.

6.2. dual Singular functions. By the same manner within §6.1, we assume the
solution (U, Uy, P) of (52) has the form, for A > 0,

(Ur(r, 9)) =y (ur(ﬁ)) and  P(r,0) = r~"1p(h).

Up(r,0) ug(6)
Then we can readily get 4 solutions of (52)
A+1
+ cos((A+1)0)
. . cos((A— 1)6)
T -1 r .
up sin((A + 1)6) ug sin((A —1)6)
1 3
p 4 0
4 cos((A+1)0)
L sin((A+1)0)
u? ut sin((A — 1)6)
up | = cos((A + 1)) ug —cos((A=1)0) |,
2 4
p p 0
AAsin((A + 1)0)
and so the general solution becomes
U, (r,0) T P2
Up(r,6) | = Dy g + Dy r= Ml
7“_’\_1 1 T_)‘_lp2
(57) P(r,0) b
r_/\uf r_)‘uﬁ
+ D3 T’Aug + Dy r*)‘ug
pA=1pB pA=lpd
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To make a homogeneous condition on I';,;, we impose

(58) U, (r,0) = Up(r,0) = Up(r,w) = Up(r,w) = 0.
Then the first 2 conditions in (58), U, (r,0) = Uy(r,0) = 0, leads us
Al and D21y D=0

and so, in conjunction with (51), (57) becomes

wy Q Asin(f) sin((A + 1)6)
(v) =2 [ ( sin(Af) — Asin(f) cos((A + 1)0) >
r=* [ sin(\0) + Asin(f) cos((A + 1)8)
+ 2D27 ( Asin(f) sin((A + 1)6) )

In order to make hold the third equation in (58), U, (r,w) = 0, D; and D have to
be

(59) Dy =sin(Mw) + Asin(w) cos((A + 1)w) and Dy = Asin(w) sin((A + 1)w).
Then the last equation in (58), Up(r,w) = 0, yields the same equation as (56)

(60) M sin?(w) = sin?(\w).
Finally, we arrive at the dual singular function
A
———Asin(0) sin((A + 1)0
. —Asin(6)sin((A-+ 1)6)
v -2
Dy L (sin(A@) — Asin(f) cos((A + 1)6))
p
2r= 21X cos((\ + 1)6)
-2

— (sin(A@) + Asin(6) cos((A + 1)0))

—A
+ Dz "~ \sin(6) sin((A + 1)0) !
1

2r A~ \sin((A + 1)6)
where A is the solution of (60) and D; and Dj are the same as in (59).
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