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SCHEMES AND ESTIMATES FOR THE LONG-TIME
NUMERICAL SOLUTION OF MAXWELL’S EQUATIONS FOR
LORENTZ METAMATERIALS

JICHUN LI AND SIMON SHAW

Abstract. We consider time domain formulations of Maxwell’s equations for the Lorentz model
for metamaterials. The field equations are considered in two different forms which have either six
or four unknown vector fields. In each case we use arguments tuned to the physical laws to derive
data-stability estimates which do not require Gronwall’s inequality. The resulting estimates are,
in this sense, sharp. We also give fully discrete formulations for each case and extend the sharp
data-stability to these. Since the physical problem is linear it follows (and we show this with
examples) that this stability property is also reflected in the constants appearing in the a prior:
error bounds. By removing the exponential growth in time from these estimates we conclude
that these schemes can be used with confidence for the long-time numerical simulation of Lorentz
metamaterials.

Key words. Maxwell’s equations, Lorentz model, metamaterial, Galerkin and mixed finite
element method, long-time integration, time stepping.

1. Introduction

Electromagnetic metamaterials are artificially structured materials which exhibit
exotic properties such as negative refractive index and reversed Doppler effects. The
successful construction of such metamaterials in 2000 triggered a wave of further
study of metamaterials and exploration of their applications in diverse areas such
as sub-wavelength imaging and cloaking. More details can be found in monographs
such as [9, 28, 34, 7] and references cited therein.

Although the finite element approximation of Maxwell’s equations has been ex-
tensively documented for ‘classical’ materials (see, for example, [3, 4, 8, 14, 31,
33, 37] and their references), there is now an opportunity to build on this body of
knowledge for the development and analysis of finite element methods (FEM) for
Maxwell’s equations for metamaterials. In this direction we mention [10, 11, 5, 2, 21]
for the time-harmonic form, and [19, 20, 16] for the time-domain form. Our focus
here is on the Lorentz model which, as we will see below, introduces additional un-
knowns for electrical and magnetic polarizations. These are governed by ordinary
differential equations (in time) which hold at each point in space and have the effect
of making the (meta)material dispersive, or ‘frequency dependent’. In this context
we recall also the work on the time-domain Maxwell’s equations in general disper-
sive media in [1, 17, 24, 35, 27, 36]. In particular, [1] contains a study of numerical
dispersion for Debye and Lorentz media and [35] gives long-time stability and error
estimates for a Debye model.
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In recent years there have been several efforts in developing and analyzing some
FEMs for the time-domain Maxwell’s equations for Lorentz metamaterials (see, for
example, [22] and the references therein). However most of these previous results
for data-stability and error bounds were derived with the use of Gronwall-type
inequalities and, hence, are of limited practical use due to the exponential growth,
in time, of the constants. This article improves upon this current ‘state of the art’
by building upon the ‘long-time’ results in [35] for two popular numerical schemes.

To be precise, in Section 2 we describe the time domain formulation of Maxwell’s
equations for Lorentz metamaterials. In Sections 3 and 4, respectively, the field
equations are considered in two different forms which have, respectively, six and four
unknown vector fields. In each case we use arguments tuned to the physical laws
to derive data-stability estimates which do not require Gronwall’s inequality. The
resulting estimates are sharp, in that they contain stability constants that are time
independent, and appear to be novel. We also give fully discrete formulations for
each case and extend the sharp data stability to these formulations. Moreover, since
the physical problem is linear the error terms obey essentially the same stability
estimates but with data replaced by approximation error. With this in mind we
can therefore show by examples that the long-time stability properties of these
schemes are also reflected in the a priori error bounds. The time dependence in
these constants then arises from the time dependence in the norms of the data
and exact solution and produces, at worst, low-order-polynomial growth in time
rather than the exponential growth that arises from Gronwall arguments. Hence,
we can conclude that the resulting numerical schemes can be used with confidence
for the long time numerical simulation of Lorentz metamaterials. This is the major
contribution of the work presented below. In Section 5 we close with a short
discussion of the formulations.

Throughout our notation is mostly standard. For example, C' > 0 will denote a
generic positive constant (independent of the finite element mesh size h and time
step size 7) and we let (H?(Q2))? be the standard Sobolev space equipped with the

norm || - ||, and semi-norm | - |,. Specifically, || - |lo will mean the (L2(£2))3-norm.
From [31] (for example) we also recall the standard spaces for Maxwell problems,
H(curl; Q) = {ve (L*(Q)?®: Vxve (L*}(Q)>},
Ho(cur; Q) = {ve H(cur;Q): nxv=0on N},
Ho(curl; Q) = {ve (H7(Q)>: Vxvec (H7(Q)3},

where o > 0 is a real number, and 2 is a bounded Lipschitz polyhedral domain in
R3 with connected boundary 92 and outward directed unit normal n. We equip
H(curl; ) with norm [|v|; oy = ([[v][5+[|curl v||2)*/2, and H? (curl; Q) with norm
], curl = (I0]12 4 [|curl v||2)/2. For clarity, in the rest of the paper we introduce

the vector notation L*(Q) = (L*(Q))? and H?(Q) = (H?(Q))? and also we often
omit the explicit display of the dependence of quantitites on & € ) because we
want to focus on the handling of their time dependence. The spatial dependencies
are handled in a standard way. Further notation is introduced as and when needed.

2. The governing equations

In general terms, the problem of electromagnetic wave propagation requires the
solution of Maxwell’s equations,
0B

(1) VXE:_E’ and VXH:%—IZ inQxTI
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where E(x,t) and H(x,t) are the electric and magnetic fields, and where D(x,t)
and B(x,t) are the corresponding electric and magnetic flux densities. We will be
more specific about inital and boundary data below but here, to close the problem,
we note that in a general (linear) medium D and B are related to the electric and
magnetic fields E and H through the constitutive relations

(2) D=¢E+P=cE and B=uH-+ M =pH.

Here ¢ is the vacuum permittivity, po is the vacuum permeability, and P (re-
spectively M) is the induced electric (respectively magnetic) polarization. The
introduction of € and p as the permittivity and permeability of the underlying
medium implies that there is a functional relationship between E and P, and be-
tween H and M, and it is the form of these relationships that determines the type
of medium and its properties. It is convenient to first discuss these models in the
frequency domain although later we will revert to the time domain for the specific
formulations that we study.

One of the most general models used for modeling wave propagation in meta-
materials (see, for example [22]) is the so-called Lorentz model, whose permittivity
and permeability are described by

3)

2 2
@ =co 15— ) ) = o (1
‘ w2 —w?) —jlew |’ w2 — w2, —jlmw |’

where wpe (respectively wpp,) is the electric (respectively magnetic) plasma fre-
quency, I'. (respectively T';,) is the electric (respectively magnetic) damping fre-
quency, weo (respectively wy,o) is the electric (respectively magnetic) resonance
frequency, j = v/—1 is the imaginary unit, and w is a general frequency. Notice
that when wep = wmoe = 0, the Lorentz model reduces to the Drude model (e.g. [22])
which is another popular metamaterial model:

wae B w2
W e (1m> H) = (wﬁ_ﬂm))'

Furthermore, if we set I'c = I',, = 0 then this Drude model reduces to the cold
plasma model,

(5) (w) = co (1 - 2) L plw) = po (1 - j—m>

and so we see that, as long as we allow for these reductions, the study of the Lorentz
model, (3), presented below also includes these other models. Therefore, in the rest
of this article, unless specified clearly to the contrary, we will assume that all of the
physical parameters are positive (i.e. €g, fo, Weo, Wm0, - - - )-

Moving away from the frequency domain formulation we recall from [20], or
infer from (3) above, the following equations for the time-domain Lorentz model
for metamaterials:

OE 0P ,
(6) GOE—FE—VXH—O, 11'1(2)((071—‘)7
OH O0M

(7) /J/OW-FW—FVXE:O, IDQX(O,T),
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1 o°P r. oP 2
282 28— Y0 p_E=0, nQx(0T)
€owp, Ot €owpe Ot €owp,
1 *M r, oM w2,

Howg, Ot powp,, Ot powp,

(8)

(9) M—H=0, inQx(0,7T).

To make the problem well-posed, we assume that (6)-(9) are supplemented by the
perfectly-conducting boundary condition

(10) nx E=0 on 09,
and, with & dependence suppressed, the initial conditions

(11) E(0) = Eo, H(0)= Ho,

(12)  PO)=Po MO)=Ms 5 (0)=Pi “0)=M,

where Eo, Hy, Py, M, P1, and M are given functions.

Now that the physical model is completely specified we notice that there are
several ways in which we could approach it in terms of giving a fully discrete
numerical approximation. If we work with the model as described then, in the
simplest case, we need to store ten vector fields: the current and previous time
steps for E and H and three consecutive time levels for P and M (i.e. thirty
scalar fields in R?). And, furthermore, we would need a time stepper that can
handle the second time derivatives. We do not consider the discretization of second
order ODE’s in this article but instead first, in Section 3, we reduce (8) and (9)
to first order ODE’s by defining J = P; and K = M, where, here and below,
the subscript denotes partial differentiation. We then need only handle first time
derivatives in the time stepping but we will have to store twelve vector fields.
Alternatively, in Section 4, we introduce another formulation which uses ony four
vector fields at each of two time levels but requires the time integrals of J and K.
Since, in the time-discrete setting, these can be updated by recursion this scheme
requires the storage of only ten vector fields.

We also note that we could formulate this Lorentz model in first-order form
with only two vector fields, E and H. The result is a system of convolution-type
integrodifferential equations with non-monotone kernels of positive type. In the
discrete formulation these ‘history integrals’ can be updated in a recursive way by
introducing complex arithmetic and using Euler’s formula, and the scheme would
need only eight real vector fields to be stored in memory. We do not study this
scheme here because of the difficulties associated with proving that the discrete
memory term is also of positive type. In general we can expect such a proof to be
non-trivial and, for example, refer to the analysis in [30] for the case of monotone
kernels.

It is not the purpose of this study to reach any decision as to which of these
schemes is the ‘best’ since that would require a more practical study organised
around a well-chosen set of numerical tests. Rather we show, in each case, that a
careful treatment of the dispersive terms results in data-stability estimates for both
the continuous and discrete problems with constants that grow much more slowly
with time that Gronwall-type estimates would suggest. This analysis carries over
to the constants in the a priori error bounds.
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3. Investigation of the Lorentz model in six variables

Following our previous work in [20] we can rewrite the Lorentz model (6)-(9) as,

OFE
(13) 6()a 7VXH+J—0
OH
(14) u()WJrVXEJrK: ;
1 aJ T, A
15 J—F S P=0
(15) €ow2, ot €ow2, + €ow2, ’
ws, OP w
16 60 el — O
( ) 6()w 8t 6()&)12)6 ’
1 0K r 2
(17) 0 " K- H+—m0 N =,
:u‘()wpm at HoWppm, HoWpm,

uow2 ot uow2

where we define the induced electric and magnetic currents J = Py and K = M.
Note that redundant coefficients are included in (16) and (18) in order to make the
forthcoming stability and error analysis easier to follow.

Letting V* denote the topological dual space of V' = Hy(curl; Q) and denoting
the standard L?(Q) inner product as (-, -), it is then easy to see that a weak
formulation of (13)-(18) can be written as: Find E € H'(0,T;V*) N L*(0,T; V),
and J,P,H,K,M € H'(0,T; L*(Q)) such that

(19) eo(E, ) — (H,Vx @)+ (J, ) =0, V ¢ € Hy(curl; ),
(200 po(Hy )+ (Vx E+ K, ) =0, V4eL*Q),

1 .
(21) ( Ji+—5J-E+ ;()qul)o, Y ¢, € L*(Q),

€owz, €ow pe €owz,
(22) Wi p, L o) 0, Vg, e L2Q)
60%2,6 ! 60%2,6 e ’ 2 ’

1 r w?
(23) ( K+ — K- H+—"0 M«pl):o, ¥, € L*(Q),
HoWpm, HoWppm, Mowpm

w2 w2
(24) ( 10 Mt - i K7¢2) = 07 v "/)2 € L2(Q)7

10wy, 0w,

subject to the boundary condition (10) and initial conditions

(25) E(x,0) = Eo(x), J(x,0)=J(x), P(x,0)= Poy(x),
(26) H(x,0) = Hy(x), K(x,0)=Kjp(x), M(x,0)=Mjyx).

Choosing the test functions in (19)-(24) as E, H,J, P, K and M, respectively,
and summing up the results, we can easily obtain (see [20, Lemma 5.1]) the following
data-stability for the continuous time system:

1 1
2 2 2 2
eol [ E(t)[[o + ol H (t)|]5 + RHJHO + MT”KHO

pm

2
4 e 1IP0I+ —=0—| M (2)]3

2
€0Wpe Ho wpm
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< €0||E(0)||(2)+M0||H(0)||3+eowg 17(0)][5
pe
KO+ “eg IP(O)II5 + “g IM(0)]]3
0W2,, 07 w2, O pow?,, o

To design a mixed finite element method, we partition €2 by a family of regular
tetrahedral (or hexaderal) meshes T}, with maximum mesh size h and, as long as we
bear in mind the effect of solution-regularity, we can in principle use any order of
Raviart-Thomas-Nédélec finite element spaces on this mesh. For tetrahedra (e.g.,
[32] and [31]), for any | > 1, and with S; = {p € ()%, z - p = 0}, these spaces are,

U, = {uh S H(diV;Q) : uh|K S (p171)3 e p_1x, VKEe Th},
Vi = {'Uh € H(curl;Q) : ’Uh|K S (p171)3 @Sl, VKEe Th},

while for Raviart-Thomas-Nédélec cubic elements (e.g., [32] and [31]) we have,

U, = {upe Hdiv;Q) : uplr € Qri—1,1-1 X Qi—1,00-1 X Qi—1,1-11, V K € Ty},
Vi = {vp€ H(ewr; Q) : vp|lx € Qo100 X Qui—1,1 X Quii—1, VK € Th}.

Here py denotes the space of polynomials of degree k, pp denotes the space of
homogeneous polynomials of degree k, and Q; ;1 denotes the space of polynomials
whose degrees are less than or equal to i, j, k in variables z,y, z, respectively. To
impose the boundary condition (10), we denote V) = {v € V', : v x n = 0 on 9Q}.
It is easy to see that

(27) V x V), C Uy,.

For error analysis, we need two more operators. The first one is the standard
L?(Q)-projection operator Ily: For any H € L*(Q), II,H € U, satisfies

(28) (HQH - Ha wh) = 07 v "/)h € Uh

and where norms of IIsH — H can be estimated by standard best approximation
arguments. The second is the standard Nédélec interpolation operator II; defined
from H(curl; Q) to V. We refer to the literature (e.g. [31, Thm, 5.41]) for full
details but here for the /—th order first-type curl-conforming Nédélec spaces in [32],
we will assume error bounds of the form

(29) |E ~T.Elo + |V x (E ~ IhE)|lo < Ch*| Ell g (curii0-

These estimates should be regarded in the context of the usual technical assump-
tions of the mesh being shape-regular.

To define a fully discrete scheme, we assume that the time interval (0,T) is
divided into N uniform subintervals by points 0 = t9 < t; < -+ < ty = T,
where ¢, = k7 and 7 = T/N is the time step, and denote the k-th subinterval by
I, = [tk—1, tx]. Moreover, we introduce the backward and average operators:

Spuf = (uf —uf N/, T = (W a2,

for any function u* = wu(-, k1), with 0 <k < N.
For the purposes of comparison with what follows, let us first recall the Crank-
Nicolson scheme constructed in [20, p.634] for solving the system (13)-(18): For
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k=1,2,---,N, find Ef e VO J¥ P} e V), and H}, K, M} € U), such that

(30) 60(67'E]f€w¢h) - (H:,V X ¢h) + (7];7¢h) = 07
B1) (6 HY,4y,) + (V x Ei,z,bh) (K}, ) =0,

1 —k 0
32 J , E,, = P , =0,
@) 0T )+ o o)~ (B + (o)
W2 w2
33 —<9_(5,. P J =0,
( ) 600.)2 ( ha¢2h) EOW;%@( ha¢2h)
1 —k
(34) ——— (6, K} +T Kh +meMh7¢1h) (Hp, 1) =0,
,ufowpm
(35) (5 MY, ) — PO (K apy) =
ﬂowgm T h» ¥2h Lo wpm h7 2h a

hold true for any ¢, € V9 b, 115, %oy € Up and ¢y, gy, € Vi, and are subject
to the initial approximations

E(f)b(w) = HhEO( ) J(f)L(w) = H}1J0($)7 P?l(w) = HhPO(w)v
H)(x) = Ho(z), Kj)(x) =TKo(z), M) (z) =,M(z).

Choosing the test functions in (30)-(35) as E:,ﬁ:,ji,?:,fz and M:, re-
spectively, and summing up the results, we can obtain (cf. [20, Lemma 5.2]) the
following discrete stability estimate, which has the exactly same form as the one
obtained for the continuous time system: for any k > 1, we have

ol B + ol IR + — 111 + o KK+ 222 P
pe pm pe

2
+ Z‘O MG < eol IERIG + pol HRIG + ok, (Bl

pm

1 w?
K e() P m0 MO 2.
o LI+ S22 1PI + 22 )

pm pm

Although the computational solution of (30)—(35) appears rather demanding it
actually requires only minor modifications to a standard Crank-Nicolson Maxwell
solver. In each time step, we first solve a linear system for E’fL and H ]fb, after using
(32)-(35) to eliminate all but these from (30) and (31). Then we update J} and
K Z using two simple recursive formulas, and finally update PZ and M Z through
simple algebra operations. For the details see [20, p.635].

Now let us consider a leap-frog scheme for solving the system (13)-(18): Given

1 1 1

initial approximations E%,Jﬁ,P?L,Hﬁ,K?L,Mﬁ, for k = 1,2,---, N, find EZ €
1 1

V0. J% PE e v, and HY 2 K5 M € U, such that

(36) (6B 1) - —(HTEV x ¢) + (I y) =0,
(37) ,U'O((S H}l 717[)h) + (V X Eha¢h) ( ha’l»bh) - 0
1 1 _1
oz VAR ") G ) g0
(38) — (B, 1) + Owg 20 (PE ¢y,) =0,
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20 w2 1
wg 1
(39) eowge ( 7' ¢2h) Ow%e ( 2 ) ¢2h) 7
1 T 1
TKk m - Kk Kk 1
uow;‘;m( e ¥in) —uowim (2( )s%1n)
2
k— Wi -1
(40) — (HY 2 apyy) 0 (M apy,) = 0,
HOW
w2 k+ w2
(41) M(J::QO ( 7’ 27"/’2}1) MOSO ( ha ¢2h) - 0
pm pm

hold true for any ¢, € Vi, 40, %1, Yoy, € Up and ¢y, ¢y, € V.. For the practical
purpose of obtaining the initial half-step values it is usual to start this leap-frog
scheme from zero or constant initial data. We then note that (36)-(41) can be
implemented as follows: at each time step, first solve (36), (39) and (40) and then
solve (37), (38) and (41). Each of these solves can be done in parallel if required.

The following discrete data-stability estimate shows that the solution remains
bounded independently of the time interval, (0,7'), of integration provided that the
time step is small enough.

Theorem 3.1. Let ¢, = \/%

Cinv > 0 be the constant in the standard inverse estimate,

denote the speed of light in a vacuum, and let

(42) ||V X uh||0 < cimh71||uh||0, Y uy, € V.

Then, under the time step constraint

. 1 1 1 1 h
(43) T < min ) ) ) ’ )
2Wpe  2Wpm 2We0 2Wmo 2CyCiny

for any k > 1, we have

k+1 k+1
coll I + ol TS 4118 + — 17341+ —— 1K
pe pm
w2, w2 i
PR ¢ g;;; M5 < <€0||E 13-+ noll A2

pe pm

1 1 w? 1
44 +—ITZ 115 K, 0|\ M} 2>.
(44) o IR+ S KGR + 25 PRI + -

Remark 3.2. We have implicitly assumed that none of the w’s are zero in (43).
These cases can be dealt with by simple adaptations of this argument.

Proof. Choosing ¢, = Z(E} + E}""), ¢, =
1)7"/)1}1 = %(KZ+K27

k—1 . _
n ) bon = 5(Ph+ P

[N

- k+1 k— - okt

S(H, > +H, ?),¢, =5, >+
1 T kt3 k—
)/‘/’%Zi(Mh +Mh

[

) in
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(36)-(41), respectively, summing up the results, and using the following identities:

(Vx ELHI 2 4 H %) = (HE 7V x (BE + BN )

= (Vx EF HY ) (v x BV HETY),

_1 1 _1 _ 1 1
(T 2B+ By = (B 4+ 0570 = (0,3 B = (1,2 B,
(K5 H™ 4 HY %) - (HY * K+ K
= (K} H’”2>—<KZ—%HZ*%>7
1 1 _1
(Ph Iy 4 38 - () P+ P = (P - (PR,
(M F KS o+ KEY) - (K, My M)
k-1 _ k+i
= (M, * K ) — (M, *, K}),
we have
€0 - o k+1 k—1
:—(||EZ||§—||Ek 1||(2J)+?(||Hh 25— 11 ), 215
kot L k—1 -
||J 2||O_||Jh 2||0+ WZO (||Pk||2_||Pk71||2) ||K ||O ||K;€z 1||8
260wz, 2e0w3, R0 he 10 210w,
2
Wimo E+1 o k—1 9 I, T, k4l 1
+2 ng(”Mh o — 1M, 2||0)+0—w%e||§(‘]h N
T T _ _1
Pl S+ KETOIE + SV x By H T - (9 < B H)
THOWpm,
k-1 k+1 k+1 _ k—1
+§[(Jh 2LEVY - (T, Q,EZ)]+2[(KZ7H ) — (KL H, P
2
TWeo k+3 k-1 7k—3%
MG T
e ((PhTL ) - (P )
2
TWio k=1 k1 k+3 gk
oMK (v )

Summing this over £ = 1 to N we obtain,

N+1
‘”IIE 13 + B2 H ), 215 +

N+1
1 Th 2||0+2M0w2 B + 22 || P13

260w2 260w2

N+1
+ 1M, 28 < 2IERIG + “UllH 13 + sepz [FALE

KL

2,uow2

T N+ 2
ngwa 1P} ||o+2m;"° M3 - 51V x BY H ') — (V x B, HY)|

2,uow2

TWU N+§ 2 mo N+§ %
o (PN, ) - (PO, T + o —[(M, LK) - (ML K

260(.«)12)6 2pow?
rrgNte 3 i N+3 3
(45) +3[(7, 2 EY) — (IR By - 5K HY, T?) - (K, HE ),

and then using the Cauchy-Schwarz inequality and the inverse estimate (42) we
have

T N+l T N+1
E(VXE;LVaHh ’) < §'Cmv B ol H, "2l
T _ N+3
= 5 cocumoh™ Vel B} llov/Fml H 2o
TCyCi Ho N+3 12
< () sl B + 22 1H R
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for all 67 > 0. Similarly, for all §; > 0 for 1=2,...,5, we have first,

T, N+1 N TW. N+
S BN < - *[loveol [ ER [lo
pe
< () 6zeo||EN||2+i- R
= 2 h 110 452 60&]12)6 0’
second,
T N N+ TW 1 N N+1
SEY H, 2 < = ———||K}, [lov/Rol [H}, 2o
2 2 2
HoWppm,
TW. 2 (53 Ho N+1
< —”m> KNi2+ 22 H, 2|2
< (55) o G + G
and lastly,
'rweo N N+1i 1 N+ TWe0 9
Py, J, %) < . 2 84 -
o )< g T TR PR
2 2
TWio N+i N TWmo \9 1 1 Wio N+
M, * K < s - K . 2
o AR R C s R LA B sty L LR

Note that similar estimates can be obtained for the five terms in (45) that involve
the initial data, the estimate (44) can then be obtained by substituting the above
estimates into (45) and choosing ¢; and 7 properly. A simple choice is to select
d1 = --- = J5 = 2 and require (43). This concludes the proof. O

Remark 3.3. We note that the stability estimate (44) just obtained for the leap-
frog scheme has exactly the same form as the stability estimate for the continuous
problem, except that the stability coefficient is raised from unity to three. It is easy
to see from the proof that this constant of 3 in (44) can be reduced, but not to unity.

Remark 3.4. Following similar ideas of our early work [20], we can use the ideas
above to prove the following error estimate:

1 k+1 1 k+1
1B* = Bllo +1H* — L2 {lo + 17 — 5+ o + 1K — Kl
1
HIP* = Pillo + [[M*E — M2 < O(h! +72)
where the time dependence of C is due to norms of the data and exact solution,
but not to an invocation of Gronwall’s inequality. This error bound will hold true
if the underlying solutions are smooth enough and the errors in the initial data
are bounded as O(h! + 72). Here | > 1 denotes the order of the basis functions in
the finite element spaces Uy and V. The proof of this result with the modified

constant is omitted here due to its length. A full example of an error bound with
temporally-sharp constants is given later in Theorem 4.6.

4. Investigation of the Lorentz model in four variables

If we solve (16) for P and (18) for M and substitute the results into (15) and
(17) we can rewrite the Lorentz model (13)-(18) as

(46) e —VxH+J=0, wH:+VxE+ K =0,
1 T, wgo ¢
(47) I+ ——5J 5 J(s)ds — E = f(0),
Eowpe €0wpe eowpe 0
1 0K ' ¢
48 K(s)ds — H =g(0
(48) Hows,, ot Jow? / (s)ds 9(0),

pm
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where

o (J10) +TT(0) = BO). - g(0) = ——(Ki(0) + T, K(0)) = H(0)

f(0) =

2
€0wpe

are time independent and known.
We consider the following weak formulation of (46)-(48): Find E € H*(0,T;V™*)N
L?(0,T;V),and J, H, K € H'(0,T; L*(Q)) such that

(49) GO(Et7¢)_(H’VX ¢)+(']7¢) :Oa MO(Ht7¢)+(VXE+K7¢) 207

(50) < L Lo gy en /OtJ<s>dsE,¢1><f<0),¢1),

0wz, €owz, €owz,
(51) < L g, Lmoge o /tK(s)dsH¢)((0)¢)
Mowgm ! €0w12;m :U/Ow;?;m 0 s g P

VY ¢ € Ho(curl; Q), Vo € L*(Q), V ¢, € L*(Q) and ¥ v, € L*(Q)
subject to the boundary condition (10) and initial data (xz-dependence omitted):
(52) E(0) = Eo, J(0)=Jo, H(0)=H, K(0)=Ko.

Our first result for this formulation demonstrates long-time data stability and
provides a comparator for the discrete stability estimate that follows in Theo-
rem 4.4.

Theorem 4.1. For the solution (E,H,J,K) of (49)-(52) and any t € (0,T], we
have the following data-stability estimates:
(i) If weo,wmo # 0, then

4eqw? 4u0w2
(53) E(t) <26(0) + —=IF 0I5 + = lg ()15,
e0 mO0
where we denote the energy
1 1
Et) = E(t)? H®)|]3+ —||J]|3 + ——||K] |2
(t) eol[E(0)|[5 + pol| ()||O+eow§e|| ”0+uow2m” lo
2 t 2 2 t 2
(54) + weg / J(s)ds +w—m20‘ / K(s)ds
€0Wpe 0 0 HoWpm, 0 0

Moreover, defining a new energy E1(t) as E(t) but without the integral terms in
(54), we also have

2 2
E0Wpe HOoW o,
(55) &1(t) <&(0) + —=IF OIE + —z=Ilg(0)I[5,
e0 mO0

(#) For the Lorentz and Drude models where I'e,T'y, # 0 we have,

2 2
(56) £ <EO)+T (%w(mna + o ||g<o>||3> ,

where E(t) denotes the same energy as case ().
(iii) For the cold plasma model where T'c = Ty, = wep = wmo = 0 we have,

4
—— [T (0)|]2 + ——
€Ow;,2;e|| ( )HO uowgm

(57) E(t) < 2£(0) + 1K (0)][5
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where in this case the energy is re-defined as,
E(t) = eol [E()[5 + pol [H (1)][3
2 2
fot E(s)ds‘ ‘0 + pow?,, Hfot H(s)ds‘ ‘0'

Again, defining a new energy E1(t) by dropping the integral terms in (58), we also
have

(59) (1) < E(0) + — VO + —— IO}

0%pe 0%pm

(58) + eowge

Proof. (i) Choosing ¢ = E, v = H,¢p; = J,v; = K in (49)-(51), respectively, we
obtain

1d€ T, I,
2dt €w% || ||O+ 2

and then integrating this from 0 to ¢ and using the Cauchy-Schwarz and Young’s
inequalities, we have

(5(t)—5(0 Cow““llf( g + ”Ow”’”llg( B

2
(1o s, + w1y o]

which yields (53) easﬂy. The stability estimate in (55) can then be obtained from
the following inequality

%(6@) —£(0) < =10 >||3 + ot

(60) KI5 = (£(0),J) + (9(0), K)

pm

N[ =

+ 460

a(0)[[3
9 2
fo SHO'

(ii) In this case, the proof is completed by substltuting the following estimates

dsH + 23—

26 w2 2u0w2

pm

I, 5  €OW
0),J) < J Pe )|I3,
(FO.T) < g W1+ SR lIF O

'
2pow?
pm

How
1K + ”mllg( I,

into (60).
(iii) When T'. = T}, = wep = wmo = 0, the original governing equations (13)-(18)
reduce to

(61) eE; —VxH+J=0, uoHtJerEJrK:O,
(62) Jt = EQWZQ)SE, Kt = /_Low H.
Solving (62) for J and K and substituting into (61) gives,
¢
(63) 0By~ V x H + cqu?, / E(s)ds = —J(0),
0
¢
(64) poH 1+ ¥ % B+ ot [ H(s)ds = ~K(0),
0

and then on multiplying (63) and (64) by E and H, respectively, integrating over
Q and using the energy definition (58), we obtain

1d€

(65) S = —(J(0),B) ~ (K(0), H).
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Integrating (65) from 0 to ¢, and using the Cauchy-Schwarz inequality, we have

5EW) - £0) = = (700, Blo)ds) - (K(0). Jy H(s)ds) < 1701
Jo E(S)dst o HfOtH(s)dst N

which easily leads to the proof of (57). To prove the stability bound in (59), we
just need to use the following estimate,

1

S(E(0) — £(0)

— <J(0),/tE(s)ds> - <K(0),/t H(s)ds)

1K (0)]13,

2
€0W,,e
+ 4

2
HOoWpm

1 HoWp
< O+ ot
KO3
Quowgm
This completes the proof. Il

Remark 4.2. In Theorem 4.1 we examined the stability in three different cases
and used more careful reasoning than is usually encountered in this type of study
in order to avoid using the Gronwall inequality. To emphasize this extra effort we
remark that from (60), the estimates

How pm

19I5,

1 60w2 1
(£(0), T)+(9(0), K) < s T B+ F(O)[f+5—— | K+
pre m

2#0&)%

and the Gronwall inequality, we derive the following general stability estimate that
covers all the cases:

(66) E(t) < C(E0) +|I£(0)II5 + g (0)I]5),
where the constant C' > 0 depends on those physical parameters in (3), and expo-

nentially in T due to the usage of the Gronwall inequality. Here the energy &€ is
defined by

1

E@t) = el E@IIF+ ol H®IG + e 115+ —5— K3
€ow ,LLOW m
2 t
(67) + weg / J(s)ds
€0Wpe 0 0 MOme

The main point here is that although one can derive coarse bounds without much
effort, extra work is (for this problem) rewarded with sharper estimates.

Theorem 4.1 demonstrates that one can consider the model on a case-by-case
basis in terms of the allowed values of the parameters. To save space and keep the
arguments simple and demonstrative we will from here on (unless clearly specified
otherwise) assume that all parameters in (3) are positive.

To begin with we let IAJ; and ﬁ(/h denote trapezoidal rule quadrature approx-
imations that satisfy the following recursive formulas:

—k—

—0 —k 1 k1
(68) Iy =0, 10, =1J, 4@+ vk>1

5
——0 —k PR
(69) K =0, Ik, = 1K, + %(KZ FEFY Y E> L
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Then, using the same spatial finite element discretization framework as earlier, we
now consider the following Crank-Nicolson scheme for solving the system (46)-(48):
For k=1,2,---,N, find E}f € V9 J¥ € V), and H}, K € U}, such that

—k —k
(70) 60(67E27¢h) - (‘lqhaV X ¢h) + (Jh7¢h) = 07
—k —k
(71) 1o (0 Hy, by,) + (V x By, 1py) + (K, 4,) =0,
1 k Te =k —k
@(@Jmﬁbm) + @(Jha 1) — (Ep, b1y)

—k —~k—1
wgo 1J, +1Jy,

(72) GOWIQ)e 9 7¢1h = (f(o)v ¢1h)a
1 'y —k —k
M(CSTKIZA/’UL) + m(K}” Y1) — (Hy, 1p)
W2 (1K +IK,"
(73) 92 awlh = (9(0)7"/)1}1);

0w,

hold true for any ¢, € V3, 4p,, 41, € Un, ¢y, € Vi, and are subject to the initial
approximations

E)(x) =1L, Eo(x), JY(x) = ,Jo(x),

H?L(m) = HQH()(:B), K?L(m) = HQK()(:B).
Next, we need the following identity for the stability analysis of scheme (70)-(69).
Lemma 4.3. For each i € {1,..., N} we have

N j—1 N 2N
(74) 2 N fify = (Zﬁ) -
j=1i=1 i=1 i=1
Proof. The proof follows from this simple manipulation,
N j—1 N j—1 N N N [ji-1 N
23 N fifi o= D Y LEAD D =YD Lt D fifi
j=1i=1 j=1i=1 j=1i=j+1 j=1 \i=1 i=j+1
N /N N 2N
= Z(Zfifjff)(Zfi) *Z 2,
j=1 \i=1 i=1 j=1

O

With Lemma 4.3 we can now provide the following discrete stability estimates.
These are the discrete forms of the estimates for the continuous problem as stated
in Theorem 4.1.

Theorem 4.4. Denote the discrete energy

1 1
k k k k
(k) = coll BAI + ol A3 + 17513 + 1Kl

0%pe 0%pm

then:
(1) If Weo, wmo # 0, then for any 1 < k < N, we have

2
€0 HoWpm,

wz%e 2 2
2 IF O[5 + ——lg(0)llo.
el

w mO0

(75) En(k) < En(0) +
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(ii) If T, Ty, # 0, then for any 1 < k < N, we have

2 2
(76) En(k) < 4(0) + T (;" IFO)IF + =52 ||g<o>||%> .

—k k-1 —
Proof. From the recursive formula (68), we have I.J, = IJ, + TJZ = ... =
T Zle 72, which leads to

ek k-1
1J 1J -

k—1
_||']h||0+z ']ha']h ] :

=1
Summing this from k£ =1 to k = N and using Lemma 4.3, we have

—~k k-1
1J, +1J, —k _ T_
2

(77) 2 h -

0

Choosing ¢, = 5(Ej, + ;') v, = 5(H}, + Hz—lxm = 5(In+ I,
Py, = %(K;i + KF71) in (70)-(73), respectively, then summing up the resultants
from k=1 to k = N and using (77), we obtain

SUENG — BRI + 5 (HL — 1HRIE) + gz (IR115 — 1 TA113)

+gmer (KR 113 = [HEGRI) + 225 S T3

T 72w? N 7 k 2
052 P ||Kh||0 T Seont. ‘Zk:l ']h ‘0 + zuoﬁo ‘Zk 1 hHO
(78) = YN T(£0), Ty) + X, 7(g(0), K ).

(i) The proof of (75) is completed by substituting the following estimates into
(78):

)

0

2
—k
SR
k=1 0

N
T<f<o>, 7ii>\ o ”enf( )2 4+ e
k

2€0 w2

al -k ,uow2 2 T2w20
0 K, | <—=—="lg(0 o
9@ 2K ) < Gl >||o+2uowgm

(ii) Substituting the following estimates into (78),

—k Teow? g AP —
(79) (500,73 < RIS+ 5 T
—k Tuow m 9 'y, =k
K,) < L :
(50) (905} < TR g O + 5 I
then concludes the proof of (76) O

To save space we did not consider the case I'c = I'),, = wep = Wmo = 0 in
Theorem 4.4 although one could examine this case by following the argument given
in Theorem 4.1 for the continuous problem.

To give an error analysis for the Crank-Nicolson scheme (70)-(69) we need the
following lemma. The error estimate for the trapezoidal rule for numerical quadra-
ture is very standard and included here for completeness.
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Lemma 4.5. Let X be a Banach space. For any function J € H%(0,T; X) we have
the following step-wise error bound,

k1 [t ?
71 / Tl <
t X

T k—1

3 [t
(81) Z/ [ Tu(Ol% dt, ¥ J € H(0,T),

tr—1

~k
for every k € {1,2,...,N}. Furthermore, for the approxzimation IJ to g’“ J(t)dt
defined by the recursive trapezoidal rule formula given by (68) we have the error

bound,
~Fk b VT2
HIJ —/ J(t)dtH < et 0.2
0 X 2

for every k € {1,2,...,N}.

Proof. For (81) we refer to [19, p.3165] and then using the triangle and Cauchy-
Schwarz inequalities we obtain,
71 / J(t) dt
ti—1

— tk
HUk_/ J(t)dtH < Vi Zr
0

and an application of (81) then completes the proof. Il

9\ 1/2

X

Theorem 4.6. For the solution (EY, HY JV K of (70)-(73), we have the fol-
lowing error estimate: For every time level k > 1,

col | E" — E}|[5 + pol [H" — HI|[5 + 1% = T3 113

2
wpe

+ K" - K|[§ < CO+ T2+ T%)(r* + 1*)

Ho me
(82) +C(|E° - Ep[5 + [[H® — Hp[|§ +[|T° = Thlls + ||1K° = Kllp),
where | > 1 denotes the degree of the finite element spaces V', and Uy and C' is

a constant that depends on time only through the L,(0,T) norms of the underlying
solution that arise from the approximation-error terms.

Remark 4.7. We do not give full details of the constant C in Theorem 4.6 because
it would obscure the main point that the constant governing the error growth (in
the indicated norms) is of order O(T/?) rather than O(eT) (for some ¢ > 0). For
a flavour of the type of terms hidden in C we refer forward to (93).

Proof. Integrating (49)-(51) with respect to ¢ first from 0 to t; and then from 0 to
tx—1, using these to form finite differences in time and then dividing the resultants
by 7, we obtain the following four equalities

(83) co(6-E*, ¢) — ( " Hds,V % ¢) ( e st7¢) -0
(84) 10 (8, H  4p) + ( MV x Bds+ L[ de,¢) —0

eowz (- Jka¢1) Eowz (l tt: st,qbl)
(85) +:’%( O JS I (x)dxds, ¢1> ( t Eds+f(0),¢1>,
O R (1 b de,¢1)

M0w2 M0w2 T Jtk—1

(36)  +om (Lf0 s K(Odxds, ) = ([0 Hds +g(0),%,) .



SCHEMES AND ESTIMATES FOR THE SOLUTION OF MAXWELL’S EQUATIONS 359

Now, to derive error equations we recall the definitions earlier near to (28) and
(29) and set &f =, E* — Ef € V), nf =, H" — HY e U, ¢k, =10, 0" — J¥ ¢
V), and 0¥, = T, K" — K} € U},. Subtracting (70)-(73) from (83)-(86) and using
these definitions then gives four error equations:

(a’) 60(6755’ ¢h) - (ﬁ]fgmv X ¢h) + (Z]fh7¢h) = 60(6T(HhEk - Ek)7¢h)
7L " ma 7oL " g
(87) - (ILH -- s,V x ¢y, | + | InT —;/ Jds, ¢, | |

tr—1 tr—1

(b) M0(67n27¢h) + (v X E]:m";bh) + (ﬁ]ffm"/)h) = MO((ST(HQHk - Hk)7¢h)
t o tx
(88) + <v X <thk _ % /tk Eds) n/m) n <r12K’c B %/tk de,%) ,

1 = 1
(0 —(6rh + Deans dun) — © b1n) = — (0 (1. T* = T*), 61

€0Wpe €oWpe

r. 1 [t
vz n,J f;/t 1st L D1n I,E f—/ Eds, ¢y,

-1
2 (1T, +1J, b
(89) + Yeo h + h ——/ / X)dxds, ¢y, |
th—1

6()(.«}%6

+

1 1
d —— (6, r 7 =— (6, (IlLK* - K*
(d) Mowpm( 0¥ + Dol ) — (0 %10) o w%m( (I ), %1n)

| o, S
LK~ - de by | — ([TLH — = Hds, ),
/J/prm T —1

2 -1 t
w 5" + 1K, / :

+

90 + m0
) oo .

/ K (x)dxds, vy,

tr—1

In the above we also recalled that V. x Vi, C Uy,.

—k
Next we select ¢, = T§h, Wy = T8, 1 = T, Y1, = T, in (87)-(90) and
note that several terms can be altered or eliminated by using the Lo projection.

Specifically, the following replacements can be made,

(ILH' \Vx&)=H . Vx&), (WLH.) =75,

_ _ —k _ —k _
(HQK 777h) = (K 777}1) (HQK an]fh) = (K an]fh)

and the eliminations result from (5, (Il H*— H*), 7}) = (6, (I, K*— K*), 7%, ) = 0.
These give,

€0 O _
ymmwﬁmw B3 — 1~ 1)
1
+ g gk‘f 17112 + k 1
h Il — 11t I8) + gl — i 1)
IR + i 2 = reold, (LB — E*),E))
2 ' Mowpm

—k 1 [t - —k 1 ™ =
o (H -2 Hds,vxE |47 Hth——/ Jds, &)
T Jtr_1 T Jty_q
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—k ]. tk —k —k ]. tk —k
+r |V [II,E — - Eds |, | +7| K — = Kds, 7,
T Jtp_y T Jty_q

—k 7T, k1 % —k
(5T(Hth - ']k)aglh) + m <HhJ - ;/ staflh)

+t—
€0Wpe 0%pe te—1
Tw? f];k + If:ﬁk_l 1 [t e —k
Ll G =l I ROV 31
€0Wpe 2 T Ju_, Jo

| A S —k 1™
TRLLIN () g —/ Kds, 75, | —r |H" - —/ Hds, 7%,
,Ltowpm T Jte_1 T Jt—1

Kk k-1
2 t s
Twio | IKn +I1Kj, 1/’C / K
+ - = K (x)dxds,
’uowgm 9 T o ( ) M

1 [t

12
(91) -7 <thk - - Eds,zlfh> = ZErm,
i=1

T Jtr_1

where these twelve error terms have been introduced for convenience and we deal
with them each in turn. For the remainder of this proof C' will denote a generic
positive constant that is independent of time, h, 7 and the exact or approximate
solutions.

First, by the Cauchy-Schwarz inequality, the standard interpolation error esti-
mate (29) for I, E — E, and the following estimate [19, p.3165]:

1 [t
|6 u"]]F < ;/ [ue(@)[13dt, ¥ w e H'(0,T; (L*(2))%),

te—1

we have
Brry < reoll6, (UnE* — B)lo|[€llo
< - lalf+ 52 [ e - BL )R
(92) < - lalt + S [ 1B Bt

where here and below d; will denote an arbitrary positive number and we define
1€l = maxi<r<n |[€F]o. Summing (92) from k =1 to N, we therefore have

N

CTh%
ZETﬁ < breoll€nll?, + 5—1||Et||2L2(O,T;Hl(cur1;Q))'
k=1

Similarly, by using Lemma 4.5 to obtain the following estimate,

2
tr
<T / et ()| Bt, ¥ w € H2(0,T; (LA(Q)°),

0 tr—1
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and integrating by parts to move the curl we obtain,

N
Z Erry < Z T
k=1 k=1

N

—k 1 [t —k
Vx| H — - Hds [1€n 0
T Jte_1 0

N
TT3 tr 52
< - Hy|?dt + = 2
ZT<1652/t IV x Halld d + 226l 2.
k=1 k—1
T4
< 6 2 4L ||V x Hyl|?200 7 .
2[I€nlli, 1652” ttllT200.m:02(0))

By similar techniques, we have the following estimates:

N

N

N

N

VA

N

VA

N

N

2

N 03 =k Tr k k
3 = —r —
S0 PRIER + o | ImT" - T3 +
k=1 3

_ 1 [tw
J’“——/ Jds
T Jtp_ 0
¢r

Sollenlf, + 5 (7 Il B ez + T I oo cunin )
Sullmnl+ S (1Y % Ballao riancon
+Th2l||E||%°°(O,T;Hl(curl;ﬂ))>7

ol + 2o Kl oo sy

56 ,  CTRY
- - - J . . ,
eowge ||£1h||loo + 56 || t||L2(O,T,Hl(curl,Q))

cT

07
el + - (1 ullEzo o)

2
eowpe

FTR TN 0.1 iy )

69 Mh litt 2 . L2 )
loo 166 L2(0,T;L2%(2))

2 T 2
Srollmanlli, + =1 HwllL2(0,m;202))
16419

cT
Sulléwlf. + 5 (71 Bulltao e

FTE | B 1,11 curiny )

We now move on to investigate the more difficult terms, Errg and Erri;. Since
they are similar we give the detailed working only for Errs. First, recalling (68)
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—~k
and the introduction of IJ in Lemma 4.5, a simple splitting gives,

2 2 2

9 —k  ——k-1 o~k —~k-1
€0Wpe 1Jy, +1J, 1J +1J —k
— 2V Errg = — E1n
TW

RS A L ‘
R L
2 T Jte_1 JO
Using the recursive formulas (68), and recalling that T = (J(t1) + J(ti—1))/2 we

have,

ﬁ/k I ]f_j—/k‘fl ]f_\j_k‘ 4 j_t/]k?*l k—1
h h T —=k —=k —1 —1
2 - ) :5(‘]}17‘] )+Tl§71(‘]h*‘])

S

-1
- ggi ST AT T+ S (T, - T T —T)
1

~

k—1
T, —k —k =k =l =
= 5(*§1h +Upd —J )+ 1571(*51}1 +1pJ —J)

and with this we can now split Errg into three components:

2 k—1
(6()w2pe> Errs = — (%(E'fh,?fh) JFTZ(EIUNE];}J)

TW —

E

) R 778
1

AT 3 AR BT "
T2 Ly (RPN
0

~

2 T Jo_,
= &+ & +E&s.
The next step is to sum this over k = 1,..., N and, first, from Lemma 4.3,

2

N e
Sa=-TyE] <o
k=1 i=1 0
and so can be discarded. For & we get,
T k k k = j j k
& < Gl —J llo €xnllo + 7Y [[Tad” = Tl |[€1allo
i=1

=k
< CTH|J Lo 0,7, 111 (curti | [€1nl o



SCHEMES AND ESTIMATES FOR THE SOLUTION OF MAXWELL’S EQUATIONS 363

after using (29). Lastly, noting that

-1
' +IJ 7_/ / ) dyds

”%”1%(/0%,1()(15 /tli(s)ds>
Jr%</Oth(s)ds+/0tk1 >—/ / X) dxds
() 30
——(/ / dxds—g(/oth(X)dxﬂL/Otk1J(X)dx)>-

Using this with Lemma 4.5 then gives,

1, =k
& < 5180l (VI el onizzny + 2Ttz -

Finally, we return to Errg, sum over k = 1,..., N, use these results with two
Young’s inequalities and infer the analogous result for Erri; to obtain,

N N
ZErrngZETTu < 2 Z:||§1h||oJr Z||771h||(2J
k=1 k=1 k=1

Pmk1

+ CTBth||']||%°°(O,T;Hl(curl;§2)) + C(]‘ + T2)T4| |Jt| |H1(01T§L2(Q))
(93) + CTSthHK”%O@(O,T;HZ(Q)) + O+ T Kl F1 0 7,120

The proof is now completed first by assembling all of these estimates and choosing
the §; so that each term can be controlled by ‘kicking-back’ the corresponding left-
hand side term. The last two steps are to take the maximum with respect to N
and then use triangle inequality along with approximation results to restore the full
error terms to the left hand side. O

5. Conclusions

We have presented two practical schemes for the time-domain simulation of
Maxwell’s equations for Lorenz metamaterials. In each case we have provided
data-stability estimates for both the continuous and discrete problems without us-
ing Gronwall inequalities. As a result the constants in these estimates do not grow
exponentially in T'. Instead the constant is either bounded independently of T', as in
Theorems 3.1, 4.1 and 4.4 or grows with 7'/2, as in Theorems 4.1 and 4.4. We also
gave one extensive example, Theorem 4.6, to demonstrate how these arguments can
be extended to an a prior: error analysis and this showed that the constant in the
error bound is of order O(T%/2) in that case. As a result, apart from this moderate
(at least, as compared to exp(cT')) growth in the constant the error growth can be
expected to be dominated only by the underlying time dependence in the higher
derivatives of the exact solution and data.

Acknowledgments

We like to thank the anonymous referees for their helpful comments that im-
proved the paper.



364

J. LI AND S. SHAW

References

[1]
2]
3]

[4]

[5]

[7]

(8]

(10]

(11]

(12]
(13]
(14]

(15]

[16]
(17]
(18]
(19]
20]
(21]
(22]
23]
(24]
25]
[26]

(27]

H.T. Banks, V.A. Bokil and N.L. Gibson, Analysis of stability and dispersion in a finite
element method for Debye and Lorentz media, Numer. Methods PDE., 25 (2009) 885-917.
A.-S. Bonnet-Ben Dhia, L. Chesnel and P. Ciarlet Jr., T-coercivity for scalar interface prob-
lems between dielectrics and metamaterials, Math. Mod. Num. Anal., 46 (2012) 1363-1387.
S.C. Brenner, J. Cui, Z. Nan and L.-Y. Sung, Hodge decomposition for divergence-free vector
fields and two-dimensional Maxwell’s equations, Math. Comp., 81 (2012) 643-659.

Z. Chen, Q. Du and J. Zou, Finite element methods with matching and nonmatching meshes
for Maxwell equations with discontinuous coefficients, STAM J. Numer. Anal., 37 (2000)
1542-1570.

E.T. Chung and P. Ciarlet Jr., A staggered discontinuous Galerkin method for wave prop-
agation in media with dielectrics and meta-materials, J. Comp. Appl. Math., 239 (2013)
189-207.

B. Cockburn, F. Li and C.-W. Shu, Locally divergence-free discontinuous Galerkin methods
for the Maxwell equations, J. Comp. Phys., 194 (2004) 588-610.

T.J. Cui, D.R. Smith and R. Liu (eds.), Metamaterials: Theory, Design, and Applications,
Springer, 2009.

L. Demkowicz, Computing with hp-Adaptive Finite Elements I. One and Two-Dimensional
Elliptic and Maxwell Problems, CRC Press, Taylor and Francis, 2006.

N. Engheta and R.W. Ziolkowski, Electromagnetic Metamaterials: Physics and Engineering
Explorations, Wiley-IEEE Press, 2006.

P. Fernandes and M. Raffetto, Existence, uniqueness and finite element approximation of the
solution of time-harmonic electromagnetic boundary value problems involving metamaterials,
COMPEL, 24 (2005) 1450-1469.

P. Fernandes and M. Raffetto, Well posedness and finite element approximability of time-
harmonic electromagnetic boundary value problems involving bianisotropic materials and
metamaterials, Math. Models Methods Appl. Sci., 19 (2009) 2299-2335.

J. Gopalakrishnan, J.E. Pasciak and L.F. Demkowicz, Analysis of a multigrid algorithm for
time harmonic Maxwell equations, SIAM J. Numer. Anal., 42 (2004) 90-108.

R. Hiptmair, Finite elements in computational electromagnetism, Acta Numerica, 11 (2002)
237-339.

J.S. Hesthaven and T. Warburton, Nodal Discontinuous Galerkin Methods: Algorithms,
Analysis, and Applications, Springer, New York, 2008.

P. Houston, I. Perugia and D. Schétzau, Energy norm a posteriori error estimation for mixed
discontinuous Galerkin approximations of the Maxwell operator, Comput. Methods Appl.
Mech. Engrg., 194 (2005) 499-510.

Y. Huang, J. Li and Y. Lin, Finite element analysis of Maxwell’s equations in dispersive lossy
bi-isotropic media, Adv. Appl. Math. Mech., 5 (2013) 494-509.

S. Lanteri and C. Scheid, Convergence of a discontinuous Galerkin scheme for the mixed time
domain Maxwell’s equations in dispersive media, IMA J. Numer. Anal., 33 (2013) 432-459.
J. Li, Error analysis of fully discrete mixed finite element schemes for 3-D Maxwell’s equations
in dispersive media, Comput. Methods Appl. Mech. Engrg., 196 (2007) 3081-3094.

J. Li, Numerical convergence and physical fidelity analysis for Maxwell’s equations in meta-
materials, Comput. Methods Appl. Mech. Engrg., 198 (2009) 3161-3172.

J. Li, Finite element study of the Lorentz model in metamaterials, Comput. Methods Appl.
Mech. Engrg., 200 (2011) 626-637.

J. Liand Y. Huang, Mathematical simulation of cloaking metamaterial structures, Adv. Appl.
Math. Mech., 4 (2012) 93-101.

J. Li and Y. Huang, Time-Domain Finite Element Methods for Maxwell’s Equations in Meta-
materials, Springer Series in Computational Mathematics, vol.43, Springer, 2013.

J. Li and A. Wood, Finite element analysis for wave propagation in double negative meta-
materials, J. Sci. Comput., 32 (2007) 263-286.

W. Li, D. Liang and Y. Lin, A new energy-conserved S-FDTD scheme for Maxwell’s equations
in metamaterials, Int. J. Numer. Anal. Model., 19 (2013) 775-794.

Q. Lin and J. Li, Superconvergence analysis for Maxwell’s equations in dispersive media,
Math. Comp., 77 (2008) 757-771.

T. Lin, Y. Lin, M. Rao and S. Zhang, Petrov-Galerkin methods for linear Volterra integrod-
ifferential equations, SIAM J. Numer. Anal., 38 (2001) 937-963.

T. Lu, P. Zhang and W. Cai, Discontinuous Galerkin methods for dispersive and lossy
Maxwell’s equations and PML boundary conditions, J. Comp. Phys., 200 (2004) 549-580.



SCHEMES AND ESTIMATES FOR THE SOLUTION OF MAXWELL’S EQUATIONS 365

[28] P. Markos and C.M. Soukoulis, Wave Propagation: From Electrons to Photonic Crystals and
Left-Handed Materials, Princeton University Press, 2008.

[29] W. McLean, V. Thomee and L.B. Wahlbin, Discretization with variable time steps of an
evolution equation with a positive-type memory term, J. Comp. Appl. Math., 69 (1996)
49-69.

[30] W. Mclean, V. Thomee, Numerical solution of an evolution equation with a positive-type
memory term, J. Austral. Math. Soc., 35 (1993) 23-70.

[31] P. Monk, Finite Element Methods for Maxwell’s Equations, Oxford University Press, 2003.

[32] J.-C. Nédélec, Mixed finite elements in B3, Numer. Math. 35 (1980) 315-341.

[33] Z. Qiao, C. Yao and S. Jia, Superconvergence and extrapolation analysis of a nonconforming
mixed finite element approximation for time-harmonic Maxwell’s equations, J. Sci. Comput.,
46 (2011) 1-19.

[34] A.K. Sarychev and V.M. Shalaev, Electrodynamics of Metamaterials, World Scientific, 2008.

[35] S. Shaw, Finite element approximation of Maxwell’s equations with Debye memory. Advances
in Numerical Analysis, Article ID 923832 (2010). doi:10.1155/2010,/923832.

[36] B. Wang, Z. Xie and Z. Zhang, Error analysis of a discontinuous Galerkin method for Maxwell
equations in dispersive media, J. Comp. Phys., 229 (2010) 8552-8563.

[37] Y. Zhang, L. Cao, W. Allegretto and Y. Lin, Multiscale numerical algorithm for 3D Maxwell’s
equations with memory effects in composite materials, Int. J. Numer. Anal. Model. Ser. B, 1
(2011) 41-57.

Hunan Key Laboratory for Computation and Simulation in Science and Engineering, Xiangtan
University, China.

Department of Mathematical Sciences, University of Nevada Las Vegas, NV 89154-4020, USA
E-mail: jichun@unlv.nevada.edu

BICOM, Institute of Computational Mathematics, Brunel University, Uxbridge, Middlesex
UBS8 3PH, UK

E-mail: simon.shaw@brunel.ac.uk

URL: www.brunel.ac.uk/bicom



