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SECOND ORDER DECOUPLED IMPLICIT/EXPLICIT METHOD
OF THE PRIMITIVE EQUATIONS OF THE OCEAN I: TIME
DISCRETIZATION

YINNIAN HE

Abstract. In this article, we propose the time discretization of the second order decoupled
implicit/explicit method of the 3D primitive equations of the ocean in the case of the Dirichlet
boundary conditions on the side. We deduce the second order optimal error estimates on the L2
and H! norms of the time discrete velocity and density and the L2 norm of the time discrete
pressure under the restriction of the time step 0 < 7 < 8 for some positive constant 5. Also, we
deduce some stability results on the time discrete solution under the same restriction on the time
step.

Key words. Primitive equations of the ocean, stability, optimal error estimate, second order
decoupled implicit/explicit method.

1. Introduction

Given a smooth bounded domain w C R? and the cylindrical domain Q =
w x (—d,0) C R3, consider in € the following 3D viscous primitive equations of the
ocean:

(1.1) wr + Lyu+ (u- V)u+wd,u+ VP + fk xu=F,
(1.2) Oy + Lab + (u- V)0 +wd,0 — ow = Fy
(1.3) V-u+0,w=0,
(1.4) 0. P+~ =0.

The unknowns for the 3D viscous PEs are the fluid velocity flied (u,w) =
(u1,u2,w) € R3 with u = (uy,us) being horizontal, the density 6 and the pres-
sure P. Here f = fo(8 + y) is the given coriolis rotation frequency with S-plane
approximation, F} and F5 are two given functions and k is vertical unit vector and
o > 0 and v > 0 are given constant. The elliptic operators L; and Lo are given
respectively as the following:

Li = —Vz'A - ,uzaQ = 1, 2.

2z
Here the positive constants vq, py are the horizontal and vertical viscosity coef-
ficients; while the positive constants vo, s are the horizontal and vertical thermal
diffusivity coefficients and

Ju 00 9
o =g V= (000)), A=0us 40y, 0= 5

with ¢ = 1,2,3 and (21, 22, 23) = (2,9, 2).
We partition the boundary of € into the following three parts:

Ly ={(z,y,2) € 2 =0}, [y = {(x,y,2) € %z = —d},
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Ty ={(2,y,2) € Q; (x,y) € dw, —d < z <0},
We consider the following homogenous boundary conditions of the 3D viscous
PEs as in [3, 13, 19]:

(1.5) w|r,ur, = 0.
ou
(16'1) azU|FuuF,, = 07 u-njr, = 07 % X nir, = 07
(1.6-2) or uz|r,ur, =0, ulr, = 0;
00
(1.7) 9.9|r, = (0.0 + ab)|r, =0, pis = 0.

Here n is the normal vector of I'y, « is a positive constant. Also, the initial condi-
tions of u(x,y, z,t) and 6(x,y, z,t) should be given by

(1.8) u(z,y,2,0) =uo(z,y,2), 0(z,y,2,0) = 0(z,y, 2).

Using the Dirichlet boundary condition (1.5) of w on T',, N T and (1.3)-(1.4), we
have

z 0
w(z,y, 2, 1) = — / V(e & / Ve & =0,

P(ayy, 2 1) = ple,y t) — /_ Olay.€.0)s

With the above statements, one obtains the initial boundary value problem of the
3D viscous PEs:

ug + Liu+ Vp(x,y,t) — 7/2 VO(z,y, &, t)dE + [k x u
—d
(1.9) V- ( TV uay, €,4)dE)0u = F,
—d

9t+L29+0/z \% U((E,y,f,t)df—f— (UV)@— (/Z vu(xvyagyt)dé-)azg
—d —d

(1.10) = P,
(111)  V-a=0,

together with the boundary condition (1.6)-(1.7) and the initial condition (1.8),
where

_ 1 /0 - _
i) =5 [ o)z b=

for any function ¢(z,y,z) in Q.

Remark. Recall [3, 13], F1 =0 and vy = 1in (1.9),y=11in (1.4) and 0 = 0
in (1.2) and (1.10), the boundary condition on w is (1.6-1). While in [19], the
boundary condition on u is (1.6-2).

The 3D viscous PEs are very important research subjects in the field of geophys-
ical fluid dynamics, at both the theoretical and numerical levels. There are some
well-known difficulties associated with this fundamental equation for 3D oceanic
model since their strong nonlinearity. The Mathematical study of the PEs origi-
nates in a series of articles, by Lions, Temam and Wang in the early 1990s: see,
for instance, [16, 17, 18], where the mathematical formulation of the PEs, which
resembles that of the Navier-Stokes equations, was established. Also, the asymp-
totic analysis and the finite dimensional behavior of the 3D viscous PEs in thin
domain as the depth of the domain goes to zero were studied in [11, 12]. For a
more extensive discussion and review on this subject, the reader is referred to the
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recent articles [2, 3, 13, 7, 21, 22]. Furthermore, a two-grid finite difference method
for the primitive equations of the ocean was proposed by Medjo and Temam in [19].
In particular, in the recent paper [7], we have discussed the HZ2-regularity of the
solution and some its time derivatives for the 3D viscous PEs, where main results
in this paper are included in the following theorem.

Theorem 1.1. Assume that the initial data (ug, 6p) is the H2-regularity, and

(0:F1,0.F,), (0jF1,0iF,) € L®(RT; L*(Q)*) x L¥(R*; L*(Q)), i =0,1,--- ,m.

Then, the solution (u, p, ) of the 3D viscous PEs satisfies the following bounds:
2 =2(0) [0 u(t) |22 + 19700 3 + o6 107wl + 1070(8) 20

(1.12) H07 (@) + 107 0 F= + 107 p(B)[I700)] < 5,

t
/ e2(5=8) g2m=2( ) [ gy ||, + [|70) 2
0

(1.13) +o ()10 ull F2 + 107012 + 107" Pl F2)]ds < &,
t
(114) e ) oyl + 07 0] )ds < .
0
for all ¢ > 0 and m = 1,2,3, where as > 0 is a fixed constant and k is a

general positive constant depending on the data (w,a, 0,7,d, v1, p1, Ve, pe, f) and
(Fy, Fs, ug, 6p), which can take the different value at its different occurrences.

In very recent papers [8, 9], we have considered the first order decoupled method
of problem (1.9)-(1.11) in the finite time interval [0, T'] with the boundary conditions
(1.6)-(1.7) and the initial condition (1.8), the time variable is discreted by the
first order decoupled semi-implicit scheme and the spatial variable is discreted by
Py(Py) — Py — Py (P) finite element for the velocity, pressure and density. Here we
have discussed the stability of the first order decoupled semi-implicit scheme with
respect to the time discretization and the optimal error estimates with respect to
the time and spatial discretizations of the numerical solution.

In this paper we analyze the time discretization of the second order decoupled im-
plicit/explicit method for problem (1.9)-(1.11) in the finite time interval [0, 7] with
the boundary conditions (1.6)-(1.7) and the initial condition (1.8), the spatial vari-
able remaining continuous. Setting 7 be time step size and t,, = nT7 and T' = N7, we
consider the time discrete approximation (u™,p", ") of (u(t,), tiil p(t)dt, 0(ty,)).
In our second order decoupled implicit/explicit method, the linear terms are dis-
creted by the Crank-Nicolson scheme with (u™, p™) and 6" being uncoupled and the
nonlinear terms are discreted by the Admas-Bathforth scheme, where the Crank-
Nicolson/Admas-Bathforth scheme were applied to solving the 2D and 3D Navier-
Stokes equations [6, 23]. Splitting v = 4™ +a", we reduce the time discrete solution
(u™, p™,0™) of the 3D primitive equations of the ocean into the solution (@",p™)
defined by the Stokes equations in the 2D domain w and the solution (4", ™) de-
termined by the linear equations in the 3D domain €, respectively. The L? and H!
lower order error estimates of the time discrete solution (u™,6") are provided by
the induction method and the Gronwall lemma and the L? and H'! second order
error estimate of (u™,p™, ™) are proven by using the negative norm technique and
the Gronwall lemma under the restriction of time step 0 < 7 < 3 for some positive
constants 8. Also, we deduce some stability results on the time discrete solution
under the same restriction on the time step.

The main results of this paper are stated as follows.
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Theorem 1.2. Under the assumptions (A1)-(A2), if 0 < 7 < § for some posi-
tive constant 5 , then (u™,p™, 6™) satisfies the following stability and convergence
results:

(1.15) 7Y 8" 2 + 10" F] + 1™ 17 + 160717 < 5,
n=1

7Y M@ W + 10" Fr2 ) + 10" 172 + | dew” 7 + 140" 1]
n=1
(1.16) Hlu™ 132 + 1™ 13 @) + 107172 < 5,

(117) 72 [lldeu™ e + o8 372] + Tl s+ Tl1p™ [ Fr2 0y + 7O 170 < 5,
n=1

7Y 0 () e (ultm) —u™)I72 + 1de(0(tm) — 0™)72]

n=1

- 1 tn n m
+7203(tn)||;/ p(t)dt = p"[[F2 () + 0 () ultm) — u™ |22
n=1 tn

02 () 10(tm) — 0™ (172 + 0° (tn)[u(tm) — u™ |7
(1.18) +03 (L) [|0(tm) — 0™ |13 < KT

where, o(t) = min{1,t}. Here and after, x is used to denote a general positive con-
stant depending on the data (w,«,0,v,d,v1, p1, V2, ua, f, F1, Fa,ug, 09, T), which
can take the different value at its different occurrences.

This paper is organized as follows. In §2, some basic mathematical setting and
some important inequalities are recalled and some basic lemmas and some estimates
of the nonlinear terms are provided. In §3, the time discretization of the second
order decoupled implicit/explicit method is proposed for the 3D primitive equations
of the ocean and the error estimates of the first time discrete solution are provided.
In §4, the lower order error estimates of the time discrete solution (u™,p™, 6™) are
obtained. In §5, the second order error estimates of the time discrete solution
(u™, p™,0™) are obtained, namely, Theorem 1.2 is proven.

2. Preliminaries

For the 3D domain  and 2D domain w and m > 0, p > 1, we introduce the
standard Sobolev spaces H™()) and H™(w) or H™(2)? and H™(w)? with the
norms | - [|gm and || - || gm () and semi-norms |- [gm and |- |gm (), respectively. For
some detail cases of the Sobolev spaces, the reader can refer to Adams [1]. Set

Hy = L2(Q), Xo =Vo = HY(Q), H, = {v e L*(Q)*diveo =0, v-n|r, =0},
X, ={ve H(Q)? v-n|r, =0},
in the case of (2.6-1) and
X1 ={ve H (Q)? vlr, =0},

in the case of (2.6-2), and V; = X; N H;. And we introduce the Sobolev space Xg
in the 2D domain by

0
Xo=X,={vc H (w)}v= d_l/ v(z,y,z)dz, vE X1}, Vo ={v € Xo; V-0 = 0}.
—d

We also use (-, -)q and (-, -),, to denote the inner product in L?(2) and L?(w) or
L?(2)? and L?(w)? or L?(Q)* and L?(w)*, respectively.
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We denote by A; the Stokes-type operator associated with the primitive equa-
tions(see [3, 13, 14]), that is A; = PL;, where P is the L?-orthogonal projection
from L?(2)? to H;. Also, we write A = Lo. Therefore, we define the bilinear
forms a; : X; X X; —» R, i = 1,2 as follows:

1 1
a1 (u,v) =11 (Vu, Vu)g + p1(uz,v2)a = (Liu, LI v)q,

az(0,n) = va(V0,Vn)a + p2(02,1:) + a(0(z = 0),1(z = 0)), = (436, A

where

N ol

ay(u,v) = (Aléu, A%U)Q Yu, v e V.
Define
D(A;) ={¢p € Hi; Aip € H;}, i =1,2,
with the norm ||A; - || 2.
We have the following Poincaré inequalities[1, 3, 13]:

(2.1) Yollul|2: < || Vul2: Yu € Xi;
(2.2) Yll01172 < pa([10:0172 + al|0(z = 0)[72(,)) VO € X,

for some positive constant vy depending on Q or (w,d). Here and after, we shall
use the letters ¢ and C(with or without subscripts) to denote the general positive
constants depending on the data (w,a,o,7,d, 1, 11, ve, p2), which can take the
different value at their different occurrences.

Also, we need a further assumption on the regularity results of the solution of
the Stokes-type system associated with the primitive equations of ocean and the
modified Poisson equation when the domain w is sufficient smooth.

(A1). For a given g; € H*(2)2, the steady modified Stokes-type system

—v1Av — 10,0+ Vg(x,y) = g1 in Q, div 9(z,y) =0 in w

admits a unique solution (v,q) € H***(Q)? x L2(w) N H'**(w) for the boundary
conditions 9,v|r,ur, =0 and v - n|p, =0, g—z x n|r, =0 or v|p, = 0 such that

(2.3) ol Fr2se + llallzrse ) < cllgllzpn.
for k=0, 1, 2 and for a given go € H*(2), the elliptic equation
12 A¢ — p120,.¢ = g2 in
admits a unique solution ¢ € H2+#(Q) for the boundary conditions d.¢|r, = (9,¢+
ag)|r, =0, and %hs = 0 such that
(2.4) 8]l gz < cllgallFpx

for k=0, 1,2. In the case k =0, 1, the assumption (A1) can be referred in [8] by
He.

We usually make the following assumption about the prescribed data for problem
(1.6)-(1.11):

(A2) The initial data (uo, 0o) € D(A1)x D(Az) and (Fy, Fz) € L ([0, T]; L?(2)?) x
L°°([0,T]; L?(2)) such that for some positive constant Cp,

[ Aruoll7 + [[A2600l|72 + sup {[|[FL(t)lI3 + | Fa(t)]|F=}
0<t<T

(2.5) + OgugT{llFu(t)Ilfqz +HE2 (O + [ Frae®llze + [P ()72} < Co.
<t<
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Also, we recall the following important inequality(see [3, ?, 7])

1

calldlf < IL7lZ: < collolin, ¢ € X,

cilldllf: < Aidl7e < colldlF=. ¢ € D(A:),
3

el )% < 1426122 < coll$ll%a, ¢ € D(AZ),
(2'6) ||P¢||H'i S C||¢||H'iv 1= 07 17 27 ¢ S Hl(Q)Q
fori=1, 2 and
0 0
/w / [Vulep. €)1 / loxlhwldzdeay
(2.7) < col|Vuul o[ Au] 2o 162 | 22 | Vo | 2ol 2,

for u € D(A1), (p,w) € D(A1) x L2(Q)? or (¢p,w) € D(Ay) x L?(Q) and the
following Sobolev and Ladyzhenskaya inequalities [1, 3, 4, 5, 15]:

1 1
(2.8) [8llLae) < cllolZ=llolFs Nlls + IollLaon) < colldllmr,
for all ¢ € X; or Xy, where the norm || - ||« denotes || - || La()2 or || - || () and
1 1 1 1
16l 2w) < cllolZl6ll7n Vo € HH (W), [¢llr=w) < cllollzl18ll7: Vo € H?(w),
11 1
(2.9) [l () + VOl L2(0) + [10:8][2(0) < ol A7 ¢l 711 Aid|72,

for all € H2(Q)2NV; with i =1, 2.
It is easy to see [3] that

(/_Zdv ' ’U(Z‘,y,f)df,qb)g - (/_Zd v¢(x7ya€)dgav)ﬂ

0 0
(2.10) ([ Vool [ oy o) voe X, 6 € Xa,
—d —d
(211)  fkxov-vjo/* =0vw e L2(Q)?, k=0,1.
Moreover, we define the trilinear forms:
b, 60) = (0 D)6~ (| 7+ 0d)0.6.0)a,

for all v € X1, (¢,v) € HY ()2 x HY(Q)? or (¢,9) € HY () x HY(Q). Tt is easy to
see that

1 0
2.12 dby — ___— , — )[Ry
@12 Hoodlol™) = —gor([ Vv jolz = O
for allv e X1, ¢ € HY(Q) or H'(2)? and k =0, 1.
With the above statements and the boundary conditions (1.6)-(1.7), we deduce

the weak form: find (u,p,0)(t) € X1 x My x Xo with ¢t > 0 such that (v,q,n) €
X1 X M() X XQ

(e 0,0) (s ,0) + (FF ) ([ d V(. y, €, 1)dE, V)
(213) - (VU,p)g-F(V'LL,q)g = (Flav)ﬂa

214) (01, 0)0 + aa(0,0) + b 0,6) + o | Zdv (e, g, €, 0)dE, o = (Fo, D)o,
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together with the initial condition (1.8). In order to analyze the stability and
convergence of the numerical solution, we need the following uniform Gronwall
lemma [20].

Lemma 2.1. Let Cj is a positive constant and a,, b,, d, be three positive
series satisfying

m—1
(2.15) am—I—TZb <7y dnan+Co, m> 1,
n=1 n=0
Then
m m—1
(2.16) Qm + T an < Cpexp(r Z dn) Ym > 1.
n=1 n=0

Lemma 2.2. Let Q1 C R™ and Q2 C R™2 be two measurable sets, where m1

and mg are positive integers. Suppose that f(£,7) is measurable over Q; x Q.
Then

(2.17) [ / ( / F(Em)ldn)Pde]t < / ( / F(E m)Pde)

Theorem 2.1. Assume that assumptions (A1)-(A2) hold. Then, the solution
(u,p, 0) of the 3D viscous PEs satisfies the following bounds:

210 ()12 + 10700 L + o107 u®) 7 + 107017

(2.18) Hor u@®lFe + 107 0O 7 + 107 213 )] < 5,
t

t
/0 22 (s){[10 a2 + 19702 ]ds + / o1 () |07 B
t
(2.19) + / 22 () [0 0]122 + 19l 2 o)) <

t
(2.20) / o2 (5) (97l 2 + (|07 ]12)ds < ki

forall0 <t <T and m=1,2,3, and

(2.21) a®)lu®) s + 10ONFs + P2 w)] < -
(2.22) o* Ol Ovu(®) I35 + 10075 + 10011372 ()] < 5
(2.23) /OT[IU(t)Iqu OO NZs + IOl Fr (o))dt < &,
(2.24) /OTU OI0cu(®)|3s + 10:0() 1315 + 0P ()12 o))t < 5,
(2.25) /OTU OIocu®)zs + 100133 + 10p ()75 ()t < 5,
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and

(2.26) o (O)[0eu(®)I7rs + 10:0(0) 1715 + 10ep(B)[|F12 (1)) < 5,

(2.27) o (O)[107u(t)| s + 1070(8) 175 + 107() 1512 ()] < K

T

(2.28) / o ()| 0cu(®)I7rs + 10:0() | Frs + 110ep(B)[|Fr2 (o] dE < 5,
0
T

(2.29) / o (O102u(t) 30 + 1826(8) 130 + 197p(0) 132 o) < .
T

(2.30) /0 o (O07u®)[Fre + 1070(0) 17 + 1070(0) |37 (o))l < &,

forall0 <t <T.

Proof. Under the assumption (A2), we define Fi|j7o) = 0, Fl7,0) = 0.
Then, we deduce (2.18)-(2.20) by Theorem 1.1. Moreover, by the assumption (A1)
and (1.9)-(1.11), we deduce

[u@®)llzs + PO 222 ()

< clldsu®)lm + el Py @)l + 02 + ellu®)ll e + cllul®)| st s

< %”u(t)”H?’ +cllOeu®) | + cll L)l + O | rr2 + cllul) [l + cllu®) 132,
100)l1zzs < €ll@b(®) 1z + ell Fa(0) L arr + ellut) a2 + ellut) a2 108)]| = 10 o

1
< 10l + el @Ol + el Bl + ellu®)llzz + elu@) 1721100 2,

which and (2.18)-(2.19) with m = 1 yield (2.21) and (2.23).
Furthermore, we deduce from (1.9)-(1.11) that

L Oyu+ Voyp(x,y,t) = —02u +~ /Zd V,0(x,y, &, t)dE — fk x Byu

— (O - V)u — (u - V)u + (/Zd V - Opu(z,y, &, t)dE)0,u

(2.31) —l—(/ZdV ~u(z,y, &, 1)d€)0. 0pu + I,
Ly0:0 = 026 — a/zd V- Ou(z,y, &, t)dE — (Opu - V)0 — (u - V)00

e +(f TV (e, y, €, 1)) + ( / TV ule, g, €, 1)dE)D.040 + B,
—d —d
(2.33) V.8 =0,
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Hence, by (2.1)-(2.2), (2.7)-(2.9), Lemma 2.2 and some simple calculations, we
deduce from the assumption (A1) and (2.29)-(2.31) that

18su()l s + 10ep(t)| 12wy < €llOFut)l|m + clOFL ()] mr + cllB:0()]| 2
+ cllOru@®) e + cllOrut)|| 2 @) || s,
10:0 () s < €llOFOE) ] + cllOeFa(t)l|n + cl|Opu() ]| m= + cllOpu(t)]| = 0t | s
+ cllu(®)] a3 |0:0() | 122
18su()|[ s + 10ep(t)l| 13wy < €llOFut)l| a2 + | OcFL ()] m= + cl|B:0(2)]| s
+ cl|Ou(®) || 2 + cllOut)|| o lu@) || e,
18:0 )| e < €llOFOE) = + cllOeFa(t) | = + cl|Opu() ]| ms + cllBpu(t)]| s [0(E) | e
+ cllu(®)] s 10:0() | s,
which and (2.18)-(2.19) with m = 1, 2,3 and (2.21) yield (2.22) and (2.24)-(2.25).
Similarly, we can prove (2.26)-(2.30). The proof ends.
3. Second order decoupled implicit/explicit scheme
Setting 7 be time step size, t, = n7, T = N7 and u® = ug, 0° = 6y, then we

can define the second order time discrete schemes of (1.9)-(1.11) as follows.

Second order decoupled implicit/explicit scheme: For each n and find
(0™, u™, p™) satisfying

(dtunvv)g + al(a”, 'U) — (V . 'Uapn)ﬂ + (V . ﬁ,n’ (])Q _ fy(/zd VZ(@")df, 'U)Q
(3.1) + (fE x Z(u"),v)q + Z(bu",u",v)) = (F',v)aq,
(6", 6)r + as(6”, 8) + o / V2 O+ 200" 67, 0)

for 2 <n < N with (v,q,¢) € X1 x M x X,, where Z(£") = 3¢n1 — %5"‘2,5" =
3(€" +¢"7") and

1 1
dtun _ _(un _ un—1)7 df@n —_ _(0n _ 9"_1),
T T

1 tn 1 tn
ol / Fu(tydt, Fr = / Fy(t)dt.
T th—1

T tn—1

Here (u!,p!,0') is defined by the first order implicit/explicit scheme:
(' o)+ ax(ul0) = (Vo) + (V- shn = [ VoPde, e
+ (fk x u®,v)g + b(u®,u’,v) = (F!', v)q,
(@, 9)0 -+ a2(0".0) + (| - ud€.0)a +0(u,0°,0) = (7} o)

Here, given (u"~1,07~1), (u™,p") can be solved by (3.1) without ™ and 6™ can
be solved by (3.2) without (u™,p"), respectively. Set
0
u"=a"+a", u" = d_l/ u(x,y,2)dz, @ =u" —a",
—d
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then (3.1) can be rewritten as follows: for each n and (u™~1,"~1), find (a", p", a")
such that

(det", v)e + a1 (u",0) = (V- 0,p") + (V- 4", q)o — 7(/_1 VZ(0")dE, v)o

(3.3) + (fk x Z(@"),0)q + Z(bu™,u™,v) = (F, v)a,

(dyii™, B)o + ar (i, ) — +( /_ V(0" B)o + (fF x Z(").5)a

(3.4) + Z(b(u™, u™,v)) = (F',9)q,

for 2 <n < N with v € X; and ¢ € M, together with the initial condition:

0

U = ﬂo(ﬂ?,y), ﬂo = ﬂo(xayvz)'

Here (a™,p™) can be solved by the Stokes equations (3.3) in the 2D domain w
without 4™ and @” can be solved by the elliptic equations (3.4) in the 3D do-
main  without @”. Hence, the scheme (3.2)-(3.4) is a second order decoupled
implicit /explicit scheme with respect to 8™, (@",p") and a™.

From the definition of (u!,p!, '), the assumptions (A1)-(A2) and (2.13)-(2.14),
we deduce the following stability and convergence results.

Lemma 3.1. Suppose that the assumptions (A1)-(A2) hold, then there hold

AT e 32 + Tl AT 2 |2 + A7 "€ 2 + 745 2€M 132 < mr,
AT 2l 22 + lle! 22 + 145 213z + Tllet 122 < w7,
e 22 + 7l Az € 2 + M52 + TllAZ 32 < w72,

IAF M l3a + Tll Avel |3z + [ AFe 32 + 7l Ao |3 < ir,

3 3
lAre 22 + Tl Af et Ze + [|A2e 2 + T AZ e 72 < 5,

Itz < 5,

where (e, 7!, e!) = (u(t;) —u!, L :01 p(t)dt — pt,0(t1) — 01).

Proof. By (2.1)-(2.2), (2.6)-(2.9), Lemma 2.2 and some simple computations,
Lemma 3.1 can be proved.

Finally, using (2.1)-(2.2), (2.6)-(2.12) and Lemma 2.2, we deduce the following
important estimates of the trilinear form b, which are useful in proof of the error

estimates of the time discrete solution (u™, p™, 6™).
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Lemma 3.2. There hold the following estimates for the trilinear form b:

|b(u,v,v)] =0Vu eV, veX,
u, v, w)| < ||u||Lz||A2w||Lz||v||H3 Yu € Hy,v € H3 Q)" N X;,w €V,
u,w,v)| < c||u||H3||A2w||Lz||v||L2 Yue H¥3(Q)?NH,ve H,weV,

| < c||A1§u||Lz||w||H3||v||Lz Vu € Vi,w e H¥(Q)* "N X;,v € Hy,

| < el AFull | Avul ol AF wll 32 || Avw| £ o]l 22 Yu € D(A1), w € D(Ay), v € Hy,
| < c||u||H3||Aiw||Lz||Af%v||L2 Vu € H3(Q)? N X1, w e D(A;), v e H;,

| <c||Ay u||L2||w||H3||A vl Yu € Hy, we H3(Q)P* "N X;, ve D(A),

w, w,v)| < cl|ullgs|lwl| gs || A7 ]|z Yu € H3(Q)2 N Xy, we H3 Q) nX;, ve H,

F
“@

)
)
)
)
u,w, )| < cl|Aul| Lz ||w] g3 A; v||L2 Vu € D(Ay), we H3 Q) NX,;, ve H,
)
)
)
)

where i = 1, 2.

4. Lower-order error estimates

In this section, we shall provide the lower-order error estimates of the numerical
solution (u™,p™, 6").

To this end, we apply the integrate operator = ff -dt to (2.13) and (2.14) and
using the following formulas:

@y b=z [ wmde= g [ b= v
2t =7 [ w0t = [ )t D)
(12) 3 /t C(t— t () — % | = tapuar

for each v € H?(t,,_1,ty), to obtain

(drultn), v)a + a1 (@tn),v) + Z(b(ultn), ultn), v)) + (fF X Z(u(tn)),v)e

~ / VZ(6(t))d. 00~ (V0. [ p0dtha + (- ult). )
(4.3) = (F,v)a + (ET,v)q,
(de8(tn). B + az(B(tn). 6) + Z(b(u(tn). O(tn). 8)) + 0 / V- Z(u(tn)de. 6)a

(4.4) = (F3', d)a + (E7, d)a,
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for 2 <n < N with (v,q,¢) € X7 x My x X5, where

1 tn

(BT, v)a = o (tn — ) (t — tn_1)ay (u(t), v)dt
+ % ” (tn —t)(t — tn—1)be (u(t), u(t), v)dt
5 (= b0, ), )t - 5/ (t — tue2)bua (u(t), u(t), v)dt
to /t(tn — (= b 1) (FF X (), v)odt
L - 1 [t q
+ 9 tn—1(t B t”)(fk x utt(t)a U)th 9 ~/tn_2 (t - tn72)(fk X utt(t)vv)ﬂdt

z

(tn — )(t — tn_1)( / | V0u(t)d, s

1—1 -

(t— tn)(/z V0. (t)dE, v)qdt

|
S
—
3

|
N2 N
B

1—1

+
3

—~
e~
ot

~
+

(t— o) [ Zd V0, (1), v)odt,

1
tn

(tn — )t — tn_1)az(0s(t), @)dt

53
=
2

I

th—1

= 5l

)
—_—
3

3
|

+

(tn — t)(t — tn—1)bu(u(t), 0(t), p)dt

DN = DN

—_—
3

3
|

_|_

(= b, 00,00t = 5 [ (¢ = tualba(0), 000, )

1 n—

(tn =0t =t} d V - un(t)de, D)ot

_|_
¥[a
:*\ﬁ

3

1—1

-t [ Zdv un(£)de, §)adt

n—1

—
i
3

3

+
|9

—1

—~
=
D

~—

|
b1 9
—
~

3
|
N

(t— tn_g)(/zd V- un(1)de, $)adt,

where

b (u(t), u(t), v) = bluw(t), u(t),v) + b(w(t), uw(t), v) + 2b(ue(t), u(t), v),

bet(u(t), 0(t),v) = bluw(t), 8(t),v) + b(u(t), O (L), v) + 2b(us(t), 04(t), v).

From Theorem 2.1 and (4.5)-(4.6), we can deduce the following estimates for the
error pair (E}, E}).
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Lemma 4.1. Under the assumptions of Theorem 2.1, the error pair (E7, EZ)
satisfies the following estimates:

m

=S (1AL 2 PE}|R: + 145 2 By |132) < mr,
n=2

3 G (AT PE B + A7 B3 ) < wr, i = 0,1,

n=2
Tia YA 2 PEP|3 + 145 2 B3 32) < w7>F, i =0,1,2,
n=2

i o (ta) (| EPI22 + | ES|122) < mr'™, i =0,1,2,3,
n=2

Ty o't DIAFPED | + A EF32) < w7, i =0,1,2,3.4,
=2
7Y o (ta) (| A PEY |72 + | A2E5||72) < w7, i =0,1,2,3,4.

By (2.1)-(2.2), (2.6) and Lemma 3.2 and some simple computations, we deduce
A7 2 PE}|Z: < er(1+ max [[Aju(t)]|2.)
1 1z = oe o L

t"L 71 2 71 2
x / AT Fue(1)[125 + || A5 2 0] 2]t
t

n—2

tn
Fert (1) / | Afuy(1)]12 2,

tn—2

P43 B < ert [+ ma (| Avu(t) s + 11 As0(0) 3]
tn 1 1
x / AT e (8)]2 + 145 2 0,0() 2]t
tn—2

tn
4 2 2
(4.7) +ort o 100G [ Iatu)

) -1 n %
o (6) [ AT PE} I < v (1 e [ Asu(0)])

t"L
x / o () luee (1) 122 + 0o 2:2)dt
t

n—2

0<t<T

. tn l
et oA Ol [ 1A |
n—2

70! (t)| A3 " E5|I72 < o1+ max (| Aru(t)|72 + [|420()]|72)]

X/fn o (®)lure()lI72 + 100 ()] 721t

b —

0<t<T

tn .
(4.8) +er®* max o(t)[[A30,(¢ )”%2/ | AT (1)) 24t

tn—2
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for i =0, 1 and
i —3 D2 241 2
)l A7 PETIE: < ertHi (1 + max |Anu(0)]2:)

tn 1 1
x / 2O} AF e (0)]22 + | AF 0y 2]t

tn—2

t‘YL 1
2+ 2 2 1 9
et max OOl [ 1A O]

n—2

70! (tn) | Ay * B3 |72 < er® 1+ max ([|A1u(®)][Zz + [[A20(1)]72)

tn 1 1
></ *(O)[IA7 e (D2 + |43 00 (6] 72]lt

tn—2

. tn 1
(49) ert max 2O Axti(OE [ AT unlo) o,

n—2
fori=0, 1, 2 and
7o (tn) | By ||72 < er' (1 + Jnax. [ Avu()Z2)

17
x / o3 ()| Aytuse (8) 22 + | Ao |22 ]

tn—2

tn
+ert max @A [ o)l Aol

tn—2

7o' (tn) | B3 [T < er 1+ max (|Aru(®)]Z: + [[A20()]72)]

tn
></ o® (Ol Arue(t)||72 + [| 22 (t)]|72)dt
t

n—2

tn
(4.10) ertt max o?(0)| 426103 / o ()| Ay ()3,

n—2

fori=0,1,2,3, and
i 3 prm2 i 2
o ()| AT PR < o1+ ams [[Avu®)]2)

tn
x / o0 [luee (11255 + 160 o]t

tn—2

tn
+er? JDax, o* ()| Arue(t)]1 2 / 2 o (O)lJue(t)l|3s

tn—

i 3 m 2 <o 2 2
7o' (tn)[|A3 E3|[72 < cT [1+0f£t3£XT(||A1U(t)||L + | A20(t)[|7.2)]

x/'” o () [[1aee ()25 -+ 11820 (8) |25 dt

tn—2
t"L

(4.11) +crt orgrltagXTU2(t)||A20t(t)||2L2/ o2 () ||ue () || 3 dt,

tn—2
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for i =0,1,2,3,4, and

P20 (t)| A PET 2 < er'(L+ max o(t) u(t) )

tn

tn .
x / o Oluee (1) 120 + 18se2po )t + er' / o (t) gt

tn—2 th—1

tn
e e S Oul [ oHO]ut) o,

tn—2

70" (tn) | A2 B3 |72 < e [1+ Jnax. () ([lu(®)[l3s + 10()][3)]

tn

tn .
x / O lee (1) 20 + 180t (1) 2o )t + e / o5 (1)1 010 |t

tn—2 tn—1

tn
(@12 rer max OO [ OOl

tn—2

fori=0,1,2,3,4.
Hence, Lemma 4.1 can be proven by (4.7)-(4.12) and Theorem 2.1.
Lemma 4.2. Under the assumptions of Theorem 2.1, (u™,p™, ™) satisfies the

following error estimate:

n k41 k41 1. & 1.k
D A 7T + [|Ag® €nll7eT + SlAL (e ~ " N7+ A3 (" ~ e" h)|I1Zz]
n=1
£ k T,  kEL T, kil
+ Az e™7: + A7 ™ (|72 + 11417 72 + 51427 %
1
2

(4.13) < s Cir Y NPT

n=1

for some constants k. and C7 with 1 <m < N, k=0, 1, 2, where 22:2 Nl'=0,

1 tn
(e, r™e™) = (u(ty) —u", - / p(t)dt —p",0(t,) — 6™),
t

n—1

and

1 1
T(I A7 eI Ta | Are T + 1 A3 e 7o ]l Aze™ [ 2)

1 1
(414)  +7(|A7e L2l A" 2 Ts + [ AZ " 220 [ A2e™ 70,

n—1
NO

NP = (A2 e Bal Are™  3e + [ AZ e 2l Aae™ 1 22)
+ (147" 2(3al Are™ 2 32 + |43 €™ 2|2 | A2e™ 2] 22)
+ (A7 2l Are™ Mo + I1AZ €2 2l A2 | 2) [ Are™ | 2
+ (A7 e el Are™ Mo + 1A " | 2]l Aoe™ | 2) [ A2 1
(415)  + (I AF "ol Are™ 2l 2 + | AF 2| 2| Aoe™ || o) | Aoe™ .z,
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and

1 3
Nyt = Ape [ A7 " |2 Are™ |7
1 3
+[IA7 "2 2| Af €7 2 || Are™ 2|7
1 3
A7 " 2l Are |2 | Az ol A5 " T 2
3 1
+[lAre" |2l A7 €" I p2l| A3 €™ | 2] Aze™ T | 2
1 3
+ A7 e 2 2| Are™ 2| g2 || A2e™ 2 L2 | A "2 2
n—2 %n—Q %n—Q n—2
+ | Are" 7|2 | AT "7 L2 ]| AZ €™ o [ A2e™ T 2
1 1 3 3
+[|A7 e 2 | Are | ol A7 €™ 2
A% n—2 % A n—2 A% n—2 % A% n—1
+ |AT "7 FallAre™ 72| A7 e" 7| 2o | AT " ]| 2
% n—1 % n—1 % n—1 % % n—1 % % n—1
+[[A7e" |7l Are™ I 22 | A2e™ [ o | AZ €™ I 2| ASe™ 22
n—1 % % n—1 % % n—1 % n—1 % % n—1
+ | Are" I AT e fal|AS e | Ll A2e™ I 22 | AZ €™ |
1 _9 1 _9 1 _9 1 3 _9 1 3 _1
+ A7 e" 7|72l Are™ I 22 | A2e™ 7 o | AZ ™7 2 | ASe™ I 22

(416)  + A Fall AT e R AR R Ao B A5
. 1 L2 1 L2 2 L2 2& 2 5€ L2,

Proof. Now, subtracting (3.1) and (3.2) from (4.3) and (4.4), respectively, we
deduce

(dtenv U)Q + a‘l(éna U) + Z(b(ena u(tn)a 'U)) + Z(b(u(tn)v en’ 'U)) - Z(b(ena env U))
+(fF % Z(e"), v)a — 'y(/_dVZ(an)df,v)Q (V0,0 4+ (V- e, g)a

(4.17) = (BT, v)q,
(die”, d)a + az(€", ¢) + Z(b(e",0(tn), d)) + Z(b(u(tn), ", @) — Z(b(e", ", §))

@)+l Zdv - Z(e")de, B = (B3 b)an

for 2<n <N.
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Taking (v,q) = 2(AY¥e™,0)7 in (4.17) and ¢ = 2A45"7 in (4.18), adding these
two relations and using (2.10)-(2.12), we find

k k k
(A7 e"l|72 — A7 " 22 + [|AF (" — e" 7)1 22]
£ n|2 L n—1/2 5 n n—1y2
+ 1Az |2 — [AF €™ MLz + 143 (" — ") Iz2]
T Et1 k1 k+1
+ 5 UAT ez — 1A e IT + 4 A7 e 7]

T kt1 ki1 L=
+ 514, 72 — A7 e M1 72 + 4l Ay 7|72

—|—3T[b(e"_1, w(tn—1), A ™) 4 b(u(tn_1),e" ! A ™) —b(e" Tt en Tt Alfe")]
—T[b(e"_Q, u(tn—2), Alfe") +b(u(tn_z),e" 2, Alfe”) —b(e" 2, en 2, Alfe")]
+37[b(e™ ", 0(tn—1), A5e™) + b(u(tn_1),e" ", A5e™) — b(e" !, e" !, Afe™)]
—T[b(@”fz, O(tn—2), Agsn) + b(u(tn_2),e" 2, Agsn) —b(e" 2, "2, Agsn)]
+ 20 (FF x Z(em), Abem)o — 297 ( / VZ(em)de, Akem)q,
—d
+ 207(/ V- Z(em)de, Abem)g
—d
(4.19) =27(E}, A¥e™)q + 27(EY, Ake™)q,
for k=0, 1, 2.

Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple
calculations and noting e = é" 4+ (e" — e"71), " = &" 4 (e" — e"7!) and
e = 26" + e 1 g = 28" 4 "1 there hold the following estimates:

|b(€j u(ty), A )|T+|b( (t;), €, Ave™)|
< 96||A2 e+ o ||A§<e”—e”*1>||%
+ crlu(t )||H3(||A2ej||L2+_||A ejHLQ)
] _An £ n n—
(&3, 00,), A5 < 45T e ar + L laf e — .
E . T k1.
+er||0(t) 17 (1 Az 71172 + 5 14:7 e’l|32),
- 1, st1 1,k
|b(u(t;), &, Ake™)|r < %HAz2 g ||%2T+%||A22 (€ —e" N7
2 S anz L Tua™ g2
+ erlfut;) 7= (145 € ||72 + §||A2 e’]72),
? n kE n 1 #An 2 % n—1\(12
27|( VZ(€ Jdg, Ae")alr < 14,7 ||LzT+—||A1( M7z

[IIAZ P, 4 AF e + (IIA 3 + 14,7 €23,
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z k
0(/ V- Z(e")dE, Ay )ar < IIA A"||L27+ ||A22( e" I
el AF e 3 + A7 e 2||L2+ (||A a4 14T 23],
TAn 2 1 % n n—1\(2
27((fk x Z(e"), Afe™)al < 3—2||A1 E|za7 + g5 llAf (€ — e T)ILa
k k
el AF B + 1A ),
1 ktl 1 k _
2|(EY, Afe")alT < 351417 &7 + 35147 (" — " Dz
+ell 4T PE|Rar + ¢ Af PEY|ar?,
Ao 5 n n—
2|(E§,A’§€”)QIT§§||A22 [T + 3—2||A5 (" —e" Mz
k-1 k
(4.20) +cllAy Ep[|7eT + || A3 B3| 7272,
o 1 1
e e, ASem)|r < fle” = et + et — e 2
L ,
+er?||A7 e[| Ave? | 2o,
o 1 1
[b(e?, &7, Age™)|T < aglle” =& T lze + ggllen ™ ="z
1 . 1 ,
(4.21)  +er?([|A7 €’ [|7al| Are? |22 + || A3 €7 ||72]| A2e? |1 22),
fork=0, j=n—1, n—2 and
. . 1 . .
[b(e?, e/, Afe™)|T < CT||A2ej||L2||A16J||L2||A16"||L2

< ol 2ar + erl| A ¢ |Ball v 3 + er| AF €| 2 | Aved 3,

96|
o 1 R
b(e?, &7, Afem)|r < %||A28"||%27
3 qn2 2 3 g2 2
+er([[A7 e (|72l Are? (|72 + [[A e[| 72| A2e?[|72)
1 . . 1 . .
(4.22) + er(|AF e[ 2]l Avel || L2 + |AS &7 [| L2 (| Aze? || L2) | A2e™ M 2,

fork=1, j=n—1, n—2 and

el o, Aben)r < AL Far + erll b ol AT 2 s
+cTnAfef||zz||Afef||§2||A1ef||L2||Afe"-1||m,
e, 7, AheMlr < ol AFen ar
+ crl| AP e || sl Aved | 2 ]| Az | 2 ]| AZ €7 2
+ ot Are|| 2| Af €7 2| A3 ]| 2 | Ase? | 1.
+orllAred||2 | AF el |1 2,1 A3 7|2, | Ase? || 21| AZ ) 2
(4.23) +or| AZ |12, A€ |2l Aze? | Bl AF 7 12,1 AG e s,

fork=2and j=n—-1, n—2.
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Combining (4.19) with (4.20) and (4.21)-(4.23) yields

5 : T, ki T, kil
1A €3 + A5 "3 + ZIALT €32 + 21,7 <124
k b 1, bt 1, Ef1
1A e 2+ A5 e R + 14,7 e Bar + 5l Ag* e 2ar]
AT 2 4 AT e 2ar 4 SAE (@ — )20 4 A4S (" — e Y2
1 L2 2 L2 1 1 € L2 3 (€ € L2]

1 £ n— n— £ n— n—
—=lIAf ("7 = ") L + A4S (" — e 17s)

£ 32 oz L5 e L5 e
> djlllAZ eG4+ | AZ 7|7 + ShA? iz + 5142 elz7]
= 2 5 2 2 B2 2

+c||Ay? PEY (727 + c|A PET (|17 + c[|Ay® E3|727
k
(4.24) +cl| A5 By |[727 + erN T,
where
dn—1 = er(1+ [[u(tn-1)lIFs + [10(tn—1)]Fs)-

Summing (4.24) from n = 2 to m and using Lemma 3.1 and Lemma 4.1, we
deduce

i [SEI B 1, 5, n e O
D AT e Far + 1147 €I + SIIAT (€7 — ") Ea + 51145 (" — " NIIZe]

n=1

£ 5 T, kL T k1
+ Az ™72 + A7 ™22 + Ll ™72 + 51427 |77

m—1 m
k k
(4.25) <O 47 Y da(A7 € 3s + A5 32) + e Y N,
n=1 n=2

for 1 <m < N. Applying Lemma 2.1 to (4.25) and using Theorem 2.1 and noting

P> deer S IE [ (i) - ut) + ey
n=1 n=1 tn—1

(4.26) + ||1/'n (O(tn) — 0(t) + 0(t))dt||%s] < C,

T Jtn 1

we deduce (4.13).
Theorem 4.1. Under the assumption of Theorem 2.1, if 0 < 7 < 1 satisfies

160C k17T < 1, 801H%T < Ko, 40C ko < 1,128C 1K1\ KoT < \/K2,32C1\/KokaoT < 1,
(4.27) 64 C (4ro + w1)RITT < Ko, 3200} (4ko + K1)k TT < 1,
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then (u™,p™, ™) satisfies the following error estimates:

% AN 2T n— 1 n n—
Z[IIA 327+ | Ae IILzT+—||e e + 5lle™ — eIz

1. 1 1. 1
(4.28) + €™ (72 + lle™ 172 + SlAf e FaT + 43 ™77 < Ko7,

- NG n 1 3/..n n— 1 $/n n—
D o llAe™ 77 + [ Ase™ | 7a7 + ST (" =" D7z + 51143 (" — e IIL:]
n=1

% m|2 % m|2 1 mi|2 1 m||2
29) 1AL e [Ze + A2 ™ lze + 5[ Are™ |27 + 5[ A2e™ Lo <

N

(

AT AT n n— 1 n n—
(1A e [3a7 + 145 €207 + 5 ||A1(6 =" DLz + Sl A2(e" = "Dz

M-

3
Il
—

(4.30) + | Are™||Ts + [ A2e™ 12 + 5 ||A2 o ||A2 e"||72 < ko,

for 0 <m < N.

Proof. Now, we will use the induction method to prove Theorem 4.1. It follows
Lemma 3.1 that (4.28)-(4.30) hold for m = 0,1. Assuming that (4.28)-(4.30) hold
form=0, 1,---,J, we need to prove (4.28)-(4.30) hold for m = J + 1.

Using (4.14)-(4.16), the convergence condition (4.27) and the induction assump-
tion on (4.28)-(4.30) for m =0,1,---,J, we obtain

J+1 J+1
Cim Y Ny~' <201 (4ko + k1)ra 7, Cir Y NP1 < 10C (461 + k2)kiT?,
n=2 n=2
J+1
n—1 15,3 3 13
Ci7 Y N3~' < 4C) (4K + ko) v/RokaT + 4(dko + K1) 7 (263 + k3 )(T7) k3.
n=2

Using the convergence condition (4.27) in the above inequalities and using Lemma
4.2 with m = J + 1, we have showed that (4.28)-(4.30) hold for m = J + 1. The
proof ends.

Theorem 4.2. Under the assumption of Theorem 4.1, (u™, p™, ™) satisfies the
following error estimate:

m
7Y o' (ta)(ldee” 72 + [I7"]72)
n=2
m m—1
er 3 o ) [ 3s +er 3 ot (1) (AT €135 + [ AF13)
n=2 n=1

-1

(4.31) Z (ult)ll3s + [ Are™[32)0" (b AF "||L2+CTZ DIET L2,
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and
7Y o (ta)lldie™]|72 < CTZU )| A28 |7 +CTZ WIS (17
n=2 n=2

+er Z L ) 3 + 10t 35)0% (ba) (1A €122 + [ Aze™]12)

Sﬁ
—_

. 1 1
(432)  4er ) o' (ta) (A7 e"lI72 + A5 ™[I 12) (| Are™ |17z + | A2e™1Z2).

n=1

Proof. Using Lemma 3.2 and some simple calculations, we deduce from (4.14)
and (4.15) that

n—1
. 1 . .
™2 < A€z +c Y (ult; s A 12 + | AF 12 A 12)
j=n—2
n_l 1. 1.
+e Y (A7 €]l2 + A7 || L2) + ol BT 2,
j=n—2
n—1 L
™2 < [[ A"z +¢ Y ([t Ml AF €%l z2 + 16t s | AF €7 2)
j=n—2
nt L . 1 , L .
+e Y (1AF Iz llAve? ||z + | Af 7|2 | Aoe? || 2 + | AT €| 2) + ¢l B5 | 2,
j=n—2
which yield
n-l 1.
Idee" |72 < cllAre™|[7am +¢ D (L4 Julty)|Fe) | AT /|17
j=n—2
n-l 1. . 1.
(433)  +c Y (A7 TallAre’ |72 + 437 72) + ¢l EY I3
j=n—2
n—1 ) .
A 5 k = k
dee™| 72 < cllA2e™[F2+c Y llult)lFel A3 " 172 + c(1+ 10(t) 1 F2) ]| AF €¥[172]
k=n—2
n—1 . L
2k k 2k k
(434) 4+ Y (AT 70 Areb 172 + 1 A5 (171 A2e®(172) + cll E5 |72
k=n—2

Moreover, taking v = v in (4.14) and using (2.1)-(2.2), Lemma 3.2 and the
inf-sup inequality:

(v : 67 Q)w
llall 2wy < ¢ sup ==,
@) =" 0ex IVolla)

we obtain
n n N = 1
7| 2wy < clldee™|[z2 + el Aré™ 2 + ¢ Y (1 + lulty)llas) A7 ]|
j=n—2
nol 1. ) 1. "
e > (1A2e| 2| Arel || > + | AZ €7 L2) + cll B}l 2

j=n—2
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Combining the above inequality with (4.33) yields

n—1
1 .
Idee" |72 + 7" 72 < el e |Fz +¢ Y (14 llulty)llze) | Af |72
j=n—2
] 1 9 1 2
(4.35) e Y (147672 ]1 A€ |72 + ([ A3 €7]|72) + el BT |17

j=n—2

Multiplying (4.35) and (4.34) by 7o%(t,) and summing from n = 2 to n = m,
respectively, and using the inequalities: o(t,) < o(th—1)+7, o(tn) < o(th—2)+ 27,
we deduce (4.31) and (4.32). The proof ends.

5. Proof of Theorem 1.2

In this section, we shall provide the second order error estimates of the numeri-
cal solution (u™, p™, 6™) by the negative norm technique and the Gronwall lemma.
Moreover, based on the error estimates of (u™,p™,6™) and Theorem 2.1, we deduce
the stability results of (u™, p™, 0™). Finally, Theorem 1.2 is proven.

Lemma 5.1. Under the assumptions of Theorem 4.1, (u™,p™, ™) satisfies the
following error estimate:

S n ~n 1 -3/ n n— 1 -3/ n—
> llerlzer + i€ ||2L27+§||A1 *(e"—e 1)||2L2+§||Az (e — " Y)IZa]
n=1
-3 _m2 3 mp2 . Tiompz o T om2 3
(5.1) Ay "e™lze + [l Ay *e™ 72 + Slle™ [z2 + Slle™ ]z < K77, T<m < N.

Proof. Taking (v,q) = 2(A;'e”,0)7 in (4.17) and ¢ = 245 "7 in (4.18),

adding these two relations, we find
-3 n -1 n T n T n
(147 2 eI + 1145 2™ (172 + S lle™ 72 + S e (1Z:]
—[A e M Iz + 142 2™ HIZe + S lle l7a + 5lle™IZe]
_1 1
H A2 (" =" Te + Ay 7 (" =" YIITe + 27122 + 27" |7
1

+37[b(e"  u(tn 1), A7 e™) + b(u(tn_1),e" 1, A7 e™) — b(e™ 1t e AT ™))
—7[b(e" 2 ultn_2), AT e™) + blu(t,_2),e" "2, AT e™) —b(e" ™2, e" 72, AT e™)]
+37[0(e" 1, 0(tn_1), A7 e™) + blu(t,_1),e" 1 A Te™) — ble" L e AT e™)]
—7[b(e" 2, 0(ty—2), Ay 1e™) + b(u(tn_2),e" 2, Ay e™) — b(e" 2, "2 Ay e™)]

—d
(5.2) =27(E7, A7 e™)q + 27(EY, Ay 'e)q.

Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple
calculations and noting e = é" + (e" — e 71), " = &" 4 L(e" —e"71) and
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e" =e" —e" g enTl gn =" — "l 4 "1 there hold the following estimates:

[b(e?,ulty), AT e™) T + [blu(ty), e’ AT te™) T

1 _1
< %llé”_llliﬂ + —||€"_1 —e" 2T + —||A1 (" — e h)|2a

L ,-3 in2. oy T2
+5g /1417 (" i +e Z lult) 3 (147 272 + 5 lle’llz2),

Jj=n—2
3b(e™ L, 0(tn_1), A_1€”)|T+ |b(e”*2,9(tn,2),A2_16”)|T
1 _1
< 32||€” 1||L2T+ ||€"_1 — " 2|7 + 35142 7 (" — " HI7a
_1

+ ﬁllAz (" ge + e Z 106t (145 27113 + _||€j||L2)

j=n—2

3|b(w(tn_1),e" A515")|7’ + [b(u(tn—2), en2 A515”)|T

< %né"—ln%ﬂ +osllen™ = e + A e -
1
Pl e e e 5 ) BedAT s + DI,
j=n—2

3|b(en_1,€n'_1,A;16n)|T T |b(6n_2,€n'_2,A;16n)|T

1 1 el 1

Slemzer + e — e ar +er 37 lAFel|s

j=n—2

1
Blo(en e Ay te™)|T + [b(en 2, e Ay te™)| < 3—2||5"II%27
Lon  nc1y2 - 5 iz 3 g2
+gglle” ="z +er > AR NI7=0145 €717z,
j=n—2
# _1
27I(/ VZ(e")dE, AT eMalm < | Z(eM)| L2 ]| Ay 2 e
A n—1y\2 i ~n—112 i n—1_ _n—2)2
< 32|| e MLz + 55 1€ L7 + 55 lle e 7| zeT
+er(llAy e 3 + 2 5 lle™” 1||L2+ L 2IILz)

1 1
2UI(/ V- Z(e")dg, Ay e )alr < SllETH 2T + oo lle" T — e TR e
L 32 32
1 *% n 2 en— 1 T e 1 n—2
+ggllda 7 (e - Oz + CT(IIA 72 + Slle Iz +5 || I72),

- 1
27)(fk x Z(e"), AT eMal < lle" o7 + 3—||€"*1 —e" Lo

1 -3 n n— —-3 n— n— n—
+ gl ? (e —e DIIZs +er(l A7 e Y2 + = 5 lle HiZe + 5 || %1Z2),
1 A1 |2 1 n n—1 —1 n
|(E1,A1 e"alr < _2”6 ||L27'+§||€ —-e ||L27'+C||A1 PEY ”L?Tv

an 1 n n— - n
2(Eg, Ay 'e")alT < 2||€ IZer + o5 lle™ — e 7ar + el Az " Eg17aT.
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Combining (5.2) with the above inequalities yields

(14, > n||L2 + |4y 2 6nHLQ + _||en||L2 +35 || e"132]

n— n— n— T n—
— (AT F e 2, + 1145 e 1||Lz+§||e e + 5 lle ze]

§[||en||L2T +IEmZT ~ —[IIA" HZar + 1€ 20T
3 n—1 —2(.n n—
+ A e =3+ 1Ay (" - e 2]
1 -3/ n— n— -3/ n— n—
= lIA (@ = e ) Ee + |45 (€7 = ") L]
n—1
T _1 1 T T
=3 dilll Ay e l[7a + 145 2172 + el + 51l l172]
j=n—2
n—1
+er Z le? =M e +er Y (IAF€9)122 + 143 |2 Af e |13
j=n—1 j=n—2
(5.3) ot Y |le? — TN [Te + e AT PEY |72 + ]| A7 R | FaT,
j=n—1

for 2 <n <m.
Summing (5.3) from n = 2 to m and using Lemma 3.1 and Lemma 4.1 and

Theorem 4.1, we deduce
1 _1 T T
1A 2™ 7a + 14z 2™ |72 + S lle™ 17 + 5 lle™ 172

- AN n 1 -3/.n n— -3/ n—
+ Y [lleMZar + [l 1 Za7 + AL (e =" DTe + 145 (" = "7 H)]72]
n=1

m—1

(5.4) <O 47y dal(A " 3 + 147 ”IILz+—||6”||Lz+—||€”||m)

n=1

for 1 <m < N. Applying Lemma 2.1 to (5.4) and using (4.26), we deduce (5.1).
Lemma 5.2. Under the assumptions of Theorem 4.1, (u™,p™, 0") satisfies the
following error estimate:

i -1 -1 1 1, n e 1o 4 n
D A2 e G + | Ay 2| FaT + AT = e DT + 51143 (" = eI
n=1

(5-5) HIAT e 17 + 147 17 + 5 IIA Fem 2 + _||A2 ez, < ot

for 1 <m < N.



SECOND ORDER METHOD OF THE PRIMITIVE EQUATIONS OF THE OCEAN 25

Proof. Taking (v,q) = 2(A7%e™,0)7 in (4.17) and ¢ = 245%™ in (4.18),
adding these two relations, we find

_1
[1AT ™13z + (|45 " 32 + 5 IIA B3+ o IIA 2”1

~[lAT e T IR + (1A e 1||L2+_||A e 1||L2+_||A2 Fenl2)

+HAT (e ~ e"‘1)||222 + 1Az " - )IILz + 2TIIA_ &30 + 271145 7212
o b(en—lven—le72 n)]

(5.6) +2m(/ V- Z(eM)de, Ay %) = 27(ET, A7 %eM)q + 21(ER, Ay 2™)q.
—d

Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple
calculations and noting e” = é" + 1(e" — e"71), " = &" 4+ 1(e" — e"7!) and
eh=e" —e" L penTl en =" — "l 4 77 there hold the following estimates:

3

el ults), AT + [b(u(ts), ¢/, AT ")
< AT e Ry LA - 4 e 3 A7 - ),
j=n—1
+ T ult) e 3 + rllutes) I3 147 7 22),
3[b(e™ 1, 0(tn—1), A3 %e™)|T + [b(e™ 2, 0(tn—2), Ay ’e™)|T
< AT e Ry LA - 4 s 3 45 -
j=n—1
o 5 100 Bel e + o)l A5 < ).
n—2
3|b(1jt(tn,1), e ATZEM) T + b(u(tn_o),e" 2, Ay %e™)|T
< b e LA - 4 D A7 -
j=n—1
n—1

e Y () e e71227° + lult) |31 Ay e’ 1 727),

j=n—2
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and

o 1 1. 1 1/ n e
b(e, ¢/, A7) < Gll AT T 4 el AT (e - e
1 1
+er(lle 27 + Tl Af e 2T AR e 2 I,
S -1, 1 _ _
3lb(e’, &7, Ay %e™)|r < —IIA 7T + 3—2||A21(6”—6" DI
+er(lle]3s + Tl AF 301 AF € 3

: n -2 n 1 —2n 1 — n n—
2( / VZ(e)dE, AT alr < oA e + AT " — R

+elll AT e 2 + (A5 e 23 + S S (1427 R e )

20|(/dV'Z(€")d5,A526 JalT < —IIA_ A"||%2T+ —||A51(€" —e" |1
+ el A e s + | AT e 22 + © (IIA & Za + AT E e 30,
27|(fk x Z(e"), Aj%e )Q|—2T|(f/f><A Z(€"))al
1 —3.n — n en— en— -1 _n—
< ST a4+ oo AT (e - -+ AT e s+ AT
n A72 n i A‘%An 2 _ A_% n _ _n—1y(2 A_% mn |2
2|(EY, AT%e)alT < 32” 1 7€M+ 32” 17 (e e" )27 +cl|Ay 2 PEY |7z,

mn —2 n 1 *%An 2 1 *% n n—1\(12 *% n |2
2|(Ez, Ay eMalr < o5 [Ap 2 Lo + 5 1Ay * (€7 — "L + el Ap * B3 || Lem,
for j =n —1, n — 2. Combining (5.6) with the above inequalities yields

1
(1A €™ 122 + 1Az e 122 + —IIA 3a+ 7 IIAg 26”||§2]

—[lAT e Tz + ([ Ay e 1||L2+_||A e 1||L2+_||A "]
—An -1 ——An —An
§[||A 77 + (145 €™ 1227 — [IIA et + 14y 7" Ie)r
3 n— — n n—1
+ AT (€ = e DEe + 145" = "]
1 n— — n— n—
= AT = e Te + A (T = e R[]
n—1
T _ . _ . T _1 T _1
< ST GlIAT 147 R + AT e + A R )
Jj=n—2
+er Y (47 el — )30 + 472 — T YI3)
j=n—1
n—1
+er? (lult) e + 10 7=) e’ 172 + 1€7[172)
Jj=n—2
_3 _3
(5.7) +cl| Ay P PEY|[77 + cl| Ay * E5 7o,

for 2<n <N.
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Summing (5.7) from n = 2 to m and using Lemma 3.1, Lemma 4.1, Lemma 5.1,
Theorem 2.1 and Theorem 4.1, we deduce

1A e™ 172 + 14z Te™ 17 + S 114y 2™ 72 + 5114z %e 72 +7 ) l14; 2 e"7
- ATzen|2 A= (em — o 1y|12 AL — enm 1|21 < Ot
+7 Y (145 27 1 2e + AT (" — e T + 1A (e — " YI[Fe] < OF
IS -1 n —1_n T -1 n T -1 n
(58)  +7 3 da(lAT " 30 + AT 30 + TIATHem 3 + 2147 e 2),

for 1 <m < N. Applying Lemma 2.1 to (5.8) and using (4.26), we deduce (5.5).
Lemma 5.3. Under the assumption of Theorem 4.1, (u™,p™, ™) satisfies the
following error estimate:

m . -
> olta)lle |77 + €727 + 147 L G | A Do TP
n=1

-3 m -3 _m Thom Ti.m
(59) toltm)IAT 2™ 30 + 147 2em 30 + ZlemFor + Zllem3a] < mr,

m
> oltn) JIAF e [3a7 + [ AZ e 207 + e — 1|2 + [le” — e |24]

n=1

T, 1 T, 1
5.10) toltm)lle™|Ze +le™ 72 + S 1A €™ [Zo7 + A7 e™ [1a] < w7,

—~

1 1
o(tn)[[ A" | Za7 + [ A" (|77 + [ AT (" — "D + 143 (€™ — e H)I7]

NE

n=1

1 1 T T
(5.11) +o(tm)[l|Afe™ |72 + A5 ™72 + §||A1€’”II2L2 + §||A2€m||%2] < k7%

forall1 <m < N.

Proof. Multiplying (4.24) with & = 1 by o(¢,) and noting o(t,,) < o(tp—1) +
T, 0(tn) < o(th—2) + 27, and using Lemma 2.1 and (4.26), we deduce (5.11).

Multiplying (4.24) with k = 0 by o(¢,), using Lemma 2.1 and (4.26), we deduce
(5.10).

Now, multiplying (5.3) by o(¢,) and summing from n = 2 to n = m, using (5.10),
Lemma 3.1, Lemma 4.1, Lemma 5.1, Lemma 5.2 and Theorem 4.1, we deduce

_1 _1 T T
a(tm)[| Ay 2e™ (72 + ([ Ay 2™ (172 + §||emlliz + gllsmlliz]
m

~n T n
otn)lle"[72 + 5 > ot

n=1

NE

+7‘
2

3
Il
—

_1 _1
+ (14y % (" = e DL + Ay * (" — " D7) < w7t

| =
Ms

I
A

n

(5.12)  +37 Z Ao (ta) [|AT €35 + (145 2 + —||6"||L2 + —||€"||L2]

Applying Lemma 2.1 to (5.12) and using (4.26), we deduce (5.9).
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Lemma 5.4. Under the assumption of Theorem 4.1, (u™,p™, 0™) satisfies the
following error estimate:

m

1 1
Y P Az e[ Fr + A3 |Far + e — e H[F2 + [l — e 7]
n=1

(5.13)
2 m2 my2 Tias my2 TiAs.m2 4
+o(tm)llle™ 22 + eIz + Sl AT ™Iz + 5[l A3 ™ |72] < K77,

1 1
o (tn)l| Are" [ Zo7 + | A" [[Za7 + |AF (" — " D)Lz + A3 (" — €112

NE

1

1 1 T T
5.14) +0? (bm)[| A7 €™ [72 + A5 ™ (72 + Sl Are™ (72 + 5[ A2e™ [72] < w77,

3
Il

—~

forall1 <m < N.
Proof. Multiplying (4.24) with k¥ = 1 by 0?(t,), and summing from n = 2 to
n = m, using Lemma 3.1, Lemma 4.1, Lemma 5.1 and Theorem 4.1, we deduce

% 3 n n—
Z A2 + [ Ao 22 + |1 AF (" — )32 + [ AF (" — e Y)[13:]

1 1 T T
+o? (tm)ll|AF ™[22 + A3 (72 + SN Are™ 72 + 5[ Aoe™[172] < 7
m—1

1 1 T T
(5.15) 497 Y dno®(tn)[|AF €™ |72 + A3 "]|72 + §||A1€"II%2 + §||A26"||iz]7

n=1

for all 1 < m < N. Applying Lemma 2.1 to (5.15) and using (4.26), we deduce
(5.14).

Multiplying (4.24) with k = 0 by 0%(t,), and summing from n = 2 to n = m,
using Lemma 3.1, Lemma 4.1, Lemma 5.1 and Theorem 4.1, we deduce

> i 3 an 1 n n— 1 n n—
TZUQ(tn)[HAf@'H%z+||A225'||2L2+1||€'—6 1||%2+Z||5'—€ HIZ:]
n=1
2 my2 my2 Lo g2 Lo g2 4
+o(tm)llle™ 22 + lle™ [z + Sl A7 e™ (227 + Sl A3 ™ |[27] < w7
n n n 1 z n
(5.16) 497 Z dno® (tn)[le™ 172 + l€™ 17> + 5 ||A 1727 + §||Az26 17271,

for all 1 < m < N. Applying Lemma 2.1 to (5.16) and using (4.26), we deduce
(5.14).

Lemma 5.5. Under the assumption of Theorem 4.1, (u™, p™, 6™) satisfies the
following error estimate:

Liis 1
Z M[Are™ |77 + || g™ |77 + ||A2( —e" 72 + 143 (" — " DI7e]

1 1 T T
(5.17)  +o’(twm)[[AFe™ (|72 + AT ™72 + §||A1€’”II%2 + §||A2€m||%2] < w7t

foralll1 <m < N.
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Proof. Multiplying (4.24) with k = 1 by ¢3(t,,) and noting o(t,,) < o(tn_1) +
7, 0(ty,) < o(tn—2) + 27, we obtain

1 1 T T
()l AF " |72 + [AZ "7 + Gl Are™ |72 + 5[ Aoe™|I7:]
n— n— T n— T n—
— 03 (ta) AT 22 + (| A e e + gl Ave M ze + 5l Ase™ 7 HIZ:]
+70° (ta) ([ Are" | 227 + || A2€"[|72)
3 Lon n— iin n—
+ 30t (147 (" = e DL + A3 (" = " DL2)

1 n— 3 n— n—
=50t DIAF ("t = e 2)[[30 + [ AF (€1 — " 2)22)
< 3702 (b)) [ AF e [3s + A5 2

T n— n—

+ 5l Arem e + —||A25 Mz

+T— Z djo’( ||A26J||L2+||A25j||L2+_||Alej||L2+_||A2€J||L2)

j=n—2
2 3 2 2 2 3 2 2
+ co® (L) [| BV 1727 + cll AR PEY (7272 + cl| B3 ||727 + ¢l| A3 B || 7277
1 1
+re(|AZ e 7. + AR (e — e )72 + [[As(e" ™ — e"72)[|727)

1
x o?(t;) ([ Are?]|72 + | A2e[112)

S
|

1
+re(|AFE 2 + [ AS (€ = D)2 + [ As(e T — e 2a7)

(5.18)  x o?(t;) (| Are? 22 + || A2e” || 22).

j=n—2
Summing (5.18) from n = 2 to n = m, using Lemma 3.1, Lemma 4.1, Lemma
5.1-Lemma 5.4 and Theorem 4.1, we deduce

ZU DA™ 1727 + || A2€™ (1727 + - (||A dt€n||L2+||A de"||72)77]
5 my2 3 _m2 T m2 T my2 4
+ 0 (tm) [l AT ™ |72 + | A5 ™17 + SllAre™ 72 + 5l A2e™ L] < w7
T
(5.19) +7 Z 27dy 0 (t)[[| A2 " |22 + [ AZ ™[22 + = ||f41€”||%2 + §||A25”||%2],

for all 1 < m < N. Applying Lemma 2.1 to (5.19) and using (4.26), we deduce
(5.17).

Finally, combining Theorem 4.1 and (4.26) with Theorem 2.1 and using As-
sumption A2 has completed the proof of the stability results in Theorem 1.2 and
combining Lemma 5.4 and Lemma 5.5 with Theorem 4.2 has completed the proof
of the convergence results in Theorem 1.2.
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