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AN ERROR ESTIMATE OF THE COUPLED FINITE-INFINITE
ELEMENT METHOD FOR SCATTERING FROM AN ARC

WEI SUN AND FUMING MA

Abstract. The scattering problem from time-harmonic waves by a Neumann type crack in R2
is considered. A PML technique is used for solving the problem with a bounded domain instead
of the infinite domain. A coupled finite-infinite element method is employed in the computation.
Because of the singularity of the solution, the infinite element method is used near the crack tip.
An error analysis is presented for the numerical approximation. The convergence order of the
method is higher than FEM’s.
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1. Introduction

The scattering problem for an arc has attracted more and more attention in the
past ten years not only because of pure mathematical interest but also of consider-
able interest for crack-detecting problems in material sciences. The problem can be
governed by the Helmholtz equation with boundary conditions on both sides of the
arc and the radiation condition at infinity for scattered wave. The difficulty of the
scattering problem by an arc as compared to the case of closed smooth boundary is
the presence of the tips of crack. Krutitskii [21,22] reported that the solution has a
square root singularity at the end of the arc in Dirichlet and Neumann cases. The
solution does not belong to H?%(R2\I') since the solution has a singularity of the
form T%(b(@), where (r,0) are the polar coordinates centered at the crack tip.

Up to now, the main method to solve the problem is the application of integral
equations. In [16], Kress used it to solve the Dirichlet problem by using cosine
transformation and its numerical solution via fully discrete collocation methods.
Ménch [19] converted the unbounded Neumann problem into a boundary integral
equation. In [17], Kress and Lee extended the method to the case of the impedance
boundary condition. Liu [18] considered the scattering problem by a crack in R?
with different impedance type boundary conditions on different sides. In his paper,
the solution is represented in the form of the combined angular potential and single-
layer potential.

We will consider the numerical computation of the scattering problem for an arc
in this paper. The first difficulty of the problem is infinity of the domain. We use
a PML technique for solving the problem with a bounded domain instead of the
infinite domain ( to limit the computational region). From the first paper [4] about
PML technique, various constructions of PML absorbing layers have been proposed
and studied in the literature (Chen [9,10], Collino and Monk [11]). The method
developed in the present paper is based on [9].

The second difficulty of the problem is the singularity of the solution. Infinite
element is considered for such reason. The infinite element was first investigated
by Bettess [5]. The method is to extend the element towards infinity in one di-
rection. Thus, shape functions are non polynomial but integrable over the infinite
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element, such as mapped infinite element developed by Bettess and Zienkiewicz [6],
and original wave envelope element by Astley [2]. The issue of formulating a math-
ematically variational statement has been addressed by [7] and [15]. Demkowicz
and Gerdes [14] presented a convergence analysis for the infinite element method
for the Helmholtz equation in exterior domains. In [13], Demkowicz and Ihlenburg
analyzed the error of the coupled finite-infinite element method (FIEM). The error
involves the radius of the computational domain covered with finite elements and
the number N of the radial terms of infinite elements. Zheng [24] estimated the
error of FIEM for the exterior Poisson equation . The result involves not only the
size h but also the order p of the quasiuniform finite element approximation with-
out any assumptions. The number N of radial terms of infinite elements has an
algebraic convergence.

In this paper, we present a novel error estimate of the coupled finite-infinite
element for scattering from an arc. The method is better than the usual FEM. The
number of meshes is less than the usual FEM. The method reflects the singularity
near the tip accurately. Thus the convergence order is higher. The error depends
on N exponentially.

The organization of this paper is as follows. In section 2, we estimate the solution
formulation in the neighborhood of the vertexes of the arc and its approximation.
In section 3, we introduce the PML problem of the arc and the uniqueness and the
convergence of the PML problem. A finite-infinite element subspace is constructed
in section 4. The uniqueness of the discrete problem and the error analysis is given.

Let us consider the following model problem. For a given arc I' C R? | we
denote the end points of the crack with P, Q, respectively. Denote the left-hand
and right-hand side of the crack by I'",I'". The outward normal to I'" is written
by nt and the opposite direction is written by n~. For the given incident plane
wave u'(z) = u'(r,0) = e**? with wave number & € Rt and incident direction d,
consider the following scattering problem for total wave v(z) = u'(z) + u®(x),

1 Av+k?v=0 in RZ\T,
(1)
v
(2) (%’L—i =0 on Fi,
ou® .
(3) \/F(a —iku®) =0 as r=|x| = oo.
r
In (2),

ov(x .

(1) ) i tn(e) - oo+ hn(2)),

where the boundary condition at the ends of arc I' is not required.
Noticing that u® is an entire function, then u° satisfies the following system:

(5) Au® +k%u® =0 in R?\T,
ou’® ou’ 4 I
(©) gnE o 9 oI
ou®

—iku®) -0 as r=|z| = oo.

7 V(5

Throughout the paper, for a given domain €2, we denote by |u|1,q,||ul1,o the
standard semi-norm and norm of the function u in the space H!().
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2. Formulation of solution near endpoints of the arc and its approxima-
tion

Define

P _ 2 Q _ 2
(8) B, ={zeR%[r—P|<p}, By={reR%[z-Q|<p}

and ST = {z € R? [z — P| = p},S¢ = {x € R?, |z — Q| = p}. Let Ry be a real
number such that the section of I in B}én can approximate as a line segment, where
i=P,Q, and Ry < 5. Let R < min(1, Ry). Let us associate each vertex i of the
arc I with polar coordinate (r;,6;) (such that the line §; = 0 coincides with the
section of I" in B, ).

Proposition 2.1 {cos
of L?(0,27), respectively.

The total wave v(z) in By \I' has the following expansion from separation of
variables,

(9) v

n

50} and {sin £0}7° ; are both sets of orthogonal bases

ap > n
B \I' = 7Jo(lm“i) + Z anJz (kr;) cos 591‘,

n=1

where J,(z) are Bessel functions of the first kind of order v. If (2) is the homogenous
Dirichlet boundary condition instead, the expansion of total wave is

a > n
vlBj, \r = ?OJO(km) + Z bpJn (kr;) sin 591-.
n=1
Proposition 2.2

J (kr) r
10 | < M(—
( ) ’J'y(kRO)} - (RO

where M is a constant independent of v, if v > 0, Ry < 57, 0 <7 < Rp.
Proof. From [20], we know the Possion integral representation of Bessel func-

) <M,

tions ) L .
,
Jy(kr) = ——(—= 7/ cos(kr cos 0) sin®? 0d6.
! Vv Ty + %)( 2 ) 0
Thus
(1) | Iy (kr) () o cos(kr cos 0) sin*7 0df |
Jy(kRo)'  “Ro [ cos(kRy cos 6) sin® 6d6
since 0 <7 < Ro < 77, 3 < cos(krcosf) < 1.
We have T (k)
(kr T o\~
——— | < M(=) <M.
’Jy(kRO)‘_ (RO) =

The proof is completed.
Proposition 2.3[14] Consider a series Y p, with p, > 0. Then

n=0

o0
> pa<Ce N,
n=N+1

holds for some C' > 0, k > 0, if and only if there exists some D > 0 such that
Pn < De™ ", Vn

for the same x > 0.
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Proposition 2.4

D anbn < (O an ) ba),
n=0 n=0 n=0

if a,, b, > 0.
Proposition 2.5 Under the condition of Proposition 2.2 ,
1 {Jn(kr)} n
—_— — 2
( ) ‘ Jﬂ kRO ’ - 2 r RQ ’

where K is a constant independent of n, if r < Ry.
Proof. From [20], we have

BT (k1) | [T (kr) — g T (k)]
} b r
( ) kJ%+1(kT) n J%(k}’l’)

<| Jz (kRo) | 2r Jz (kRo) ]
According to Proposition 2.2,

Ju (kr) nl, r . n
14 s A VARSI
(14) o J%(kRO)‘ = M5 o(R)*
0
‘kJ%_H(kT‘)‘ :‘ J%_H(k?“)H Jg(k?‘) |
T (kRo) Ty (k) | T (B Ro)
I I'(2+2) [y cos(krcos ) sin™+? 9d9(r%+1)‘
(15) U T(%+32) [ cos(krcosb)sin™ 6d6 Ro%
2 Tz
< L2
< Mkn—l— 17°{ Ry
nl, r. z
27w

since r < R. This completes the proof of the proposition.
Lemma 2.1 Under the condition of Proposition 2.2, if u(Ry,-) € H¥(0,2w),
where

ao Jo(k ad J” kT‘) n
= u(r,0) = n 0, R,
u = u(r,0) 2 TolkTy) Z,]n R )a cos 56, 1<

and
N
aop Jo(kT‘) Jn (kr)
= 0) = — —2 - _"qa, 0,
un = un(r,0) 2 Jo(kRo) +;J%(kR0)a cos

we have

(16) lu —un|1Bp\r < Ce™ % [u(Ro, )|, (0,27)5
(17) 1w = un) (R, )1, 0.2m) < Ce™™% [u(Ro, o, (0,20)1

where N > 1, C' is a constant independent of v and « is a positive constant only
dependent on R and Rj.
Proof.

0 10
(18) lu — “NE,BR\F = |§(U - “N)|(2),BR\F + |;@(U - “N)|3,BR\F~



AN ERROR ESTIMATE OF THE COUPLED FINITE-INFINITE ELEMENT METHOD

According to Proposition 2.2,

10
;%(U_UN”%,BR\F
00 R
M3 (5 [ LG e r
(19) NZH 27 Jo 1 Ry
1 R
<M? 2= 2.
Z 2 n R )"lan]
N+1
From Proposition 2.5,
0
(20) |a—<u—uN>|3BR\p
kJu(
&0 Z/ T{Jn kRo) }|a"|2dT
N+1
(22 <> lanlw? [P
Ry
N+1
_ 2 n 21 E i, (2
(23) S MO E SN
N+1
We have
2 2 o 7 21 R, 2
= vl e <6 32 (3) 5<R—O> an
(24) oo
§02{Z( 2v— 1 }{Z 2u|an| }
N+1 N+1
where C' = max{M, K}. Since N > 1,
2 R R
25 “N2v—-1/ """ \n U\ ,—kn
(25) CP g < (=

where k = In % > 0. According to Proposition 2.3, we get (16)

_ N
|u - uN'l,BR\F < Ce "2 |’U/(R07 ')|l/, (0,27) -

It is easy to see

o0 R N
(26) (= un) (R, ) 0.2) < MP Y IanIQ(R—O) ;
N+1
27 R,)? <M200"2{R}" 2
(27) I(uw = un)(R, )N, (0,2m) < 2(5) i lan|”,
N+1
So
R.I12 <M? - Mo Ban o
[[(w —un)( a')|‘1,(0,27r) = 2(5) {R_o} |an|
N+1
(28) (220 v
<art( PG H 3 (e
N+1 N+1

<C? e "Nu(Ry, ')|12,, (0,2m)"

845
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3. The PML formulation of the problem

In this section, we consider the existence, uniqueness and the convergence of the
solution of PML problem. Let I" be contained in the interior of the disc By = {z €
2. |z| < R} . Denote Qp = Bi\I'. We surround the domain Q with a PML
layer QPME = {2 ¢ R?2: R < |z < p}. Let T, = {z € R? : |z| = p}, Q, = B,\T,
Q° = Q,\(BL UBY).
Let a(r) =1+ io(r) be the model medium property which satisfies

oceC@R), 0¢>0, and oc=0 for r<R.

Denote by 7 the complex radius defined by

TSR,
(r) = {fo (t)dt = rB(r) r>R.

From [9], the PML solution @ in €, = B,\I' is defined as the solution of the
following system

(29) P

(30) Vau (AV&) + aﬁkiﬁ = E) in Q,,
5E 24 — gt on T'*, 4=0 on r,,
where A = A(x) is a matrix which satisfies, in polar coordinates,
10 ,p8ro a O?
Ve A%) = a0 e
The problem (30) is shown as an approximation of problem (5)-(7).
Let a: H'(Q,) x H'(Q,) — C be a sesquilinear form

. B o 81& o 0 8@ 9

Then the weak formulation for (30) is: Find 4 € H5(f2,) such that

(32) a(i, ) =< g" 9 >p+ + < g7, > W € Hp(Q,),

where HE(Q,) = {u : v € H'(Q,),ulr, = 0}, and < -,- >p stands for the inner
product on L2 ().
We make the following assumption

PR

(33) o = oo{t=}"

for some constant op > 0 and some integer m > 1. Let 8(r) = 14i6(r), ap = 1+iop.
It is easily to see that 0 < & < o < gg. Thus

(34)  Re a(u,u) = / (1too

1+o06 8u|2 1+o0061 8u|2

7| = + (06 — 1)k?r|u|?]drdd,

Qp 1+02 1+ 2
where
14+006 1400 S 1
1402’ 1462~ 0(2)'



AN ERROR ESTIMATE OF THE COUPLED FINITE-INFINITE ELEMENT METHOD 847

Next, we introduce another PML problem in order to represent the singularity of
P, Q, because it satisfies the homogeneous boundary condition on I'. Let u = @+ u’.
The problem (30) is equivalent to the following system

(35) V. (AVu) + afk?u=f in Q,,
Ou 4

(36) T 0, on I'*,

(37) u=u’, on T,

where f = V- (AVU?) + afk?u’. Tt is easy to see f =0 in Bp.
We set U = u — u’¢p, where ¢ € C*(Q,) satisfies

¢=1 on Ty, ¢=0 in Bp.

It is easy to see that U is a solution of the following system

(38) V- (AVU) +afk’U = f+g in Q,
oU "

(39) %—i = O, on I y

(40) U=0 on T,

where g = =V - [AV(u’¢)] — afk?u’¢p. Clearly, g =0 in Bj.
The variational formulation of the problem (38)-(40) is to find U € H%(£,) such
that

(VAU,v) — k*(aBU,v) = (f +g,v) Vv € HE(QP).

Similar to the arguments in [11], we define two operators M : H5(Q2,) — H*(Q,)
and N : H,(Q,) — H'(,) by Riez representation as follows

(41) (VMu, Vo) + (Mu,v) = (AVu, Vo) + (u,v),

(42) (VNu, Vo) + (Nu,v) = ((aBk® + 1)u,v),

for all u,v € H}(Q,). Under the condition of (33), M~! exists and is bounded.
The next step is to prove N is compact. If w = Nu, w € H'(Q,) satisfies the
following boundary problem:

(43) ~Aw+w = (afk® +1u in Q,,
Ow

(44) 5= =0 on I,
Ow 1

From the variational formulation and standard elliptic regularity theory, the
arguments of [8] imply that [|w||c.0, < Cllull1,q,, where 1 < e < 2. Since H®(12),)
is compactly embedded in H'(f2,), N is compact.

Now let G € H'(Q,) be defined by

(VG,Vv) + (G,v) = (f + g,v) Yve H'Y(Q,).
Then the problem (38)-(40) is equivalent to finding U € H}(12,) such that
(46) U—-MINU=MG.
Since U = u — u'¢, u satisfies

(47) u—M"'Nu=MF,
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where F' is some function in H'(f2,). Clearly, the Fredholm alternative theorem is
applicable.

Remark. In general, I : H(Q,) — H'(f,) is compact under the condition
that €, is Lipschitz. But [1] presents that I is still compact if €, satisfies the cone
condition.

Proposition 3.1 The problem (35)-(37) has a unique solution u € H'(Q,)
except for a discrete set of values of k.

The arguments of Chen [9] imply that the PML solution converges to the solution
of original scattering problem (5)-(7) in €5 for a large o as the thickness of the
PML layer tends to infinity. ‘

Let u® = ulae, u; = u|B;, 75 is the trace operator of S3, in H'(Q5). Define

V= 5 HlQe i = bnzi _9'5 u’ = u; V;.:P; IBE
{U|U|Qp € ( p)7u|B§% 1;20: »J J%(kR) cos 2 VEMEL uJ|S§% J Q }
where
1

2m
/ ~;u’ cos Zodg € R.
0 2

n,j — %
Therefore, V. C H*(Q,). And
l[ullv = llullq,-

Obviously, u € V' can be decided by u|Q§ uniquely.

Theorem 3.1 V is a closed subspace of H(Q,).
Proof. Define

ad Jﬁ(k?”) n
Vo ={S b, cos9. Vb, eR, 0<r<R).
() {,;0 7, (RR) cos 5 € r }

Let functions {a,,} € Vo C H'(Bgr) converge to a € H'(Bg),i.e. lim |am,—al; =
m— o0

0. So functions {a, (R, )} C Hz(0,2n) is convergent according to trace theorem.
Assume that the limit is

am(R,) = b = an cos g@. (m — o0)
n=0

Let

Obviously, b’ = b(R, -). From Lemma 2.1,

(48) l[am = blly < Cll(am = b)(R, - )|

1,0.2m = 0

So a=1b. Vj is closed. Thus V is a closed subspace. The proof is completed.
Define

m: 74Q,) -V
U — v

s.t HU|Q§ =u |ac.
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Since v can only be decided by u |Qs, the operator II is linear, injective, but not
one-to-one. Still IT is bounded.

|HU|1Q <|“|1Qe+ Z |Zb 7JJ 9'137
j=P,Q n=0
4
(49) <fufg. + 3 (0RO om
j=pr.Q
< O|U|%,Q,,-
Since (9), the solution of (47) in H'(£2,) must be in V. Let (47) multiple II.
(50) u—TM Nu=TIM'F.

IIM~'N is compact because II is bounded. Fredholm alternative theorem is
applicable. Moreover, the solution of (47) must be the solution of (50). Thus (47)
and (50) has the same unique solution except for a discrete set of k.

4. Discrete problem and estimation of error

Let F* = {K!'} be a regular triangulation of the domain 5, where h =
maxdiam{K"}. If K'n (BE U Bg) = (), K!' are triangles. If K N (BE UBg) # 0,
th are curved triangles which have one curved edge align with S’g and S’g . Let
G" be a one-to-one sufficiently smooth mapping, which maps K onto the standard
triangle,

T={(x1,22)| - 1<a1<1,-1< 29 <21}
Let Xgp(Qf)) C H'(Q%) denote the set of functions u such that ulgn 0 (GM)lisa
polynomial of degree < p. The space we have used is the same as [24].

The mesh F" induces two partitions }'I}%’i = {Kh’i }izy of St ,where i = P, Q.
Denote by {N bt i, the nodal points of Fh »", which induces two partitions F Adi —
{KAO ¥ Ty of (0, 27T) with 0. Let X*%4(0,27) C H'(0,27) be the set of functions
such that ul 20 is a polynomial of degree < p with respect to the polar angle vari-
able. We deﬁ;e an interpolation operator Iy, such that Ilp, (uls: ) € XPAW(O, 2m).

For v € H”(0,27), according to [23] , we have

pymin(v,p+1)—t

(51) lv = Tgvl[¢,(0,27) < CTHU||V,(0,2W),
where v > 1,0<t<1,p> 1.

Let N

Jn (k’l”)
h, i
YVRBR) = { 3 e en(®): wn(6) € Xp0(0,2m) ),
n=0 2

where i = P or Q).

Moreover,
(52)

Xyt ={u € H'(Qy)  ulag € Xp (), ulpy, € YNR(BR), ulye € YA R(BR)}.
We define
(53) udzs € XR p( ) {U|Fp’u € XR p(Qe)}7 u?izs(N;?,j) = uZ(N;?,]%

where Nhj is the nodal points of F" in r,.
Define

, hp o hp ho _
(54) XN)Z;% ={ue XN7pR ulr, = g}, XN)Z;%)O ={ue XN)Z;% ulp, = 0}.
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Now we get the following discrete version of (35)-(37):
Find up,n.r € Xk,’g% , such that
(55)
ﬂ 8uhNRav OzauhNRa’U

B opr? Kho
Q, Oé 6,,. ﬁ'f‘ o6 BT CY/B TUh,N,R U) =< f,’U >, Yv € N,R,0

It is easy to see that X ~'r is ultimately dense in V. In addition, problem (30) is
equivalent to (50). Thus problem (55) has a unique solution expect for a discrete
set of values of k.

Theorem 4.1 Let u € Hl(Q ) be the solution of problem (35)-(37). Then if
uloe € H™ (), u(Ro,j,-) € H"*2(0,2n), we have

(56)
. hmm(u,p)
inf Ju—wpnlie, C Y { ———lu(Roj vy 02m T
wp, NEX R J=P.Q pY
Y hmin(p,m—l)
e "2 |u(Ro; )|, (0,2m) + WWM,Q;}-

Proof. Assume that cp'R7 L €X gp(ﬂf)) is the finite element approximation of the
following system

(57) V- (AVy) 4+ afk’p = f in QF,
(58) p=u" on T,
(59) cp=u|5§ on SE, 90:“|S§ on S’g.

where u is the solution of (35)-(37).
From the standard theories of finite element method,

, h]min(pﬂnfl)
(60) lp — 90R,h|179§ <cC m—1 |90|m,95.
Now let

SD/R,hu = QZ,
J%(kr) Ty, ( VB, ) 4TI o
[ S— uUu—u iy + uN, = ,

(61) Pp=1 Ji(kR) " N 0pUN P
J% (kT‘) o
J;(kR)HGQ(U—UN)(Rj,-)+H9QuN, CCEBR.

It is easy to verify that <p§1\,7R € Xjf\l;g%. We have
(62)
lu — @%,Rﬁ,ﬂp
Ji (kri)

<ttt + 3 (- Tl e + 20
2

i=P,Q

Iy, (u —un)(R, ')|?7B;’2\1‘}'
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We get
(63)
Jé(k?‘) 9
|J%(kR)H9(u_uN)(R’)|l,BR\F
o  Ji(kr) 1J1(kr) o 2
=I5 (J%(kR))He(u — ) s + 17 7, (kR) g ot U No.sar
_Il +12;
where
R 0 %(k’f‘) 2 2 2
I —/ r|§(J%(kR)) dr/ ITp(u — un)(R,-)|*dO
Byoror 2
64 <2 Ay _ 2
(64) K /0 (5) T2Rdr/0 g (u — un)(R,-)|>d6
27
<c/ Ty (1 — un ) (R, -)[2d6),
0
r Ji(kr) o 9 9
Iy / TQIJI(]CR) dr/o | 55106 (u = un) (R, )2
By 9
65 <M? - il _ 2
(65) <M /0 TRdr/O |55 Mo (u = un) (R, ) *do
27 8
<C/0 |%H9(U—UN)(R, )|2d6
So
J%(kr) )
|Jl(kR)H9(u_UN)(R7')|1,BR\F
(66) :

SC”H@ (u - U‘N)(Rv ')”1,(0,271')

_uN
<C [[(u —un)(R,-)1,0,2x) < Ce™ "2 [u(Ro, )|u,0,27)-
In addition,

0 10
lun —Tlpun|? g = |5, (unv = Moun)§ gpr+I1= ~ 59 (uN — Houn)§ g = I+ 1,
and

R 2 min(v,p+1) R
0 h 0
I ——/ 7 v — Toun)|? ﬂrdrﬁCi/ —un|? (o 9 rdr
3 o | ( N N)|07(012 ) p2y o |8T Nl ,(0,27)

Ju (kr)

h2m1n(up+1 kJ!
=C Z/ 2”|an| { z )} rdr

h2m1n(u,p+1) N n R na.l r
67 <o \ev n2 _2__nd
60 <O Sl [ G

h2 min(v,p+1) NV

n v
SO 2(5)2 Han

p n=0
h2 min(v,p)

SCPT (RO")|U+27(O 27.‘.)7
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and
R d 2min(v+1,p+1)—2 R
T h ’ dr
_ 2
(68) Iy —/ lun — 1_I‘9UN|1 (0.2m) 7~ <C P2V / |U‘N|V+l,(0,27r)7
0 0

A2 min(v+1,p+1)—2 Jn (kr) dr

(69) -C p2y Z( 21/+2| n|2/ {Jn kR

h?min(u,p) 0
(70) SOpTW(Ro,NH%,(OQW)-
So
hmin(u,p)
(71) lu —Toun|1,Bp\r < OT|U(RO, Mot 1, (0,20)-

From Lemma 2.1, we get the conclusion.

Theorem 4.2 Problem (55) has a unique solution uy, v, g except for a discrete set
of values of k, if N, p are large enough, especially, under the condition of Theorem
4.1,

hmm( v,p)

lu—unnrlo, <C > { TW(RO,J‘ s Mor1, 2mt
(72) J=P,Q
Y hmin(p,m—l)
e "2lu(Ro; , ), (0,27) + T |l 00 }-
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