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FINITE VOLUME APPROXIMATION OF THE LINEARIZED
SHALLOW WATER EQUATIONS IN HYPERBOLIC MODE

ARTHUR BOUSQUET AND AIMIN HUANG

Abstract. In this article, we consider the linearized inviscid shallow water equations in space
dimension two in a rectangular domain. We implement a finite volume discretization and prove the
numerical stability and convergence of the scheme for three cases that depend on the background
flow 4o, 9o, and q;o (sub- or super-critical flow at each part of the boundary). The three cases
that we consider are fully hyperbolic modes.
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1. Introduction

This article aims to study the finite volume approximation of the initial and
boundary value problem for the linearized shallow water (SW) equations in a rec-
tangle. This article builds on two previous articles [15] and [9]. In the theoretical
paper [15] the authors determine all the boundary conditions that one can associate
to the linearized shallow water equations and find, as explained below, five differ-
ent situations depending on the respective values of g, 7, (;30 corresponding to the
(constant) background flow around which the linearization is made. Omitting the
non generic cases where one of these constants vanish, we can assume, by a change
of variables that @, ¥, ¢o are > 0. The article [15] raises of course the question
of the approximation of the SW equations in the rectangle in these different sit-
uations. This question was investigated in [9] which considers the approximation
of the inviscid linearized shallow water equations in the so-called supercritical (su-
personic) case, that is when 43 + 9% > g%o (see below). Four cases remain to be
studied and we consider in this article three of them for which the stationary part
of the SW equations are fully hyperbolic. We do not discuss in this article the
approximation of the fifth case for which the stationary part of the SW equations is
partly hyperbolic and partly elliptic as this case necessitates a different approach.

Theoretically, we extended the results in [15] to more general hyperbolic systems
in [16] and possibly to more general polygonal-like domains in the fully hyperbolic
case (see [16, Remark 2.3]). Hence, we could also study the finite volume approxi-
mation in the more general setting. However, in this article, we prefer to consider
the shallow water equations in a rectangular domain to stay close from our initial
motivation of this work that is the study of the Local Area Models (LAMSs) in the
atmosphere and oceans sciences, see e.g. [22].

The linearized shallow water equations that we consider read

Ut + Uy + Voly + 9oz = fu,
(1.1) vy + UoUg + Doy + 9Py = fo,
Gt + Uode + Vody + ¢o(us + vy) = fo,

Received by the editors February 20, 2014.

2000 Mathematics Subject Classification. 35Q35, 656N08, 65N12, 76M12.

This work was partially supported by the National Science Foundation under the grant NSF
DMS-1206438 and by the Research Fund of Indiana University.

816



FV APPROXIMATION OF THE SHALLOW WATER EQUATIONS 817

where (z,y) € M :=(0,L;) x (0, L), (u,v) are the horizontal components of the
velocity and ¢ is the potential height. The advection velocities g, U9 and the mean
geopotential height (;30 are constants, g is the gravitational acceleration, f,, f,, and
fo are the source terms. As shown in [15], the boundary conditions which can
be associated with these equations depend on the relative values of the velocities
(a3, o2 > or < gg?)o), that is whether these velocities are sub- or supercritical (sub- or
supersonic). The three supersonic cases, when @3 + 93 — gqNSQ > 0, that we consider
are called: the mixed hyperbolic case (two sub-cases) and the fully hyperbolic

subcritical case. The supercritical case, when uy > gqgo, vy > gg?)o, has been

considered in [9]. In this article we will focus on the other three cases. For the
mixed hyperbolic case, we only consider one sub-case, where

(1.2) i, Do, G0 >0, do < \/gpo, o > \/ g0,

since the other sub-case where

o, Do, o > 0, U > 1/ gPo, Vo < \/gdo,

would be similar. In the fully hyperbolic subcritical case, we assume that

(1.3) @io, 0, o >0, o < \/gdo, o < \/go, U2+ Ts — gpo > 0.

We will study the cases (1.2) and (1.3) separately in Section 2 and 3.

As we know, the literature on the shallow water equations is very vast, both on
the theoretical and computational aspects, considering the viscous equations or the
partly or totally inviscid equations and considering that the height is either always
strictly positive or that it can vanish. See e.g. [1,2,4,8,12,21] on the computational
side and see e.g. [5,6,10,11,14,17-20] on the theoretical side. Regarding the nu-
merical stability of time discretized finite volume schemes, see e.g. [8], [9], and [12].
The proof of the convergence results follows the same methods as e.g. [3] and [13].

This article is organized as follows. At the end of this introductory section, we
present some notations which we will use throughout this article. Section 2 and
3 are devoted to show the stability and convergence results of the finite volume
scheme for the linearized SW equations in the mixed hyperbolic case and in the
fully hyperbolic subcritical case, respectively.

We now write (1.1) in the compact form
(1.4) w + &1, + Suy =,
where u = (u,v, (b)Ta f= (fua Jo, f¢)T and

Ug 0 g o 0 0
Ei=[0 ww 0], &=(0 0 g
¢ 0 g 0 ¢o 7o

Note that &5, & admit a symmetrizer Sy = diag(1,1,g/¢o), which means that
So0€1,50€ are both symmetric (see e.g. [7, Chapter 1]).

Here and in the following, we endow the space H = L?(M)3 with the Hilbert
scalar products and norms, for u = (u,v,¢)?, v’ = (v/,v', ¢")T:

(w,w') = (Sou,w) = (uyu') + (v, 0") + (6, @), Ju = {(w,w)}"/?,
(1.5) o

(w,w) = u"u = (u,0) + (v,0') + (¢, ¢), lull = {(u,w)}"/2.
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where (-,-) denotes the standard scalar product on L?(M). The appearance of
the coefficient g/¢o in the inner product (-,-) is needed for physical (dimensional)
reasons.

2. The mixed hyperbolic case for the linearized shallow water equations

In this section we consider the mixed hyperbolic case, see (1.2). We associate
with (1.1) the initial conditions:

(2.1) u=(u,v,0)" = (u® % ¢"7T, at t = 0.

2.1. Preliminary theoretical results. The results in this subsection are taken
from [15]. From [15, Sections 1 and 3.2], we know that there exists a real non-
singular matrix P such that PTSy&; P and PTSy& P are both diagonal. We set

Ro = \/g(ﬁ% + 98 — gdo)/¢o, and we have:

ug —Up Ko
P lt=1% -ty —Fo
up U g

Direct computations show that

PTS,& P = D, := diag(as, az, az)

Uoko + glo  Uoko — gUo U
2(11% + ’58),‘507 2(11(2) + 58)%0’ ’ﬁ% + ’Dg
PTS,E,P = Dy := diag(by, ba, bs)

Upko — gl Uoko + glio o )
2(11(2) + 178)/%07 Z(ﬂg + 58)7{0’ ﬁ% + 17(2) '

= diag( )

(2.2)

:= diag(

Under assumption (1.2), we find that
(23) a1, as, by, ba, bg > 0, and az < 0.

We introduce the new variables

5 ’LN)()U — 17,01) + I~£0¢
(2.4) E=|n| =P tu=|du—aov— koo
C ’ﬁo’u + ’DQ’U + g(b

Then using the new variables =, we rewrite (1.4) as
(2.5) DoE¢ + D1E, + D2E, = PTS,f,

where, as we noticed, Dy = PTSyP is symmetric and positive-definite. Since now
Dy and D, are diagonal, we can assign the boundary conditions in the E variables
for the parts of M corresponding to the incoming characteristics. According to
the signs of the a;’s and b;’s (i = 1,2,3), we associate with (2.5) the following
boundary conditions in the = variables:

E=(=0, on 'y = {z =0},
(2.6) n=0, onTTg ={x=1L,},
§=n=(=0, onTs={y=0}
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Therefore, the boundary conditions we associate with (1.1) read in the original u
variables (see [15, Section 3.2]):
Vot — Uov + Kod = Gou + Tov + g = 0, on 'y = {x = 0},
(2.7) Dou — Uov — Ko =0, on 'y = {x = L, },
u=v=¢=0, onT'g={y=0}
We now define two unbounded operators on H = L?()3:
Au = &u, + Euy, Yue D(A),

(2.8) -
AE =D E, + DQEy, VE € D(A),

where the domains D(A) and D(A) are
D(A) ={u€ H : Au € H ,u satisfies the boundary conditions (2.7)},

D(A) = {E € H : AZ € H ,E satisfies the boundary conditions (2.6)} .
Using the relation (2.4) between u and =, we immediately find that
(2.9) Au= (PTS)) A=,
Lemma 2.1. Assume that (1.2) holds. Then for any sufficiently smooth u € D(A)

and B € D(A), there holds
(2.10) (Au,u) = (AE,E) > 0.
Proof. We infer from (2.4) and (2.9) that
(Au,u) = (PTSy) 1A=, PE) = (So(PTS,)'AE, PE) = (AE, =),

and the positivity of the operator A is achieved by integrations by parts:

(AE,E) = (D12, + D&y, B)
= 2y |7=La PNESLE o\ |T=Lg
= | @)L + a2y + (as¢) 2" dy

Lo
:Ly :Ly :Ly
+/ (b1§2)}Z:O + (b2n2)|z:0 + (b3<2)}z:0 dz
o 1 , ,
>0,
where the last inequality follows from the boundary conditions (2.6). ([
Remark 2.1. The fact that the initial and boundary value problem (1.1), (2.1),
(2.7) is well posed is a recent result proved in [15]. The proof relies on the semigroup
theory and necessitates in particular proving (by approximation) that (Au,u) >0

for allu € D(A). The fact that (2.7) makes sense for such u’s results from a trace
theorem also proved in [15, Section 2.1].

2.2. Finite volume discretization. We decompose M = (0, L,) x (0, L,) into
Ny x Ny cells denoted by (ki j)1<i<n, 1<j<n, of size Az x Ay with N,Az = L,
and NyAy = L.

For 0 <7 < N, and for 0 < j < N, let
(211) $i+1/2 = ZA(E, and yj+1/2 = ]Ay
Then the cells (k; ;) are, for 1 <i < Ng,1 < j < N,

(2.12) kij = (xi—1/2, Tig1/2) X (Yj—1/2:Yj+1/2)-
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We also define the center (z;,y;) of each cell k;;,

_ 1 (s Ax .
(2.13) { T = ?(xi—1/2 +Tiq1y2) = (Z’— 1Az + —y, 1< Z’S Ny,
Yi =512 T Yjr12) = (G- DAy + 54, 1 <5< N,

In view of imposing the boundary conditions, we add fictitious cells on the four
sides of the boundary:

ko; = (—Az,0) x (yj—1/27yj+1/2)7
A
centered at (zg = _Tx’yj)’ 1<j<N,,

kn,41.5 = (La, Lo + Az) X (Yj-1/2,Yj+1/2)
Ax

(2,14 centered at (zn,4+1 = Ly + 7’yj>’ 1<j <N,
2.1
kio = (xi71/27$i+1/2) x (—Ay,0),
A
centered at (z;,yo = —Ty), 1 <1< N,

king+1 = (Ti—12, Tit1/2) X (Ly, Ly + Ay),

A
centered at (z;,yn,+1 = Ly + Ty)’ 1<¢<N,.

The finite volume scheme is found by integrating the equations (1.4) or (2.5)
over each control volume (k; ;)1<i<n, 1<j<n,: for 1 <i < N, 1 <j <N,

d_1 dad & [P t d
R . — . t
dt AzAy /ku udedy AzAy /yj1/2 [U(;ElJrl/Q’ v ) u(xl et )] Y

52 Tit1/2
(2.15) + AzAy (@, Yjr1/2:t) —u(z,yj-1/2,1)] d

i—1/2

1
= Aihp /k] f(z,y,t)dzdy.

Let us denote

V5, = {u= (u,v, ¢) are step functions over M :

2.16
(2.16) =, VO<i <N, +1,0<j <N, +1}.

u|/€i,j

Now we can define the subspaces V}, C V3 and P~ 'V, C V, that take into
account the boundary conditions (2.7):

Vi = {u = (u,v, ¢) are step functions over M : uly,
V0<i<N,+1,0<j5<Ny+1, and u satisfies:
Touo,; — Uovo,j + KoPo,; = touo,; + Vovo,j + g¢o,; = 0,
for 1 <j < N,

=W,

(2.17)

DOUN,+1,j — UOUN, 41,5 — FoPN,+1,; = 0, for 1 < j < N,
ui0 = Vi = ¢i0 =0, for 1 <i < N,.},
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and,
PV, = {8 = (& n,() are step functions over M : E|y, , = B, ;,
YO <i<N,+1,
0<j<N,+1, and E satisfies:
(2.18) J="

0.j = o =0, for 1 <j < Ny,

NN, +1,; =0, for 1 < 7 < N,
&0="mi,0=2C,o0=0, for 1 <i<N,.}.

We now define the discrete scalar products and norms over Vy,.

Definition 2.1. Let up = (up, v, ¢n) € Vi, and @y, = (Up, On, g?)h)h € Vy,; we set

N:n Ny
(un, p)p = Azly Z Z (“ivjﬁi,j + i Vi + ¢z‘,j¢i,j) ;
i=1 j=1
(2.19) (up, tp)n = (Soun, Gn)n,

and,

[ulp, = (up, up)n = (Soun, up)n,

HuHh = (uh,uh)h-

Since the boundary conditions are easier to compute in terms of E, we will
define our spatial scheme through Z. For the = derivatives, we are using an upwind
scheme for £ and ¢ and a downwind scheme for 7 due to the signs of the a;’s and
b;’s in this case. For the y derivatives, we are using an upwind scheme for &, n
and ¢. Therefore, the discretized version Ap of A is defined as follows: for all
=2, € P _1Vh,

(2.20) AhEh = AﬁEh + A‘th,
where, for 1 <7 < Ny and 1 <j < N,

i §ijg—&i—1j Mt —Mij Gy —Gi-1y
A=) - = (g, S0 J g J d g S0 J
( h h)%] ( 1 Az » U2 Ax s 3 Az )

AVE,), . = (b Sig —&ig=1 p Mig — Mig=1 , Gig —Gig=1)
(hh)-,J <1 Ay ; 02 Ay , 03 Ay

Similar to the relation (2.9), we define the discretized version A, of A as: for
uy € Vp,

(2.21)

(2.22) Anuy, = (PTSy) P ALE,, where B, = P~ luy,.

The discretized version f,(t) € V), of the forcing term f£(¢) is defined by
(2.23) fh(t)‘ki,j =f;j(t), V1<i<N,, 1<j<N,,
where

1
fi;(t) = Avhy /k Vf(:c,y,t)d:vdy.

With these definitions, the finite volume spatial approximation of equation (2.15)
is
du (t) + Apup(t) = £5(t)
(2.24) at " IR IR
uy(t) € V.
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Lemma 2.2. The operators Ay, and Ay, defined in (2.20) and (2.22) are positive
over PV, and Vy, , respectively. That is for any u, € Vi and B, = P~ luy, €
PV, we have

(2.25) (Apup,up)p = (AhEh, Eh>h >0,

where the scalar products are defined in (2.19).
Proof. Using relation (2.22), we find that

(Apup, up)y = (PSo) "L ALE,, PEy)s,
(SO(PSO)—lAhEh,PEh)h

),

(2.26)

[I]

(A =5,
We are now left to prove that (AhEh, Eh)h > 0. Using the fact that
(2.27) 2(a —b)a = a* — b* + (a — b)?,

and taking into account that Z; € P~1V, we have the following equalities

oA i~ i1
AzxAyay Z Z WTJ:_LJ&,;‘

i=1 j=1

Ay e Ny
a12 ’ ZZ [|§i,j|2 — &1 417 + 16y — §i—1,j|2}

i=1 j=1
Ay
a
== yZ[I&ml +Z|§U & 1J|]
(2.28) .
AxAyGSZZCZJ gz 1,]51)]
=1 j=1
A N, Ny
a
= : ZZ |<Z;]| |Ci—1,j|2+|ci7j—Ci_l)j|2}
A Ny
a
== llcm,JlHZlcz,J G- ”'21
J:
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N, Ny
Awagh Y30 S TSt

i=1 j=1 Yy

b Ax My
- Z Z [|5z;|2 — & j-11* + &5 — gi,j71|2]

N, Ny
Z &, P+ 1&g — &Gl
=1 =1

(2.29) N
m Y
AxAybsy Z Z B — i1 771 S Mi,j
=1 j=1
bgALL‘ Ne Ny
= Z Z i 1> = mig—1® + mij — 77i,j—1|2]
=1 j=1
N N,
bQA.I a Y
T2 Z Ini,n, |” + Z i —mijl*],
i=1 j=1
Nz Ny C . C .
Azlyby Yy~ =G
i=1 j=1 Ay
N, N
bgA.I = i
(2:30) = 2= D> 16l = [Gig1 + 16 — i)
i=1 j=1
b Aw
- Z |G, I* + Z |Gij = Gij1l®
=1 j=1
Now from
(2.31) 2(a—b)b=a® —b* - (a—b)*,

we deduce that

AN U
i — i
AQ?AZNZZ Mﬁm‘

L £ Azx
=1 j=1
a Ay Ne
2
(2.32) = > > (i P = mig 1 = iy — migl?]
=1 j=1

a/2Ay Ny Ny
=-— Sl +> 7 i —migl?
=1 i=1

Since a1, as, b1, ba,b3 > 0 and as < 0, we infer the positivity of (AhEh, Eh)h from

equations (2.28)-(2.32).
(]

2.3. Time discretization: the Euler implicit scheme. We now study the
time discretization of equations (2.24) and introduce the classical Euler implicit
scheme in time. We define a time step At with N;At = T and we set t, = nAt
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for 0 < n < N;. We denote by {u} € V,,0 < n < N;} the discrete unknowns. We
start with u) € V,, given by

1
(2.33) u?j = AzA / u(z,y)drdy, for 1 <i< N,, 1<j<N,,
: oAy Jy

where u' is the (given) initial data appearing in (2.1). We notice also using the
Cauchy-Schwarz inequality that

(2.34) ] < [u).

The Euler implicit scheme for (2.24) then reads

n+1

uh+ _uh +A un+1 _ fn—i-l
(2.35) At

up € Vy, for 0 <n < N
with

+1 1 (n+1)At
£ £, (t)dt.
At nAt h(>

We notice that (I + AtA},) is invertible because Ay, is positive and therefore
I+ AtAy, is positive definite. For this reason the system (2.35) admits a unique
solution u} ™ when u} is known.

To obtain an estimate on |u}*'|,, we take the scalar product of (2.35) with
2Atu} ™! (scalar product (-,-);) and find that

(2.36) |un+1|h |uh|h+|un+1—uh|h4'2At<AhunJrl UZH> :2At<f£“,UZ“>h-

Using the Cauchy-Schwarz inequality, the right hand side of (2.36) can be estimated
as

2ALEI T Ty, = 20T aptt — u)y, + 2ALE T ul)y,

2.37
230 < AP +|u"+1 wilf, + At + Atfug i,

which, together with the positivity of Ay (see Lemma 2.2), permits us to infer from
(2.36) that

(2.38) up T2 < (1 + AD)u|? + At(1 + Ab)[FTH7.
We now estimate At|f' |2 as follows:

(2.39)

(n N,
n+1|2 2 AL 2
ALE L < (15l Z f(x,y,t)]*dzdydt,

=1 j=1
) (n+1)At ) ool
< |50l / e Py = S0P e

In view of equation (2.39), equation (2.38) yields

(2.40) lup T < (14 A [Iuhlh H 1S0l* €122 (1, 0 L2 |
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and iterating (2.40) and using that 1 + At < e®!, we obtain that

w2 < (1 A8 [l 3+ 180218 3a(r, 0 2200 -
< (L A0 [(1+ A~ + 1S0l2 Il 22000

+”SOHQ'fl%?(tn,tn+1,L2(M))}

(2.41) < (1+ At)? [|u271|% + ”SO”2|f|%2(tn,1,tn+1,L2(M))}
S .
<

(L4 A0 (103 + I1S0lP1E 32 0,001,220y |

p(nt1)At {

IN

[ + S0l € 20,4, 1,220 | -

From equation (2.41) and the fact that A¢tN, = T, we conclude that

242) il <€ [P + IS0l e o 2y YR = 0,1 N

825

Theorem 2.1. The scheme defined by the equations (2.35), (2.20), (2.22), is stable

in L>°(0,T; L?(M)) in the sense of (2.42).

2.4. Time discretization: the Euler explicit scheme. For the time discretiza-
tion, in this section, we use the Euler explicit scheme that we apply to the equa-
tions (2.24). We keep the same spatial discretization as in the previous section. For

u)) € V), given by (2.33), the Euler explicit scheme for (2.24) reads

n+1 n
(2.43) = A7 = A = £,
up € Vy, for 0 <n < Ny,
with
1 [tDAt
i = s, £, (t)de.

We take the scalar product of (2.43), with 2Atu}} (scalar product (-, -)5) and obtain

(2.44) |u"+1|h < |uh|h + |unJr1 - uZ|,2I — 2At(Apup,up)p + 2A8E, up ).

Since we have (Apu},ul), = (AhEh,:Z) by (2.26), we then conclude from

(2.28)-(2.32) that
— (Apup,up)y <

A Ny N, A Nz
CLl y CL2 y
- ZZ|§ _51 1,_] ZZ“]H—I,] 771,]
Jj=11i=1 j=11i=1
N, Ny N,
(2.45) agAy v e ble ALy
- ZZ|<’LJ C’L 1J|2 ZZ|§’LJ 513 1|2
Jj=11i=1 j=11i=1
N, N, N,
bgALL‘ i i b3A$ N
ZZ'an 77” 1|2 ZZl z] 1
j=11i=1 j=1i=1

From the starting equation (2.43), we have

W —ul? = - ApulZA < 2|A,ulZAL + 1272 At?

(246) _ _ — X =n n
< 2||PTiSg P AR IR AL + 2|7 [ AL
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Let us denote by
(2.47) po = |P1S; P T =  sup PRSP Tx].

x€R3, ||x|[<1

Therefore, we infer from (2.46) that

g g <
At Ay
ZZ 1|§z] - 61 1 _]|2 + a2|771+1,_] nz,]|
=1 j=1
+a3 = Z" |2
(2.48) sléi 1l
At Az n
+ 240 ZZ b2|§ &je 1|2+b2|n1j_ni,j71|2
=1 j=1

+b§|<i7,lj - <£j71|2}
+ 2|f|F A2

Under the assumptions:

1
2.49 2 < min(—, ——, ), <~ min(—, —, —
( ) Az ~ 2ug mm(af as’ a3’ Ay T 2up min( ),

we obtain from equations (2.45) and (2.48) that
(2.50) [uptt —up|? — 2At(Apul, ul)y, < 2|f7(7 AL
Therefore, under these assumptions, inequality (2.44) yields
(2.51) 2 < up 2+ 2AHE, ), + 20 AR,
which, by using the Cauchy-Schwarz inequality, implies that
[ R < Jup I+ Atfug |+ AELR + 28867,
< (14 At)|uplf + (At + 1AL 7.
From equation (2.39) and the fact that At < T, we deduce that
R < (L ADRGER + (L4 2D ol a0, 2200
< (L+ A2 up ™7
+ (L+ A+ 2D) S0l 11222, 0022000
+ (L4 2T)[1Soll*I€1Z 21, 1101 L2 (M)

(2.52)

(2.53)

IN N

(1+ At)"[uy 7

+(14+27) ) (14 A" (IS0l 122 1. 22 (A1)

s=1
which, together with 1 4+ 2 < e, implies that

@54)  fapt R < e ([0 4 (1 2Dl R o0, oy
Hence, we have the stability result

(255)  [upl} < ¢ [0 + (L 2D IS0l F a0 rcaany | V0= 00 N
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Theorem 2.2. Under the following CFL conditions

A 1,1 1 1. At 1 1 11
< <

mln(_ Ty T ID(E,E,E )

2.56 — < — — < —
(2:56) Az ™ 2pu0 a1’ ax’ ag’”’ Ay—2ﬂom

the scheme defined by the equations (2.43), (2.20), (2.22), is stable in L°°(0,T; L*(M))
in the sense of (2.55),

2.5. Convergence results. In this section we prove the convergence of functions
associated with the uj for both the Euler explicit and implicit schemes in time.
More results on the convergence on finite volume schemes can be found in [3]
and [13]. We first remark that we have the uniqueness of the solution for the
linearized SWEs (1.1) (see [15, Theorem 9)).

We now define the adjoint operator A* of A as follows (for more details, see [15,
Section 3.2.1]):

A'v ==& vy —Evy, VYveEDAY,
with
(2.57)
D(A*) = {v = (v',v?,v®) € H : A*v € H and v satisfies:
Tov! — @gv? + Rov® = Gov' 4+ Tov? + gv® =0, on 'y = {x = L,},
Pov! — Ggv? — Rov® =0, on Ty = {z = 0},
vl =12 =0v"=0, on 'y = {y=L,}}.
Of course, the usual relation for adjoint operator holds, i.e.

(Au,v) = (u,A"v), VueD(A), Vv e DA").

Similarly, the adjoint operator A* of A is defined as follows: for ¥ = (Ul w2 w3 e
D(A*),

(2.58) AW —Dw, - Dy,
where
D(A*) ={® = (¥}, 02, ¥%) € H : A*E € H and E satisfies:
U'=0%=0, onTg={z=0L,},
U2 =0, on I'yy = {2 =0},
U =02 =0°=0, on 'y = {y = L,}},

(2.59)

and we have the usual relation

(AZ,¥) = (2,A"¥), VEecD(A), V¥ ecDA".

We also have a similar relation as in (2.9) for the adjoint operators A* and A*,
that is

(2.60) A*v = (PTSy) A" U, with U = P~ lv.
Then we define A,*I, the discretized version of A*:

AWy, =AW, + AV, V¥, € PP
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where, for 1 <7 < Ny and 1 < j < N,

- gl gl P2 . g2 . P33,
1 -1, 1
(A]:m‘:[’h)i,j — <—G1 i+1, 4y %,J =Ly, i+1,j %,J ,

(261) Az T2 Az e Az
(ALV®));, = <—b1 ‘I’%J-HA; Yii ‘I’f,jﬂA; Yii Ly, ‘I’?,jﬂA; Wi;-) |
and
PV = {®), = (U}, U7, T3) are step functions over M :
@l =i, VO<i<N,+1,0<j< Ny +1,
(2.62) and ;Ilh satisfies:

Un g1, =YY 11,=0, for 1 <j <N,
U5, =0, for 1 <j<N,,
Uinyt1 = YN, 41 = ¥ N, 41 =0, for 1 <i <Ny}
From the equations (2.22)-(2.21), we obtain that, the following adjoint relation,
(2.63) (ALEn, ®p)n = (Bn, AL W),

holds for all E € P~'V), and ¥, € P~'V;.
Finally, we define Aj, the discretized version of A*: for all v;, € V},

(2.64) Alvy, = (PTSo) A}, where &), = P71y,
where
Vi = {vn = (vi,v},v}) are step functions over M :
Vh‘ki,j =v;;, VO<i< N, +1,0< 5 <N, +1, and vy, satisfies:
(2.65) Bov, 11,5 — Uovar, 41,5 + FovR, 41, =0, for 1 < j < Ny,
Uy, 41,5 + DoV, 41,7 + 9V, 41, = 0, for 1 <j < Ny,
Bovg ; — Tigvh ; — Fovg ; =0, for 1 < j < Ny,
vil)Ny_‘_l = viNy+1 = viNy_,_l =0, for 1 <i< N,}.
Similarly, we also have

(2.66) (Ahuh,vh>h = (uh,A;;V;Jh, Yuy, € Vh, Vi € V;;

Let us define T, : (C®(M))® N D(A*) — PV, for ® = (U! 02 ¥3) ¢
(C(M))* N D(AX)

(2.67) 0 = (7 U 7 Ut 7, ),
where for ¥f = ¥l ¥2 @3,
- 1 . .
(rh\Iﬂi)m — N /k” \Ifu(x,y)d:vdy, for 1 <i < N,, 1<j <N,
and

(2.68) U )N, 415 = (P P?) N, 41,5 =0, for 1 < j < Ny,
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Lemma 2.3. For all ¥ € (C*(M))®> N D(A*), we have that as (Az, Ay) — 0,
F, 0 — W, strongly in L*(M),

(2.69) ~ ., ,

Aprpn® — AW strongly in L7 (M).

The proof of Lemma 2.3 is an application of the Taylor’s formula and we refer
the readers to [13, Section 3.1] for a detailed proof.

We also define ry, : (C°(M))*ND(A*) — V;, for v = (v!,0?%,03) € (C®(M))3*N
D(A*) by
(2.70) rpv = Pty (P 1v).

As an immediate consequence of Lemma 2.3 and identities (2.60) and (2.64), we
have the following result.

Lemma 2.4. For all v € (C®(M))?> N D(A*), we have that as (Az, Ay) — 0,

(2.71) ryv — v strongly in L*(M),
' Ajryv — A*v, strongly in L*(M).

In order to prove the convergence result, we first consider the Euler implicit
scheme (2.35) and then briefly study the Euler explicit scheme (2.43).

Euler implicit scheme. We first introduce the approximated solution denoted
by @n: for each t € I, :== (nAt, (n+ 1)At] and n =0,..., Ny — 1, we set

(2.72) tn(t) =ul ™, vtel,,

that is, tin is the step function on the interval (0,7") with values taken from the
right of each interval I,,. We also define f}, in the same fashion, i.e. f,, = f;;“ on
I, forn=0,--- ,Np—1.

Lemma 2.5. For u}} solution of (2.35), there exists a subsequence h' such that
(2.73) fp — u weak-star in L0, T; (L*(M))?).
Proof. The result directly follows from the uniform estimate (2.42). O

Let € C>([0,T)) with p(T) =0, v € C®°(M) N D(A*), and define ¢ and % by
setting
(1) = o(tn), Vtel,,

(2.74) G(t) = ‘P(tn+1)At_ o(tn)

where t,, = nAt, for all n =0,--- , Np. By the Mean-Value Theorem, we obtain

(t —tn) +o(tn), VteI,,

(2.75) @, @, Pt — ©, @, @i, in C([0,T]), respectively, as At — 0.

We now take the L*(M) inner product of (2.35), with ¢(t,)r,v and then sum
forn =0,..., Ny — 1; we arrive at

Nr—1 un+1 _ un Nr—1
> <%,<p(tn)rh/v> + > (At otn)rnv)
n=0 n=0

(2.76) -

= 3 et ).

n=0
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Using the fact that ¢(T) = 0 and equation (2.66), the left-hand side of (2.76) can
be written as follows

N @ltan) = elt) #(0) , o RS ,
- Z (up,; 7Trh’v> - E< by ThiV) + Z (up™, o(tn) Aprav).
n=0 n=0

Therefore, equation (2.76) reads

T T
— / <1_1h/, @trh/v>dt + / <1_1h/7 @AZrh/v>dt
(2.77) 0 0

T
= (u),, v v)p(0) —|—/ (fn, prp, v)dt.
0

Now passing to the limit and using Lemma 2.4, 2.5 and the convergence result
(2.75), we obtain

T T T
(2.78) —/0 (u, gptv>dt—|—/0 (u, pA*v)dt = (uO,v><p(O)—|—/O (£(¢), pv)dt,

where we also implicitly used the convergences of u)), to u’ and fiy to f in L2,
which can be obtained by the application of the Taylor’s formula (see Lemma 2.3
or [13, Section 3.1]) since C2°(M) (resp. C2°([0,T] x M)) is dense in L?(M) (resp.
L2((0,T) x M)).

By taking ¢ compactly supported on (0,7") in (2.78), we conclude that

(2.79) %(u, v) + (u, A*v) = (f,v).

Now, (2.79) is valid for all v smooth, and we deduce that (2.78) is also valid for all
v € D(A*) since C*°(M) N D(A*) is dense in D(A*) (see [15]).

Multiplying (2.79) by ¢ € C([0,T]) with ¢(T) = 0 and then integrating by part
we find

T T T
(2.80) —/0 (u, <ptv>dt—|—/0 (u, pA*v)dt = (u(O),v><p(O)+/O (£(¢), pv)dt,

for any v € D(A*). Comparing (2.78) and (2.80) and taking ¢(0) # 0, we find that

(2.81) (u(0),v) = (u°,v), Vv € D(A*).
Because D(A*) is dense in (L?(M))3 (see [15, Section 3.2.1]), we have that
(2.82) u(0) =u® (as elements of L*(M)?).

Note that since we have uniqueness of the solution u for the linearized SWEs
(1.1) with initial condition (2.82) (see [15]), we can conclude that every subsequence
uy converge to the same limit.

Hence, we proved the following convergence theorem for the Euler implicit scheme.

Theorem 2.3. For uy,, defined as in equation (2.72), with uZ"H the solution of
(2.35) we have that

(2.83) ay, converges to u in L°°(0,T; (L*(M))?) weak-star,
as At, h — 0 and u satisfies the following equation equivalent to (1.1), (2.82):

(2.84) %ﬁl’ v) + (u,A"v) = (f,v), Vv € D(A"),

u(z,y,t =0) = u’(z,y).
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Euler explicit scheme. We redefine @iy, fi, and @ by
ay(t) =up, Vtel,,
(2.85) fu(t) =1, Vtel,
P(t) = @(tn+1), Vtely,
and ¢ is the same as in (2.74). We still have the convergence (2.75) and the following

result, which is an immediate consequence of the uniform estimate (2.55) and the
uniqueness of the solution u for the linearized SWEs (1.1).

Lemma 2.6. For uy, defined in equation (2.85)1, the solution of (2.43) we have
that

(2.86) i, — u, weak-star in L>=(0,T; (L*(M))?).

Taking the inner product of (2.43) with (t,11)rsv in L?(M) and summing for
n=20,...,Npr —1, we arrive at
Nr—1 un+1 _ un Nr—1
Z <W7<ﬂ(tn+l)rh'v> + Z (Anug, o(tns1)rav)

n=0 n=0
(2.87) M

= 3 (et o)
n=0

Using ¢(T') = 0 and (2.66), we rewrite the left-hand side of (2.87) as
Nr—1

Npr—1

n ln - ln 0 n *

=3 g, A ) EO ) Y (b)),
n=0

n=0

Therefore, equation (2.87) reads exactly the same as (2.77), with iy, fi, and @
defined by (2.85),

T T
— / <1_1h/, @trh/v>dt + / <1_1h/7 @A;‘lrh/v>dt
(2.88) 0 0

T
= (u),, v v)p(0) —|—/ (fn, prp, v)dt.
0

Then passing to the limit using Lemma 2.4 and 2.6, we find

T T T
(2.89) —/0 (u, gotv>dt—|—/0 (u, pA*v)dt = (uo,v)cp(O)—i—/O (f(t), pv)dt.

We can also obtain that u(0) = u® (as elements of L?(M)?). by following the same
arguments used for the Euler implicit scheme in (2.79)-(2.82).

Since we have uniqueness of the solution u, we can conclude that every subse-
quence uj, converge to the same limit. Therefore, we proved the following theorem.

Theorem 2.4. For uy,, defined as in equation (2.72), with uZ"H the solution of
(2.43) we have that

(2.90) @y, converges to u in L>(0,T; (L*(M))?) weak-star,
as At, h — 0 and u satisfies the following equations equivalent to (1.1), (2.82):

(2.91) %W’ v) +(u,A%v) = (f,v), VveDA",

u(z,y,t =0) = u’(z,y).
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3. The fully hyperbolic subcritical case for the linearized shallow water
equations

In this section we consider the fully hyperbolic subcritical case, see (1.3). We
associate with (1.1) the initial conditions:

(3.1) = (u,0,8)7 = (w00, ¢*)7, at ¢ =0.
3.1. Preliminary theoretical results. In the fully hyperbolic subcritical case,
we still have the diagonalization (2.2), but under the assumption (1.3), we find that
(32) ay, as, by, by >0, and a9, by < 0.

Using the same variables E introduced in (2.4), we still have (2.5).
According to the signs of a;’s and b;’s (i = 1,2, 3), we associate with (2.5) the
following boundary conditions in the = variables:

E=(=0, on 'y = {z =0},
n =0, onTg={x=0L,},
3.3
(33) n=¢=0, onI's = {y =0},
£=0, onI'y ={y=1L,}.

Therefore, we associate with (1.1) the boundary conditions in the u variables (see
[15, Section 3.3]):

Vot — Uov + Kod = Gou + Tov + g¢ = 0, on 'y = {x = 0},
(3.4) Dou — Uov — Ko =0, on 'y = {x = L, },
' Dou — Tigv — Ko = tigu + v + g = 0, on I's = {y = 0},

Dou — gV + Rop =0, on 'y = {y = L, }.

As in Subsection 2.1, we define the unbounded operators A and A on H =
L?(2)3 by (2.8) but the domains are now:

D(A) ={u€ H : Au € H ,u satisfies the boundary conditions (3.4)},
D(A) = {E € H : A= € H ,E satisfies the boundary conditions (3.3)} .

We still have the relation (2.9) and the positivity results for A and A as in
Lemma 2.1:

Lemma 3.1. Assume that (1.3) holds. Then for every sufficiently smooth u €

D(A) and 2 € D(A), there holds

(3.5) (Au,u) = (AE,E) > 0.

The proof of Lemma 3.1 is exactly the same as the proof of Lemma 2.1 by taking
into account the boundary conditions (3.3). Also, as observed in Remark 2.1, (3.5)
is extended in [15] to any u in D(A).

3.2. Finite volume discretization. In this section we define the finite volume
spaces and discrete operator Ay, for the fully hyperbolic subcritical case. The finite
volume spaces are similar to the ones in the previous section but with different
boundary conditions. In this case, the spatial discretization is the same as in
Section 2.2, see (2.11) -(2.16), we define two new subspaces Wy, C Vj, and P~1W), C
V3, that take into account the boundary conditions (3.4):
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Wh = {up = (un,vn, ¢n) are step functions over M : uply, ; = w5,
VO<i<N;+1,0<j5<N,+1, and uy, satisfies:
ToUo,j — Uovo,; + Kogo,; = Uolo,; + Tovo,; + goo,; = 0,
for 1 <j <N,

3.6 - - - .
(8.6) VOUN,+1,j — UOUN,+1,j — RoPN,+1,; = 0, for 1 < j < Ny,
Voui,0 — UoLs,0 — Ro®i,0 = Uols,0 + UoVi,0 + 9¢io = 0,
for 1 <i < N,
Voui N, +1 — UoVi, N, +1 + Fodin,+1 =0, for 1 <i < N, .},
and,
—1 p— : .= — = .
P Wy, = {E = (£,7,¢) are step functions over M : By, , = Eij,
VO<i<N;+1,0<j<Ny,+1, and E}, satisfies:
0,5 — 0_‘:0, fOI‘lS 'SN,
(3.7) $0.5 = Cog 7=

NN, +1,5 =0, for 1 <j < N,
o= Cio=0, for 1 <i<N,,
&iNyg+1 =0, for 1 <i < N,.}.

We still adopt Definition 2.1 of the inner products and norms for the space Vy,.
However, we use a different scheme rather than the one in Section 2.2: for the z
derivatives, we use an upwind scheme for &, ¢ and a downwind scheme for 7; for the
y derivatives, we use an upwind scheme for 7 and ¢, and a downwind scheme for €.
Therefore, the discretized version Ah of A is defined as follows: for E, € Py,

(38) AhEh = AﬁEh + Aﬁah,
where, for 1 <7 < Ny and 1 <j < N,
X Sij—&i—15 M+ —Mij  Gij—Gi—1,
AwE i, — : : ’ . ’ ) ’ : )
59) ( hEh) 2 (Gl A az A as Ax
: Az, = (b &ijr1 — &y by Tid ~ Misi=1 Gij = Gij—1
h 2y Ay ) Ay ) Ay .

Similarly as in Section 2.2, the discretized version A} of A is defined by
(3.10) Apuy, = (PTS)) " ALE), where B = P luy, Yu, € Wi,

With the definitions in (3.8)-(3.10), the spatial approximation of equation (2.15)
is written as

d

(3.11) (8 + Anun(t) = £(8),
u(t) € Wy,

where 5, (¢) is defined as in (2.23).

Lemma 3.2. The operators Ay and Ay defined in (3.8)-(3.10) is positive over
P=YWy, and W, , respectivly. That is for any u, € Wy, and B, = P~u, € P7W,
, we have

(3.12) (Apup,up)p = (AhE}mEh)h > 0.
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Proof. The proof is the same as for Lemma 2.2 except for the first coordinate of
(A} Z})i,;. Using again (2.31) we deduce that

Ny Ny

7 7 b A
A,TAybl Z Z 5 )]+1 5 2 51,] - =7 ZZ |§z ]-l-ll2 |€z,]|2 |€z J+1 — 51,]' }

=1 j=1 =1 j=1

No

blA.I 2 My 2
) ool + D l& 4 — &l
j=1

i=1

Since b; < 0, the positivity of (AhEh, Eh) is proven.
h
O

3.3. Time discretization: the Euler implicit scheme. In this section we ap-
ply the Euler implicit scheme in time to the equations (3.11). We define a time
step At with N;At = T and we set t, = nAt for 0 < n < N;. We denote by
{u? € Wy,0 < n < N;} the discrete unknowns. For u) € W, given by (2.33), the
Euler implicit scheme for (3.11) reads

u," —up
(3.13) At
up € Wy, for 0 <n < V.

+A un+1 _ fn—i-l

with

1 (n+1)At
£ = ~ / £, ()dt.

We first remark that (I+AtAy},) is invertible because Ay, is positive and therefore
I+ AtA,, is positive definite. For this reason the system (3.13) admits a unique
solution u} ™ when u} is known.

To obtain an estimate of |u} ™|, we take the scalar product ({-,-)5,) of equation
(3.13), with 2AtuZJr , and using the same arguments as in Section 2.3 we obtain

(3.14) R < (14 A [[R R + IS0l 1,200y |
and iterating (3.14), we have
R (N [t R N TS v
(3.15) < (U 802 [l B+ 1ol 613201, 220000
< (14 A" [l 2 + S0 2182 0,011, 220001 -

From equation (3.15) and since AtN; = T, we conclude that

(3.16)  [upli <e”

T
|u0|2+HS'0H2/O /M |f|2dxdydt], Vn=0,1,---,Ny.

Theorem 3.1. The scheme defined by the equations (3.13), (3.8)-(3.10), is stable
in L>°(0,T; L?(M)) in the sense of (3.16).
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3.4. Time discretization: the Euler explicit scheme. In this section we apply
the Euler explicit scheme in time to the equations (3.11). With the same spatial
discretization as in the previous section and For u% € W}, given by (2.33), the Euler
explicit scheme for (3.11) reads

u," —up
(3.17) At
up € Wy, for 0 <n < Ny,

+ Ath = fg,

with

1 (n+1)At
= / £, ()dt.

We take the scalar product ({-,-)n) of equation (3.17), with 2Atu} to obtain
(3.18) [up e < il + [y =il = 2A0(A g, up) s+ 2A8(E, up) .
Since (Apuf,ul)y = (AhHZ,:Z) , we have

h

— (Apuy,up)p <

- Bl IS = > Sl il
(3.19) B asAy Z Z |< e J 2 ble Z Z e -
A A
- xzzmw mjal? = s xZZK ¢hial?

Similar to (2.46), we deduce from the equation (3.17) that

(320)  Jup™! —uhlf <6 — ApupRAE? < 200 A ARERIE + 288 7,
where pg is defined in (2.47). Therefore

luptt —upff <
N NT
At Ay - ~ n n n n
ZZ |§z; - gifl.,j|2 + 6L§|77i+1,j - 77i,j|2
=1 j=1
+azl¢; — ¢t 41
(3.21) d 1;' L
At Ax ! n n
+ 2p0 ZZ [D11€0 01 = &1 + B3Iy — ity [P
=1 j=1
b31¢T — cz,z»_ﬂ“’}
+ 2A8% 7).
Under the assumptions:
At 1 1 1 1 At 1 1 1 1
3.22 2o in(—,——, = <t et L
(3.22) Az S 2 mln(m, o a3)7 Ay Omlﬂ( b by b

we find from equations (3.19) and (3.21) that
(3.23) [uptt —up|? — 2At(Apul, ull)y, < 248373,
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Therefore, inequality (3.18) yields
wp G < upln + 2088 up) + 20887 ||
< (1 + Ab)|u}|7 + (2At + 1) At 7.
From equation (3.24) and the fact that At < T, we deduce that
[ < (L A g + 1+ 2D) IS0l P €122, 00 22 (01))]
< (1 4+ APy ™7+ 1+ A+ 2D) IS0l P €[22ty 1, 2200
+ (L4 2T)1Soll*1E (221, 1 L2 (M)

(3.24)

IN N

14+ A u? |?
(3.25) ( )" gy

+(1+20)> 1+ A" (1SolP[f172 1, 1.1 2201y
s=1
< (14 At)*u’?
+(1427) Y (14 A" |[SollPIF[Fae, ., 22 (p)
s=1

which, together with 1+ x < e*, implies that

(3:26) < e [0 4 (14 2D S0l R o0,y 20 |-

Hence, we have the stability result

(3.27)  [upl} < e [0 + (14 202 8 R aoirzgany| - ¥ =0 N

Theorem 3.2. Under the following CFL conditions

At 1 1 1 1 At 1 1 1 1
3.28 2o L omin(—,——, ), 2o L in(e—, =, —
( ) Az — 2[&0 mln(CLl, CLQ7 CLg,)7 Ay - 2[&0 mln( bl7 b27 bg ’

the scheme defined by the equations (3.17), (3.8)-(3.10), is stable in L°°(0,T; L*(M))
in the sense of (3.27),

3.5. Convergence results. In this section we prove the convergence of the u}
for both the Euler explicit and implicit scheme in time for the fully hyperbolic
subcritical case. We also remark that we have the uniqueness of the solution for
the linearized SWEs (1.1) (see [15, Theorem 9]).
We define the adjoint operator A* of A as follows (for more details, see [15,
Section 3.3.1]):
A*v ==& vy —Evy, VYveEDAY,

with
D(A*) = {v = (v',v?v®) € H : A*v € H and v satisfies:
Tovt — Ggv? + Rov® = dgvt + Tov? + gv =0,
onTg={x=1L,},
(3.29) tovt — digv? — Fov® =0, on Ty = {z = 0},

f)ovl — ﬁov2 — /%Ov?’ = ﬁovl + 1701)2 + gv3 =0,
onTp={y=1"L,},
Bov! — digv? + Rov® =0, on Ty = {y = 0}}.
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Of course, the usual relation for adjoint operator holds, i.e.
(Au,v) = (u,A"v), YueD(A), Vv e DA").
S}mﬂarly, the adjoint operator A* of A is defined as follows: for ¥ = (Ul w2 w3 e
D(A"),
(3.30) AW = -D\¥, — D,¥,,
where
D(A*) = {® = (V! 02 ¥%) € H : A*E € H and E satisfies:

Ul =03 =0, onTg = {z=L,}
(3.31) U? =0, on I'yy = {z =0},

U2 =03=0, onT'p = {y =Ly},

Ul =0, on 'y = {y =0}},

and we have the usual relation

(AE,¥) = (2,A"¥), VEcD(A), V¥ cDA".

We also have a similar relation as in (2.9) for the adjoint operators A* and A*,
that is

A*v = (PTSy) A" U, with ¥ = P~ lv.
Then we define A}*L, the discretized version of A*:

AWy, = AW, + AV, Y, € PTIW;,

where
Ul WS, W oW
(A )i = <—a1 +17ij L —ag—2 s L7 , —as +17ij "7> )
(3.32)
_ gl gl w2 P2 L2 SN /=3
A*7y‘I’ ii= —b 1,9 7,5—1 —b 7,7+1 1,9 b 7,7+1 1,7
( h h) ,J < 1 Ay ) 2 Ay ; 3 Ay )
and

P=YW; = {¥), = (U}, U7, U3) are step functions over M :
Pl =i, VOSi<N+1L0< <N, +1,
and ;Ilh satisfies:
(3.33) Uy i1 =V¥% 11, =0, for 1 <j <N,
g, =0, for 1 <j<N,,
U N1 = YN, 41 =0, for 1 <i <N,
Uio=0, for 1 <i< N}
From the equations (3.9)-(3.10), we obtain the following adjoint relation:
(3.34) (AnEn, ©y) = (En, A} y)

holds for all 2 € P~'W), and ¥), € P~'W;.
Finally, we define A}, the discretized version of A*: for all v;, € Wy,

(3.35) Aivy, = (PTSo) A}, where &), = P71y,
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Wi = {vi = (v},v},v}) are step functions over M :
Vh‘ki,j =v;;, VO<i< N, +1,0< 35 <N, +1, and vy, satisfies:
Bov, 11,5 — Uovar, 41,7 + FovR 415 =0, for 1 < j < Ny,
(3.36) ooy, 41,7+ D0V, 41,5 + 9V, 41, =0, for 1 <j < Ny,
Bovg,; — tovh ; — Fovp ; =0, for 1 < j < Ny,
oV N, +1 — B0Vi N, +1 — Fov v, 41 = 0, for 1 <i < N,
ﬁovil’Nerl + f)ovaerl + gviNy+1 =0, for 1 <i< N,
Bovy o — vy + Roviy =0, for 1 <i < N,}.
Similarly, we also have
(3.37) (Ahuh,vh> = <uh,A2vh>, Yup € Wy, v, € W;;

We have the same Lemmas and Theorems as in Section 2.5, the only differences
are the definition of A* and A*, therefore we will not prove the two theorems below
as the proof is the same as in Section 2.5.

Euler implicit scheme. With the Euler implicit time discretization we have
the following convergence result:

Theorem 3.3. For uy,, defined as in equation (2.72), with uZJrl the solution of
(3.13) we have that

(3.38) ay, converges to u in L°°(0,T; (L*(M))?) weak-star,
as At, h — 0 and u satisfies the following equation equivalent to (1.1), (2.82):

(3.39) %m, V) + (u,A%v) = (f,v), Vv € D(A"),

u(z,y,t =0) = u’(z,y).

Euler explicit scheme. With the Euler explicit time discretization we have
the following convergence result:

Theorem 3.4. For uy, defined as in equation (2.85)1, with uZ“ the solution of
(3.17) we have that

(3.40) ay, converges to u in L°°(0,T; (L*(M))?) weak-star,
as At, h — 0 and u satisfies the following equation equivalent to (1.1), (2.82):

(3.41) %Wa v) + (u,A%v) = (f,v), Vv € D(A"),

u(z,y,t =0) =u’(z,y).
4. Concluding remarks

In this article, we proposed a unified way to implement finite volume discretiza-
tion for the linearized 2D inviscid SWEs in a rectangular domain with the boundary
conditions proposed in [15], where the well-posedness result for the linearized 2D
inviscid SWEs is established, and we believe that the finite volume scheme we
proposed here can be also applied to more general linear hyperbolic initial and
boundary value problems in a rectangle (see [16] for theoretic results). We also
proved the numerical stability and convergence result for the scheme in the fully
hyperbolic case, that is when @3 + 92 > gdo (see (1.2)-(1.3)). As we known in [15],
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there is another important case called the elliptic-hyperbolic case remaining to be
investigated, which is left for future work.
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