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ERROR ANALYSIS OF A MIXED FINITE ELEMENT METHOD
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Abstract. We analyze the convergence of a mixed finite element method for the elliptic Monge-
Ampere equation in dimensions 2 and 3. The unknowns in the formulation, the scalar variable and
a discrete Hessian, are approximated by Lagrange finite element spaces. The method originally
proposed by Lakkis and Pryer can be viewed as the formal limit of a Hermann-Miyoshi mixed
method proposed by Feng and Neilan in the context of the vanishing moment methodology. Error
estimates are derived under the assumption that the continuous problem has a smooth solution.
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1. Introduction

We are interested in the numerical approximation of convex solutions of the
nonlinear elliptic Monge-Ampeére equation

det D*u = finQ

1.1
(1) u = gonofd.

Here 2 is a convex polygonal domain of R? and f € C(2),g € C(9Q) with f > ¢y >
0 for a constant ¢y > 0. We give an analysis of a mixed finite element approximation
of (1.1) for dimensions d = 2 and d = 3. The unknowns in the formulation are
the scalar variable and a discrete Hessian and both are approximated by Lagrange
finite element spaces of degree k > 1.

The numerical study of Monge-Ampeére type equations is a recent active research
area where it appears that techniques to prove convergence to the so-called viscosity
solutions of (1.1) are inherently different from the ones needed to derive error esti-
mates for smooth solutions. It has been documented in [7, 8] for the two-dimensional
problem that the method of Lakkis and Pryer with Lagrange elements of degree
k > 2 captures viscosity solutions of the Monge-Ampere equation. Some numerical
methods proposed for the Monge-Ampere equation, e.g. [3], do not perform well
for non smooth solutions when the discrete problem is solved by Newton’s method.
On the other hand, with the mixed method one can use Newton’s method and still
have numerical convergence for non smooth solutions. This offers the possibility of
numerical solvers faster than the iterative methods proposed in [1]. In this paper
we assume that (1.1) has a smooth solution.

To guarantee the existence of a smooth solution, one has to assume that the
domain is smooth and strictly convex and the data f and g are also smooth [9].
The convex polygonal domain may be assumed to be an approximation of a smooth
and strictly convex domain. Another approach would be to consider elements with
curved faces and enforce Dirichlet boundary conditions by a penalty method as in

[3].
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The method of Lakkis and Pryer has been recently generalized in [8] where a
discontinuous finite element space is used to approximate the discrete Hessian.
This results in a more efficient numerical method and an analysis of both types
of methods were given in [8] for the two dimensional problem. The connection of
the method of Lakkis and Pryer with a Herman-Miyoshi mixed finite element was
also noted in [8]. But the idea to analyze the method from the point of view of
mixed methods, or to view it as the formal limit of the mixed method proposed in
the context of the vanishing moment methodology in [6], was not considered. One
possible reason is that Herman-Miyoshi type mixed methods were originally studied
for equations involving the biharmonic operator. Several technical arguments have
to be made as the linearized Monge-Ampere equation is a second order elliptic
equation. The contributions of this paper are:

(1) An analysis valid in both dimensions 2 and 3 and different from the one
given in [8] for the two dimensional problem.

(2) Error estimates for Lagrange elements of degree k > 3 in dimensions 2 and
3.

(3) Numerical experiments for smooth solutions and Lagrange elements of de-
gree k = 1. Previous authors in their implementation eliminated the dis-
crete Hessian, which does not necessarily converge for k£ = 1, and concluded
the divergence of the method for linear elements.

The approach taken in this paper could help in the investigation of the method for
low order elements, i.e. for k =1, 2.

The paper is organized as follows. In the second section we introduce some
notations, recall classical finite element results, present the mixed method for the
Monge-Ampere equation and useful facts about computations with determinants.
Our variational formulation is well posed for dimensions d = 2 and d = 3 but other
general statements are valid for arbitrary dimension d. In section 3 we give the
error analysis. The last section is devoted to the numerical results.

2. Preliminaries

2.1. Notation and assumptions. Let {2 be an open convex bounded subset of
R? with boundary 9§ and let 7;, denote a triangulation of Q into simplices K. We
denote by hx the diameter of the element K and h = maxge7, hx. We make
the assumption that the triangulation is conforming and satisfies the usual shape
regularity condition, i.e. there exists a constant ¢ > 0 such that hx/px < o, for
all K € T, where px denotes the radius of the largest ball inside K. To be able to
use global inverse estimates, c.f. (2.2) and (2.3) below, we require the triangulation
to be also quasi-uniform, i.e. there is a constant C' > 0 such that h < Chg for all
KeT,.

We use the usual notation LP(£2),2 < p < oo for the Lebesgue spaces and
H*(2),1 < s < oo for the Sobolev spaces of elements of L?(Q) with weak derivatives
of order less than or equal to s in L?(2). We recall that W*°°(Q) is the Sobolev
space of functions with weak derivatives of order less than or equal to s in L>(9).
For a given normed space X, we denote by X9 the space of vector fields with
components in X and by X%*¢ the space of matrix fields with each component in
X. The norm in X is denoted by ||||x and we omit the subscripts €2, d, and d x d
when it is clear from the context. We will use the standard notation ||gs for the
semi norm on H*(Q), H*(Q)? and H*()?*<. The inner product in L?($2), L?(2)4,
and L2(Q)9*? is denoted by (,) and we use (,) for the inner product on L?(9Q)
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and L2(0Q)?. For inner products on subsets of {2, we will simply append the subset
notation. We denote by n the unit outward normal vector to 0f2.

For a scalar function v we denote by Dv the gradient vector and by D?v the Hes-
sian matrix of second order derivatives. For two matrices A = (A;;) and B = (B;;),
A:B= Z'f j=1AijBij denotes their Frobenius inner product. The divergence of a
matrix field is understood as the vector obtained by taking the divergence of each
row. A quantity which is constant is simply denoted by C.

2.2. Lagrange finite element spaces. Let V) denote the standard Lagrange
finite element space of degree k > 1 and X = Vthd. Thus elements of X5, are not
necessarily symmetric matrix fields. We recall that H}(Q) is the subset of H!(£2)
of elements with vanishing trace on 92. Let I}, denote the standard Lagrangian
interpolation operator from H*(Q),s > k + 1 into the space Vj,. We have the

following approximation property
2.1) [[v = Inv||gs < ORI ]| grsr, Yo € H5(Q),5 = 0,1,
' [v = Iv||pe < CRF =2 || usr, Yo € H(Q).

We use the notation I for the matrix version of the interpolation operator into

Vhd *d_ For a continuous function g defined on 99, we let g;, denote its piecewise

Lagrange interpolant on 0f). Finally we denote by I the d x d identity matrix.
We will need the inverse estimates, c.f. Theorem 4.5.11 of [4],

(2.2) ]| < Ch™%[Jv]|2, Vo € Vi,

(2.3) [[v]|gr < Ch7|v|| L2, Vv € Vi,

and the trace inequality

(2.4) ollz2 a0y < Cllolla (), Yo € H (),

which gives the scaled trace inequality by standard scaling arguments
(2.5) 10][Z200) < C(RH[vl[Z2 + AIIVYIIZ2), Vo € Vi

We note that (2.5) holds for all v € H(2). The scaled trace inequality and the
inverse estimate imply

(2.6) 0|l 200y < Ch™%|[v]| L2, Y € Vi

The discrete Sobolev inequalities give estimates sharper than the inverse inequality
(2.2)

(2.7) [v]| < C(1+ |Inh|?)|[v]|g:, Yo € Vi and d = 2
(2.8) [v]| 2 < Ch™2||v| g1, Vv € Vi and d = 3.

The first one can be found in [2] and the second follows from an inverse estimate
and the embedding of H(Q) in L°(Q).

2.3. Variational formulations. We make the assumption that (1.1) has a unique
strictly convex solution v € H*(Q2),s > 3 for d = 2 and s > 4 for d = 3. Additional
assumptions about the regularity of u will be made for the error analysis. By
Sobolev embedding u € C?(Q2). Moreover the unique convex solution of (1.1)
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satisfies the following mixed problem: Find (u, o) € H?(Q) x H(2)%*? such that
(o,7) + (div 7, Du) — (Du,mn) = 0,Vr € H'(Q)%*4
(2.9) (det o, v) = (f,v), Vv € H}(Q)
u = gonofd.
To see that the quantity (det o, v) is finite for v € L?(Q) and o € H*(Q)?*¢, note
that for d = 2, det o is a quadratic function of the entries of 0. For 01,02 € H(Q),

by Hélder’s inequality and the embedding of H'(Q) into L(Q),1 < ¢ < oo for
d=2

o10gvdr < o1 Lalloa||zsllvllL2 < lonlla ozl a|lvl]2-

For d = 3, 01,02,03 € H*(), by Hélder’s inequality and the embedding of H'(Q2)
into LI(Q),1<¢g<6ford=3

/ o10203vdx < ||on[s||oz||Lellos||Ls||v]| L2 < [lov]lar [lo2]|ar [los]| (o] 2
Q

A mixed formulation of (2.9) consists in finding (up,opn) € Vi, X Zp, such that
(on,7) + (div 7, Dup) — (Dup, ™) = 0,V7 € &),
(2.10) (det op,v) = (f,v), Yo € Vi, N H(Q)
up = gp on OS.
The condition 7 € H(Q)4*? in the formulation (2.9) may be replaced by 7 €

L3(Q)4*? with divr € L?(Q)?. Also, we need v € H}(2) only to be able to take
traces on 0.

Remark 2.1. The mized method (2.10) is a nonconforming mized method as we
require u € H*(Q) for the term (Du,mn) to be well defined.

2.4. Computation with determinants. For a matrix A, we denote by A;; its
entries and by cof A its cofactor matrix, i.e. (cof A);; = (—1)""7 det(A)! where

det(A)? is the determinant of the matrix obtained from A by deleting the ith row
and the jth column.

Lemma 2.2. For a d x d matriz A, det A = d=*(cof A) : A and for u € C3(Q),
det D%y = d~! div((cof D?*u)Du).

Proof. The first statement follows from the row expansion definition of the deter-
minant, expanding det A in d different ways using each row.

For a vector field v = (v;), let Dv be the matrix such that (Dv);; = (0v;)/(0z;).
We claim that div(Av) = (div AT) - v + A : (Dv)T. Indeed

d
_ (ZAUUJ‘)
i —
d 814” 81); 814” d d 81)j
_ZZ< Wa—%>—z<z (%Cl>1)J—|—ZZAZJ8—QCZ

Jj=1 i=1 =1 j=1

d

8 0
div(Av) Z 8x Z %

1Z i=1

= (divAT) - v+ A: (Dv)T.

We take v = Du and note that div cof Dv = div cof D?u = 0 by the divergence-free
row property of the cofactor matrix, p. 440 of [5]. Since cof D?u and D?u are
symmetric matrices, the result then follows. ([l
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Lemma 2.3. Fréchet derivative of the determinant. For F(u) = det D*u, we have
F'(u)(v) = (cof D?u) : D?v.

Proof. We have 0(det A)/(0A;;) = (cof A);;. See for example formula (23) p. 440
of [5]. The result then follows from the chain rule. O

Lemma 2.4. Mean value theorem for the determinant. For K € T, and u,v €
C?*(K) we have on K

det D*u — det D*v = cof (tD*u + (1 — t)D?v) : (D*u — D?v),
for some t € [0, 1].

Proof. The result follows immediately from Lemma 2.3 and the mean value theo-
rem. (]

Lemma 2.5. For d =2 and d = 3, and two matriz fields n and T
[l cot(n) : 7|2 < Clinllg< 7]z

Proof. The proof follows from direct computation. O

Lemma 2.6. For d =2 and d = 3, and two matriz fields n and T
[l cof (1) = cof (Tl 2 (ze) < CIftn + (1 = 8)7|| oo ()20 = 7] 22(x0),
for some t € [0, 1].

Proof. For d = 2, we have cof(n) —cof(7) = cof(n—7) from which the result follows.
For d = 3 we use the mean value theorem. It is enough to estimate the first entry
of cof(n) — cof (1) which is equal to

det (7722 7723) _ det <7’22 7’23> — cof (t <7722 7723> +(1-1) (7’22 7'23) > .
32 733 732 T33 732 733 732 733
T22 — 722 7123 — T23
732 — 732 133 — 733

— cof (“722 + (1 =t)m22 tnaz+(1— t)T23> :

tnza + (1 — t)7'32 tnss + (1 — t)7'33

Tl22 — T22  1)23 — 723
M32 —T32 133 —T33)

for some t € [0,1]. The result then follows from Lemma 2.5. O

3. Error analysis of the Monge-Ampeére equation

We use a fixed point argument which consists of linearizing the nonlinear equa-
tion at the exact solution and use the stability of the linearized problem. This
technique has recently been used for the vanishing moment methodology approach
to the Monge-Ampere equation in [6] . We first derive and study the linearized
problem. Then we prove the existence and uniqueness of a solution to the nonli-
near discrete equations.
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3.1. The linearized Monge-Ampére equation. Put F(u) = f — det D?u and
recall that the Fréchet derivative of F is given by F’(u)(v) = — div ((cof D?u)Dv).
See Lemma 2.3. We are thus led to consider the linearized problem: find w € H*(Q)

—div ((cof D*u)Dw) = min

3.1
(3.1) w = [ on 0f,

for given m € L?(Q2) and | € C(99).

By the assumptions on the right hand side f of (1.1), its solution w is strictly
convex and thus A = cof(D?u) is uniformly positive definite. Problem (3.1) is
therefore well posed.

A mixed formulation of (3.1) consists in finding (w,n) € H*(Q) x L?(Q)4*? such
that

n = D?*win
—div cof (D*u)Dw = minQ
w =l on df2.

A weak formulation of the above problem is given by: Find (w,n) € H'(Q) x
L2(Q)dxd

(n,7) + (div T, Dw) — (Dw, mn) = 0,¥1 € H*(Q)%*4,

((cof (D*u) Dw, Dv) = (m,v), Yv € H (),
w = [on 0L,
The discrete problem consists in finding (wp,nr) € Vi, X 2,
(Nn,7) + (div 7, Dwp) — (Dwy,, Tn) = 0,V7 € Xy,
(3.2) ((cof (D*u) Dwy,, Dv) = (m,v), Yv € Vi, N H (),
wp, = I, on ).

Theorem 3.1. Problem (3.2) has a solution which is unique.

Proof. To prove existence and uniqueness of the problem (3.2), we assume m =
0,15, = 0 and show that w;, = 0 and 7, = 0. Taking v = wy, and 7 = 7, in (3.2), by
the strict convexity of u, we obtain |wy|g1 = 0 which gives wy, = 0. It then follows
that np = 0 as well. (Il

Remark 3.2. We make the observation that the last two equations of (3.2), which
solve a linear diffusion equation, completely decouple from the first equation. Thus,
for the linearized problem, we view nn as a projection of wy,.

3.2. Error analysis of the nonlinear problem. Without loss of generality, we
will assume that A < 1. Define a mapping T : V; x X — Vj, X ¥j by

T (wnymn) = (Ta(wh, ), To(wh, 18)),
where Ty (wp, ) and Ta(wp, ny) satisfy
(= Ta(wn,mp), 7) + (div 7, D(wn — Ty (wh, 1))
(3.3) — (D(wn — T (wh,mn)), 710) = (Nn, T)
+ (div T, Dwy) — (Dwp, ™), V7 €Xy
(3.4)
((cof D*u)D(wy, — Ty (wh,nn)), Dv) = (f,v) — (detnp,v), ¥ v € Vi, N Hg (Q)
(3.5) wp — Th(wp,np) =0 on  ON.
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The motivation of the definition of the mapping 7T is given by Lemma 3.3 and 3.4
below.

Lemma 3.3. T s well defined by the well-posedness of the linearized problem, i.e.
Theorem 3.1 applied to (3.2). The proof is immediate.

Lemma 3.4. A fized point of (3.3)~(3.5) with wy, = gp on O solves the nonlinear
problem (2.10). The proof is immediate.

We denote by v > 0 a lower bound of the smallest eigenvalue of cof D?u. Let
(u,0) € H*3(Q) x H*1(Q)4*4 denote the unique convex solution of (2.9) with
k > 1. Note that by Sobolev embedding we then have o € L>(Q)%*?. For p > 0,
define

Bi(p) = {(wn,nn) € Vi x X, Nwp — Inullgr < py |lnn — Inol|p: < R~ 1o}

Zn = { (wh,nn) € Vi X X, wp, = g on 01,

3.6
(3:6) (n, 7) + (div 7, Dwy,) — (Dwp, ™) = 0,Y7 € ¥, } and

(3.7) Bi(p) = Bu(p) N Zn.

Lemma 3.5. By(p) # 0 for h sufficiently small and p = Coh*, for a positive
constant Cy > 0.

Proof. We show that there exists n, € X, such that (Ipu,n,) € Zy, for h sufficiently
small. By (3.6) the problem: find 7, € ¥, such that

(77h,7') = _(diVTv DIhu) + <DIhu77-n>7 VT € Zhv

has a unique solution 7;, by the Lax-Milgram Lemma. Clearly the right hand side
defines a linear functional of 7 € ¥;,. To see that it is a continuous functional, note
that by the Schwarz inequality, (2.3) and (2.6)

| = (div 7, DIyw) + (DI, 7 m) < Clirlls Tnullsrs + Cll vl 2 omy 1711 2 oy
< OO Ml s + 1% Tl 1 o017 2
Next, recall from (2.9)
(o,7) = —(div T, Du) + (Du, Tn).
Therefore
(np —o,7) = —(divr, D(Ipu — w)) + {(D(Ipu — u), Tn).
Thus,
(mh — Ino,7) = (0 — Iyo,7) — (divr, D(Iyu — ) + (D(Ipyu — u), mn).
Let 7 = np, — Ino. Then by the Schwarz inequality, (2.3) and (2.6)
1 — Inol|7-
< Mo —Inollrellne — Inollrz + Cllnn — Ino | [ D(Inw — w) |2
+C|[D(Inu — u)| L2o0) lmn — Il L200)
< Nlo = Iollezllnn — Inollze + Ch™ i — ol 2| D(Inu — u)]| 12
+Ch™ 2D (T — )| L2ony I — Tno| 2.
Therefore
< o= Inollpz + Ch™ | D(Inu — )| g2 + Ch™ 2| D(Inu — u)|| L2 a0
< CRM' 4 CRFTY 4 CRFTE = BN CR? 4+ O+ h?)
< AN Coh®y=h"1p.

lnn — Ino|l g2
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This proves the result.
O

Remark 3.6. For the solvability of (3.3)—(3.5) it is enough to study a certain
mapping Ty : Vi, — Vi defined as follows. Given wy € V), there exists a unique
nn € X which satisfies the condition in (3.6). The proof is analogue to the proof of
the previous lemma. We define Ty (wp,) = T1(wp,mr). Next, note that with (wp,np)
satisfying (3.6), To(wy, np) is uniquely determined by wp, nn, and Ty (wr,nr). It then
follows that if up, is a fived point of Tt , i.e. T} (up,on) = up, then To(up,on) = op.
Thus (up,on) is a fized point of T. It is possible to describe the approach in [8] in
terms of the mapping Ty by referring to my as a discrete Hessian.

The next lemma characterizes pairs (wp,nr) € Vi X 3p, which are in Z, defined
by (3.6).
Lemma 3.7. Let (wp,nn) € Zn. Then

|((cof D?u) : np,, v) + ((cof D*u) Dwy, Dv)| < Chl|v|| g1 ||wh|| g,

for all v € Vi, N H ().
Proof. Recall that elements of ¥, are continuous across inter-elements. We denote
by &} the set of interior faces. For a vector field, we denote by [[w]] = wg+ — wg -
its jump across the intersection of the elements K+ and K—. We use n to denote
the unit outward normal to the face e. Let h., measure the size of the face e and

denote by Pg, the L? projection into the space ¥j,. With A = cof D?u we have for
v € Vi N HE(Q) and using (3.6)

(A : nhvv) = (nhva) = (77h7 Py, (UA))
= —(diV Ps, (UA), th) + <th, (Pgh (UA))TL>6Q

=— Y (div Py, (vA), Dwp)k + (Dwn, (Ps, (vA))n)a

K€7-h
= > (Ps, (vA), D*wp)k — > (Dwn, (Ps, (vA))n)ox
KeTy KeThn

+ (Dwp, (Ps, (vA))n)oq
= > (Ps, (vA), D*wp)k — Y _ ([Dw]], (Ps, (vA))n).

KeTn ecs}
= Y (Ps, (vA) —vA D*wp)k + Y (vA, D*wy)k
KeTh KeTn
= > ([[Dwnl], (Ps, (vA)n).
ec&)
= Y (Pg, (vA) —vA, D*wy)k — > (div(vA), Dwn)x
KeTs KeTn
+ Y (Dwn, (vA))ox — > ([Dws]], (Pg, (vA))n)e
KeTyn ecE;}
= Z (Ps, (vA) —vA, D*wp,) i — Z (ADv, Dwp) i
KeTh KeTn

+ D ([[Dwn]], (wA)n)e = Y ([[Dwnl], (Ps, (vA)n).

ees} ec€}
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= —(ADwy, Dv) + Z (P, (vA) —vA, D*wp)

KeTn
= > {[[Dwn]], (Ps, (vA))n = (vA)n)..,
665;;
where we used v = 0 on OS2, the divergence-free row property of cof D?u, i.e.

div A = 0 and the symmetry of A. Using again integration by parts, we obtain

(A :np,v) + (ADwy, Dv)
=— Y (div(Py, (vA) —vA), Dwn)k + Y {(Px, (vA) — vA)n, Dwp)ox

KeTn KeTh
= > ([[Dwh]], (Ps, (vA)n — (vA)n).
665;;
=— Z (div(Pg, (vA) —vA), Dwy) i + ((Pg, (vA) — vA)n, Dwp)aq.
KeTy,
We define

I=— Z (div(Ps,, (vA) —vA), Dwp)k + {(Ps, (WA) — vA)n, Dwp)aq.
KeTn

Therefore, (A : np,v) + (ADwp, Dv) = T'. To estimate I', we proceed with an
approach similar to the one taken in [8]. By Lemma 4.4 and 4.5 of [8], one obtains
(3-8) 1Psy, (vA) = vA[|r < Chl[v]|

_ 1/2
(3.9) (D hetllPs, (vA) = vAllZa) " < Chllolla.

e€coN)

The results in [8] are stated in terms of Ay the L? projection of A into ¥j,. But
the analysis there easily holds. Put

1
2
ol ey = ( ) ||v||§,k<m) .

KeTh

For example, to prove (3.8), note that v is a piecewise polynomial of degree k and
hence ||v||gr+1(7;) = [|v]|gr(7;,)- Thus using an inverse estimate and the approxi-
mation properties of P, , we have for m = 0,1

1Pe, (0A) = vAl|grm(75) < CHM [0l 7y = CREF™ [l | e
< CRE R Ml oy < CR2 ™ol i 7.

Similarly, one proves (3.9) using the above result, the trace inequality and inverse
estimates. Thus

(3.10) = 3 (div(Py, (vA) = vA), Dwy)ic| < Chl[]] g |[w]] g1
KeTy,
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Moreover
‘<(ch (vA) — vA)n, Dwp)sa
=D ((Ps, (vA) = vA)n, Dwp).
econ)
—| X 2 (04) = v 2D |
ecof)
1/2 1/2
< (S rrs e - oalag ) (X ndDlag )
ecof) ecoN
By (3.9) and the trace-inverse inequality (2.6), we get
(3.11) ((Pg, (vA) = vA)n, Dwp)oa| < Ch||v| g [[w|| -
By (3.10) and (3.11), we obtain |TI'| < Chl|v||g1||w||gr. This completes the proof.

O

Lemma 3.8. The mapping T does not move the center (Inu, Ino) of the ball By (p)
too far, i.e.

(3.12) ||Ihu — Tl(Ihu,IhU)HHl < Chk+1HO'HdL;1||O'||Hk+1 = Clhk+l

lho = To(Inu, Ino) |2 < CRF (oS ol mmer + ol s + [l )
= Cghkil.
Proof. Since Ty (Ipu, Inc) = Ipu on 99 by (3.5), we have v = Ipu — Ty (Ipu, Ino) €

Vi, N HE(Q). Using it in (3.4), det D?u = det o = f and using the strict convexity
of D%y and Cauchy-Schwarz inequality, we have

vIyu — Ty (Inu, Io) |3 < ||det Ino — det o||p2 || Inu — Ty (Inu, Ino)|| 2
< || det Iy,o — deta||L2||Ihu — Tl(IhU,IhO')”Hl.

(3.13)

By Poincaré’s inequality
[ Thu — Ty (Ipu, Ino)|| g < C||det Ino — det o[-
By Lemma 2.4, on each element K
det Ino — deto = cof (tIno + (1 —t)o) : (Ino — o),
for some t € [0,1]. By (2.1) we have || I0| =~ < C|lo||p~. Thus by Lemma 2.5
|| det(IhU) — det UHL2(K) < CHtIhU + (1 — t)UHdL;l(K)HIhO' — UHL2(K)
< Cllo|| < 1 Tno = ol| L2 (x)-
Therefore
| det(Tno) — det 2 < Cllol|l4= | Tno — o] 2.
And so by (2.1)
1 Ihw = Ty (Iyw, 1ol < Cllol| 7t [no = o2 < CRE || ol e,
which proves (3.12).
Next, use wy, = Iyu, np = Ipo and 7 = Io — Te(Ipu, Ijo) in (3.3) to obtain
I7l72 = —(div 7, D(wy, — Tr(wn, 1)) + (D(wp, — Ty (wp, 1)), 70) + (M4, 7)
+ (div 7, Dwy,) — (Dwp, Tn).
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Note that
(0,7) + (div T, Du) — (Du,mn) =0, V1€ H'(Q),
and thus
7|22 = —(div T, D(Iyu — Ty (Inu, I,0))) + (D(Inu — Ti (Inu, Ino)), 7n)
+ (Ino —o,7) + (divr, D(Tpu — u)) — (D(Ipu — u), Tn).

By Cauchy-Schwarz and Poincaré’s inequalities, the inverse estimate (2.3), (3.12),
the trace-inverse inequality (2.6) and the interpolation estimates (2.1), we have

|I7[17
< |7z [Hrw = Ty (Inw, 1no) || gy + CllInw — Ty (Inw, 1no) || g1 00y 171 22 (00)
+ |[Iho = ol|rzI7[|z2 + [|7l[m [ Ihu — ullgr + CllInu — ul[g 00y |I7]] 22 (60
< ChE ||| 4ol grsr || 7]z + Ch™ | Tnu — Ty (Tnw, 1no)| | g |)7)| o2
+ Ch* o || e |7l L2 + CR*Hlull g [ 7l| 22 + OB ul gz gagy |72

< CR¥|loll gt ol aesallmlle + CHM ol grsallrl 2 + CR* = lull i |7 2.

We conclude that ||T||L2 < Ohkil(HO’HdL;lHO'HHkJA =+ ||O'||Hk+l + ||’U,||Hk+1) which is
(3.13). O

Lemma 3.9. Let p > 0 and (wy,m) and (w2,n2) in By (p). We have
(3.14) I To(wi,m) = To(wa,n2)l| 2 < Cah™ || Ti(wi,m) = T (wa, m2)| | e
and Cy can be chosen such that Cy > 1.
Proof. For (wy,n1) and (w2, n2) in Bp(p). We have using (3.3)
(T2(w1,m) — To(wz, m2), 7) = —(div 7, D((Ty (w1, m) — Ti(we,72)))
+(D((T1(w1,m) — Ti (w2, n2)), 7).

Choosing 7 = Ta(w1,m1) — Te(w2,n2) and using Cauchy-Schwarz and Poincaré’s
inequalities, the inverse estimate (2.3) and the trace-inverse inequality (2.6), we
obtain

17172
< ||l g 1 Th (w1, 1) — Th(way m2)| | + CR™ |7 L2 || Th (w1, 1) — T (way m2) || 1
< Ch7 |72 || T (wi,m) = Th (w2, m2)| | -
We conclude that (3.14) holds. O
Lemma 3.10. Let p > 0 and (w1, m) and (we,n2) in Bp(p). We have
(3.15)
1T (w1, m0) =T (w2, m2) [ < COFF2ul i + 575 p + [Ju e )2
(P ullgres +h ™ p)llm = m2ll 2| Ty (wi,m) = Ti(wa, m) || o
+ Chl|wi — wa|[ g || Ty (w1, m) — Ti (w2, m2) a1 -
Proof. Using (3.4) we have
((cof D*u) D(Ty (w1, m) = T1 (w2, n2)), Do)
= ((cof D*u)D(w; — ws), Dv) + (detn; — det nz, v) + ((cof D?u) : (1 — 12),v)
— ((cof D*u) : (1 —n2),v),
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for all v € Vj,. By the definition of By(p), (3.7) and Lemma 3.7, we have
((cof D*u)D(Ty (w1, m) — T1(wa,n2)), Dv)

= —((cof D*u) : (m1 —n2),v) + (detny — detna,v) + T,

for all v € V, with

(3.17) T} < Chllwy — wa|| g 0] |2

(3.16)

By Lemma 2.4, on each element K, for some ¢t € [0, 1] we have

det my — det e = cof (b + (L — t)n2) : (m — n2),

where for simplicity we do not explicitly indicate the dependence of t on K. There-
fore on each element K

(3.18) (cof D*u) : (m —n2) — (det 1 — detns) = ((cof D?u)
— cof(tm + (1 = t)772)) S (m —m2).
(

We have Ty (w1, m1) — T1(wa,n2) = w1 —we = 0 on 9 by (3.5). We can then use
v="Ti(wy,m) — T1(wz,n2) in (3.16). By (3.18), and with o = D?u, we get

Z (((cofo) —cof(tm + (1 — t)nz)) t(m — 772)771);( + [T
KeTy

(3.19) vl <

Let us define

A = (((cof o) —cof(tn + (1 — t)?’]g)) s (m — ng),v)K.

By Holder’s inequality, Lemma 2.6, the interpolation estimate (2.1) and the defini-
tion of Bp(p) (3.7), we have for some s € [0, 1] which depends on K

Ak < Cllso + (1= s)(tm + (1= )l 1 g0 llo = (tm + (1 = )m2) || 2
[Im1 = m2[ L2y 0] e
< Clls(c = Iho) + (1 —s)(t(m — Ino) + (1 —t)(n2 — Ino)) + Iha||”Ll;2(K)
llo = (tn + (1 = )n2llL2(x) [Im — me2llL2 o)l V]| Lo
< Clllo = Inollze + tlm — InollLe~ 4+ (1 = t)[|n2 — Ino|[ L~
+ [ Inollpe)"2|lo = (tm + (1 = )m)||2 () |lm = n2ll L2 o) l[o] o
< C(CHM=92 o] | ppess + th™ % |y — Tnol|z2 + (1 — A" 5|2 — Tno ||
+ [ Inollpe)"2|lo = (tm + (1= )m)|| () |lm = n2l L2 o) l[o] o
< C(CHH1=2 o] | pposs + ™2 p + [|o|| e )42
llo = (tm + (1= t)n2)|| 2 &)l lm — m2llz2 o) ||l poe -
Moreover
o—({m+ 1 —=tn)=0—Iyo+tiho+ (1 —t) o — (tm + (1 —t)n2)
=0 — Ipo +t(Ino —m) + (1 —t)(Ino — n2).
We conclude using again (2.1) that
llo = (tn+ (1 = )n)llr2x) < llo = Inollp2(x) + tIno — mullp2(x)
+ (1 = )|[Ino — m2llr2(x)
<o = Inoll2(r) + [[Ino — mllr2(x)
+ |l Ino — n2|lL2(x).-
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It follows that

Y Akl < GO o] g + 075 p+ [[o] =) 72 o] [
KeTh

> (llo = Inollz2x) + [Hno — mll o)
KeTh

+ [no — 2l L2 ) [Im — m2ll2 (k)
< C(CH*=92 o] [ gpss + B2 p + (o] oo )72 0]
(llo = InollL> + [[Ino = mllz2 + [Ino — n2llz2)lIm — m2ll22
C(CR* 2| |6 gprss + B2 p + ||o|| 1o )42 |0]| oo
(CR* Mo grsr + Ch™ p)|lm — n2l| L2,

IN

where we again used the interpolation estimate (2.1) and the definition of By(p).
Combined with (3.19) we obtain

1T (wi,m) = Ti(wa,mo) |72 < CCRF =2 o[ ppron + 75 p+ [ Ino 1)
(CR** Mol g + Ch™ p)|Im — 2|2
Ty (w1, ) — Ty (w2, m2)| | Lo + [T
< 2l [giss + B8 p o+ o)
(Rl rss + ™ p)lIms — ma |2
Ty (w, ) — Ty (wz, m2)|| e + [T
In view of (3.17), this completes the proof. O
Lemma 3.11. Let p(h) = 2C3h* where C3 = max(Cy, C1, Ca) with Cy the constant

in Lemma 3.5 and Cq,Cs the constants from Lemma 3.8. Then the mapping Ty
has a strict contraction property in By(p) for h sufficiently small. That is

[ T1 (w1, m) — T1(wa,m2)|| g1 < L||771 — 2|2
(3.20) 4614
+ g, v —wlle
for (w1, m), (w2,m2) € Bu(p).
Proof. The proofs in dimensions 2 and 3 are different.
Case d = 2. Using the discrete Sobolev inequality (2.7) and (3.15), we have
T3 (wr, ) = T (wa, mo) [z < COF|[ul| ss + h ™2 p) (1 + [0 h|2) Iy — a2
+ Chl|lwy — wa||gm
< C(W* +h=2p) (1 + Al 2)hllm = a2
+ Chl|lwy — wa||gm
< C(W* + W) (14 [ k|2 ki = el 2
+ Chllwr — wa|[ g,

where we also used the expression of p given in the lemma to be proved.
For k > 3 and h sufficiently small we have C(h* + h¥=2)(1 4 |Inh|z) < 1/(4C})
and Ch < 1/(4C4). Thus (3.20) holds.
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Case d = 3. Using the discrete Sobolev inequality (2.8) and (3.15), we have

173 (wr, ) = T (wz,m2) [ < CB™2 (W72 | s + B3 p o+ [[u w2 )
(Pl rers + R p) |l = 2|2

+ Chl|lwy — wa||gm

< O 4 W72 4 R (W 4 5 Iy = a2
+ Chl|wy — wa||gm

< O(W 4 W72 4 h2) (W + W52 by = a2
+ Chl|lwr — wa|[g,

where we also used the expression of p given in the lemma to be proved.
For k > 3 and h sufficiently small we have C(h¥~1 + B3 4 h=2)(hF + hF—2) <

1/(4Cy) and Ch < 1/(4Cy4). Thus (3.20) holds as well.
O

Lemma 3.12. T maps By (p) into itself for h sufficiently small and with p(h) given
in Lemma 3.11.

Proof. Let (wp,nn) € Br(p). By definition, ||wy, — Inu||lg < p and ||nn, — Ino|| <
h=1p. By (3.20), (3.12), and using 1/Cy < 1

| Ty (wh,mn) — Tnul | g < | Ty (who ) — T (Tnw, Ino) || g + | T (Thu, Ino) — Inul| g

thrl

IN

h 1
Z”nh —Inol[r2 + Z||Uh — Ihul| g 4+ Cy

IN

p kD P
Progpb=£ 4 F
g T3 53

IN

Ps

for h sufficiently small. In addition, by (3.20), (3.14) and (3.13) and a similar
argument we get

| Tao(wh, nn) — Inol|p2 < ||Te(wh,nn) — To(Ipu, In0)|| L2 + [|Te(Inu, Ino) — Inol| L2
< Cah Y| T1(why i) — Ty(Inu, 1no)| | gy + (| To(Inu, Ino) — Inol| e

A

1 ht _
Z||"7h — Inol|re + T||uh — Inul| g + CohF?

Bt Wl b
Lrcgptt =L 20

IN

<h 'p.

By (3.3) (Th (wh,nn), To(wh,nr)) is in the space Zj, defined by (3.6). This concludes
the proof. (I

We can now claim

Theorem 3.13. Let (u,0) € H*3(Q) x HF1(Q)?¥9 denotes the unique convex
solution of (2.9) with k > 3. Then the problem (2.10) has a unique solution in
By (p) C Vi, x Xy, for h sufficiently small and with p(h) given in Lemma 3.11.
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Proof. The proof follows from the Brouwer fixed point theorem. For h sufficiently
small and for (wy,n1), (w2, n2) € Br(p), by (3.20) and (3.14)

|11 (wi,m) — Ti(wa, n2)|| g + || T2 (w1, mi) — Ta(wa, n2)|| L2
< (14 Ch™Y||Ti(wr,m) — T1(w2,m2)|| a1
< (14 Ch™Y)|lwi = wa[gs + Cllm — 2|2

Hence the mapping T is continuous in By (p). Since for h sufficiently small and the
choice of p(h), the continuous mapping T" maps the closed ball Bj(p) into itself,
there exists a fixed point (up,op) in Bi(p).

Assume that (w},n}) and (w?,n?) are two fixed points of T. Then T} (w},n}) =
w} and Ty (w3, n?) = wi. By (3.20) and using 1/Cy < 1, we have

1 2||

[[wy, — wp, |w,11—wi||H1,

hi 1 1
< = _ -
< 4||77h 77h||L2+4|
and so

h
|lwp, — wil] < gllni—nillw-

We also have To(w},nt) = ni and Th(w?, n?) = ni. By (3.14)

_ 1
[l = millee < B lwy, = will < Sy = 3|z
This implies n} =77 and so w} = w?. This proves uniqueness. O
The following error estimates hold

Theorem 3.14. Under the assumptions of Theorem 3.13, the solution (up,op) of
(3.3)(3.5) satisfies

(3.21) l[u —up||gr < Ch*
(3.22) llo —on||2 < Ch*L.
Proof. By the definition of the ball Bp(p) (3.7), the existence of the solution (up, o)
in By(p) with p = O(h*) given in Lemma 3.11, we have
[ Thu — up|| g < CR”
[[Tno — onl|p2 < ChFL

The estimates (3.21) and (3.22) then follow from triangular inequalities and stan-
dard interpolation inequalities. ([

Remark 3.15. For computational efficiency, one may impose that elements of X,
are symmetric matric fields. The analysis of this paper also holds in that case.

Remark 3.16. It is not necessary to use the same polynomial degrees for Vi, and
¥n. However for Vi, the Lagrange space of degree k1 and Xy, a finite element space
of matrix fields with each component in a Lagrange space of degree ks, we need
ko > k1 > 3 for the analysis of the paper to hold. Lemma 3.7 breaks down for
ky < k1. The analogue of (3.8) for v a piecewise polynomial of degree ki gives

1P, (vA) = vA|| g (7,) < ChP2T 0] | g1 () = CRP2H 7 0] | s (7
< CRPT R [ g oy < CRP™M ] (7).

only if ko > k1.
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TABLE 1. Linear Lagrange elements for a smooth solution
u(z,y) = el +v)/2

h [lu—wup||pz rate |u—wup|gr rate ||o —opl|rz rate
1/2 1.05 1071 5.41 107! 4.14

1/4 | 25310°2 2.05 2.8010°! 095 313 0.0
1/8 5951072  2.09 1.4110°' 0.99 2.35 0.41
1/16 1.46 1073  2.02 7.081072 0.99 1.71 0.45

1/32 | 3.7010~* 1.98 3.54107? 1 1.22 0.49
1/64 | 9.41107° 1.97 1.77 1072 1 0.87 0.49
1/128 | 2371075 1.99 8851073 1 0.61 0.51

4. Numerical Results

We give numerical results for linear finite elements and a smooth solution u(z, y) =
e(@+¥)/2 on the unit square [0,1]2, c.f. Table 1. The method was implemented
with the software freefem++ on a uniform mesh obtained by dividing the domain
into squares, then each square is divided into two triangles by taking the diagonal
with positive slope. The numerical results indicate a superconvergence result for
o —onl|L>-

Numerical results for the method analyzed in this paper were reported in [7, 8]
for the two dimensional problem and high order elements, i.e. k& > 2. Therefore,
we do not repeat these tests here. The authors of [7, 8] reported the divergence of
the method for linear finite elements. This is probably the case if the method is
implemented in a primal form with the discrete Hessian, which does not necessarily
converge for linear elements, eliminated from the equations. It has been reported
in [8] that penalizing the jumps of the first derivatives make the method suitable
for linear finite elements and non smooth solutions. Our numerical results indicate
that for smooth solutions, there is an advantage in considering the method in mixed
form using linear elements for all the variables.

The reader interested in discontinuous elements for ¥, may refer to [8] or prove a
version of Lemma 3.7 without using the continuity across inter elements of elements
of Zh.
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