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Abstract. We introduce and analyze an augmented fully-mixed finite element method for a
fluid-solid interaction problem in 3D. The media are governed by the acoustic and elastodynamic
equations in time-harmonic regime, and the transmission conditions are given by the equilibrium
of forces and the equality of the corresponding normal displacements. We first employ dual-
mixed variational formulations in both domains, which yields the Cauchy stress tensor and the
rotation of the solid, together with the gradient of the pressure of the fluid, as the preliminary
unknowns. This approach allows us to extend an idea from a recent own work in such a way that
both transmission conditions are incorporated now into the definitions of the continuous spaces,
and therefore no unknowns on the coupling boundary appear. As a consequence, the pressure
of the fluid and the displacement of the solid become explicit unknowns of the coupled problem,
and hence two redundant variational terms arising from the constitutive equations, both of them
multiplied by stabilization parameters, need to be added for well-posedness. In fact, we show that
explicit choices of the above mentioned parameters and a suitable decomposition of the spaces
allow the application of the Babuska-Brezzi theory and the Fredholm alternative for concluding
the solvability of the resulting augmented formulation. The unknowns of the fluid and the solid
are then approximated by a conforming Galerkin scheme defined in terms of Arnold-Falk-Winther
and Lagrange finite element subspaces of order 1. The analysis of the discrete method relies on
a stable decomposition of the finite element spaces and also on a classical result on projection
methods for Fredholm operators of index zero. Finally, numerical results illustrating the theory
are also presented..
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1. Introduction

In this paper we focus again on the three-dimensional fluid-solid interaction
problem studied recently in [20] (see also [17] for the corresponding 2D version).
More precisely, our physical model of interest consists of a bounded elastic body
(obstacle) Qs in R? with Lipschitz-continuous boundary 3, subject to a volume
force F, that is fully surrounded by a fluid. Then, given an incident acoustic wave
P; upon ), we are interested in determining both the response of the body and the
scattered wave. We assume that P; and F exhibit a time-harmonic behaviour with
frequency w and amplitudes p; and f, respectively, so that p; satisfies the Helmholtz
equation in R3\(,. Hence, we may consider that this interaction problem is posed
in the frequency domain. In addition, in what follows we let o, : Q, — C3*%3,
u:Q, — C3 and p: R3\Q — C be the amplitudes of the Cauchy stress tensor,
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the displacement field, and the total (incident + scattered) pressure, respectively,
where C stands for the set of complex numbers.

The fluid is assumed to be perfect, compressible, and homogeneous, with density
py and wave number ky := i, where vy is the speed of sound in the linearized fluid,

v

whereas the solid is supposed to be isotropic and linearly elastic with density ps and
Lamé constants 4 and A\. The latter means, in particular, that the corresponding
constitutive equation is given by Hooke’s law, that is
(1) os = Mre(w)I + 2pue(u) in Q,

where (u) := 1 (Vu+ (Vu)*) is the strain tensor of small deformations, V is the
gradient tensor, tr denotes the matrix trace, * stands for the transpose of a matrix,
and I is the identity matrix of C3*3. Consequently, under the hypotheses of small
oscillations, both in the solid and the fluid, the unknowns o, u, and p satisfy the
elastodynamic and acoustic equations in time-harmonic regime, that is:

divo’s—i-ligu = —f in Qg,
Ap+rip = 0 in R3\Q,

where the wave number k; of the solid is defined by ,/psw, together with the
transmission conditions:

osVv = —pv on X,

(2) 9

prwiu-v = 8_i on X,
and the behaviour at infinity given by
(3) p—pi = 0@
and
) W — kg (p—pi) = o(r™),
ast := ||x|]| = oo, uniformly for all directions ﬁ Hereafter, div stands for the

x

usual divergence operator div acting on each row of the tensor, ||x|| is the euclidean
norm of a vector x := (x1,72,23)* € R?, and v denotes the unit outward normal
on ¥, that is pointing toward R3\Q. The transmission conditions given in (2)
constitute the equilibrium of forces and the equality of the normal displacements of
the solid and fluid, whereas the equation (4) is known as the Sommerfeld radiation
condition.

In the recent work [20] we introduce and analyze a new finite element method
for the above interaction problem. Actually, we initially proceed as in [17] and
simplify a bit the original model by assuming that the fluid occupies a bounded
annular region Qy. Hence, a Robin boundary condition imitating the behavior of
the scattered field at infinity is imposed on the exterior boundary of Qf, which
is located far from the obstacle. Then, we employ a dual-mixed formulation for
plane elasticity in the solid, in which the elastodynamic equation is used to elim-
inate the displacement unknown, and keep the usual primal method in the fluid
region. Needless to say, avoiding the locking phenomenon that arises in the nearly
incompressible case or obtaining direct finite element approximations of the stresses
constitute the main reasons for using the dual-mixed method in the solid. Now,
the main novelty of our approach in [20] with respect to [17] is the incorporation
of the first equation of (2) into the definition of the product space to which the



626 G. GATICA, A. MARQUEZ, AND S. MEDDAHI

pair (o, p) belongs. In this way, we avoid the introduction of further unknowns
(Lagrange multipliers) on the boundary of the solid, which otherwise would yield
later on a more complicated discrete analysis and a bit more expensive Galerkin
scheme. Indeed, the strategy involving a Lagrange multiplier on the transmission
boundary and the consequent need of an associated discrete inf-sup condition would
require the use of finite element meshes satisfying a stability condition between their
corresponding mesh sizes, which certainly constitutes a very cumbersome restriction
in 3D computations. Therefore, thanks to the availability of the new stable mixed
finite elements for 3D linear elasticity with weak symmetry (see, e.g. [3], [5], [10]),
the unknowns of the solid and the fluid are approximated in [20] by the correspond-
ing components of the Arnold-Falk-Winther (AFW) and Lagrange finite element
subspaces of order 1, respectively. The resulting AFW element, which involves
the lowest polynomial degrees, consists of piecewise linear approximations for the
stress and piecewise constants functions for both the displacement and rotation un-
knowns. Thus, because of the coincidence between the polynomial shape-functions
approximating o4 v and — pv, we are able to generate a conforming finite element
subspace for (o, p). In other words, the equilibrium of forces on X is exactly sat-
isfied at the discrete level, and hence a natural coupling of the Lagrange and AFW
elements of lowest order with respect to that transmission condition is obtained.

The purpose of the present paper is to further extend the approach from [20] by
employing now dual-mixed formulations in both media. This means that, besides
o, we now set the additional unknown

(5) oy = Vp in R*\Q,

so that the Helmholtz equation and the second condition in (2) are rewritten,
respectively, as

(6) diveys + n?»p =0 in R3\Q.,
and
(7) o;v=prwiu-v on X,

The main motivation for introducing o ¢ and the resulting equation (6) lies on the
eventual need of obtaining direct and more accurate finite element approximations
for the pressure gradient o ¢ := Vp (instead of applying numerical differentiation,
with the consequent loss of accuracy, to the approximation of p arising from the
usual primal formulation). In particular, the above is required for solving the in-
verse problem related to the Helmholtz equation, in which the boundary integral
representation of the far field pattern, a crucial variable in an associated iterative
algorithm, depends not only on the trace of p but also on the normal trace of o
(see, e.g. [11, Chapter 2, Theorem 2.5]). Certainly, a H(div)-type approximation
of o¢ is better suited for this purpose. The usefulness of the mixed formulation
for the pressure p is also justified by the fact that it is locally mass conservative.
Furthermore, the fact that the second transmission condition on ¥ is given now by
(7) allows to incorporate it into the definition of the space to which the pair (o, u)
belongs, thus providing another advantage of utilizing a dual-mixed approach in
the fluid. More precisely, besides the absence of unknowns on the interface, the
fact that the verification of related discrete inf-sup conditions is no longer need-
ed, constitutes the main advantage of incorporating both transmission conditions
into the definition of the spaces. In turn, since the pressure of the fluid and the
displacement of the solid become explicit unknowns of the coupled problem, two
redundant variational equations taken from (1) and (5), both of them multiplied by
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stabilization parameters, need to be added for the corresponding solvability analy-
sis. In this way, we arrive at what we call the augmented fully-mixed formulation
of our fluid-solid interaction problem. The rest of this work is organized as follows.
In Section 2 we redefine the fluid-solid interaction problem on a bounded domain of
R3 (as in [17] and [20]), and derive the associated continuous variational formula-
tion. Then, in Section 3 we analyze the resulting saddle point problem and provide
sufficient conditions for its well-posedness. The corresponding Galerkin scheme is
studied in Section 4. Finally, numerical results illustrating the analysis are reported
in Section 5.

We end this section with further notations to be used below. Since in the sequel
we deal with complex valued functions, we use the symbol 2 for /=1, and denote
by Zz and |z| the conjugate and modulus, respectively, of each z € C. Also, given
T = (735), ¢ == ({i;) € C**3, we define the deviator tensor 7% := 7 — L tr(7) L,
the tensor product 7 : ¢ := Zij:l Ti; Gij, and the conjugate tensor 7 := (7;;). In
turn, in what follows we utilize standard simplified terminology for Sobolev spaces
and norms. In particular, if O is a domain, S is a closed Lipschitz curve, and r € R,
we define

H'(0) := [H"(0))?, H(0) := [H"(0)**®, and H"(S) := [H"(S)]>.

However, when r = 0 we usually write L?(0), L?(0), and L*(S) instead of H°(O),
H°(0), and H°(S), respectively. The corresponding norms are denoted by || - [0
(for H"(O), H"(O), and H"(O)) and || - ||»,s (for H"(S) and H"(S)). In general,
given any Hilbert space H, we use H and H to denote H? and H>*3, respectively.
In addition, we use (-,-)s to denote the usual duality pairings between H~'/2(S)
and H'/2(S), and between H~'/2(S) and H'/?(S). Furthermore, the Hilbert space

H(div; 0) := {W cL?(0): divw e LQ(O)} )

is standard in the realm of mixed problems (see [8], [22]). The space of matrix
valued functions whose rows belong to H(div; O) will be denoted H(div; O). The
Hilbert norms of H(div; O) and H(div; O) are denoted by || - ||aiv:o and || - ||div:0,
respectively. Note that if 7 € H(div; O), then div T € L?(0). Finally, we employ
0 to denote a generic null vector (including the null functional and operator), and
use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic
constants independent of the discretization parameters, which may take different
values at different places.

2. The continuous variational formulation

We begin by remarking, as a consequence of (3) and (4), that the outgoing waves
are absorbed by the far field. According to this fact, and in order to obtain a suitable
simplification of our model problem, we now proceed similarly as in [17] and [20]
and introduce a sufficiently large polyhedral surface I, whose interior contains 2.
Then, we define €1; as the annular region bounded by ¥ and I', and consider, for
simplicity, the Dirichlet boundary condition:

(8) p=p; on I.

Therefore, given f € L2(Q,) and p; € HY?(T'), we are now interested in the
following fluid-solid interaction problem: Find oy € H(div; Qs), u € HY(Qy),
os € H(div; Qf), and p € H'(Qy), such that there hold in the distributional
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sense:
o;, = Ce(u) in Qs,
divo, + Hiu = —f in Qg,
of = Vp in Qf,
(9) divey + w5p = 0 in Qy,
oV = —pv on X,
oV = pfw2u~1/ on X,
p = pi on T,

where C is the elasticity operator given by Hooke’s law, that is
(10) C¢ = Atr(O)I + 2u¢ V¢ e L2(Q,).

It is clear from (10) that C is bounded and invertible and that the operator C~*

reduces to
1 A

-1 - - -
(11) C¢= 2,LLC 20 (BN +2p)

In addition, the above identity and simple algebraic manipulations imply that

/Q cleir = —/ ¢ (3;”#)/ KO te(r) VT € L2(9,),

tr(()I V¢ € L2(9Qy).

which yields
(12 [ et
Q.

This estimate will be useful for our analysis below in Sections 3 and 4.

V¢ e L2(Q,).

In what follows we apply dual-mixed approaches in the solid {2, and the fluid Qf
to derive the fully-mixed variational formulation of (9). To this end, we first apply
the usual procedure from linear elasticity (see [1], [17] and [31]) and introduce the
rotation

v = l(vu— (Vu)®) € L2, ()

asym

as a further unknown, where L Q) denotes the space of asymmetric tensors

asym(
with entries in L2(£);). In this way, the constitutive equation can be rewritten in

the form
Clos =¢e(u) = Vu — 7,
which, multiplying by a function 7, € H(div; ;) and integrating by parts, yields

(13) C_lo'S:Ts—i—/ u-diVTS—<Tsl/,u>g+/ T,:v7 = 0.
Q Q Q.
Then, replacing from the elastodynamic equation in Q; (cf. second equation of (9))
1
u = ——2(f+ divas),

S

we find that (13) becomes
(14)

1 1
/ Cilo's:Ts——2/ diVO’S-diVTS—<T5V,u>E+/ 75:7:—2/ f-divT,.
Qs Ks Ja, Qs Rs Ja,
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In turn, the symmetry of o is imposed weakly through the relation
(15) /s o,:m =0 Vn e Lzsym(ﬂs).

On the other hand, proceeding similarly in the fluid region Qg, that is mul-
tiplying the constitutive equation oy = Vp in Qf by 7y € H(div; Qy), inte-
grating by parts, noting that the normal vector points inward 2; on X, using the
Dirichlet boundary condition on I', and replacing from the Helmholtz equation
p=— % divoy in Qy, we arrive at

1
(16) / of Ty — — divosdivry + (15 -v,p)s = (T§ -V, pi)r.
Qf Ky Jay

It remains to incorporate the transmission conditions on ¥ (cf. fifth and sixth
equations in (9)) into our continuous formulation. For this purpose, as already
announced in Section 1, we now introduce the closed subspaces of H(div; ) x
H'(Qy) and H(div; Qf) x H*(Qy), respectively, given by

X; = {?S = (Ts,q) € H(div; Q5) x H'(Qy): Tsv = —qv on Z}
and
Xy = {?f = (14,v) € H(div; Q) x H(Qy): T;-v = pjw?v-v on E}.

In this way, replacing 7, v by —qv in (14) for each Ty := (75,q9) € Xy, and 7/ -v
by prw?v-v in (16) for each 7 := (74,v) € Xo, the equations (14) and (16)
become

1
Cloy:Ts — — / divo,-divr, + (qv,u)s + / Ts:1
Qs Ks Ja, Qs
(17) .
= — / f-divr, VT, = (Ts,q) € Xy,
lis Qg
and
1 . . 9
of Ty — —% divesdivry + prw” (pv,v)s
(18) Qs Ky Jay

= <Tf'l/,pi>p V?f = (‘l’f,V) S Xg,

where the unknowns & := (0, p) and 6y := (o s, u) are now sought in X; and X,
respectively.

It is important to remark at this point that, instead of replacing u and p by the
expressions obtained from the elastodynamic and Helmholtz equations, the usual
dual-mixed method would simply test these equations against v € L2(£2,) and
q € L?(€y), respectively, obtaining

/v~div0's+/£§/ u-v:—/ f-v,
Qs Qs Qs

/qdivalf—i—m?/ pqg = 0.
Qy Qy

However, it is easy to see, mainly because of the lack of coerciveness of the un-
derlying operators, that the resulting continuous formulation does not fit into the
framework of any of the available theories for proving well-posedness, and hence

and
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a different procedure must be adopted. To this respect, we recall that the above
mentioned replacement of u was sufficient for the corresponding analyses of the
elastodynamic equation in [17] and [20] since it basically allowed to remove this
unknown. The same would hold for the dual-mixed formulation of the Helmholtz
equation if the pressure p were replaced as indicated. Nevertheless, it is quite
clear that the fully-mixed approach that we are applying to the present fluid-solid
interaction does not actually eliminate u and p (in spite of the above described
replacements), but on the contrary it does confirm their incorporation as explicit
unknowns of the coupled problem. According to this, and keeping in mind that u
and p belong to H'(Qy) and H' (), respectively, we now make redundant use of
the constitutive relations given by the first and third equations in (9), and propose
to enrich our variational formulation with the identities

(19) — K1 /Q {e(u) —C o} re(v) =0 Vv e HY(Q,),
and
(20) —r2 | {Vp—os}-Vg=0  VeeH(Q),

where k1 and ko are positive stabilization parameters to be chosen conveniently
later on. In particular, the reason for choosing minus signs multiplying (19) and
(20) will become clear from the analysis in Section 3.

Consequently, adding (15), (17), (18), (19), and (20), and defining the spaces
X :=X; xXo and Y :=L2_(Q),

asym
we arrive at the following augmented fully-mixed formulation of the fluid-solid
interaction problem: Find ¢ = (¢,,6¢) = ((0s,p),(0f,u)) € Xand vy € Y
such that

21
( )A(t?,?) +B(T,y) = F@F) V7 :=(77y) = (75,0),(17,v) €X,
B(e,n) = 0 vneyY,
where F : X — C is the linear functional
F(7) := % f-divrs + (15 -v,pi)r VT e X,

s JQs
and A: X x X — C, and B: X xY — C are the bilinear forms defined by

A(Z,?) = / cl¢, T — %/ div(¢, -divrs + (qv,w)y
Qs Ks Ja,

1 . .
+ / CrTs _2/ div{,divry + prw? (rv,v)s
Qf Ky Joy

(22) - w) — C eV elv) — K o)
1/95{5() C ¢} e(v) 2/Qf{v ¢r}-Va
VE = (Esaaf) = ((CS,T),(Cf,W)) eX,
VT = (76,7) = (T5,0), (T5,V)) € X,
and

(23) B(%,m) = / roim V(Fm) € XxY.
Qg
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It is straightforward to see, applying the Cauchy-Schwarz inequality and the
usual trace theorems in H(div; Qf), H'(Q,) and H*(Qy), that F, A, and B are all
bounded with constants depending on w, pr, ps, Ky, ks, [, k1 and ko, in the case
of F and A, and constants independent of these parameters in the case of B.

We end this section by commenting additionally on the choice of either (3) or
(4) to define the boundary condition on the artificial boundary I". In fact, while
we could certainly consider any of those behaviours at infinity, the fact that we are
employing a mixed formulation in the fluid region €2y makes it more suitable the
incorporation of the Dirichlet boundary condition (8) (which arises from (3)) since,
as observed in (16), it becomes a natural boundary condition. If instead of (3) we
consider (4), we arrive at the Robin boundary condition

19) Opi
8_5 —lRfp = (’“)% —VRfD; = G e HYXI) on T,

which, according to the additional unknown o (cf. (5)), can be rewritten as
(24) op-v —1kpp=yg; on I.

In this case, and instead of (16), the integration by parts procedure and the re-
placement of p by — %2 divoy in Qf, yield
¥

1 . .

/ of Ty — —5 diveydivry + (7 -v,p)s + (t7-v,0)r = 0,
Qy Ky Jay

where ¢ = —p|r € HY?(I') is another auxiliary unknown. In turn, since the

Robin boundary condition (24) becomes essential, it is imposed weakly through

the equation

(of v, )0 — 1k; /sz) — (g Ve HYAT).

Consequently, the only change of the analysis below would be caused by the extra
term (7 - v, o)r (and its dual one (o ¢ - v,9¢)r), which would imply the necessity
of verifying the corresponding continuous and discrete inf-sup conditions for it. On

the other hand, the expression 2k / 1) does not cause any further change since

r
this term dissapears when taking the real part of it with v = @.

3. Analysis of the continuous variational formulation

In this section we proceed analogously as in [17] and [20], and employ suitable
decompositions of X; and X3 (and hence of X) to show that (21) becomes a compact
perturbation of a well-posed problem. For this purpose, we now need to introduce
two projectors defined in terms of auxiliary boundary value problems posed in {2
and €y, respectively.

3.1. The associated projectors. We begin by recalling from the analysis in [20,
Section 4.1] the definition of the projector in Q. In fact, let us first denote by
RM(Q;) the space of rigid body motions in €, that is

RM(QS):{V:QS—>C3: vix)=a+bxx VxeQ,, a,b€C3},

and let M : L?(Q,) — RM(Q,) be the associated orthogonal projector. Then,
given T4 := (7s,q9) € Xy, we consider the boundary value problem with unknown
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u € HY(Q,):

6, =Ce(n) in Q, dives, =divrs+r(Ts) in Q,
(25)
G,v=—qu on %, uc(I-M)(L*Q))),

where C e(u) is defined according to (10) and r(7Ts) € RM(;) is characterized by

/ r(Ts) - w = —(qu,w>g—/ divrs - w Vw e RM(Qy).
Qs Qs

Hereafter, I denotes also a generic identity operator. Note that r(7Ty) is just an
auxiliary rigid motion that is needed to guarantee the usual compatibility condition
for the Neumann problem (25) (cf. [7, Theorem 9.2.30]), and that the orthogonality
condition on 4 is required for uniqueness. Indeed, it is well known (see, e.g. [4,
Section 11.7, Theorem 11.7] or [18, Section 3, Theorem 3.1]) that (25) is well-posed.
In addition, owing to the regularity result for the elasticity problem with Neumann
boundary conditions (see, e.g. [13]), we know that (65,1) € H(Q;) x H¢(Qy),
for some € > 0, and there holds

(26) (82llcs, + [8sen, < C{ldivradoa, + lalie, }-

We now introduce the linear operators P; : X; — H(div; Q) and Py : X; — X
defined by
(27) Pi(Ts) := & and Pi(7s) := (Pi(Ts),q) VTs = (Ts,q9) € X4,
where 6, := Ce(u) and u is the unique solution of (25). It is clear from (25) that
(28) Pi(Ts)" = Pi(Ts) in Qy, divPi(Ts) =divrs +r(Ts) in Qs
and
(29) P (Ts)v = —qv on X,

which confirms that Py (7) belongs to X;. Then, the continuous dependence result
for (25) gives

IPFlaive, < C{lldivrilloa, + lale, } V7 = (r..0) € X1,

which shows that P; is bounded. Moreover, it is easy to see from (25), (27), (28),
and (29) that Py is actually a projector, and hence there holds

(30) X, = Pl(Xl) o (I- Pl)(Xl).
Finally, it is clear from (26) that P;(T,) € H () and

B 1PFE o, < C{lldivrilloa, + lale, } V7 = (r..0) € X

On the other hand, given Ty := (7,v) € Xy, we consider the boundary value
problem
&f = Vﬁ in Qf, div&f = diVTf in Qf,
(32)
of-v = pfw2v~1/ on X, p=0 on TI.

It is not difficult to see that (32) is well-posed. In addition, the classical regularity
result for the Poisson problem with mixed boundary conditions (see, e.g. [23], [24])



AUGMENTED FULLY-MIXED FEM 633

implies that (6 f,p) € H(Qy) x H'T¢(Qy), for some € > 0 (which can be assumed
to be the same of (26)), and that

(33) 16 sllea; + plhen, < C{

We now define the linear operators P; : Xo — H(div; Q) and Py : Xo — X by
(34)

Py(Ty) == oy and Py(Ty) = (Po(Ty), V) VT = (1y,v) € Xg,

where &, := Vp and p is the unique solution of (32). It follows that

(35) divPy(Tf) = divry in Qp and Py(Tf) v = prw’v-v on %,

which confirms that Ps(7f) belongs to X,. In addition, thanks to the continuous
dependence result for (32), there holds

127 Pllaivie, < € {lldivrslog, o) VEp=(rhv) € Xa,

which shows that P is bounded. Furthermore, it is straightforward from (32),
(34), and (35) that P4 is a projector, and therefore

(36) Xy = PQ(XQ) o (I- Pg)(Xg).
Also, it is clear from (33) that P»(T;) € H(Q}y) and

(37) 1PGEDlea, < C{ldivrlon, + IVlia, } Y7y = (r7,v) € X,

We now observe, according to (30) and (36), that the space X := X; x Xj can
be certainly decomposed as

(38) X = P(X) & (I-P)(X),
where P : X — X is the projector defined by
(39) P(T) = (P1(75),P2(7y)) VT = (Ts,7y) € X.

In order to show that our augmented fully-mixed formulation (21) is well-posed,
we now employ the stable decompositions (30) and (36) (equivalently (38)) to re-
formulate (21) in a more suitable form.

3.2. Decomposition of the bilinear form A. Let us begin by introducing the
bilinear forms A, : X; x X; = C and Ay : Xy x Xy — C given by
(40)

-~ A _ 1 . .
As(C,,Ts) ::/ C 1C51Ts+—2 leCS'dIVTS—l-IiQ/
Q.

{Vr -Vq + Tq}
ks Ja, Qy

o~

V(Csv?S) = ((CS,T), (757(])) € Xy x Xy,

and
Cfan /Cj -rf+ /divcf-div‘rf
(41) +n1/Q {e(w):e(v)—l—W'V}

V(Cfv?f) = ((Cfvw)v (va V)) € Xo x Xo,
which are clearly bounded, symmetric, and positive semi-definite. Actually, it is

established below in Section 3.3 that they are positive definite (cf. Lemmata 3.3
and 3.4).
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In what follows, we plan to utilize the decomposition (38) in (21) so that the
unknown ¢ := (6,06) and the corresponding test function T := (74, 7s), both
in X, are replaced, respectively, by the expressions

0. = Pi(os) + I-P1)(0s) = (Pu(0s),p) + (05— F1(55),0),

(42) G5 = Pa(6y) + I-Py)(G) = (P2(6)),u) + (o7 — Po(67),0),
and

?S = Pl(?s) + (I_Pl)(?s) = (Pl(?s)vfﬁ + (TS _Pl(?s)’o)’
(43)

T = PoTy) + I=Po)(7y) = (Ra(7y),v) + (77 — Pa(7),0).

To this respect, we now recall from (28) and (29) that for each 75 := (75,q9) € X4
there hold div (75 — P1(Ts)) = —r(Ts) € RM(Qy), Pi(Ts) is symmetric, and
P (Ts)v = —qv on X, whence, noting also that Vr(75) € Y, we find that

/ div(¢, — Pi(¢,) divP(7,) = — / r(@,) - div Py (7.)
(44) s 2

- / Vr@): PuF.) — (Pi(F)vr(@,))s = / r@,) vq
Qg >
for all ¢, := (C.,r) € Xy.

Next, using the decomposition (38) and the identity (44), and adding and sub-
stracting suitable terms, we find that the bilinear form A (cf. (22)) can be decom-
posed as

A7) = Ao(C,7) + K(C,7),
V¢ = (G Cp) = ((Car), (Gpow)) X,
VT = (Ts,77) = ((15,9),(T7,V)) € X,
where A : X x X — C and K : X x X — C are given by
Ag(C,7) = = Ay(P1(C,), P1(7y) + A((T—P1)(C,), (I—P1)(7y))

(45) —Ap(Pa(C)), Pa(7y) + As((T=Po)(p), (1= P2) (7))
+/£1/ C¢, i e(v) + ko ¢r Vg,
Q Qy
and
(46)  K(C7) = Ki(C,7) + K(Cp 7p) + (av, Wn + prw? (rv,vis,
with
(47)

KS(st?S) =2 c! Pl(Zs) c P (Ts) + c! Py (Zs) H(Ts — Pi(Ts))

Qg Q
v [ et - PR PR - / r@,) r(7.)
Qs
+ Ko /erqv

2

2

Qs Ry
. qy

1 =N 1 N
- H—E/ZT(TS)'TV—K—%/EI‘(CS)
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o~

Ki(Cp7) =2 | PG PalFp) + | PalCp) (75 = Pa(y))
(48) A s
+ /S;(Cf_PQ(Cf))'PQ(?f)+/€1/S;\W'V.

Note that, in spite of the symmetry of A; and Ay, and because of the last two
terms defining Ao (cf. (45)), this latter bilinear form is not symmetric. We also
remark at this point that the minus signs multiplying the stabilization parameters
in the definition of A (cf. (22)) are needed for obtaining the minus signs in front of
the first and third terms in the resulting expression for Ag (cf. (45)). In turn, these
minus signs are required later on to show that Aj satisfy certain inf-sup conditions
(see (53) and the proof of Lemma 3.6 below).

We now let Ap: X —- X, K: X — X, and B: X — Y be the linear and bounded
operators induced by the bilinear forms Ay, K, and B, respectively. In addition,
we let F € X be the Riesz representant of F. Hence, using these notations and
taking into account the decompositions (42) and (43), the augmented-fully-mixed

variational formulation (21) can be rewritten as the following operator equation:
Find (6,7) € X x Y such that

Ay, B* o K 0 o B F
o (595 (B o)) -(3)
In the following section we show that the matrix operators on the left hand side
of (49) become invertible and compact, respectively. More precisely, since the one

involving A and B shows a saddle point structure, the well known Babuska-Brezzi
theory will be applied for the respective analysis.

3.3. Application of the Babuska-Brezzi and Fredholm theories. We first
recall from [20, Section 4.2] the ocurrence of the continuous inf-sup condition for
the bilinear form B, which is equivalent to the surjectivity of the operator B. To
this respect, note from the definition of B (cf. (23)) that

~ 1 ~ ~ -
B(T) = 5(7'5_7-15;) VT = (Tsva) = ((7-57Q)a(7-j'vv)) e X.
Lemma 3.1. There exists C;1 > 0 such that
B(T,
sup |(A7n)| > Cy vy VneY.
Fex ||7'||X

oz
Proof. See the proof of [20, Lemma 4.1].
O

We now aim to establish that the operator induced by the restriction of Ay to
V x V, where V is the kernel of B, is bijective. The corresponding analysis is based
on the series of technical inequalities given in what follows.

We begin by introducing the decomposition
H(div; ) = Hp(div; Q) & CI,
with

Hy(div; Q) = {7'5 € H(div; Q) : / trrs =0 },
Qs
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which means that for any 74 € H(div; §25) there exist unique 740 € Ho(div; £25)
1

3192s] Jo,
such that 74 = 7,0 + dI. Then we have the following result.

and d € C given by d :=

/ tr 75, where |Q;| denotes the measure of (g,
Qs

Lemma 3.2. There exists ¢c1 > 0, depending only on Qg, such that

(50)  |I7elleq, + ldivrsllio, > ellTsolie, V7. € H(div; Q).

Proof. See [2, Lemma 3.1] or [8, Proposition 3.1, Chapter IV].
(]

The already announced positive definiteness of the bilinear forms Ay and Ay are
shown now.

1
Lemma 3.3. There exists cs > 0, directly depending on min {1, —2}, such that
K

S
Ay(Ts,Ts) > o5 |I76]I3, VT, € Xy

Proof. Given 75 := (Ts,q) € Xy, we obtain directly from the definition of Ay (cf.
(40)) that

~ = . — 1.
ba@uF) = [t rm b SV, + ke lalR,
Qg

S

which, applying inequalities (12) and (50) (cf. Lemma 3.2), gives,
(51) 8,707 2 C{Imaolliva, + e, }

1
where 74 =750+ dI, and C is a positive constant depending on g, min {1, —2},
K

c1 (cf. Lemma 3.2), and ko. Next, we proceed exactly as in the proof of [20,
Lemma 4.3] (see also [16, Lemma 2.2]). In fact, since 7,0 = —qv on X, we get
—qv = Tsov+dv on X, which, applying the trace theorems in H(div; Q) and
H(Qy), yields

APl -1om = ITsov + avl1jos < C{Imsollava, + lale, }-
Hencev nOting that HTS”fliv;QS = HTS-,OH?ﬁV;QS + 3d2 |QS|5 we eaSﬂy ﬁnd, with a
constant ¢ depending on [|v||_q/2 5, that

ImolEive, < e{Imsoliive, + lalia, },

which, together with (51), finishes the proof.
O

1
Lemma 3.4. There exists cy > 0, directly depending on min {1, —2}, such that
K
f
Ar(Fr7p) = erlI7fllz, YT € Xa.
Proof. Tt follows straightforwardly from the definition of Ay (cf. (41)) and the usual

Korn inequality (cf. [7, Theorem 9.2.16]). We omit further details.
O

A very basic inequality related to the inverse of the Hooke operator (cf. (11)) is
provided next.
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Lemma 3.5. There holds
_ 1 B —
IC™¢lGa < 2 /. ¢ 1¢: ¢ Ve e LA(9,).
Q,

Proof. Given ¢ € 1L2(f), simple algebraic computations yield, using (11), that

—_ 1 A
C_l : = — 2 - ||t 2
/QS ¢:¢ 20 I€115,00. 21BN 2) ltr <5 .
and

L B 7 R S LA D YT
2p 20 "0 2 (BA+20) BA+2p) 082 -

et C||(2),QS =

(3A+4p)

(BA+2p) > 1

Hence, the proofs follows directly from the fact that

O

We are now in a position to prove the necessary estimates for concluding later
on the inf-sup conditions required by the Babuska-Brezzi theory for the bijectivity
of the operator induced by Ag|yxy. To this end, we need to introduce the linear
and bounded operator T := (I — 2P) : X — X, that is, according to (39),

(52) T(T) := ((I—2P1)(?5),(I—2P2)(?f)) VT = (Ts,75) € X.

It is important to observe here, since Py and Ps are projectors, that

53) P,I-2P,)=—-P;, and I-P;))(I-2P;,) = (1-P;) Vie{l,2},
or equivalently,

PT=-P and I-P)T = (I-P).

Lemma 3.6. Assume that the stabilization parameters k1 and ko are chosen inde-
pendently of X and such that0 < k1 < 2p  and 0 < kg < 1. Then, there exist
C1, Cy > 0, depending only on u, cs, cf, k1, and K2, and hence directly depending

1 1 ~
on min {1, —2} and min {1, —2}, such that for each T € X there hold
K2 K

!
(54) Re{a0®T@)} = G172
and
(55) Re{ay(T@),7)} > G|l
Proof. Given T := (T5,7y) = ((7s,9),(77,v)) € X, we easily find from the

definition of Ay (cf. (45)), utilizing the identities given by (53), that
Ao(T,T(7)) = A(P1(T4), P1(Ts)) + As((T = P1)(7s), X~ P1)(7s))

+Ap(P2(Tf), Pa(Ty)) + Ap(I—Po)(Fy), I —P2)(Fy))

—nl/ C_lTS:e(V) —112/ 5V,
Q. Q;
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which, applying Cauchy-Schwarz’s inequality and the trivial estimate ab < %(CLQ +
b?), gives
(56)

Re {Ao(?, T(T)) ¢ > Ay(P1(T4),P1(Ts)) + A (I —=P1)(Ts), I —P1)(T))
+ Ap(Po(Ff), Pa(Ff)) + Ap((I—P2)(Fy), (1 Po)(F)))

R1 _ R1 R2 R2
- 7”6 17'5”(2),93 Y ||5(V)H3,Qs Y ||T.f|‘3,szf Y ||V‘JH3,QS-

In turn, using the basic Lemma 3.5 we obtain
I mli e, < 2{llc” PF) IR, + 1C7 (1o = PR, |

1 _
< = { Cl'P(F,): Pi(Ts) +
Qs

I

and it is clear that
Imsl3.0, < 2{IP:FN)30, + (s = PF )30, | -

Then, substituting the last two inequalities into (56), and having in mind the
definitions of A, and Ay (cf. (40), (41)), we arrive at

671 (’Ts _Pl(?s)) . (?5 _P1(§s))} )

Qg

Re {AO(?,TG))}
(1_ ﬂ)/ CrPI(7,): Pi(Ts) + i/ﬂ div P (7,) - div Py (7,)

2u) Ja, K2

Y

K/Q _ ~ _ >~
bR IVl ¢ e, + (1-52) [ ¢ ro- ARG (- PiR)

+ 2 /Q\div (15 — Pi(7y)) - div (75 — Pi(Ts)) + (1 —mz)/ Py(7) - Pa(Ty)

2
HS

Qf
1 . —~ . = R1 2 2
+ = | divE(Ty)divP(T) + o [le(V)ll5a, + w1 llvioe,
:‘ﬂ'/f o 2

+ (1- Hz)/ﬂ (77— Pa(7y)) - (Ff — Pa(7y))

1 N v =
+ = / div (Tf —Pg(‘l’f)) div (‘rf —PQ(Tf)) )
Ky Jay

from which we conclude, defining %, = 1 — g—l and K9 := 1 — Ko, that
o]
Re {AO(?,TG))}
. ~ 1 ~ = ~ o~ =
> min {m, 5} As(P1(T5),Pi(Ts)) + R As(I = Py)(Ts), (I - P1)(Ts))
. ~ 1 o~ = ~ o~ —
+ min {Ro, 5 } Ar(Pa(71), Pa(Fy)) + fiz Ar((L = Pa)(7p), (L= P2) (7).

In this way, the above inequality together with Lemmas 3.3 and 3.4, and the
stability of the decomposition (38) imply the estimate (54).
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For the proof of (55) we first observe, similarly to the derivation of (56), that

Re {AO(T($)7 ?)} > AS(P1(§S)7 Pl(?s)) + As((l - Pl)(§s)7 (I - Pl)(?s))
+ Ap(Po(Ty), Pa(Ty)) + Af(I—P2)(T¢), (I — P2)(Ty))
- Flet (w2 PFE)) e, — G MR q,

Ro | __ = )
Y HTf - 2P2(Tf)||(2),szf Y HVQ||(2),QS .
The rest proceeds as before, by noting now that
lc™! (7o =2 PiF)) 3.0, < 2{IC7 (7, = PFE)Ea, + 1€ PFE)IR 0, |
and
17 =2 PFpla, < 2{IlFr = RENIBg, + IRFEe, |

and then using again the definitions of A; and A;. We omit further details.
O

At this point we observe that the estimate (55) would certainly be a straight-
forward consequence of (54) if the original bilinear form A (cf. (22)), and hence
Ay, were symmetric. While this could have been possible by redefining A with the
incorporation of extra terms in the identities (19) and (20), we preferred to keep it
in this way because the resulting Galerkin scheme becomes less expensive.

Throughout the rest of the paper we assume that the stabilization parameters
k1 and ko are chosen independently of A and such that 0 < k1 < 2pu  and
0 < ke < 1.

We now let V be the kernel of B, that is V := {? eX: B(F)=0 }, which,
recalling that B(7) = 1 (7o —7%) V7 = (7.,77) = ((15,9),(75,V)) € X,
becomes

V:{?EX: TE:TS}.

The weak coercivity of Ag on V is established now.

1 1

Lemma 3.7. There exists a > 0, directly depending on min {1, —2} and min {1, — },
K K%
s f

such that
Ao(7,¢ ~ -

(57) sup M > of|Tx VT e V.
zer IClx
¢#0

In addition, there holds

(58) sup |[Ao(C,7)| > 0 VFeV,7+40.
Cev

Proof. Since Pi(Ts)* = Pi(Ts) YT = (Ts,7f) = ((7s,9), (1,v)) € X, we find
that P(7T) (cf. (39)), and hence T(7), belong to V for each 7 € V. In addition, it
is clear from (54) that T(T) # O for each 7 € X, 7 # 0. In particular, for each
7€V, T # 0, there holds

A7 Q)| o [AF TF)|  Re{A(7 T())}

e Kk ITE)x IT(7)l1x
¢#0
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which, applying (54), the boundedness of T, and the fact that |7|x = ||7|x, yields
(57) with @ = C1/||'T||. Similarly, given T € V, there holds

sup | Ao(¢,7) | > | Ao(T(7).7)| > Re {Ao(T(7).7)},
Cev
which, together with (55), implies (58).
O

We now aim to show that the bilinear form K induces a compact operator K.
Lemma 3.8. The operator K : X — X is compact.

Proof. We first observe that the last two terms defining K (cf. (46)), that is
(qu,w)s, and pfw? (rv,v)s, yield compact operators because of the compactness
of the composition defined by the following diagram
Hl (Qf) contl}mous H1/2 (Z) CD’VYL_pL)lCt L2(Z) conti_z)bous L2(E) CD’VYL_pL)lCt H,1/2(E)
q — als — qls — qv — qv
Next, because of the compact imbeddings H*(Qy) < L*(Qf) and H'(Q;) —
L2(Qs), the last terms defining K, and Ky (cf. (47) and (48)), that is fo rq

and fﬂs w - v, induce compact operators, as well. In addition, it is clear that
the three terms containing rigid motions in the definition of K, yield a finite rank
operator. It remains to check the compactness of the operators induced by the
terms involving P and P, in the definitions of K, and K;. In fact, we recall
from Section 3.1 (cf. (31) and (37)) that there exists ¢ > 0 such that P;(Ts) €
H(Q,) and P (T;) € H(Qy) for each T := (T5,7s) € X, which, thanks to
the compact imbeddings H¢(Qs) — L2(Q) and HY(Qf) < L2*(Qy), imply the
compactness of P : X; — L?(Q,) and P2 : Xo — L2(Qf). It follows that the
adjoints P} : L?*(Qs) — Xy and P; : L*(Qy) — Xo, and hence the operators
PiCYP,(I-P)*C P, PC (I~ P), PPy, I—P)* Py, and Py (I - P)
are all compact, which completes the proof.

O

The main result of this section is established next.

Theorem 3.1. Assume that the homogeneous problem associated to (21) has only
the trivial solution. Then, given £ € L2(Qy) and p; € HY?(T), there exists a
unique solution (&,7v) € XxY to (21) (equivalently (49)). In addition, there exists
C > 0, depending on min{l, iz}’ min {1, LQ}, max{l, %}, and max{l, iz},

K2 K% K2 K%
such that

1@ lxxw < C{ o, + Ipillijar }-

Proof. Tt follows straightforwardly from Lemma 3.1, Lemma 3.7, the boundedness
A, B*
B o0
isomorphism. Note here that precisely the boundedness constant of Ag (cf. (40),

1 1
(41), (45)) depends on max {1, —2}, and max {1, —2} In addition, it is clear from
K2 K7

of Ap and B, and the classical Babuska-Brezzi theory, that is an

Lemma 3.8 that ( Ig g ) is a compact operator. Consequently, the left hand side

of (49) becomes a Fredholm operator of index zero, which finishes the proof. O



AUGMENTED FULLY-MIXED FEM 641

4. Analysis of the Galerkin scheme

In this section we introduce a Galerkin approximation of (21) and show, under
the assumptions of Theorem 3.1, that it is well-posed.

4.1. Preliminaries. We first let {7, }n>0 := {Th. }a.>0U{ T, }n;>0, where {Tp, }r,>0
and {7n, }n;>0 are shape-regular families of triangulations of the polyhedral re-
gions Q, and Qf, respectively, by tetrahedra T of diameter hp with mesh sizes

hs :=max{hr: T e&Ty,}, hy:=max{hr: T €Ty, },and h:=max{hs hs},
and such that the vertices of {75, }n.>0 and {7x, }n;>0 coincide on . In what
follows, given an integer ¢ > 0 and a subset S of R3, P;(S) denotes the space

of polynomials defined in S of total degree < /¢. In addition, following the same
terminology described at the end of the introduction, we denote Py(S) := [P(S)]?
and Py(S) = [P(S)]?*3. Then, we define

Z = {Ts,h S H(div, QS): T51h|T S ]P)l(T) VT S 7;15}7
HY = {7 e H(div; ) : Tpalr € Pi(T) VT € Ty},

W}{ = {qh S C(Qf) qh|T € Pl(T) VT € 7;”},

Wi = {vh € C(): vilr € Pi(T) VT € Th}

and introduce the finite element subspaces of X1, X5, X, and Y, given, respectively,
by

(59) Xyp = {?Sﬁ = (Ts,n,qn) € Hj % W,{ © TspV = —qpV on E},

(60) Xop = {?f,h = (Tynvi) EH)xW5 o Tppv = prw?vyv on E},

Xp = Xin x Xop,
and

Vi = {myeY: mylr€P(T) VTET, }.

In addition, the analysis below will also require the subspaces
Ui = {vi € L) walr € Po(T) VT € T, }

and
uf = {vh € LX) : wnlr € Po(T) VT € nf}.

We recall here that Hj x Uj x Y}, constitutes the lowest order mixed finite element
approximation of the linear elasticity problem introduced recently by Arnold, Falk
and Winther (AFW) (see [5], [4]). In turn, H,’i x U ,f is the lowest order mixed finite
element approximation of the Poisson problem for the Laplace equation, introduced
by Brezzi, Douglas, Duran, and Fortin (BDDF) in 1987 (see [9]). Furthermore, it
is important to remark that, thanks to the natural matchings between the poly-
nomial degrees involved in the definitions of Hj and W,{ (resp. HZ and W7), it
is possible to incorporate the transmission conditions exactly at the discrete level,
which actually allows the introduction of the conforming finite element subspaces
Xl,h and X27h.
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The Galerkin scheme associated to our continuous problem (21) is then defined
as follows: Find a'h = (z?syh,&f,h) = ((Us,h;ph>; (O'fyh,uh» € X, and Yn € Yy,
such that

Alon,7h) + B(Th,vn) = F(Tn),

B(ahanh) = 0.
for all Ty := (Ton, Trn) = (Tsnqn), (T, V) € Xy, for all g, € Yy,

(61)

Before analyzing the well-posedness of (61), we now compare the number of
unknowns defining Xj, x Y, with that of the finite element subspace employed by
an alternative method. We begin by recalling from [5] (see also [15]) that Hj has
36 local degrees of freedom (9 per face of each tetrahedron), and hence, since each
interior face belongs to two tetrahedra, the number of degrees of freedom defining
H7 is given, approximately, by

36
(7) X mg = 18 X mg.

where my is the total number of tetrahedra of 7,,. However, this number decreases
to 12xmg when the corresponding AFW reduced element (see [5], [15]) is employed.
In turn, it is well known that each component of W3 has 4 local degrees of freedom
(one per vertex of each tetrahedron), and hence, since each interior vertex of a
uniform triangulation 7, belongs to 24 tetrahedrons (see [19, Section 4] for details),
we find that the number of degrees of freedom defining W7 is given, approximately,

by

3x4

(=
Finally, it is straightforward to see that the number of degrees of freedom defining
Y, is given by 3 X myg, and hence the total number of unknowns in the solid
Q, which corresponds to the degrees of freedom defining Hj x W3 x Y}, behaves
approximately as 15.5 x ms. Proceeding similarly, we find that the number of

unknowns in the fluid 2, which corresponds to the degrees of freedom defining

HZ X W,{, behaves approximately as (4 + %) x mp = 2 x my, where my is the

6
total number of tetrahedra of Tp, .

)xmszO.Sxms.

Alternatively, and for the above mentioned purpose of comparison, we now con-
sider the 3D version of the fully-mixed finite element method suggested in [14].
This means that, while u and p are eliminated from the formulation, the traces of
them on the respective boundaries are incorporated as additional unknowns, and
the spaces Hj x Yj, and HZ are replaced by the corresponding components of the
classical PEERS and Raviart-Thomas spaces in 3D (see, e.g. [27, Definition 3.1]).
In this case, it is easy to see that the number of degrees of freedom defining the
resulting finite element subspaces in {5 and 2y behave approximately as 9.5 X m
and (24 1) x my = £ x my, respectively. In particular, it is well known that
each row of a local Raviart-Thomas tensor of order 0 is uniquely determined by its
normal components on the 4 faces of T, and hence, using again that each interior
face belongs to 2 tetrahedra, we find that the number of degrees of freedom defining

the associated global space is given, approximately, by:

3 x4
(=
The factor 9.5 indicated above is achieved after adding the quantities 3 x mgs and
0.5 X mg, which arise from the bubble functions on each tetrahedra and the contin-
uous piecewise linear elements approximating the rotation, respectively.

)xm5:6><ms.



AUGMENTED FULLY-MIXED FEM 643

Certainly, one could use static condensation to eliminate the 3 x my degrees of
freedom representing the rotation living in Y. However, this reduction by a factor
of 3 is also applicable to the local degrees of freedom associated with the bubble
functions of each tetrahedron. In any case, it becomes clear from the above para-
graphs that the alternative method suggested by the 3D version of [14] involves a
lesser amount of degrees of freedom (determined by the factors 15.5 — 9.5 = 6 X m
and %5 - 1—63 = 2 X my) than the present approach. Assuming similar sizes for
Q, and Qf, averaging the above factors, and denoting by m the total number of
tetrahedra of 73, we could summarize this comparison by saying that the method
proposed in this paper yields 4 x m more degrees of freedom than the alternative
one. Nevertheless, it is also clear from the above analysis that this increase is
not mainly caused by the introduction of the new internal fields belonging to the
spaces W} and W}f , which actually contributes with 0.5 x m4 and % x my addition-
al degrees of freedom, respectively, but by the properties of the polynomial spaces
defining H; and H£ In addition, irrespective of the number of unknowns, it is
important to emphasize that the main advantages of our present approach have to
do with three main features: it provides direct finite element approximations for u
and p in the whole domains Q, and Q f, respectively, it satisfies both discrete trans-
mission conditions exactly, and, because of the absence of boundary unknowns,
no discrete inf-sup conditions imposing particular relationships between the mesh-
sizes on the boundaries are required for the stability and solvability analysis of the
corresponding discrete schemes. The first feature avoids the eventual application
of postprocessing formulae, the second one increases the accuracy of the method,
and, as already mentioned in the Introduction, the third one frees us of having to
impose unverifiable cumbersome restrictions. Moreover, these advantages should
be clearly strengthened by the incorporation of a hybridization technique handling
the continuity of the normal components of the tensor and vector fields belonging
to Hy and H'}i, respectively. We plan to discuss this issue in a forthcoming paper.

4.2. Approximation properties of the subspaces. In what follows we collect
the approximation properties of the finite element subspaces introduced above.
They are all known, except the one of X 5, which was derived in our previous
work [20], and the one of X3 j,, which will be provided below. We begin with the

subspaces H; and HZ Hence, given § € (0, 1], we let
& HY(Q,) N H(div; Q,) — H;, and & : HY(Qy) N H(div; Q) — HJ

be the usual interpolation operators (see [5], [8]), which, given T, € H?(Q,) N
H(div; Q) and 7, € H(Qf) N H(div; Q), are characterized by the identities

(62) /Eﬁ(ﬂ's)u-q:/ﬂ'sl/-q Vqe Py(F), Vface FofTy,,
F F

and

(63) / Eg(Tf) ‘vqg = / Ty-vq YVqe Pi(F), VYface Fof Ty, .
F F

Moreover, the corresponding commuting diagram properties yield

(64) div(&i(ry)) = Pi(divr,) V1, € H(Q,) NH(div; ),

and

(65) div(Ef (75)) = Pl(divry)  V7; € H(Qp) NH(div; Qf),
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where P§ : L2(Q,) — Uj and P} : L2(Qf) — U} are the orthogonal projectors.
In addition, it is easy to show, using the well-known Bramble-Hilbert Lemma and
the boundedness of the local interpolation operators on the reference element T
(see, e.g. [25, equation (3.39)]), that there exist Cy, Cy > 0, independent of h, such
that for each 7, € H(2,) NH(div; ) and for each 7, € H () N H(div; Q),
there hold

(66) [7s = Er(Ts)]

IN

o < Cs hg‘{|7's|6,T + ”diVTsHO,T} VI € Th,,

and
67) s —&L(Tp)lor

We now let TI5 : H'(Q) — W3, I/ : H'(Q;) — W/, and Ry, : L2(Q,) — Y,
be the corresponding orthogonal projectors with respect to the natural norms of
each space. Then, we have (see [6], [8], [30]):

(AP7*) For each § € (0,1] and for each 7, € H°(Q), with div T, € H°(Q), there
holds

IN

Of h‘% {|Tf|51T + HdiVTf||07T} VT € 771f .

I = Ei(r)lawe, < Ch {Imsllsa. + ldivr.lse. |-
AP7?) For each 6 € (0,1] and for each 7 € H®(Qy), with divr, € HO(Qy),
h f f f f
there holds
Ims = &l Dl < ¥ {limsllag, + Idivryllag, |-

(AP?) For each ¢ € (1,2] and for each ¢ € H'(€2f), there holds
lg =T (@, < CR gl -

(AP}') For each t € (1,2] and for each v € H!(€;), there holds
v -1, < Ch 7 IVilee, -

(APZ) For each t € (0,1] and for each n € H!(Qs) N L, (), there holds

asym

[n—Ru(mloo, < Ch'|nlq. -

(AP;) For each ¢ € (0,1] and for each v € H(€,), there holds
v =Piv)llog. < Ch [[v]es. -

(AP]) For each t € (0,1] and for each v € H*(2;), there holds
llv — 73;{(”)”0,9," < Chvlleg; -

Note here that (AP7*) is actually a straightforward consequence of (64), (66),
and (AP3). Similarly, (AP} ’) follows directly from (65), (67), and (AP£).

We now provide the approximation properties of the coupled finite element sub-
spaces Xy, (cf. (59)) and Xg, (cf. (60)). To this end, we proceed as in [21,
Section 5.2, Lemma 5.1] and assume from now on that {75, }n,>0 and {7, }n,>o0
are quasi-uniform around . This means that there exists an open neighborhood
of ¥, say Qx, with Lipschitz boundary, and such that the elements of 75, and Ty,
intersecting that region are more or less of the same size. Equivalently, we define

Ton = {TET UTh s TNOs£0},
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and assume that there exists ¢ > 0, independent of h, such that

68 hr < in h Vh>0.
o P S e b VR

Note that this assumption and the shape-regularity property of the meshes imply
that ¥y, the partition on ¥ inherited from 75, (or from 7y, ), is also quasi-uniform,
which means that there exists C' > 0, independent of h, such that

hs == max{diam{F}: F face of Eh} < Cmin{diam{F}: F face of Zh}.

In addition, the quasi-uniformity of X5 guarantees the inverse inequality on @ (%),
the subspace of L?(X) given by the piecewise polynomials of degree < 1, that is, in
particular,

(69) Ibnllos < Chs?lopll1jom Ve, € B4(T).

The derivation of (69), which is rather technical, can be found as a particular
case of [12, Theorems 4.1 and 4.6], where it is shown, using scaling and interpolation
arguments, that for each ¢ € [—1,0] there holds

(70) [#nllos < ChGlI@ulles Vb, € 2u(X).

Actually, the way of proving (70) is establishing first for ¢ = —1, for instance using
some duality arguments, which gives

(71) I$nllos < Chy'lignll-1s  ¥én € Pu(®),
and then applying the classical result on interpolation of spaces and operators
(see, e.g. [29, Appendix B, Theorem B.2]) to (71) and the obvious inequality
lonllos < llénllos Ve, € Dp(X). Similarly, applying now the same interpola-
tion result to (69) and the other obvious inequality

énll-1/25 < lldnll-1/22 Vo, € Pn(%),

using in this case the interpolation parameter § = 1/2 (cf. [29, Theorem B.2]), we
obtain

(72) lénll-rsae < Chs ldnllaps Vb € Bu(D).
The estimate (72) will be used below at the end of the proof of Lemma 4.2.

The approximation property of Xy j,, whose proof makes use of the quasi-uniformity
of {Th.}n.>0 around ¥, the characterization (62), and the inverse inequality on
®,(X), was proved in [20, Lemma 5.1]. The corresponding result is stated as fol-
lows.

Lemma 4.1. Given e € (0,1], defineX; . := {H(div; Q)N He(QS)} x HT¢(Qy).

Then, there exists a linear operator Iy p : Xy, — Xy 1, such that for each T, =
(1s,q9) € X1 N Xy there holds

(73) 17— La@lla < C{llrs = Eiro)llawe, + la—T@lve, | -

In turn, the approximation property of Xy follows the same lines and it is
proved next.

Lemma 4.2. Given e € (0,1], define Xg := {H(div; Q)N HE(Qf)} x H1T€(9y).

Then, there exists a linear operator Ia ), : Xo . — Xop, such that for each T =
(t5,v) € Xo N Xy there holds

(1) 7 Ll < C{lrs = ElEDllava, + V=Tl |-
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Proof. Let us first increase the region {1y across the external surface I' to a new
annular region Q ¢ with Lipschitz-continuous boundary Bﬁf = Y Uul. Then, given
T = (14,v) € Xo, we let ¢ € Hl(ﬁf) be the unique solution (guaranteed by
the Lax-Milgram Lemma) of the boundary value problem with mixed boundary
conditions:

(75) 5

. 5 ¥

Ap =0 in Qp, i

whose corresponding continuous dependence result states that

5}{(Tf)'V—PfW2HZ(V)-V on X, ¢ =0 on f,

(76) el o, < ClEL(Ts) v = ppw T (V) - vl 15

In addition, since the Neumann datum 5,{ (1) v—psw?II§ (v)-v, being an element
of ®1,(¥), belongs to H?(X) for any § € [~1/2,1/2), the classical regularity result
for mixed boundary value problems on polyhedral domains (see, e.g. [24]) implies

that ¢ € H5/4(Qy) and
(77) lells e, < ClEL(TS) v = psw’ (V) - V]| 105

Furthermore, since Q?J‘t = Qs\Qy is an interior region of Q t, the interior elliptic
regularity estimate (see, e.g. [29, Theorem 4.16]) insures that

(78) H@stzifm <C ||5;{(7'f) V= Py w? 115, (v) 'V||71/2.,2-

We now let {; := Vi in Qf, whence ¢; belongs to H1/4(Qf), and notice from
(75) that

(79) div¢gy =0 in €, and Cf~1/:5,{(Tf)~u—pfw2ﬂ,sl(v)-u on X,

which shows, in particular, that ¢, € H(div; €2f). According to the above, we now
define

I n(Ty) == (8,{(77 —¢y),5(v)) € H{L x W7 .

It follows, using the characterization (63) and the second identity in (79), similarly
as in the proof of [20, Lemma 5.1], that there holds 5,{ (T5=Cp) v = ppwIl;(v)-v
on X, which proves that I ,(7Ts) belongs to X 5.

We now assume additionally that 7y = (7¢,v) € Xy, which means that 77-v =
pfw?v v on ¥, and aim to prove (74). We first observe, applying the triangle
inequality, that
(80)

17 = La@plE, < 207 = EL(T)Eve, + 216150, + IV - (V)T

)QS ?

where we have also used, thanks to (65) and (79), that div 8{:(4}) = P/ (div Cr) =

0 in Q. Next, in order to estimate the remaining term ||5;{(Cf)”3,ng, we now let

'Tzf)h::{TE'ﬁIf: TﬂQg#@}, QQh::U{T: TETEf)h},

and
Q}nitz = Qf\Qg,h :
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It follows, using the stability of & in H'(Qi8%), the fact that ¢ flow, € H'(QF),
the inclusion Q3% C Q. and the estimate (78), that

Hg]{(Cf)HO,Qf < ||5f{(§f)||o,ﬂjg; + ||5;{(Cf)||o,ﬂgh
(81) < Clolbay + 16 €0z,

< ClEl(r) v —prP ) vl s + 16 € oy,

A

Now, adding and substracting 7¢-v = pyw?v-v on ¥, and applying the trace
theorems in H(div; Q) and H'(Q), we find that

|7 (rr) v = pr e (V) - vl 1o
(82) < Ny =&lrp) vlcijes + prw?ll(v = T5(V)) - vl-1/25

from (81). In fact, adding and substracting

< c{lms =& lava, + IV -T)]
. . f
Finally, we estimate ||&}) (Cf>HO!Q)f:,h,
¢; = Vy in Qgh C Qy, noting that HCfHo,Qg . < llella, < ||g0||17§f, and
employing the estimates (76), (67) (with § = 1/4) and (77), the fact that div{; = 0
in Qy, the quasi-uniformity bound (68), and the inverse inequality (72), we arrive
at

f f
11 ar < C{lIcs —ELCAI g + 151200 }

1/2 s
< C S PNl s + ClEL () v — W (V) w2 s
TGTEf)h

1/2 s
= Chz/ ||5f{(7'f) V= py w? I (v) - VH2—1/4,E

—
(0]
w

=

A

+CEN(Ts) v = pr P T (v) - VI o s
< ClELTy) v —pr PTG V) vl s

Consequently, (80), (81), (82), and (83) yield the estimate (74) and complete the
proof.
O

4.3. A discrete approximation of P|x,. In what follows we introduce uniform-
ly bounded linear operators Py : Xy — Xy and Pay, 1 Xo ), — Xy j, so that
P,(Tr) = (P1,n(Ts.n): P2n(Tr,s)) becomes a suitable discrete approximation of
P(7h) := (P1(Ts.n), P2(Tys)) for each T, == (Tsn,Trn) € Xp, and then esti-
mate the corresponding error |P (7)) — Pr(7Th)|x.

Indeed, given Ty, := (Tsn, Trn) = (Ton,qn)s (Trn,vn)) € Xy pxXgjp =1 Xp,
we first recall from (27) and (25) that

(84) Pi(Tsp) =05 and  Pi(Tsn) = (Pi(Tsn)an),
where 65 := Ce() and 1 is the unique solution of the problem
6s =Ce(n) in Qy, dives =divr,, +r(Tspn) in Qs

(85)
Gsv=—qv on ¥, uc (I-M)(L*Q)).
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In turn, we recall from (34) and (32) that
(86) PQ(?fﬁh) = &f and PQ(?J"_’h) = (PQ(?]"J-L),V]-L),
where 6¢ := Vp and p is the unique solution of the problem

&f:V]N) in Qf, diV&f:diVTf’h in Qf,
(87)
Gy v=pr’vp-v oon %, =0 on T.

Next, we let (65, an, 7)) € Hi x (I-M)(U;) x Y, be the mixed finite element
approximation of the solution of (85), which was introduced and analyzed in [20,
Section 5.2], and define
(88) Pip(Tsn) == 0sn  and  Pip(Tsn) = (PrLn(Tsn),qn) -

In particular, we know from [20, Section 5.2, Theorem 5.1 and eq. (5.27)] that
there hold
I,Qf} )

(89) 1P Fonllaiva, < C{lImenllaiva, + lanl

(90)

P p(Tsp)v = —qpv on X and / P p(Tsp):n, =0 YV, € Yy,
Qs

It is clear that (89) yields the uniform boundedness of Py j,, while the first equa-
tion of (90) guarantees that Py j,(7T,5) belongs to Xy . In addition, according to
[20, Lemma 5.4], whose proof makes use of the definition (84), the commuting dia-
gram identity (64), the approximation properties (66), (AP3), and (APZ), and the
regularity estimate for (85) (cf. (26), (31)), we have the following error estimate.

Lemma 4.3. Let ¢ > 0 be the parameter defining the reqularity of the solution
of (85). Then, there exists C' > 0, independent of h, such that for each Ts) :=
(Ts,hsqn) € Xqp, there holds

O  1P(Fan) = Pan(Fan)laia, < Ch* {|ldivrnl

0.0, ||(Jh||1,ﬂf}-

On the other hand, we know from (33) and (37) that P,(7 ) belongs to H¢(£2y)

and

(92) IP2(Fra)llen, < C{ lldivr sl Lo b

whence we can define

93)  Pon(Frn) == & (Po(Frn)) and  Pop(Frn) = (Pon(Fra)sva)-
It follows from (86) and (87) that

diVPQ(?fyh) = diVTfﬁh in Qf and PQ(?fyh) V= pfw2vh-1/ on X.

0.9; + [[val

Therefore, employing the conmuting diagram property (65) and the fact that div 7y,
is piecewise constant, we deduce that
(94)

div PZ,h(?f,h) = ’P,{ (diV PQ (?f,h)) = ’P,{ (diV ‘l'fﬁh) = div Tfh = div PQ (?f,h) .

Furthermore, the uniform boundedness of 5,{ s H(Qy) N H(div; Qf) — HZ (which
follows from (67) and (65)), the estimate (92), and the identity (94), imply that
P55, is uniformly bounded. In addition, using the characterization property (63)
and the fact that ps w? vy, -v is piecewise polynomial of degree 1, we easily find that
7 (P2(Tgn)) v = pfw?vy-v on X, which proves that Py, (7y,) belongs to
X2, Moreover, we have the following error estimate.
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Lemma 4.4. Let ¢ > 0 be the parameter defining the reqularity of the solution
of (87). Then, there exists C' > 0, independent of h, such that for each Ty :=
(Trn,vi) € Xg, there holds

95) 1P pn) = PonFralllae, < Che {divryl

Proof. We first observe, according to (93) and (94), that

09, + Ivalie. |-

[P2(Trn) — Pon(Trn)llavio, = [P2(Trn) — Pon(Trn)l

= |- g}{)(PZ(?f,h)) llo,; -
Then, applying the approximation property (67) and the identity (94), we obtain
(

IX=ED(PeFr)) B, = > NA=EDN(PFrn) I3 s

0,9

TEThf
< ¢ Y w{IREWEr + laivBE )i}
TEThf
<

Cr{[|PaFpa)l2e, + Idivrsnlia, |-

which, together with the estimate (92), completes the proof.
O

We now formally let P, : X;, — X, be the discrete approximation of P|x,
given by
Pn(Th) := P1n(Tsn), Pon(Trn)) VTh = (TsnTrn) € Xp,
where Py, and Pg ), are defined by (88) and (93), respectively. Note that Py, is

certainly uniformly bounded, as well. Then, as a direct consequence of Lemmas 4.3
and 4.4, we obtain the following error estimate.

Lemma 4.5. Let € > 0 be the parameter defining the regularity of the solutions
of (85) and (87). Then, there exists C' > 0, independent of h, such that for each
Tn € Xy, there holds

IP(Th) — Pn(Th)llx < Chl|Tnllx.

Proof. Tt follows straightforwardly from the estimates (91) and (95), and the fact
that

[divTsnlloo, + llanllie, + Idivrenloe, + [vallie, < [I7Tnllx

for each ?h = (?S,ha?f,h) = ((Tsﬁ,qh), (Tf)h,Vh)) c Xp,.
]

4.4. Well-posedness of the discrete formulation. We now aim to show the
well-posedness of the augmented fully-mixed finite element scheme (61). For this
purpose, as established by a classical result on projection methods for Fredholm
operators of index zero (see, e.g. Theorem 13.7 in [26]), it suffices to prove that
A, B*
B o0
According to the above, in what follows we show that the bilinear forms Ay and B
(cf. (45), (23)) satisfy the corresponding inf-sup conditions on the finite element
subspace X; X Yp,.

the Galerkin scheme associated to the isomorphism is well-posed.

We begin with the discrete analogue of Lemma 3.1, which was actually already
proved in [20].
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Lemma 4.6. There exists 3 > 0, independent of h, such that

B ?hn,r,
sup M > Blmpllo.a. vVn, € Yp.
snex,  ITnllx
7,#0

Proof. See [20, Lemma 5.5].

We now let V}, be the discrete kernel of B, that is
\ {?h = TonTrn) = (Tsnsqn)s (Trn,va)) € Xp
B(Th,m,) =0 Vmy, € Yh}

= {Fn = FonTrn) = (Tonstn), (Trva)) € X

/ Tsh My =0 Vnheyh}-
Qs
Then, the discrete analogue of Lemma 3.7 is established as follows.

Lemma 4.7. There exist C, hg > 0, independent of h, but depending on min {1, —
F;/S
1
and min {1, —2}, such that for each h < hq there holds
K
!
| Ao(Th, Ch) |

ChEVh HChHX
¢,#0

Proof. We first define Tp, := (I — 2Py) : X, — X, which constitutes a discrete
approximation of the operator T := (I — 2P) : X — X (cf. (52)), and observe,
as a straightforward consequence of Lemma 4.5, that

HT(?h) — Th(?h)HX < Ch* ”?hHX VT, €Xp.

(96) > C|7Tullx  YTh € Vp.

Then, adding and substracting T(?h), using the boundedness of Ay, and applying
the inequality (54) (cf. Lemma 3.6), we find that for each 75, € X}, there holds

|Re { a0 TuFa)) }| = |Re{ ao(@a T }| = C 0t 7203
> {o1r - One} IRl

1 1
with C7 depending on min {1, —2} and min {1, —2}, from which we deduce the
K K
s f
existence of hg > 0 such that

(97) ‘Re{AO(?h,Th(ih))}] > cl|Fnl2 VFREeXn, Vh<h.

It is clear from this inequality that Tp(75) # O for each 75, # 0. In addition,
it follows from the second equation of (90) and the above characterization of V),
that Py (7}), and hence T\, (T), belong to Vy, for each 7, € V. Finally, it is
easy to see that (97) and the uniform boundedness of T, imply the discrete inf-sup
condition (96).

O

7}
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We end this section with the well-posedness and convergence of our discrete
scheme (61).

Theorem 4.1. Assume that the homogeneous problem associated to (21) has only

the trivial solution. Let hg > 0 be the constant provided by Lemma 4.7. Then,

there exists h1 €10, ho] such that for each h < hy, the mized finite element scheme

(61) has a unique solution (&pn,7,) € X X Yy, where &, = (Fsn, Orn) =

((os,n,pn), (rn,up)). In addition, there exist Cv, Co > 0, independent of h,

but depending on min {1, i}, min {1, %}, max {1, %}, and max {1, %}, such
K K K K

2
s f s f
that for each h < hy there hold

~ F(7y,

1Gmn)llier < Cr sup )l
?hexh HT]'L”X
7,0

< o {le

o0 + Ipilher }

and

98)  1@7) = @nvp)lxxy < C2 _inf 1@ 7) = (Th,mm)llxxy
(Fn, M) EXR XYy,

where & = (05,05) = ((0s,p),(0f,u)) € X and v € Y constitute the unique

solution of (21). Furthermore, if there exists § € (0,1] such that o € HO(8y),

divo, € H (), p € H'(Qy), oy € HY(Qy), divey € HO(Qy), u e HFO(Qy),

and v € H?(Qy), then for each h < hy there holds

1@.7) — @n,vn)llxxy < Csh® {||0s||6,ﬂs + [[diveoslso. + Iplli+s0,
(99)
+ Nlosllso, + divesllse, + lullivso, + [7llias .)8xs },

with a constant Cs > 0, independent of h.

Proof. Because of Lemmas 4.6 and 4.7, the proof of the first part is a straightforward
application of [26, Theorem 13.7]. In turn, the rate of convergence (99) follows
directly from the Cea estimate (98) and the approximation properties of Xy 5, (cf.
Lemma 4.1), Xo (cf. Lemma 4.2), and Y (cf. (APZ)) Note here that the
corresponding inequalities (73) and (74) are bounded above thanks to (AP7*),
(AP?), (AP}’), and (AP}). We omit additional details.

O

We end this section by remarking that the fact that the stability constants C
1 1 1
and C5 in Theorem 4.1 depend on min{l, —2}, min {1, —2}, max {1, —2}, and
K2 K} K2
1
max {1, —2}, clearly indicates that they are quite sensitive to the choice of k4 and
K

k. The specific limited ranges where these wavenumbers must lie will depend on
how small and how large, respectively, the above minima and maxima are allowed
to be.

5. Numerical results

In this section we present two examples illustrating the performance of the aug-
mented fully-mixed finite element scheme (61) on a finite sequence of quasi-uniform
triangulations of the domain. We begin by introducing additional notations. The
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variable N stands for the number of degrees of freedom defining the finite element
subspaces X, and Yy, and the individual and global errors are by:

e(0y) = |los—osnldaivia., e®) = lp—pullio,. eloy) = lof—osnlaiva;

e(un) == [lu—uplia,, e() = v —nllog., and

qaxn::{{qagf<+{qM}2+{qan}2+{qun2+{ewn?F”.
Also, we let r(oy), r(p), r(os), r(u), r(v), and r(&,7) be the experimental rates
of convergence given by

._ log(e(os)/e'(as)) ._ log(e(p)/e’(p))
= 7 R G T
Mm;mwwwmrw;mwa

' log(h/1) ’ ' log(h/R)
_loget)/e ) o lon(e(@.9)/e' (@)

") = ety 0 M T@) = log(h/l7)

where h and h’ denote two consecutive meshsizes with corresponding errors e and

e’

In Example 1 we consider the domains Q4 :=10.25,0.75[* and Q; :=]0,1[3\ Qs,
and take the parameters w = v9 = 2, and ps = py = A = ¢t = 1, whence r; =1
and ks = 2. Then, we choose the data f and p; so that, with the above constants,
the exact solution of (21) is determined by

1 1 b(’l”) (Il — 2)2
ux) = — ¢a(r) | 0 | + -5 [ z2(21 —2) Vx = (z1,22,23)" € Q,
4 r T
0 ,Tg(i[:l — 2)
and .
p(x) = - exp(rt) Vx = (z1,72,23)" € Qf,
where
r = /(x1—2)? + 2% + 23,
1 L 1 3 \/§L 2re
11— -+ o) — = -2 VO o
a(r) { ol 21"} exp(2re) — 3 { 2 T o }QXP(\@) ’
and

3 3 1] 9 331 271
b(’f’)— {m—l—g} eXp(2’l"L)—§{m—1— o }exp(E) .

Actually, u is the fundamental solution, centered at (2,0,0), of the elastodynamic
equation, which yields f = 0 in €2, and p is the fundamental solution, also centered
at (2,0,0), of the Helmholtz equation in Qf. Next, in Example 2 we assume the
same geometry, parameters, and solution u from Example 1, but the exact pressure
is replaced by a plane wave in the direction (—1,0,0)*, that is

p(x) = exp(—z1¢) Vx = (z1,22,23)" € Q.

We remark that in these academic examples with known solutions, the transmis-
sion conditions defining the spaces X; and Xy do not necessarily hold, and hence
we simply replace them by the corresponding jump relations that arise. These non-
homogeneous jumps are then handled at the discrete level by introducing suitable
Lagrange multipliers in the computational implementation of (61). We remark that
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these multipliers are employed only at the algebraic level, not in the functional set-
ting of the problem, which means that no hybrid additional variables are introduced
on the interface.

In Tables 1 to 4 we present the convergence history of Examples 1 and 2 for a
sequence of quasi-uniform triangulations of the computational domain €, UQf. We
remark that the rate of convergence O(h) predicted by Theorem 4.1 (when § = 1) is
attained for all the unknowns and in all the cases presented. In particular, the use
of different pairs of parameters satisfying the stabilization conditions 1 €10, 2u]
and k2 €10, 1] confirms the robustness of the discrete scheme (61) with respect to
them.

We end this paper by remarking that the devising of more efficient numerical
methods for solving the Galerkin scheme (61) should consider a decoupled proce-
dure combined with a preconditioning technique. We are currently working in this
direction by following a similar approach to the one developed in [28].

TABLE 1. Convergence history of EXAMPLE 1 with k1 = p and

Ro = 0.5

h N e(os) r(os) e(p) r(p) e(oy) r(oy)

1/4 3229 8.237TE—-03 — 9.268E—-02 — 4.447TE—-02 —
1/8 25845 || 3.953E—-03 | 1.059 || 4.879E—02 | 0.926 || 2.196E—-02 | 1.018
1/12 86213 || 2.622E—-03 | 1.013 || 3.292E—-02 | 0.970 || 1.461E—-02 | 1.005
1/16 | 203977 || 1.964E—03 | 1.004 || 2.481E—02 | 0.983 || 1.095E—02 | 1.003
1/20 | 390525 || 1.570E—03 | 1.002 || 1.990E—02 | 0.989 || 8.756E—03 | 1.002
1/24 | 684053 || 1.309E—03 | 1.001 || 1.660E—02 | 0.992 || 7.295E—03 | 1.001
h N e(u) r(u) e(v) () e(d,v) [r(@,7)

1/4 3229 1.329E—-02 — 3.308E—-03 — 1.040E—-01 —
1/8 25845 || 4.929E—-03 | 1.430 || 8.960E—04 | 1.884 || 5.388E—02 | 0.949
1/12 86213 || 2.937TE—-03 | 1.277 || 4.834E—04 | 1.522 || 3.624E—-02 | 0.979
1/16 | 203977 || 2.068E—03 | 1.219 || 3.297E—04 | 1.331 || 2.727E—02 | 0.988
1/20 390525 || 1.597E—03 | 1.160 || 2.510E—04 | 1.223 || 2.185E—02 | 0.992
1/24 684053 || 1.306E—-03 | 1.103 || 2.032E—04 | 1.158 || 1.823E—02 | 0.994
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