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ENERGY NORM ERROR ESTIMATES FOR AVERAGED
DISCONTINUOUS GALERKIN METHODS IN 1 DIMENSION

GABOR CSORGO AND FERENC IZSAK

Abstract. Numerical solution of one-dimensional elliptic problems is investigated using an aver-
aged discontinuous discretization. The corresponding numerical method can be performed using
the favorable properties of the discontinuous Galerkin (dG) approach, while for the average an
error estimation is obtained in the H'-seminorm. We point out that this average can be regarded
as a lower order modification of the average of a well-known overpenalized symmetric interior
penalty (IP) method. This allows a natural derivation of the overpenalized IP methods.
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1. Introduction

Discontinuous Galerkin (dG) methods have been intensively studied in the last
decade. Due to the increasing need for highly accurate computation, these methods,
allowing local refinement strategies, became very popular. Their unified mathemat-
ical analysis for elliptic boundary value problems was initiated in [2], and a number
of articles have been published discussing its application to different problems. The
theory was put later in a more general framework [10], [11], [12]. Regarding the
practical computations, also some monographs have been appeared [15], [21]. The
widespread results of the theoretical investigation for dG methods have been sum-
marized recently in [8].

The error analysis for elliptic boundary value problems underwent a significant
development. For the multidimensional case, extra smoothness of the analytic
solution had been assumed in the original approach [2], which was alleviated in [14].
The a posteriori error analysis was initiated in [18] and [3] and was developed in [1]
and [13] to obtain easily computable and guaranteed error bounds and an efficient
a posteriori error estimator for a general 3-dimensional hp-adaptive algorithm has
been derived in [22]. All of these results concern a so-called dG-norm which arises
from the dG bilinear form. One can prove convergence also in a mesh-independent
(BV) norm [4], [7], which can be used again to avoid the assumption on extra
smoothness [8].

Several methods have been developed to obtain an error estimator in the Lo-
norm and increase the accuracy of the dG approximation in negative Sobolev norms.
The key idea is to apply a post-processing which is a smoothing technique using
convolution with special kernels. This was first demonstrated in [6] for hyperbol-
ic problems. These techniques have been developed in many aspects, for recent
achievements see, e.g., [17] and [19]. Similar results including superconvergence
can be obtained for second-order elliptic problems in several space dimensions [5]
using an element-by-element postprocessing in the Lo-norm.
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The objective of this paper is to develop an error estimator in the natural ener-
gy seminorm between a postprocessed dG type approximation and the analytical
solution in one space dimension for elliptic problems. In the main result (see The-
orem 3), we provide an upper estimate for the error ||V (ny, * urp — u)||1,, where the
convolution gives the local average (a kind of postprocessing) and urp denotes an
overpenalized version of the well-known symmetric interior penalty (IP) approxi-
mation.

We also throw new light upon a version of dG methods: we will point out that
a postprocessed IP method can be regarded as a lower order modification of a
continuous Galerkin method. In turn, this suggests a new derivation of a family
of overpenalized IP methods, where instead of a heuristic choice the penalty term
arises in a natural way.

These results are also confirmed in numerical experiments: the local average of
the proposed method and that of the overpenalized IP method are really close to
each other. Also, it will be verified that for the local averages the convergence in
the H' seminorm is valid.

After the preliminaries, we introduce the finite element method which can be rec-
ognized both as a continuous and a discontinuous method. Then the corresponding
bilinear form is analyzed first in a simple situation and then its relation with the
interior penalty method is highlighted. Finally, we prove error estimation between
the postprocessed solution and the analytic one. As a consequence, we obtain the
above energy norm error estimation for a simple local average of the interior penalty
approximation.

2. Mathematical preliminaries

We investigate the finite element solution of the one-dimensional elliptic bound-
ary value problem

1) {—Auzf inQ=(a,b) CR

u(a) = u(b) =0,

where f € La(a,b) is given. For the numerical solution we consider a tessellation
of the interval (a, b) into the disjoint subintervals Iy, I, ..., I, such that

Ij:(’ij/yj-i-l)v a=% <7 <...Yt1 =0

The parameter h with

h = i N
je{lyg}.{gnﬂ}(% Yj-1)

denotes the minimal length of the subintervals.

The vector space for the polynomials of maximal degree k on the interval I is
denoted with Py (I). For k = (ko, k1, ..., k,) we define

Phx(a,b) = Pr,(Io) © Pk, (11) © -+ © Py, (In),

the direct sum of the above polynomial spaces which corresponds to the piecewise
polynomials with the given maximal degree ko, k1,...,k, on Iy, Iy, ..., I,.

The symbol (-, -), refers to the Ly(I,) scalar product on I,, C (a,b). If I, = (a,b)
we omit the subscript. Accordingly, the generated La([)-norm is denoted with
I I|7,, where I. = (a,b) will be omitted.

For the numerical solution we use the family of the average and jump operators
{-}, and [];, which are defined by

'jr& u) and [uf; =limu — 1ir£_1u

L.
{u}j:§~(hmu+l Jim li

Vi~ .
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and make sense for all piecewise polynomial functions u. We also use the piecewise
gradient operator V.

For the analysis of the forthcoming bilinear form, we use that for each v € P,
(2) Vu=Vyu— Z [ul; 6+,

j=1

where ., denotes the Dirac (delta) distribution supported at v;, see, e.g., [16],
Theorem 2.10.

A well-known approach to the numerical solution of (1) is the IP method, which
consists of finding urp € Pj, k(a,b) such that for all v, € Pj, k(a,b)

(3) arp(urp, vn) = (f,vn),

where the bilinear form ap : P k(a,b) X Py x(a,b) — R is given by

n n
arp (un,vn) = (Viun, thh)—z {Vrun}; [vnl]; +{Vron}; [unl+on Z [un]; [vn];
Jj=1 j=1
with the penalty parameter o5, depending on h.
In the classical analysis 05, = ¢, where o is some (sufficiently large) constant.
This definition indeed, is justified in the multidimensional cases, where o, can be
different on each interelement face F' and is proportional to hp = diam F.

3. Results

As the main result, we point out a close relation between the average of an
overpenalized IP method with o}, = hi (s > 1) and a suitable conforming numerical
approximation.

3.1. Finite element discretization. To give the finite element space for the dis-
cretization of (1) we define 7, = Q_]J:LSX[_hs)hs], where x7, denotes the characteristic
function of the interval I, and s > 1 is a given parameter. To streamline the nota-
tion we do not indicate the dependence on s. We define the convolution 7y * w for
a function w € Lo(a, b) with

Nh % W = N * Wol (a—hs b+ho)s
where wq denotes the zero extension of w to (a —2h*,b+ 2h®). To compute convo-
lutions, we use the notation I; = [y; + h® vj+1 — h°].
The finite element space P, ks is defined as
Phx.s = {nn*up: up € Phx}

and the bilinear form a : P ks X Pp ks is defined with

a(mn * wn, mp * vp) = (V(nn * un), Vg, = vp)),
which makes sense since Py, x s C Hg(a—h*,b+h®). Accordingly, the finite element
discretization of (1) is the following:
Find an element 7, * up, € P x,s such that for all ny, *x v, € Pp ks the following
equality is valid:
(4) a(np * up, p * vp) = (f,0n * vp).

Since the above bilinear form a is bounded and coercive, (4) has a unique solution.
Note that a similar bilinear form a,, : P, x X Py x — R can be defined with

an(un,vn) = (V(nn * up), V(nn * vp))
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and a corresponding variational problem can be constructed:

Find an element uj, € P x such that for all v, € P, x the following inequality is
valid:

(5) an(un,vn) = (fnn *vp).

Obviously, the solution uy, of (4) and (5) coincide. This makes possible the dual
interpretation of the corresponding numerical method: if we compute wuy, in (5), we
can use all favorable properties of the dG methods. On the other hand, the local
average 7, * up in (4) can be regarded as a solution arising from a “continuous”
Galerkin method and for this, a standard error analysis can be performed.

3.2. Analysis of the bilinear form. For the analysis, we first rewrite (4) as
follows.

Proposition 1. The bilinear form in (4) can be given as
a(in * w,np o+ v) = (V(nn ), V(g + v)
n vj+1—h* nt vi+h?
:Z/ h*th-nh*th—i—Z/ Ny * Vi - np * Vyo
7=0 0.

j= i—h®
n

= 3T )0+ ol e ¢ D))+ 3 s [, I,

= j=1
Proof. Using (2), the left hand side of (6) can be rewritten for u,v € Pk as
a(np *u,np *v) = (V(ny *w), V(np *v)) = (np * Vu, gy * Vo)

(1n * (Vhu — Z 0 )y * ( th—Z[[v

Jj=1
(7) -
= (nn % Vi, mp * Viv) = (g + Y [ul; 65,51 % Viv)
Jj=1
nh*Z[[v]] Onys M * Viu) + nh*Z[[u]] 57],77h*2[[v]]j 0+, )-
Jj=1 J=1

To compute the second and third terms on the right hand side of (7), we note first
that

Nh * 5%‘ = Nh,; with Nh,y; (‘T) = nh(x - ’7]’)7
which have disjoint support for different indices j. Hence we obtain

n

(Y [l 8y Viv) = Z (Th,ysh % VRv)
; =

(8) S

:Z[[u]]J%/ ) nh*th=Zﬂu]]jnh*nh*vhv(7j).

=1 vi—h j=1
Using again the fact that the functions 7, ,,, j = 1,2,...,n have disjoint support,
we also have that

(9
o= [l Mh*Z[[v )= ST, [o], Oy ) = 3 5 Tl Tl
Jj=1 j=1

Jj=1

Using (8) and (9) in (7) we obtain the statement of the proposition. [
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Before we relate (10) to the IP bilinear form we give it more explicitly in a simple
case.

Corollary 1. If the tessellation Ty is uniform with the mesh size h and the local
dG basis consists of locally first order polynomials then (6) can be given as

n s

(1= 20 ) (Vs Vo) + 32 % [T [Vl + 25° (V3 190},

Jj=1

(10) " "
=3 L, AVa0k; + b, AVl + > 5l [l

Proof. If u is piecewise linear then Vju is piecewise constant and n, * Vju is
piecewise linear with

[ Vau(x) it | —~;| >h°
M V() = { {Vrul, + 5 [Vhul; if y=9;—2 with |y| <h°

for all j € {0,1,...,n + 1} such that 5, * Vyu(x) is constant if = has a distance
at least h® from the interelement points. Therefore, the product (n, * Vpu) - (g, *
Vo) (z) is also constant if |« — ;| > h* for all j and is quadratic at the remaining
regions with the values

Viu(yy ) Vav(yy ) ifz=v; —h*
(mn * V) - (g + Vo) (z) = ¢ {Vaul; - {Vao}, ifa=y;
th(w;r) . th(w;r) ifex =-; +h°.

Using the identity
Vau(y; )Vav(v;) + Vau(y ) Vio(r;)
= S (Vhu(i)) + Vaul )(Taola;) + V()
+ 5 (Viulsy) = Viul N(Vnvtry) — V(o)

=2 {th}j {{th}j + % [[th]]j [[th]]j

and the three point quadrature rule, we have that for all j and u,v € H}

vi+h?
/ Nh * Vpu - np * Vyu
v —h®

ay = (VO + 4T (Tl ¢ Vi) V)

— %(% [[vhu]]j [[th]]j +4 {th}}j {V}LU}}J— +2 {th}}j {{th}}j)

- % [Viul; [Vio]; +20° {Vpul}; {Vio} .

Obviously, we also have the equalities

Vi —h?
/ ViuVipv = (h = 2h°)Vyu|g, Vivlk;,, §=1,2,...,n,
Vi—1+h°

which can be summed up to obtain

n »ijhs
(12) Z/ ViuVpv = (1 =201 (Vyu, Viv).
j=177j-1+h*
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Since ny, * Vv is linear on (y; — h®,v; + h*®) with

nn* Vipo(y; — h®) = Vipo(y;—) and  mp x Vio(y; + k%) = Vio(v+),

its mean in y; becomes

1t Vio(y;—) + Vao(y+
(13) o / nh * Vv = h (’7] ) : h (’7] ) _ {{th}}j-
v —h*

Substituting (11), (12) and (13) into (6), we obtain the bilinear form in (10). O

3.3. Comparison with the IP bilinear form. The result in Corollary 1 moti-
vates us to compare (6) with the IP bilinear form in a general situation.
Lemma 1. Assume that h*~1 < %. Then there is a constant co depending on k but
independent of h such that for all p € P (—%, 0) @ P (0, %) and h < % we have
2 € 2
(14) max p° < — p-.
541 P b NRe
A similar statement holds for the estimation of the derivatives with the Lo-norm.

Lemma 2. There is a constant ¢1 depending on k but independent of |I| such that
for all p € Pr(I) we have

1

(15) HprJ’S(hIﬂHpHaL
and

_3
(16) max [p'| < er 1172 |pllo,r-

The proof of the above statements is postponed to the appendix.
Using the above results we can estimate the second term on the right hand side

of (6).

Proposition 2. There is a constant ¢y depending on k but independent of h such
that for all u,v € Py x we have

n vi+h? n
(17) / Np* Vpu - np x Vo < 200]7,571 Z ||th||jj thU”fj
—o/vi—h°

j 3=0
Proof. If u € C(—%,0)®C(0, %) with a maximal polynomial degree k then accord-
ing to Lemma 1 we obtain

he
/ (nn * Viu)? < 2h° max |np, * Viul® < 2h° max |Vyul?
_hs [—hs,hs] [,%7%]
(18)
2h*

< / |V ul?
e Sl g\

We note that (18) remains valid if the variable is transformed with x — z + ;.

Accordingly, using the notation I 3 = {”yj - %,”yj + hgl \ [vj — h*,v; + h*] we
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have that for all j = 1,2,...,n the following inequality is valid:
(19)

vi+h? v the v+he
/ Nh* Vet - np * Viao < / [nn * Viul? / Inn * Vio|?
v —h? K
< 260h™! / V2 / Vol
[vi— %7+ 5]\ v —he v +he] [vi—& v+ 5]\l —he v +h]
< 200hs 1\// |th|2\// |Vh’U|2

Using the “discrete” Cauchy—Schwarz inequality

the summation of the terms in (19) gives that

noopvtht
Z/ N * V- np x Vo < 2c0h® ! Z \// |th|2\// |Vhol?
j=0"vi—h®

n n n
< 2c0h* ! Z/ |V ul? Z/ Viol2 = 2c0h*™ Y [Vl ;| Vaollz,,
j=0"15. j=0"1j. j=0

as we have stated. O

Remarks: The inequality in (18) can easily be rewritten into the following for-
m: if u € C(—%,0) ® C(0,%) with a maximal polynomial degree k then for all

T € (—% +hs,%—h5) we have
<ol [* 19
coT— ul”.
< oy Ly h

Similar derivations give that there is a constant co € R such that for all above
functions v and parameters h, s with % > h® we have

hS
(21) / IVhul? < CQhH/ |Vhul.

—he (=4 4\ o)

(20) } [ e

Lemma 3. For arbitrary functions u,v € Py x we have that

(Vihu, Viv) — Z/ N % Vit np ok Vv

2 n
< (%hQSQ + (1 + 02)h51) Z/ Vipu - Vpo.
j=0"1i

Remark: The inequality in (43) also implies that for all u € Py, (1) we have
1
— (%h?s—? + clhs—l

(22)

(23) IVhull7, <

)|77h * ViullF
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Lemma 4. For allve P,x and j =1,2,...,n we have

(24) i x (n * Vo) () — { Vvl \/_cl =4

where cq is the same constant as in Lemma 1.
The proofs of Lemma 3 and Lemma 4 are postponed to the appendix.

Proposition 3. For all v € Py x we have
(25)

n

Z [l mm o+ (n# Vi) () = > Tud; {Va0},| < ORIV (@) 1|V (o % 0)]

Jj=1 Jj=1

where C' is a mesh-independent constant.

Proof. We first introduce the functions (Vjv)o : (=%, 2) with
_ [ Vio(z) we (=5, %)\ (=n*h%)
(Viv)o(@) = { 0 € (—h*,h%)

and (th)l = th|(7ﬁ By~ (Vhv)o. For these functions, || - || refers to the
272

Ly (-4 5 g) norm. Obviously, (Vxv)1 L (Viyv)o and [v]gnn L (Vav)o. The no-
tations (n, * Vjv)1 and (ny, x Viv)e will be used in a similar sense. We also note
that a simple scaling argument implies the equivalence of the norms

(26) call(nn * Viv)oll > [[(Vav)oll = éall(nn * Viv)ol|

with some mesh-independent constants c3 and ¢4. With the above notations, using
also (21) and (26) we obtain that

e Vnol gy = [l mall® = 10 = Vav)r = [l mull* + [1(Vnv)o]?
= [|(mn * Vool + || [l mal* = 2((mm * Vo), []g nm) + 11(Vav)ol|®
> || [olg mall? = 2((nn * Vo), [0l nn) + [1(Vav)ol?
@) = [elomll® + 1(Vr0)ol® = 20 (n * Vao)allll [o]g mml
> || [olg mull? + [[(Vav)oll” = 23/ c2hs= 2|+ Viv)olll| [0y mnl]
> || [olg mull? + [(Vrv)ol” = Ve2hs =2 (|| (mn * Vav)ol* + [ [l nall?)
> (ca — Veehs= ) ([[(n * Vao)ol” + || [o]g ),
where ¢4 = min{1,¢,}. Note that using the above notations, (21) implies that
i
[t = [ s [ [Vaof? < (14 eoh*™ ) [(Tno)ol?
- —h* (=5 3)\(=h=h)

and consequently, we also have that

ulo V1 + b =1/ [[(Vao)ol?

< V14 ceahs=tes| [uly [V ][k * Viv)o||?
= V2hsc3v/ 1+ cahs L [u] g mn ||| (7 * Vio)ol.
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Interchanging of u and v in (28), adding the result to (28), using the Cauchy—
Schwarz inequality and (27) results in the following estimate

N

[ Tulo |

[ el 11|

< V2hies 1+ coh = ([ Tudg i (on * Vav)oll + I Twlg [l (nn + Viu)oll)

hs
<y Vit 02h5*1\/l\ [ulo mnll? + 1l (mn th)o||2\/|| [wlo el + [1(nn * Viv)o|[?
hs \/1—|—02h

S\ T ||77h « Vau — [ulgnnll - llmn * Vo = [vlg ]l
hs \/1 —|—02h
=\ T e kT ||V(77h wu)|[ [V (=)l

Transforming the variable we similarly get

L

Vita
Tl | [ 1Vho 4110
i

iT 2

hs W /%-Fh " /W"'hs v 2
<t/ —= * U * U
2 ¢4 — coh’~ ¢y — cohs~ 1 v 77h yj—hs i

J

for 7 = 1,2,...,n which, using the result of Lemma 4 and the discrete Cauchy—
Schwarz inequality, gives the estimate

Z[[U]] N * (Mn * Vo) (5) Z[[u]] {Vivl

j=1

n n

+ Z [o1; i * (i Viu) (v5) — Z [v]; {Vru},

'YJ+ b
/ IV hul?

Co. . 3 hs /1 +62hs 1 vith® ’YJJFhS
SThS 2\/7 o o1 V(nh * u)| V(nn *v)|?
€4 — C2 Vi~ vi—h?

m\r

hS \/1 hs—1
Sﬂh*% — T \// IV (np * u)| \// [V (np *v)|?

2 C4 — cohs— ¢y — cohs—1

2
Co s—3 hs 1+Ch
< 0y [ Y N 9, <) 2V )

which implies the statement in the proposition. [
Using the above results, we can finally estimate the difference between the IP
bilinear form and a,,. In the consecutive estimates, urp denotes the solution of (3)

using the penalty coefficient op, = % and up denotes the solution of the problem
in (4).
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Theorem 1. There is a constant C' and a discretization parameter hg such that
for all h < ho and u,v € Ppx we have the following estimate:

(29) |azp(u, v) = ay(u,v)| < CH*H[V (n + w)[|[[V (gn % 0)]|-

Proof. Comparing the two bilinear forms we obtain that

arp(u, v) — an(u,v) = (Viu, Viyv) — Z/ np * Vpu - np x Vo
j=0"1

vi+h* "
/ Mk Vo + Vi + S [ul, {Va0}, + [0, {90l
-

j—he =0

NE

(30) -

J

Il
=]

Il
=]

[ul; mm = (% V) (v;) + [0l nm % (g * Vau) (y5)-

Using the estimates in Lemma 3, in Proposition 2 in Proposition 3 and in (23) we
obtain that

|atp (u, ) = ay(u, v)]

2 n
< (%h%_2 + (c1 + cz)hs_l) Z _ Vihu-Vyo
j=071;

+2c0h* 1Y IVl IVaollz, + 2e2h IV (o x w) ||V (% )]

=0

C2 _ _ _ "
< (Zlh% 2y (Cl + Cz)hs Ly 2¢coh® 1) Z ”vhquijhU”fj

=0

+ 2e2h* |V (g + W)|[[|[V (% )|

cip2 2 4 (1 + ca)h* 1+ 2e0h* 1 &

- h=5~ c1 +c2)h®™ coh®~

: = Dl * Vaully Il * Vol 7,
1-— (Zlh,2572 —+ 2Clh571) j=0

+ 2e2h* |V (g + W)V (% 0) |-

On the other hand, using again the discrete Cauchy—Schwarz inequality and the
fact that V(np, * u)|, = (nn * Vau)|j, we have

<

n n n
D limn o« Vil llnw = Vil g, < D o * Viul? > lmn * Viol}
=0 =0 =0

S IV = W[V (1n + )]
and therefore,
(32)

|arp (u, v) = ap(u, v)|

(31)

DR25-2 4 (e + 2)h* ) + 200h*)

= + 202k | IV (i x ) ||V (o 5 0)
1— (Zlh’2572 + 2Clh571)

which gives the statement in the theorem. O

Remark: The result of this theorem shows that the present investigations do not
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cover the case of the classical IP method since for s = 1 the difference of the bilinear
forms arp is not a lower order perturbation of a,,.

We can also estimate the local average of the solution arising from the IP bilinear
form.

Theorem 2. There is a constant C such that we have the following estimate:
IV (n % wrp = 1 un)l| < C¥= Y[V (n 5 un)l| + csllnn = f = £
Proof. Since wy, is the solution of (4), we have that for v, = uj — urp the following
identity is valid:
(V(nn s wn), V(nn s (un —wip))) = (fnn o (un — uip)),

and therefore, a straightforward computation with the relation n(—z) = n(x) gives
that

(V(nn * (un — ure)), V(nn * (un — urp)))

= (fymn * (up —urp)) — (V(nn * uzp), V(nn * (un — uip)))

= (f,nn * (up —urp)) — arp(urp, up — urp) — (V(0n * urp), V(0 * (up — urp)))

+ arp (up, up — urp)

= (mn* fun —urp) — (f,un —up) — (V(nn * (urp — un)), V(i * (up — urp)))

+ arp (utp — up, un — urp) — (V1 * un), V(1 * (up, — urp))) + arp (un, un — urp).

Therefore, using the estimate in (29) for the last two pair of terms the equivalence
in (26) and the Friedrichs inequality we obtain that

IV (o, + (un, = wre))|?
<Al f = fllllun = urel| + CR*=H(|[V (nn * (urp — un))||*
+ IV (= wn)[[[[V (1 (un — wrp))|])
< esllmnx f = IV (no* (un = wre)) || + CR* =V (g * (urp — ua))|1?
+ CR [V (g x wn) ||V (g (un — i) |
such that we finally get

(1= Cr* YV (i * (wn, — wip))|| < esllnn = f = fIl + Ch* M|V (s )|

which implies the estimate in the theorem. [
The final problem we face with is that the finite element space P} x s is not
conforming, as possibly 7y * up(0) # 0 or ny, * up(1) # 0.

Lemma 5. The approzimation np, * up of w in (4) is quasi optimal in the sense
that for some constant C' € R we have

lu—=npxuply <C inf ||u—np*xop|1 + (’)(hs_l).
vy €P

h,k

Proof: We use the Strang lemma for the non-consistent finite element approxi-
mation, which states for our case that

. ,np *xvp) — (Vu, V * U
lu—peunllm < Co | in = nsonlp + sup Lron) = (Ve Vo n))
'Uh,eph,,k ’Uh,EPh,,k ||n*vhHH1

with a mesh-independent constant C,. For the complete formula with a detailed
explanation, we refer to [9].
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We define a function oy, : [0,1] — R with

nn * vy (z(1 + 2h571) — h¥) for z € [0, %]
Op(x) =< np xvp(x) forxz € (%,1—%)
mhox v (z(1+ 2071 + h* —2R°71) forz € [1— L 1],

which is an z-dependent translation of 7, * vy, and the differences of the variables
satisty
(33)

max{ max |z(1+2h°" ") —h®—z|, max |z(1+2h°" ") +h°—2n°""" —z|p <A
zeo, k] ze[1-L4 1]

Note that supp n5, * vplj,1) — O = [0, 2] U [1 — £,1] and @, € H{(0,1), therefore,

(fsmn * o) — (Vu, V(np * vp))

sup

v €Pp k ||77*Uh|\H1

s T % Up, — (Vu, V(g * vp

o oy L7 0l02) = (V2 ¥ 5 0)

vp € Py K Hn*vh”Hl

. (fsmn * vp — 9n) = (Vu, V(np * v, — 0p))

VR EPh k H77*UhHH1

We may assume that
(35) max lop] = 1.

z€[0,h]U[1—h,1]

Then a continuity and a scaling argument gives the existence of c¢y; € RT (which
may depend on k but not on the parameter h) such that 9, * vy (y) = cpr for some
y € (0,h)U (1 — h,1). Again, a scaling argument implies the inequality

C
(36) IV vl 2 IV vl o |+ IV vl na-mll = =

On the other hand, the assumption in (35) gives that

/ Cs
max || < =
z€[0,h)U[1—h,1] h

and similarly,
2
CS

n?

max o] <
2€[0,h]U[1—h,1]

for some constant ¢,. Hence, with the aid of (33) we obtain that for all x €
supp .+~ 51 = 0,5] U1~ 4,1

(v — Op) ()] < esh® !

and similarly,

IV (% v, — ) (2)] < esh®2,
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which can be used together with (36) to complete the estimation in (34) to get
sup (fymm *vn) — (Vu, V (g, %))
vh €Ph x H77*Uh||H1

B 110, 5 10p = a Ml * on = Onll + [Valo ayop—g 2 IV (n x on = 0n)]

1
cy-h 2

1,6 1,6
<||f|[07%]u[17%71]|‘05h2h 1+||Vu|[07%]u[17%71]Hcshzh 2

CM'hié
s s—1
< e (1o g1ofp- I+ 190l oo 1)

which proves the lemma. [J

Remark: If the analytic solution is smooth in the sense that sup|Vu| is bound-
ed then the error term in Lemma 5 becomes O(hs~ 7).

Theorem 3. The averaged interior penalty approximation is quasi optimal in the
sense that for some constant C we have the estimate

IV(u—=mp*up)l <€ inf l[u = nn * onll + OR1) + Cllnn * f = f1-
Vn€Ph,k

Proof: A triangle inequality and the estimates in Theorem 2 and Lemma (5)
imply that

IV (u—npxure)|ls < lu—nnxunlls + V(0 o+ urp — na * up)||
<C inf Ju—mnxvplls + OB+ Cllnn = f — £,

VR €Pp x

as stated in the theorem. [J

Remarks: The multidimensional generalization of the above theory would give
the same benefits as presented here. First, the convergence of the local average
of a possibly overpenalized IP method could be verified in the H'-seminorm. The
derivation would be free of the primal-dual formalism and introducing arbitrary
numerical fluxes. Also the analysis in Section 3.1, which can be transferred un-
changed, does not require any extra smoothness of the analytic solution as did in
the original approach. We also guess that it is close link between the lifted dG
methods, e.g., the ones by Bassi and Rebay and the one by Brezzi et al., see Table
3.2 in [2] for their explicit form.
The main bottleneck is that the last term in the explicit form (6) can not be given
in a simple form. In the one-dimensional case, the jump terms can be given with
the linear combination of Dirac distributions (which is the distributional derivative
of the jump function). These can be easily convolved with the averaging function
7y as d is the identity element for the convolution. In the multi-dimensional case,
the distributional derivative of the jump functions is not simply a Dirac distribution
and even Proposition 1 is difficult to give in an explicit form.

4. Numerical experiments

In this section, we demonstrate the accuracy of the averaged numerical solution
Nn % up in (4) and relate it to other approximations. We also investigate experi-
mentally the choice of the exponent s. According to (6), it can be recognized as a
penalty parameter which has a crucial role in the computations. Too large penalty
terms can result in ill-conditioned systems while small penalty terms can hinder
the stability of the corresponding dG method, see [20].
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TABLE 1. Computational error in different norms for the averaged
approximations arising from the bilinear forms a,, and arp, respec-
tively using locally first order elements and the parameter s = 2.
In the last row, the estimated convergence order is given based on
the finest grid.

Number of max - norm H' ~ seminorm
subintervals an arp an arp
8 1.3-102[18-1002]25-1071 [ 25.10° 1
16 37-1073[46-1073[1.4-1001 [ 14-1071
32 1.0-103 [ 12103 72-1072 ] 7.2-10°2
64 2.8-107%129-100% [ 36-1072 | 3.6-10"2
128 71-107° [ 7.3.107° [ 1.9-1072 | 1.9.10"2
256 1.8-10°[1.8-10°]93-1072 ] 9.3.10°3
| Convergence rate | 2 | 2 | 1 1

The simple model problem we solve numerically is

{u”(x) = —m?sinTz, € (0,1)
u(0) = u(l) = 0.

In the first series of experiments, we take a uniform tessellation of the interval
(0,1) and piecewise first order polynomials to give the finite element space P 1.
We compare the solution 7y, * uy, of (4) with the averaged IP solution 7y, * urp. The
cornerstone of the implementation of the numerical method is to compute the local
averages 7, * up, for the basis functions u;, € P k.

If supp up, = [z, z;41] then

— fﬂH_hS Viwup(y)dy ifx €[z, —h®,x;+ h¥]

Ij B
(B7) m* Viun(z) = § S (TG u(y) dy i x € (1 + bY@y — b
si= [0 Vaun(y) dy i@ € [zj01 — h® 240 + b,

x

which is a continuous, piecewise polynomial function. This can be given analyt-
ically. Similar statement holds for np, * up(z). Accordingly, the scalar product
72 (sin 7a, np, * up) on the right hand side of the variational problem (cf. with (5))
is computed piecewise for each basis function uj performing a three point Gauss
integration separately on the intervals [z; — h®, x; + h®], [x; + h®, 2,41 — h®] and
[Ii+1 — hs, Ti+1 + hs]

The computation of the stiffness matrix is based on Proposition 1. The entries
containing the the term 7, * Vjuy, can be computed on the intervals [z; —h®, z;+h®]
and [z;+h*®, xj41 —h°] corresponding to the first two terms in (6). The computation
of the third and fourth terms in (6) is based on the third expression of the equality
in (8). Finally, the computation of the last term in (6) is straightforward. Even in
case of second-order polynomials one can evaluate all the entries by hand.

As a result, the stiffness matrix becomes a band matrix with a larger band width
compared to a classical IP stiffness matrix. In our case, if u; and u;, are supported
on neighboring intervals then in general the scalar product (1, * Vyuj, nn * Viu)
and the corresponding matrix entry [4, k| is non-zero.

The result of the computations is presented in Table 1. The results confirm
the convergence order stated in Theorem 3 and suggest superconvergence in the
maximum norm.
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In the second series of experiments, we use the finite element space P}, 2 consisting
of piecewise second order polynomials on the above tessellation. We compare the
solution 7y, * up, of (4) with 7, * urp. In both cases, we obtained second order
convergence in the H'-seminorm as predicted in Lemma 5 and Theorem 3. The
results are presented in Figure 1.

10 T T
—e—a, [0,
10—2> -e-IP |[|]1
- IP I,
-3
10°F ——2, Il
107" 4
107} 1
107 1
10 ' 0 ‘ 1 ‘ ?’ 3
10 10 10 10

FiGURE 1. Computational error of the approximations 7, * up
(continuous line) and 7, * urp (dashed line) in the H!-seminorm
(e) and in the maximum norm (4) vs. the number of subintervals
using locally second order elements.

The results confirm again the predicted convergence rate: the IP method really
seems a lower-order perturbation of the one given by a,,.

The only free parameter in the bilinear form a,, is the exponent s. We investigate
its “optimal” choice leading to a minimal error in the H'-seminorm.
In the above experiments, we applied the smallest exponent which is necessary
to achieve the desired convergence rate. In concrete terms, s = 2 for k = 1
and s = 3 for k = 2. The experiments indicate that this is the optimal choice.
Whenever larger values of s can result in smaller computational error for a coarse
resolution, the condition number in the corresponding linear system grows rapidly,
which deteriorates the optimal convergence rate. The results of the corresponding
numerical experiments for k = 2 are summarized in Table 2. At the maximal
admissible resolution, the condition number is of order 10'°. One can observe
this phenomenon in Fig. 1: the error in the | - |-norm is increased at the finest
resolution if the overpenalized IP method was applied.
Interestingly, we observed here that not only the coefficient of the penalty term
but also the exponent of the discretization parameter should depend on the local
polynomial degree.

Appendix

Proof of Lemma 1: The proof will be carried out using a standard scaling argu-
ment.
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TABLE 2. H'-seminorm of the computational error in case of
coarse resolution for some parameters s and the maximal num-
ber of subintervals Ny« until the optimal rate of convergence can
be verified.

k=2
s=3 s =235 s=4 s=4.5 s=5
N=16 | 4.26-10"3 [ 3.25-10"2 [ 319-102 | 3.19-10"° | 3.19-103
N=32[943-10~%[8.02-10-% [ 7.98-10~% | 7.98-10-* | 7.98-10—4
[ Nmax | 256 [ 144 | 128 | 72 | 64 |

If h = 1 then Py (—%, 0) D Py (O, %) is a fixed finite dimensional subspace.Therefore,
the norms given by

(38) [Polloc = max lpo| and ||polls2 = / v
23] SRR

on this space are equivalent. Hence we have a constant ¢y such that

which gives the statement of the lemma in case of h = 1.

For an arbitrary parameter h < % and p € Py (—%,0) ® Pk (O, %) we define

po € C(—%,0) ® C(0, 3) with po(z) = p(hz). Therefore, using the statement for
h =1 we obtain

Co
In}a)}( p2 = mlajlg p(2) < CO/ p% = 5 p2
[-%.4] [-3.3] [-5.4\ =44 [- &, B\~ %.2]
< 2,
T N e

as stated in the lemma. O

Proof of Lemma 2: A similar argument as in (38) implies that for the interval
[0, 1] there is a constant ¢; such that for all polynomial py of maximal degree k we
have

(39) 1p6]1% < exllpoll®
and
(40) Jmax, Ipo| < c1llpoll-

Instead of taking a generic interval it is sufficient to prove the statements for inter-
vals of type I, = [0, ho]. For an arbitrary u € Py, we define po with po(z) := p(hox).
Then using also (39) we have

"2 o Lot Lot Loy L2
1, = [ WP =tz [P e [k, ey [P = cagglol,
such that (15) is proved.

Also, with the aid of (40) we obtain
1 1

max |p'| = — max |ph) < c1— |Dhl] = c1 I | = 1 — 1P|
z€[0,ho) ho z€0,1] or= hg 0 ho vVho hg ’
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which proves the other statement in the lemma. [
Proof of Lemma 3: We first use the estimate in Lemma 2 for the interval I; =

[vj + h®,vj4+1 — h°] and a polynomial u € Py, (I;), which gives that for all x € I}
the following estimate is valid:

(41)
z+h®
- / ) dy —u(a)

i () — u(z)| = <1 / fu(z + ) — u(z)] dy

=ons ) .

he
h® _3 _30C
< gl [ oy < Gl ful, < 5 E Sl

It is also obvious that

’(ﬁh # Vi, np + Vo), = (Vau, Vio)p
(42)

< ’(nh x Vpu, np, * th)fj — (Vau, th)fj + |(Vpu, th)lj\fj |

Using the result in (41), we have that for given u,v € Py x the first term on the
right hand side of (42) can be estimated for all z € I as

& 3
nn * Vau(z) — Viu(z) < Elhs_f [Vhullr,

and similar relation holds for v. Therefore, using the Cauchy—-Schwarz inequality,
the relation hg < h and the short notation W for the constant one-function we
obtain

(43)

‘(nh * Vi, i+ Vo) ;o — (Viu, Vo) )

1
(Lps——

NG

1
IVnull7, ¥ + iy, h

NG

[Vrollz, - H 4+ Viv); — (Vau, Vio)g,

2
€1, 2s 1 N . - s 1 = =
< Il 190wl Bl + Gl [(Vno )y |
+ Db Vol (T )
— nlg, hU ) f
2 /n3
2
€1, 2s 1 N 5 s 1 . .
<5h h—g||thH1jHth||1j+Clh \/h—%HVhUHIjHVhUHIj
<

C% 2s 1 51
IVnullz, IVavllz, { ™55 +eh®s ).

For the estimation of the second term on the right hand side of (42), we use (21)
and obtain that

(44) (Vi Viv) 7| < b (Vi Vi) | < b [ Vaul |7, Va7,

The inequalities in (43) and (44) give that

(n * Vi, Vo) i — (Vau, Vav)g,

2
< (%hQSQ + (Cl +c2)h51) (th,Vh'U)%_

which can be summed up to arrive at the estimate (22). O
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Proof of Lemma 4: We first introduce the function w : (—

|

, %) with

w = Vio = {Vno} ¥+ [Vrolo (H = 3),

INTIRN

where H denotes the Heaviside function. Note that
[w] (0) = [Vrv] (0) + [Vio], - (1) =0,
and )
limw(0+) = th(0+) — {th}}OJ% + 5 [[V}ﬂ)]]o =0,

such that w is piecewise polynomial of maximal degree maxk and continuous on

[—%, %} We also have that

(45) Viw = V,Vyo,

where the piecewise derivative is taken in (—%, O) U (O, %) Then using the Newton—
Leibniz formula, the Cauchy—Schwarz inequality, (45), (20) and the inverse inequal-
ity (15) we have the estimate

(46)

I
- Nh * W
/.
1 0 T h® T
< — / / Vne * w](t) dt ‘ dz +/ / Vinn * w](t) dt ' dx
2h# _ns 1 Jo o o
1 0 0 0 h® x T
. / / [V [+ w](8)[* dt / 1dz +/ / |V * w](t)|* dt / 1dz
2h _hs . « 0 0 0
1 0 0 0 I x T
’ / / nn o+ Vaw(t)|* dt / 1dx +/ / s % Viw(t)]? dt / 1dx
2rs \ ).\ ). ; . ; :
1 0 —z | [ )
< / V =T/ Co—— / [VaVro(t)|” dt dz
2hs \ J_ps h _h
hs z %
+/ Vg [cor / |VaVio(t)|]? dt dz
0 h\J-z
=—7 / VLVl / —z dx —|—/ xdx
onst3\| oz hs 0

2

IN

IN

h h
\/C 2 \/cocC _3 2
< vy o |Vho|2h2 = YO0 ps—3 |Vavl2.
1
2hst3s b\ Jon 2 —k

Since H — yg is an odd function, the same holds for ny, * (H — %) and therefore,

y
“A
[ me -3 =0

—h
which can be used to obtain

1M
Nh * W

1 (" M
Vav — v 1%
2 /,hs xR S /,hs{{ nV o 1

1
{Vrol, - 25 [hs nn * Vio




The

(47)
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refore, using (46) we get

I NG
{Vrvl, — By [hs Np * V| < S

ok, - 5 |

vi—h?

which proves the lemma. [
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