INTERNATIONAL JOURNAL OF © 2014 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 11, Number 3, Pages 496-524

TWO-GRID hp-VERSION DISCONTINUOUS GALERKIN FINITE
ELEMENT METHODS FOR QUASI-NEWTONIAN FLUID FLOWS

SCOTT CONGREVE AND PAUL HOUSTON

Abstract. In this article we consider the a priori and a posteriori error analysis of two-grid
hp-version discontinuous Galerkin finite element methods for the numerical solution of a strongly
monotone quasi-Newtonian fluid flow problem. The basis of the two-grid method is to first solve
the underlying nonlinear problem on a coarse finite element space; a fine grid solution is then
computed based on undertaking a suitable linearization of the discrete problem. Here, we study
two alternative linearization techniques: the first approach involves evaluating the nonlinear vis-
cosity coefficient using the coarse grid solution, while the second method utilizes an incomplete
Newton iteration technique. Energy norm error bounds are deduced for both approaches. More-
over, we design an hp-adaptive refinement strategy in order to automatically design the underlying
coarse and fine finite element spaces. Numerical experiments are presented which demonstrate
the practical performance of both two—grid discontinuous Galerkin methods.

Key words. hp-finite element methods; discontinuous Galerkin methods, a posteriori error
estimation, adaptivity, two-grid methods, non-Newtonian fluids

1. Introduction

The purpose of this article is to develop the a priori and a posteriori error analy-
sis of two-grid hp-version discontinuous Galerkin finite element methods (DGFEM-
s) for the numerical approximation of strongly monotone quasi-Newtonian fluid
flow problems. The general philosophy of two-grid methods is to first approximate
the underlying nonlinear problem on a coarse finite element partition of the com-
putational domain. On the basis of this coarse grid approximation, a linearized
variant of the discrete problem is then computed on a fine mesh; see, for example,
[4, 8,9, 16, 23, 27, 30, 31, 32, 33], and the references cited therein. The linearization
required for the construction of the linear problem to be solved on the fine mesh
may be undertaken in a number of different ways. Indeed, a simple approach is to
evaluate the nonlinear coefficients arising in the underlying partial differential equa-
tion using the coarse grid approximation; in this way, the fine grid approximation
essentially includes an underlying modelling or data approximation error stemming
from fizing the data of the problem, cf. [9, 33], for example. On the other hand,
the coarse grid solution may be used as the initial guess for a Newton solver on the
fine mesh; in this setting, one step of the Newton iteration technique is typically
undertaken, cf. [4, 33]. In the context of DGFEMs, Bi & Ginting [9] studied the
first approach for a class of quasilinear elliptic PDEs, where the nonlinear diffusion
coefficient u depends on the analytical solution u; this analysis was then extended
to consider the case when p = p(|Vul|) in [15]. The analysis of DGFEMs using the
two-grid technique based on employing a single step of a Newton solver for this
latter class of scalar PDEs has been studied in [12].

In this article we generalize the analysis presented in [12, 14, 15] for two-grid hp-
version interior penalty (IP) DGFEM approximations of scalar quasilinear elliptic
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PDEs to the following non-Newtonian fluid flow problem:

(1) =V Ap(z le(u))e(uw)}t+Vp=f in Q,
(2) V-u=0 in Q,
(3) u=0 on .

Here, Q ¢ R?%, d = 2,3, is a bounded polygonal, or polyhedral, Lipschitz domain
with boundary I' = 9Q, f € L?(Q)? is a given source term, u = (uy,...,uq) ' is
the velocity vector, p is the pressure, and e(u) is the symmetric d x d strain tensor

defined by
1/ 0u; Ouj —
e”(u)_§<8l‘j+8xi>’ i,j=1...d.

Furthermore, |e(u)] is the Frobenius norm of e(u). For the purposes of this article
we assume that the function p satisfies the following structural hypothesis.

Assumption 1. We assume that the nonlinearity g € C(€2 x [0, 00)) and there exists
positive constants m, and M, such that

(4)  mu(t—s) < plx,t)t — plx,s)s < M,(t—s), t>s>0, xe.

As a direct consequence of (4), we note that u satisfies the following inequalities:
there exists positive constants C; and Cs, such that for all 7,w € R4*? and all
x € (),

() (@, |z — pz, lw)w| < Cilz - wl,
(6) Colz — wf* < (e, |z))r — pl@, |w)w) : (7 - w),

For ease of notation we suppress the dependence of p on @ and write u(t) instead
of u(x,t). Throughout this paper, we use the following standard notation. Given
D c R% d > 1, a bounded Lipschitz domain, we write H*(D) to denote the usual
Sobolev space of real-valued functions of order ¢ > 0 with norm ||-[| ;7. p); for t =0,

we set L2(D) = H°(D). We write Hg(D) to denote the subspace of functions in
H'(D) with zero trace on 8D, and set L§(D) = {¢q € L*(D) : [, qda = 0}.

This article is organized as follows. In Section 2 we formulate the standard (single
grid) IP DGFEM for the numerical approximation of the boundary-value problem
(1)=(3). Sections 3 and 4 develop the a priori and a posteriori error analysis of
the above mentioned variants of the two—grid hp-version IP DGFEM. On the basis
of the a posteriori error bounds established in this article, in Section 5 we consid-
er the design of an hp-adaptive finite element algorithm capable of automatically
enriching the underlying coarse and fine finite element spaces; the performance of
this adaptive strategy is studied in Section 6. Finally, in Section 7 we summarise
the main results of this article and draw some conclusions.

2. hp-Version IP DGFEM approximation

In order to construct the two-grid IP DGFEMs considered in this article, we
first recall the family of IP DGFEMSs introduced and analysed in [13]. To this end,
we introduce the following notation. Let 7, denote a shape-regular quadrilater-
al/hexahedral partition of the computational domain €2 into disjoint open-element
domains  such that Q = {J,..7. &. We assume that each & € 7y, is an affine image
of a fixed master element &; i.e., for each k € T, there exists an affine mapping
T. : & — r such that x = Tx(K), where & = (—1,1)? is the reference element.
We write h,, to denote the element diameter of k € Tj, and set h = max,e7;, hx;
furthermore, n,; signifies the unit outward normal vector to k. We allow the meshes
Th, to be one-irregular and assume that the family of meshes {75, },~0 is of ‘bounded
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local variation’, i.e., there exists a constant p; > 1, independent of element sizes,
such that

(7) pl_l < hn/hn’ < P1

for any pair of elements r, s’ € T, which share a common face F' = 0k N Ox’.
Given k € Ty, we write k; > 1 to denote the local polynomial degree; we set
k= {k.:r €T} and kmax = max,eT, kx. By construction, we assume that k is
also of bounded local variation, i.e., there exists a constant ps > 1, independent of
the element sizes and k, such that, for any pair of neighbouring elements «, k' € T,

(8) pat < ki/ke < pa.
We define the finite element spaces

V(Th, k) ={veL*(Q)":v|,0T, € Q. (R) k€ T},
Q(Th, k) ={q € LY(Q) : ¢l 0 Tys € Qp.—1(R), 5 € Tr}

where Qj(R) denotes the set of all tensor-product polynomials on % of degree k in
each coordinate direction.

We write F7 to denote the set of all interior faces, ]-"hB the set of all boundary
faces and F,, = FF U FP the set of all faces associated with the mesh 7. Given
two adjacent elements, kT,x~ € 7Tj, which share a common face F € .7:,%, ie.,
F = 0rx™ N dk~, for scalar-, vector- and matrix-valued functions, ¢, v, and 7,
respectively, which are smooth inside each element x € Tj,, we write ¢&, v+, and
7% to denote the traces of the functions ¢, v, and 7, respectively, on the face F,
taken from the interior of k*, respectively. The averages of ¢, v, and 7 at © € F
are given by

1

(" +q), foy=z0@"+v7), {z}=

5 (rt+17),

DO
DO

{a} =

respectively. Similarly, the jumps of ¢, v, and T at @ € F are given by

ldl = ¢t nes +q¢ n,., [v] =v" - ne +v -n, -,

M:'UJWX)TL,# +v7®n,{—7 [[I]]:I+nn+ —I—an,_r.

On a boundary face F' € FP, we set {q} = ¢, {v} = v, {z} = 7, [d] = qn,
[v] =v-n, [v] =v®n and [r] = n, with n denoting the unit outward normal
vector on the boundary T'.

Given a (fine) mesh 7y, together with a corresponding polynomial degree vector
k, the standard IP DGFEM is defined as follows: find (wp i, pnk) € V(Th, k) x
Q(Tr, k) such that

9) Ap ke (Wh ks Whokes Vi) + Bk (Vn ks Dhok) = Frok(Vnk)s
(10) =B i (Wh ks qnk) =0
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for all (vp i, qnk) € V(Th, k) x Q(Th, k), where

Anaiu,o) = [ len@enu) s e @)de+ 3 /F ol : [v] ds

@ FeF,

- % [l @)@} : ol ds

FeF,

+0 3 [ Qi e )} : [ulds

FeF,

Bh,k(’v,q):/Qth-vds+ Z /F{{q}}[[v]] ds,

FeF,
Fpp(v)=[ f-vde,
Q

cf. [13]. Here, ¢,(-) and V} denote the element-wise strain tensor and gradient
operator, respectively, and 6 € [—1,1]. The interior penalty parameter op is
defined as follows:

k:
(11) Uhk:ﬁyh_’
F

where v > 1 is a constant, which must be chosen sufficiently large (independent of
the local element sizes and the polynomial degree); see Lemma 2 below. Moreover,
for a face F' € F,, hp = diam(F') and the face polynomial degree kp is defined by

b — max (ki ke ), if F=0kN0okK € FF,
7\ k. if F=0xNT € FB.

Employing (7) and (8), together with the inverse inequality derived in [25, The-
orem 4.76], we deduce the following result.

Lemma 1. There exists a positive constant Cp = Cr(p1, p2), independent of the
discretization parameters h and k, such that

> [ ek e (@)hPds < Crlley @), for all w € V(7).
rFeF, ' F
Introducing the energy norms
2 2
ol = len@)lee + Y [ onallol?ds,
FeF, /T
2 2 2
1, Dlbcnr = 1vlhe + a2 @)

we note that Ay, j is coercive in the following sense.

Lemma 2. There exists a constant ymin such that the semilinear form Ap (-, -)
is coercive in the sense that there exists a positive constant C, independent of h and
k, such that

2
Ap(d5v,v) > C o]}, 4,
for all v, ¢ € V (T, k), providing that the interior penalty parameter ¥ > Ymin-

Proof. The proof follows in an analogous fashion to the case of the scalar PDE con-
sidered in [15], albeit, based on employing the inverse inequality stated in Lemma 1;
for details, see [11]. O
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We assume that the bilinear form Bj, j satisfies the following discrete inf-sup
condition: there exists a positive constant v, independent of the discretization
parameters h and k, such that

Bh,k(’va q)

(12) inf sup _—
0#£9€Q(Th k) 0£veV (Th k) ||”||h,k Hq||L2(Q)

> k-1

We note that this inf-sup condition holds
e for k., >2, k€T, or
e for k > 1 if T} is conforming and k,, = k for all kK € Tp;
see Theorem 6.2 and Theorem 6.12, respectively, in [24]. Exploiting this condition

it can be shown that the formulation (9)—(10) is well-posed, see [13]. Furthermore,
the following a priori error bound holds (see [13, Theorem 4.1]).

Theorem 3. Let the penalty parameter v be sufficiently large, and assume that the
solution (w,p) of (1)~(3) belong to (C*(Q)NH?(Q))4 x (CO(Q)NHY(Q)), and ul,, €
H*=(r), pl. € H**"Y(K), sx > 2, k € T,. Then, provided that the discrete inf-sup
condition (12) is valid, the following estimate holds

2
[(w = wn,p = )l p

h2min{smk~+l}—2 ) h2min{smk~+l}—2 )
4 K K
SYC/TW D (L A A
KETh e e

where (wp, pr) is the IP DGFEM solution defined in (9)—(10), and the constant C' >
0 is independent of the mesh size and the polynomial degrees.

3. Two-grid hp-Version IP DGFEM

In this section we develop a two-grid version of the IP DGFEM for the numerical
approximation of (1)—(3) based on the formulation proposed in [9, 14, 15]. To
this end, we consider a fine and coarse partition of the computational domain 2,
denoted by T;, and Tg, respectively, which we assume are nested in the sense that,
for any xj € Tp there exists a kg € Ty such that 5, C Kgy. Moreover we define
the polynomial degree vectors k = {k, : K € Tp} and K = {K, : k € Ty},
associated with the meshes T, and T, respectively, with the property that, given
kn € Tn and the associated kg € Tp, such that K, C kg, the corresponding
elemental polynomial degrees satisfy the condition that k., > K, . Equipped with
Tn, k and Ty, K, we define the corresponding fine and coarse hp-finite element
spaces V (T, k), Q(Th, k) and V(Ty, K), Q(Ty, K), respectively, which satisfy
the inclusions: V(Ty, K) C V (T, k) and Q(Ty, K) C Q(Th, k).

The two—grid IP DGFEM discretization of (1)—(3) is given by:

(1) (Nonlinear solve) Compute (upy x,pH,x) € V(Tu,K) x Q(Tu, K) such
that

(13) Ap k(un kiun K, va k) + Bak (Ve k,paKx) = Fr (Ve k),
(14) —Bux(ugk,quK) =0

for all (v, k,qu.x) € V(Tu, K) x Q(Tu, K).
(2) (Linear solve) Determine the fine grid solution (usq,p2g) € V(Th, k) X
Q(Tr, k) such that

(15) Apk(um i 2G, Vnk) + Bk (Vnk, p26) = Fnk(vn k),
(16) — B i (u2G, qn,x) =0
for all (vp i, qnk) € V(Th, k) X Q(Th, k).
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The existence and uniqueness of the solution (wp x,pm k) follows immediately
from [13], cf. above. Since Aj p(um k;-,-) is coercive on V(Tp, k) x V (T, k),
cf. Lemma 2, the continuity of Aj k(um k;-,-) on V(Th, k) x Q(Th. k), Bu (")
on V(T k) x Q(Th, k) and Fy, ;.(+) on V(Ty, k), together with the discrete inf-sup
condition (12) implies the existence and uniqueness of (uac, p2i), cf. [10, 17, 24, 26].
Hence, the formulation (13)—(16) is well-posed.

3.1. A priori error bound. In this section we deduce the following error bound
for the two-grid approximation (13)—(16) of the non-Newtonian fluid flow problem

(1)-(3)-

Theorem 4. Assuming that (u,p) € (CH(Q)NH?(Q))? x (COQ)NHYQ)), ul., €
Hemn (k4), ple, € Hn 7 Y(kp), 8k, > 2, for k1, € Th, and ul.,, € H%n (k)
Pley € H%n Ykpy),Se, > 2, for ky € Tu, then the solution (usq,peg) €
V(Th, k) x Q(Th, k) of (13)-(16) satisfies the bounds

ke — a2,
2R —2 2R, —2
HvrH 5 H el 5
(17) < Ck?nax Z {%ﬂ ||u||HS'iH (km) + %ﬂ HpHHSNH’l(,{H) P
kHETH Kiy Ky

2
th,k _p2GHh7k

2B =2 2R =2

K 2 K 2

(18) < ChSae Y. {QHTH_?, el srsnr (o) + —35—2 |P|HS~H1(NH)} ,
kHETH Ky Ky

2
[(u — u2c,p— p2G)HDG(h,k)

(19)
h2r~h —2 h2r~h —2
4 Kh 2 Kh 2
S Ckmax Z {W HUHHSNh (kn) + W |p||Hsmnl(Hh)}
kh€Th Kh Kh
2R —2 2R, 2
HvrH 5 H el 5
+ Ckfnax Z {%ﬂ ||u||HS'iH (km) + %ﬂ |p|HS”H1(;gH)} 5
kHETH Kiy Ky

where C' is a positive constant independent of w,p,h, H, k and K, with 1 <r,, <
min(s,, , ke, +1), k, > 1, forall 6, € Tp, 1 < Ry, <min(Sy,,, Kk, +1), Kipy > 1,
for all ky € Ty.

3.1.1. Proof of Theorem 4. In order to prove Theorem 4, we first state the
following result.

Lemma 5. Let up € V(Th, k) and uzsg € V(Th, k) be the velocity vector com-
ponents of the solutions to (9)—(10) and (13)—(16), respectively, then assuming
that (u,p) € (C1(2) N HA(Q) x (CO() N HQ), wluy € H (5)%, play €
H%u " Ykg),Sey > 2, for kg € T, then

An (w5 Wk, @) — Ak (Wi Wk, @) < C D, 4 Kot
1
2R, —2 2R,., —2 3
x ( > {H— P Ay })
2S5, —3 H"”"*H 25,  —2 H°~H~ 3
=t Koomm (km) K’{HNH (k)

for all ¢ € V(T k) with 1 < Ry, < min(S.,,Kx, +1), K., > 1, for all
kg € T, where C' is a positive constant independent of w, p, h, H, k and K .
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PTOOf. We write Ahyk(uHﬁK;uhyk, ¢) — Ahyk(uhﬂk;uhyk, ¢) =T, + 15 + T3, where

T = /Q(M(|§h(uH,K)|) — ulley, (wni)))en (wnr) « e,(¢) da,
I=- Z /F L(ulley (wm.x)]) — e, (uni) e (un i)} : [o] ds,

Fer,

T,=0Y /F Ca(h T xcdl) — g [ il )en (@)}  [wni] ds.

FeF,

Employing analogous arguments to those presented in the proof of Theorem 3.1 in
[15], we get

|An k(U i Un ke, @) — An gk (Un ks Un ok, @)

< C{llw = wnll g + e (w = i) g } 1)

hk o

where C'is a positive constant, independent of the discretization parameters. Since
V(Tu,K) C V(Th, k) and Q(Tu, K) C Q(Th, k), applying Theorem 3 completes
the proof. O

We now proceed to prove Theorem 4. Writing ¢ = up  — u2g € V(Tr, k), by
Lemma 2 we note that there exists a positive constant C, independent of i and k,
such that

Cllupi — U2GH;2IJ€ < App(um i un e — u2g, @)

= Ap k(U i un g, @) — Ank(um i u2a, ).

By subtracting (10) from (16) we note that By, x (@, gn.x) = 0 for all g, € Q(Th, k).
Hence, since ¢ € V(Ty,, k) and pac, o € Q(Th, k), applying (15) and (9) gives

Clup, — U2GH;2L);C < App(un g ung, @) — An k(v usg, @) — Brp(P, p2c)
= Apr(ug i ung, @) — Fur(o)
= Apr(um i ung, @) — Ap gk (Wnk; Un g, @) — Brk(®, phk)
= App(wm ik Unk, @) — Ap i (Un i Uh ks D).

Application of Lemma 5 completes the proof of the first bound in Theorem 4.
We now consider the proof of the second bound in Theorem 4. From the inf-sup
condition (12), there exists & € V (T, k) such that

By (&, phk — P2)
€151

(20) Vkmax [1Pnk = P26 [l 120y <

Subtracting (15) from (9) gives

B (& phk — D2¢) = Anp(wm ik U2, &) — An k(W i Uh ok, &)
= App(um k2 — Un g, ) + Anp(Um k5 UL K, §)
(21) - Ah,k(”h,k;”h,kaé)-
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We note that the last two terms in (21) can be bounded based on employing Lem-
ma 5. To bound the first term, we proceed as follows.

Ap (vl kw2 — Un i, §)

< [ lutlenwn ) len(uzc = un e (€] do
Q

52 [ onalfac — wsdlfe]as

Fe]:h
-3 [ Al wrn )l (e — wn ) ] d
+ 6] Z /{lu(hf_'“l|[[uH’K]]|)||§h(£)|}}|M|dw
reF, ' T

<M, |lep(w2e — uh7k)HL2(Q) ||§h(£)||L2(Q)

NG

2

L1
# M, o — il | 3 one €],

h

=

1 2
+ M, Cpy™2 ||Qh(£)”L2(Q) Z Oh,k H[[“2G - uh,k]]’ )
FeF, L2

2 2

2
+{ D onk H[[uzc - uh,k]]‘ . > onk HM‘

FeF, Fer,

<C Huh_k - 'U/QGHhJC ||€||h,k :

2
L3(F)

Employing the first bound in Theorem 4 gives

A r(um i uae — wn g, &) < Ckh €N 4
1

Heg™ Hig™ ’
X Z 25, —3 H“HHSf»H (k) + 2S., —2 ”pHHSNH*I(nH) :
KH

KHETH KHH K
Exploiting this result together with Lemma 5, equation (21) may be bounded by

B k(& ok — p2c) < Ok 1€l 1

( {H,zRNH -2 AR 3
X Z —5— llullzsen + —55——3 1Pl 5sen .
kHETH KHHNH ean) KNHNH )

Inserting this result into (20) and dividing through by vkl completes the proof

of the second bound in Theorem 4. We note that an application of the triangle
inequality and Theorem 3 gives the bound in equation (19) and completes the
proof. 0.

3.2. A posteriori error bound. In this section we develop the a posteriori error
analysis of the two-grid IP DGFEM defined by (13)—(16). Writing II, x,. to denote
the element-wise L2-projection onto V (7, k) we state the following upper bound.

Theorem 6. Let (u,p) € H}(Q)? x L3(Q) be the analytical solution of (1)-(3),
(up i, P k) € V(Ta, K) x Q(Tu, K) the numerical approzimation obtained from
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(13)(14) and (uz2c,p2c) € V(Th, k) x Q(Th, k) the numerical approzimation ob-
tained from (15)—(16); then the following hp-a posteriori error bound holds

[(w = w2c, p = P26)Ipc(np)
1

2

<C (Z (me+&)+ > h2k*Nf - Hﬁ,kﬁfliQ(ﬁ)> ,
KETH KEThH

with a constant C' > 0, which is independent of h, H, k, K. Here, for all kK € Ty,

the local fine grid error indicators 7, are defined by

(22)

e =hlk 2 e, f + V- {p(le(wn k) e(wae) H oo + IV - wac] 720

ki [[Ip26] = [nlle(uaso)De(usa)]| 2 2

+ 2 kS
L2(0r\T)

[z

L2(k)

and the local two-grid error indicators &, are defined, for all k € Ty, by
2
(23) &2 = |l (ullewni)l) — nlle(use))e(use) |2

3.2.1. Proof of Theorem 6. The proof of Theorem 6 follows as an extension of
the corresponding a posteriori error bound for the standard hp-version IP DGFEM
for strongly monotone quasi-Newtonian fluid flows, see [13] for details. We consider
an auxiliary one-irregular fine mesh partition 7; obtained from 7, by uniform sub-
division of all elements x € Tj, where an edge in x contains a hanging node, cf. [35,
Section 4.2] for the two-dimensional case and [34, Section 4.2] for three dimension-

s. We denote by V(T;, E) and Q(T;, %) the corresponding DGFEM finite element
spaces with polynomial degree vector k defined by kz = ki, for any k € T; with

K C k and some k € Tj. We note that V(E,E) C V(T k), Q(’TE,E) C Q(Tn, k)
and due to the assumptions in Section 2, the energy norms |||}, , and [|-[|; z cor-

responding to the spaces V (T, k) and V(’TE,%), respectively, are equivalent on
V(Th, k); in particular there exists positive constants ¢; and ¢z, independent of the
discretization parameters, such that

(24) e Y. /Fahyk|M|2ds§ ~Z /ﬁa,~L7E|M|2dsg02 > Lah7k|M|2ds

Fer, FG]‘-}: Fer,

for all v € V(Ty, k), cf. [13, 21, 35]. Here, ]:E denotes the set of all faces in the

mesh 75 and o7 7 is the discontinuous penalization parameter on V (77, E) which

is defined analogously to o, on V(Tr, k).
Following the approach developed in the articles [22, 19], for example, we write

~ ~ ¢ ~ 1L
V(T = VTR ey, VTR

where [V(E’%)r = V(E,%) N H}(Q)4. Thereby, the solution uasg obtained by
(13)—(16) may be split accordingly
(25) Uz = uSG + Uag,

~ qc ~ 7L
where u§, € {V(’E;, k:)} and uzy € [V(’EL, k)} . We can define the error in the
velocity vector and pressure obtained by (13)—(16) as

(26) ey =U— U, ep =P — P23,
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respectively, and let
(27) e, =u—ujy € Hi ()%
We now state the following auxiliary result.

Lemma 7. With uyy defined by (25), the following bound holds

2

ukaliz <€ | 3 [ onsllcl s
F

FeF,

where the positive constant C' is independent of v and the discretization parameters,
but depends only on the shape reqularity of the mesh and the constants p1 and ps
from (7) and (8), respectively.

Proof. This proof follows in an analogous manner to the proof of [35, Lemma 4.6]
and [34, Lemma 4.1], for the case when d = 2, 3, respectively. O

In order to prove the a posteriori error bound stated in Theorem 6, we set

(28) An k(5 u,p,v,q9) = Ap k(Y5 u,v) + Bp (v, p) — Bhi(u,q).
With this notation the following inf-sup stability result holds.
Lemma 8. There exists a positive constant Cg, independent of the discretization

parameters, such that for any (u,p) € HE(Q)? x L3(Q) and (w,r) € HE(Q)? x
L3(Q), there exists (v,q) € H(Q)? x L3(Q) with

Ah,k(u; u,p,v, q) - Ah,k(w;wvrvva q) Z OS H(U —w,p — T)HDG(};,)]@) )

||(U,Q)||De(h,k) <L
Proof. See [13, Proposition 2.4b]. O

The proof of Theorem 6 now follows in a similar fashion as for the standard IP
DGFEM for the numerical approximation of the non-Newtonian fluid flow problem
(9)-(10), cf. [13]. Recalling the definition of the error, defined in (26), by (25),
(24), Lemma 7 and the fact that v > 1 and k, > 1, we have that

||euveP)HDG(h1k) < H(ezvep)”[)(}(h,k) + HU2LGHh,k
1

(29) < H(G%SP)HD(}(}L]C) +C (Z 77?@) :

KETH

Employing Lemma 8, we note that there exists (v,q) € H}(Q)4 x L3(£2) such that

CS H (efu eP)“DG(h,k) S Ahk(u7 u,p,v, Q) - Ah,k(ugG; u§G7p2G; v, Q)a
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(v, D)llpg(nx) < 1. Therefore, from (25), we deduce that

Cs |l(eq, )”DG(h k)
<y / {ileu) De(u) — ple(use) Ne(use)} : e(w) du

RET;,

— 2c)V - vde + V:(u—usq)de
,;/ B> Sl
> [ Antlewletu) = pletuwn )e(wac)} s e(v) da

RET;,

+ Z/ (le(u ) e(uac) — plle(uze)))e(uac)} : e(v) da

RET;,

+ Z/ (le(uzg)e(use) — plle(use))e(use)} « e(v) de

RET;,
— p— p2c)V -vde + qV - (u — usg + uyy) de
5 o v 5 [ e
(30) =T+ 15+ T;,
where
Ty = Z/{u (w) = plle(wn k)])e(uac)}t « e(v) da
RET;,
- p—p2c)V -vde + qV - (u — uzg) dz,
KGZT/ V- vie s 3 [0 (o
T, = Z/{u le(uac)|)e(uze) — plle(usg)|)e(use)} « e(v) da
RET;;
+ qV - uyg de,
T Jeo
7= 3 [ Anlletwn )eluae) = le(uac) Defusc) - efo) da.
RET;,

We note that 77 and 7> are analogous to the corresponding terms that arise in the
a posteriori error analysis of the standard IP DGFEM discretization of (1)—(3), cf.
[13]. Indeed, by following the analysis presented in [13], we deduce that

1

2

(31) Ty|+ T2 < C (Z M+ Y RIS - Hn,kﬁflli%@) .
KETH KETH

We note that term 75 may be bounded in a similar manner to the corresponding
term which arises in the two-grid IP DGFEM of the second-order quasilinear scalar
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elliptic problem, cf. [15]; indeed, we have

|T5] < /Iu e(un,k))e(uae) — p(le(uze)])e(uze)|le(v)| dz
KETh

< <Z Hulle(wnx)]) — n(le(uze)]) e(uac) ILz(K)> <Z lle(v |L2<n>

KEThH KETh

<Z §2> (v, Dllpcn,k

KETH
1
2
< <Z 55)
KETH
Inserting (31) and (32) into (30) gives

1
3
|‘(efuep)”[)(}(h7k) < OSIC< § 77;3 + § hik;2 If— Hn,kmﬂﬁz(,{))

KETH KETH

(32)

1

(z

Combining this result with (29) and applying the Cauchy inequality completes the
proof of Theorem 6. O

Remark 1. For brevity we omit lower error bounds for the numerical approximation
(u2g, p2¢) obtained from (13)—(16) as the proof follows in an analogous manner to
the analysis presented in [15] and [13]; for details, see [11].

4. Two-grid hp-Version IP DGFEM based on an Incomplete Newton
iteration

In this section we turn our attention to a family of two-grid IP DGFEMs for the
numerical approximation of (1)—(3) based on employing a single step of a Newton
iteration on the fine finite element space, cf. [5, 12, 33]. Using the same notation
defined in the previous section, the two-grid version of the IP DGFEM discretization
of (1)—(3) is defined by:

(1) (Nonlinear solve) Compute (upy k,pH,x) € V(Tu,K) x Q(Tu, K) such
that
(33) Ap g (up k;un K,V k) + Bu k(W ik, pa k) = Fu k(U k),
(34) —Br x(unk,qax) =0

for all (vh i, qu,x) € V(Tu, K) x Q(Tu, K).
(2) (Linear solve) Determine the fine grid solution (usq,p2g) € V(Th, k) X
Q(Th, k) such that
Al plum k] (wag, vik) + Bhk(Vn g, p2c) = A, plwm k) (wm i, Onk)
(35) — App(un k;uE K,V E) + Fre(Vng),
(36) — B (u26, ghk) =0

for all (vp k. qnk) € V(Th, k) X Q(Th, k).
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Here A}, . [u](¢,v) denotes the Fréchet derivative of u — Ay, (u;w,v), for fixed v,
evaluated at u; thereby, given ¢ we have

| () = lim k(TG u  10,0) — Ap(uiu,v)

t—0 t

For simplicity of presentation, in this section we only consider the incomplete TP
DGFEM formulation corresponding to the case when § = 0. In addition, we
strengthen the regularity assumption on the nonlinearity p, cf. Assumption 1,
as follows.

Assumption 2. We assume that the stricter regularity condition € C?(€2x [0, 00))
holds.

For the proceeding error analysis we state the following inf-sup stability result.

Lemma 9. For any (u,p) € V(Tp, k) X Q(Th, k) and w € V (Th, k), there exists
(v,q) € V(Tn, k) x Q(Tn, k) such that
Cskppes ”(uvp)HDG(h,k) < A%,k[w] (w,v) + Bh,i(v,p) — Bhi(u,q),
||(UaQ)||DG(h,k) <1
where Cg is a positive constant, independent of the discretization parameters.
Proof. From [13, Proposition 3.2(b)], the following inf-sup stability bound holds: for

any (w1,71), (wa,12) € V(Th, k)X Q(Th, k) there exists (v,q) € V (T, k) xQ(Th, k)
such that

Cskpag || (w1 = wa,r1 — T2)|‘Dg(h,k) < Apg(wiswr, v) — Ap g (w2; w2, v)
+ Bpi(v,71 —r2) — B (w1 — w2, q),
”(vaq)”DG(h,k) <L

By setting w; = w + tu, we = w, r1 = tp and ry = 0, where ¢ > 0 then

Cskz, |I(tu, o)l

< Ap k(w4 tu; w + tu, v) — Ap g (w; w,v) + By, i (v, tp) — By r(tu, q).
Thereby,

Ap (w4 tu; w + tu, v) — Ap g (w; w, v)
t
+ Bix(v,p) — Bhr(u,q).

Csk;u%m H (uap)”DG(h,k) <

Taking the limit as ¢t — 0 completes the proof. O

4.1. A priori error bound. In this section we derive an a priori error bound for
the two-grid approximation defined in (33)—(36) for the numerical approximation
of the non-Newtonian fluid flow problem (1)—(3). For simplicity of presentation,
in this section we assume that the mesh is quasi-uniform with (global) mesh size
h; moreover, we assume that the polynomial degree is uniform over the mesh, and
write k in lieu of k.

Theorem 10. Assuming that (u,p) € (CH(Q) N H*(Q))? x (CH(Q) N H*71(Q)),
s > 2; then the solution (usq, p2c) € V (T, k) x Q(Th, k) of the incomplete Newton
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two-grid method (33)—(36) satisfies the error bounds

[(wn,k — w26, prk — p2c)|l DG (h,k)

k23/2 {HZR 2 H2R-2 5 }

(37) K253 ”uHHS(Q 22 HPHH#I(Q)

(v — u2c,p —ph,k)HDG )
1

) h2 — h2r72 2
< 08 (I ulf oy + s Il

k23/2 ( [J2R-2 J2R—2 )
h {K2s 3 H“”Hs(sz +W ”p”Hsl(Q)}

with 1 <r <min(s,k+1), k>1and 1 < R <min(s, K +1), K > 1, where C is
a positive constant, independent of w,p, h, H, k and K.

(38) +C

Remark 2. Theorem 10 represents the generalization of the corresponding bound
derived in [12] for a scalar quasilinear PDE to the case of the non-Newtonian fluid
flow problem defined in (33)—(36).

Remark 3. We note that the error bounds stated in Theorem 10 contain terms
which have a strong dependence on the fine mesh polynomial degree k compared to
the corresponding results derived for the two-grid IP DGFEM approximation of a
scalar quasilinear elliptic PDE, cf. [12]; indeed, in this latter case the exponent of
k is reduced from 23/2 to 7/2. This degradation in the suboptimal exponent of k is
attributed to employing the discrete inf-sup condition (12) within the analysis, since
this stability result depends on the maximum polynomial degree kpyax. It is worth
remarking that [24, Remark 6.5] notes that numerical experiments undertaken for
the Stokes equations in two dimensions, cf. [26], indicates that the discrete inf-sup
condition is independent of the polynomial degree k and hence (12) may not be
sharp with respect to k.

4.1.1. Auxiliary Results. In order to prove Theorem 10 we first state and prove
the following auxiliary results.

Lemma 11. For a function q € Q(Th, k) and a function v € V(Tp, k) we have the
inverse inequalities

||qHL4(Q) < Ckh™'/? ||qHL2(Q) ) H”||L4(Q) < Ckh™'/? H”||L2(Q) ’
where C' is a positive constant, independent of the discretization parameters.
Proof. See [12, Lemma 3.2] for details. O
Lemma 12. For any v,w,¢ € V(Th, k),
(39)  Anp(wiw, @) = Ap(v;v, @) + A, 1 [v](w — v, d) + Q(v,w, ¢),
where the remainder Q satisfies
1Q(0,w, )| < CRh (14 () oy + lle(w)l] oy ) 10— w1 Bl

where C' is a positive constant, independent of the discretization parameters.

Proof. We follow the proof outlined by [33, Lemma 3.1], cf., also, [12]. To this end,
setting £(t) = v + t(w — v) and n(t) = Apk(€(t); €(t), @), we note that the first
equation follows from the identity

n(1) = n(0) +7(0) + / 71— t)dt
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with
1
Qv.w.§) = [ (Bt
0
In particular,

' (t) = Ay 1 ED)(w — v, w — v, d);

thereby,

(v, w, ¢)
=2 / | i e€(®)) e = v)e(w = v) : () da(1 = 1)

o[ / il 1€ Dleaw — v)el€(1) - () (1 — 1)
2 / [ty (€] - e — v)e(w — )} : [B] ds(1 — 1)t

0 FeF,
/0 FeF,

/ Ly (e(€@))]e(w — v)[Pe(€(t)} : [¢] ds(1 — 1) dt
=T+ T +Ts + Ty

Here, ,u’e(u)(| -]) and u’e’(u)(| -|) denote the first and second derivatives of u(| - |),
respectively. First consider 7}: employing Assumption 2 and Lemma 11 gives

Ty < Clle(w = v)[[Fs ) le(@)l 120 < CEB [le(w = v) |72 le(®)] 12(q) -

Secondly, term 75 is bounded in an analogous manner as follows:

T < O (lle(w) | e ) + €0 s ) lle(w = 0) % Ne(@) ]2
<C (||§(w)”Loo(Q) + ||§(’U)||Loo(ﬂ)) Kh™ le(w — 'U)HiQ(Q) le(@)l 2 -

To bound Term T3, we employ the inverse inequality stated in Lemma 1, together
with Lemma 11; thereby, we get

<O Y k72 | flew = o) PR ) > /k2 Y] ds

FeF, FeF,

[N
(S

< Clle(w = v)[7a i) 8]l
< CRh 7 le(w — )32 ],
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We can bound 74 in an analogous fashion as follows:

2 2

7208 Y bk |flelw = o)Plet) Bl ¢ 3 S [ RGP ds
FeF, FeF,

#0830 W2 et = oL@ By ¢ 4 o [ R 0R s

FeF, FEF,

< C{[lle(w = ) Ple(w)l] g, + llew = v)Ple@)I[| 2 g } 1615
< C {lle()ll gy + (0| ooy } lle(w = ©)Za gy 18l x

< OB Jle(w) | ey + €@ o } le(w = 0)]1 320 I8l
Combining these bounds for terms 77, T5, T35 and T4 completes the proof. O

Lemma 13. Let (u,p) € H?(Q)? x HY(Q) be the analytical solution of (1)~(3)
and up i € V(Tn, k) be the velocity component of the numerical solution defined by
(9)—(10). Then, assuming that e(u) € L= ()4, we have that

||§(uh7k)HLOO(Q) < Ck7/27

2

=

where C' is a positive constant, independent of the discretization parameters.

Proof. Writing P,, to denote the projection of w onto the finite element space
V (Th, k) defined in [6], we have that

h2=4
|w— 73uHHq(Q) < CW Hu||H2(Q) ’ IV (u— PU)HLOO(Q) <cC ||u||H2(Q)

for all ¢ < 2. We also note the inequality
()l oo () = I3 (Vo + (VU)T)HLN(Q)
% ||V’U||Loo(sz) + % H(V”)THLoo(Q) = HVT’HLao(Q) :

IN

Exploiting these results, standard inverse inequalities, cf. [25], and Theorem 3, we
get

le(wn,i)ll Lo gy < le(hn = Pu)ll oo () + 1e(Pu)ll Lo o
< OR* A le(unk — Pu)ll 2 () + et = Pu)ll Lo ()
+ lle(w) | o ()
<C {k%fl (Hu — wn gl + lle(uw — Pu)Hm(Q)) + ||U||H2(Q)}
+ lle(w) | < ()
1
k4 hQ h2 2
<c {z el + gz ol |+ 0+ ||“||H2<sz>}
+ lle(w) | < ()
< K2 {ul oy + 1Pl 71y + e20) ey } -

Since u € H2(Q)%, e(u) € L>=(Q)?™4, and p € H'(Q2), the quantities [l 20y
le(u)ll <oy and [|pl[z:(q) are bounded uniformly by a constant; this then com-
pletes the proof. O
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4.1.2. Proof of Theorem 10. We now employ the above results to prove Theo-
rem 10. To this end, we define d,, = up 1 — u2g and 0, = pp r — p2¢. Then, from
Lemma 9, there exists (v,q) € V(Tp, k) x Q(Ty, k) such that

(40)  Csk™?|(Ou,d )”Dg(h K < A;z klwn,k|(0u, v) + Bpk(v,0p) — B k(0u, q),
(41) 10, )llpanr < 1-
Thereby, from (9), (10), (35), (36), and Lemma 12 we deduce that

Csk™2 || (0u, 5p)|\DG(h,k)

< A} i [um k] (8w, v) + B (v, 0,) — Bh (0w, q)

= A plum k) (un e —wn i, v) + A plun k] (wp g — g, v) + By (v, 0y)

= A plum k) (un e —wn i, v) + Apk(un g wm g, v) — Fip(v) + By (v, o)
]

= A plum k) (un e —wn i, v) + Ap k(v g wm g, v) — Ap gk (Un ks Wh ks )
= —Q(uH, K, Uhk, V).

Hence, employing Lemma 12 again gives
H(uh,k — U2G, Ph,k — pQG)”D(}(}Lk)

_ 2
< CRR (14 lle(uni) | o oy + le(wrmio)ll o gy ) T = wr il 01l

Applying Lemma 13, noting that k > K > 1, inequality (41) and the a priori error
bound stated in Theorem 3, gives
||(uh,k — U2G, Ph,k — p2G>HDg(h7k)
15/2

< O {llw = wnulf o + Il = wr el |
k23/2 h2r—2 5 h2r—2 5 H2R-2 5
<C—— {kQS 3 [ullsre o) + 3o 1P (@) + Jomems 1l o
H2R 2

K25 D) Hp“HS 1(9)}

Noting that h < H and that k > K completes the proof of the first bound (37). To
prove the second bound (38), we first employ the triangle inequality

[(w—u2c,p— P2G)||DG(h,k)
< N(w = wn i, p = Poi)llpgenpy + 1(Wnk = w2i, Prk — P2¢)Ipg ) -

Thereby, applying the a priori error bound in Theorem 3, along with the bound
(37) completes the proof of Theorem 10. O

4.2. A posteriori error bound. In this section we state the following a poste-
riori upper bound for the numerical approximation defined by (33)—(36).

Theorem 14. Let (u,p) € HE(Q)? x LE(Q) be the analytical solution of (1)-
(3), (um.k,pux) € V(Ta, K) x Q(Tu, K) the numerical approximation obtained
from (33)~(34) and (uag, p2c) € V(Th, k) x Q(Th, k) the numerical approximation
obtained from (35)—(36); then the following hp-a posteriori error bound holds

[(w—u2c,p— P2G)||DG(h,k)
1

2

<C (Z 77H+§ Z h 2 |f_Hﬁ,ka|i2(n)> )

KETH KETH
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with a constant C > 0, which is independent of h, H, k, K. Here, for all k € Ty,
the local fine grid error indicators n, are defined by

(12) o2 = 12K M f + ¥ - (e i) Deluac) W + IV - w2
2 2

+v°h kD
L2(9R\T)

kit || 6] — Dot ) Dewac)] [z

L2(0k)
and the local two-grid error indicators &, are defined, for all k € Ty, as

43) & = | (u(le(un,x)]) — ulle(uac))e(uze) 7z,

| (et ) - eluse) = etwn) etwn s,

2

L2(9r)

o+ hk [ (s lewsm o)) - (e(uac) — elur, ) elur )|

Proof. The proof of this theorem follows in an analogous manner to the proof of
Theorem 6. We note that the a posterior: error bound for the two-grid method
based on a single Newton iteration contains two extra terms in the local two-
grid error indicators compared to the result derived in Theorem 6 for the two-grid
approximation defined in (13)—(14). These two extra terms appear, trivially, from
the bound of Ty from (30), cf. [13], where instead of adding (9), with a specific
Vp i, (35) has to be added instead. O

5. hp-Adaptive Mesh Refinement

For the standard IP DGFEM discretization of the non-Newtonian problem (1)—
(3), cf. (9)—(10), the mesh and polynomial degree distribution may be automatically
constructed using the hp-adaptive refinement algorithm outlined in [13]. In that
setting, the local error indicators are defined in an analogous way to 7, given in
(22) or (42), for the two different two-grid methods, with wg x and usc both
replaced by up, k. In the context of the two-grid IP DGFEM discretizations defined
by (13)—(16) and (33)—(36), it is necessary to refine both the fine and coarse meshes,
together with their corresponding polynomial degrees, in order to decrease the error
measured in the energy norm.

In [15] we proposed an algorithm that refined the fine mesh based only on 7,, and
the coarse mesh based only on &,;. In the current article we propose an alternative,
more general purpose algorithm. In order to formally define this algorithm we first
re-write the algorithm from [15] in the following form.

Algorithm 1. The hp—finite element spaces V (T, k), Q(Th, k), V(Tu, K) and
Q(Tu, K) are constructed, based on employing the following algorithm.

(0) Initial step: Select initial coarse and fine meshes Ty and T, respectively,
as well as initial coarse and fine polynomial degree distributions K and k,
respectively, in such a manner that V (Tg, K) C V(Th, k) and Q(Tu, K) C
Q(Th k).

(1) Select elements in Ty and Tu for refinement/derefinement, based on the
local fine grid error indicators n, and the two-grid local error indicators &,
from (22)/(42) and (23)/(43), respectively.

(2) For elements marked for refinement in the fine and coarse mesh, determine
whether to perform h- or p-refinement; see, for example, [20, 29].

(3) Perform mesh smoothing to ensure:

e For all fine elements k € Ty, there exists a coarse mesh element Ky €
Ta such that kK C kg,
e Forall k € Ty, and kg € Ty, where k C kg, that K, < k.
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In this article we perform h-refinement on the fine mesh Tn and p-dere-
finement on the coarse mesh Ty where necessary.

Remark 4. For the purposes of the numerical experiments in the following sec-
tion, in Step 0 above, the two-grid hp-adaptive algorithm is initially started with
V(Tu,K) =V (Th, k) and Q(Ty, K) = Q(Th, k).

In order to employ this algorithm we need a strategy to select elements in 7Tp,
and Ty for refinement/derefinement, cf. Step 1 above. In this paper we propose an
algorithm based on first identifying regions to refine using 7, +¢&, and then selecting
the mesh to refine dependent on which of the two error indicators is dominant.

Algorithm 2. FElements in the coarse and fine meshes Ty and Ty, respectively, are
selected for refinement/derefinement based on employing the following algorithm.

(1) Determine the sets R(Tn) C T, and ©(Tn) € T of fine elements to be
(potentially) refined/derefined, respectively, based on the size of 1, + &
using a standard refinement algorithm, e.g., the fized fraction refinement
strategy.

(2) For all elements selected for derefinement decide whether to perform dere-
finement of the fine or coarse mesh: for all k € D(Tp)

o if \p& <, derefine the coarse element Ky € Ty, where k C Ky, and
o if \en, < & derefine the fine element k.

(3) For all elements selected for refinement decide whether to perform refine-

ment of the fine or coarse mesh: for all k € R(Ty)
o if \p&,; < n, refine the fine element k and
o if \enw < &, refine the coarse element Ky € Ty, where k C K.

Here, Ap, A\¢ € (0,00) are steering parameters selected such that \pAc < 1.

Remark 5. We note that it is possible that a coarse element xky € Ty could be
marked for both refinement and derefinement. When this occurs the coarse element
is refined, as refinement should take precedence over derefinement.

Proposition 15. For all elements k € R(Ty) either the fine element k € Ty, or the
coarse element Ky € Ty, where k C Ky, will be marked for refinement.

Proof. To prove this statement it is sufficient to show that either p(k) : Ap&x < 7w
or q(k) : Aemy < & is true for all k € Tp,. For any x € Ty, if p(k) is true then
p(k) V ¢q(k) is true by definition; hence, it is only necessary to prove that g(k) is
true if p(k) is false. As ¢(k) is false and ApAc < 1 then

)\Fé.n > Nk > /\F)\C'qn-

Dividing through by Ap > 0 gives that & > Acm,; hence, g(k) is true if p(k) is
false. O

Remark 6. We note that although a similar result exists for the derefinement of
elements k € D(T;,) it is possible for no element to be derefined for an element
k € D(Tp) due to Remark 5.

6. Numerical Experiments

In this section we perform a series of numerical experiments to demonstrate
the performance of the a posteriori error bounds derived in Theorems 6 and 14
within the automatic hp-adaptive mesh refinement procedure based on one-irregular
quadrilateral elements for Q@ C R? defined in Section 5. Throughout this section the
two-grid IP DGFEM solutions obtained by (13)-(16) and (33)—(36) are calculated
with § = 0. We additionally set the constant v arising in the interior penalty
parameter oy, 1, defined by (11) to 10. The resulting system of nonlinear equations,
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FIGURE 1. Example 1. (a) Comparison of the error in the DG
norm, using the standard (w. = wp g, px = prx) and both two-
grid methods (u. = uag, ps = pag), with respect to the number
of degrees of freedom; (b) Comparison of number of degrees of
freedom in the coarse and fine mesh.

on the coarse mesh, are solved based on employing a damped Newton method; for
each inner (linear) iteration, as well as the linear fine mesh system, we employ the
MUMPS Solver, see [1, 2, 3].

The mesh adaptation is undertaken based on employing Algorithm 1 with the
decision concerning whether to refine coarse or fine meshes, Step 1, based on util-
ising Algorithm 2 with steering parameters A\c = /2 and Ap = 1. The selection
of regions to refine, Step 1 of Algorithm 2, is achieved via a fixed fraction strategy
where the refinement and derefinement fractions are set to 25% and 5%, respec-
tively. We employ the hp-adaptive strategy developed in [20] to decide whether to
perform h- or p-refinement/derefinement in Step 2 of Algorithm 1. We note here
that we start with a polynomial degree of k., = 3 for all k;, € T}, and Ky, = 3
for all kg € Tg. For each example, as well as solving using both two-grid IP
DGFEMs, we compute the standard TP DGFEM formulation (9), (10) for compar-
ison. In addition to hp-refinement, we also compute the numerical solution using
all three discretization methods with an h-adaptive refinement strategy, using the
same 25% and 5% refinement/derefinement fixed fraction strategy, with a fixed
(uniform) polynomial degree distribution; for h-refinement, we set Ao = 1.

6.1. Example 1: Smooth solution. In this example we consider the cavity-like
problem from [7, Section 6.1] using the Carreau law nonlinearity

(44) p(le(w)]) = koo + (ko — koo) (1 + Acle(w)|?)?=2/2,

with koo = 0, kg = 2, \c = 1 and ¥ = 1.2. We let 2 = (0, 1)? be the unit square and
select the forcing function f such that the analytical solution to (1)—(3) is given by

Tr(eﬁz—l) .
1 —cos | 2———= | | sin(27y)
45 u(xr,y) = « ’
( ) ( y) 967 sin (27r(e19 —1)) 1—035(27@)

eV —1 ev—1

vx :
gt iy (o7 (€7 = 1) | sin(2my)
(46) p(z,y) = 2mde”” sin <2 1 1
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FIGURE 3. Example 1. Effectivity of h- and hp-refinement using
both two-grid methods.

In Figure 1(a) we present a comparison of the true error, measured in the
DGFEM norm |[(-,)|| pg(n,x), of the standard and two-grid IP DGFEMs with the

square root of the number of the degrees of freedom (of the fine mesh) on a linear-
log scale for both h- and hp-adaptive mesh refinement algorithms. Here, we can see
that the true error stemming from using the two-grid IP DGFEM based on a sin-
gle Newton iteration (the second two-grid method) is similar to the corresponding
quantity computed for the standard IP DGFEM, for a given number of degrees of
freedom in the two-grid fine mesh as in the standard IP DGFEM mesh; in contrast,
the first two-grid method is notable inferior for h-refinement. In Figure 1(b) we
plot the number of degrees of freedom in the coarse mesh compared to the number
in the fine mesh for both two-grid methods; here we observe that there are consid-
erable less degrees of freedom in the coarse finite element space than the fine one,
as we would expect. The comparison of the true error, measured in the DGFEM
norm, of the standard and two-grid IP DGFEMs with respect to the cumulative
computation time, in seconds, on a log-log scale for both h- and hp-adaptive mesh
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FiGURE 4. Example 1. Coarse and fine mesh after 13 h-adaptive
mesh refinements: (a) & (b) Coarse and fine mesh, respectively,
for first two-grid method (Section 3); (¢) & (d) Coarse and fine
mesh, respectively, for second two-grid method (Section 4)

refinement algorithms is shown in Figure 2. As can be seen for both strategies the
two-grid methods result in the same true error for a lower computation time, when
compared to the standard (single-grid) IP DGFEM. The second two-grid method
based on a single Newton iteration appears to perform slightly better than the first
two-grid method in terms of computation time reduction. From Figure 3 we see
that for both the h- and hp-refinement strategies that the a posteriori error bound
for both the two-grid IP DGFEMs overestimates the true error by a consistent
amount in the sense that the effectivity indices are roughly constant for all meshes;
we point out that the second two-grid method based on a single Newton iteration
gives rise to a slightly higher effectivity index for hp-refinement.

In Figure 4 we show the coarse and fine meshes for both two-grid IP DGFEMs
after 13 h-mesh refinements. We note that the coarse and fine mesh appear to be
refined in roughly the same manner, but with less refinement in the coarse mesh.
We can also see that the second two-grid IP DGFEM based on a single Newton
iteration has resulted in slightly more coarse refinement and less fine refinement.
Figure 5 shows the coarse and fine meshes after 13 hp-mesh refinements. Here, the
h-refinements have occurred mostly around the interior of the hills and valleys of
the pressure with p-refinement in the rest of the domain which is largely smooth, as
would be expected from a smooth analytical solution, with the highest p-refinement
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FIGURE 5. Example 1. Coarse and fine mesh after 13 hp-adaptive
mesh refinements: (a) & (b) Coarse and fine mesh, respectively,
for first two-grid method (Section 3); (c) & (d) Coarse and fine
mesh, respectively, for second two-grid method (Section 4)

being around the vortex centre at the point (1/9log((e’+1)/2),1/2). We note here
that the two different two-grid methods have broadly refined in a similar manner,
the most noticeable difference being on the coarse mesh.

6.2. Example 2: Singular solution. For this example we consider a nonlinear
version of the singular solution from [28, p. 113], see also [18], using the nonlinearity

plle(w)]) =1+ el

We let 2 be the L-shaped domain (—1,1)2\ [0,1) x (—1,0] and select f so that the
analytical solution to (1)—(3), where (7, ¢) denotes the system of polar coordinates,
is given by

u(r, ) =g sin(p) U’ () — (1 + As) cos(p) ¥ (p)

a1 (L)W () + ()
p(Ta (P) - r 1— As ’

A ( (1+ Xs) sin(p)¥(p) + cos() ¥’ () ) 7
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(U = Unk, P« = pni) and both two-grid (u. = uaq, P« = pac)
solvers compared to the error in the DG norm.

where
o) S iﬁsi):os@s“) — cos((1 4+ As)g)
- A=A 4 (1 - 2, )p),

and w = 37” Here, the exponent Ay is the smallest positive solution of
sin(Asw) + Ag sin(w) = 0;

thereby, As ~ 0.54448373678246.

We again compare in Figure 6(a) the true error, measured in the DGFEM norm,
of the standard and two-grid IP DGFEMs with respect to the third root of the
degrees of freedom (of the fine mesh) on a linear-log scale for both adaptive mesh
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refinement algorithms. We notice that the error in the DGFEM norm for the two-
grid IP DGFEMs is roughly the same as the error in the DGFEM norm for the
standard IP DGFEM, when employing the same number of degrees of freedom in
the fine mesh as in the mesh for the standard IP DGFEM. Figure 6(b) compares
the number of degrees of freedom in the two meshes for both two-grid methods.
Both two-grid methods appear to have similar numbers of degrees of freedom in
the coarse and fine meshes as each other. We also note that, although initially the
number of degrees of freedom in the coarse meshes for h-refinement are consider-
ably less than in the fine meshes, as refinement continues the number of degrees
of freedom in the coarse and fine meshes converge. As before we are interested
in the performance improvement that is attained by undertaking the two-grid IP
DGFEMs as opposed to the standard IP DGFEM; therefore, in Figure 7 the true
error, measured in the DGFEM norm, of the standard and two-grid IP DGFEMs
is compared to the cumulative computation time, in seconds, on a log-log scale
for both h- and hp-adaptive mesh refinement algorithms. We note that a com-
putational time improvement is seen for both the h- and hp-adaptive two-grid IP
DGFEMs compared to the standard IP DGFEM. Unlike in the smooth problem
the second two-grid method based on a single Newton iteration appears to perform
slightly worse than the first two-grid method in terms of computation time reduc-
tion. Figure 8 illustrates that, for both the h- and hp-refinement strategy, that
the effectivity constants are roughly constant indicating that the a posteriori error
bound for both two-grid IP DGFEMs overestimates the true error by roughly a
constant; indeed for the h-adaptive refinement it is almost exactly 8 for all mesh-
es. For the hp-adaptive refinement the effectivity indices does rise initially before
becoming constant at around 12 for the first two-grid method and rising slightly
more in the second two-grid method based on a single Newton iteration.

We show the coarse and fine meshes for both two-grid IP DGFEMs after 11 h-
and hp-adaptive mesh refinements in Figure 9 and Figure 10, respectively. For h-
adaptive refinement we note that the focus of the refinement in the fine mesh is in
the vicinity of the singularity at the origin; however, in the coarse mesh, refinement
is undertaken in the region near both the singularity and the line y = —x coming
from the singularity, where it appears that the coarse mesh needs to be almost as
refined as the fine mesh. This behaviour is also demonstrated with hp-adaptive
mesh refinement, although less noticeable, for the first two-grid method. The two
methods have resulted in notably different hp-refinements with the second two-grid
method undertaking very minimal refinement along the line y = —x.

7. Concluding remarks

In this article we have extended the a priori and a posteriori analysis develope-
d in [13], for hp-version interior penalty discontinuous Galerkin methods for the
discretization of quasi-Newtonian fluid flow problems, to the two-grid setting. In
particular, we have studied two variants of the two-grid IP DGFEM: one is based on
committing a modelling/data approximation error on the fine finite element mesh,
while the second approach is based on utilizing a single step of a Newton iterative
solver. The latter method yields improved a priori error bounds, in the sense that,
to attain optimal convergence of the underlying method, the coarse finite element
space may be less refined than for the former approach. However, when conducting
hp-adaptive mesh refinement, we observe that the two discretization methods yield
very similar convergence behaviour. We also note that the reduction in compu-
tational time between utilizing the two-grid methods proposed in this article for
a quasi-Newtonian fluid flow problem, in comparison to employing the standard
IP DGFEM, is quite modest for the simple numerical test cases computed in this
article. We point out that this is in part due to the exploitation of the very efficient
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respectively, for second two-grid method (Section 4)

MUMPS direct solver for the solution of the underlying linear systems of equations;
for larger problems, which require the use of iterative methods, such as precondi-
tioned GMRES, for example, typically two-grid methods are computationally much
more efficient than employing standard single grid techniques; cf. [11, 15], for exam-
ple. Additionally, two-grid methods possess a number of very attractive features.
Indeed, the numerical approximation of nonlinear problems on fine finite element
partitions can be very computationally expensive; for more challenging problems
than those considered in this article, it is not guaranteed that a nonlinear solver will
converge as the complexity, i.e., the number of degrees of freedom in the underlying
finite element space, increases. Hence, approximating the nonlinear problem only
on a coarser mesh, where, for example, a (damped) Newton solver can be exploited
to efficiently compute a coarse solution, followed by the solution of only a linear
problem on the desired fine mesh, potentially yields a more robust solver. Final-
ly, since two-grid methods naturally employ two embedded finite element spaces,
the solution of the underlying linear problem on the finest finite element space
naturally lends itself to the exploitation of domain decomposition preconditioners.
This latter issue, together with the analysis of two-grid methods for more general
nonlinearities than those studied in this article, forms the basis of our future work.
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