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GLOBAL H?-REGULARITY RESULTS OF THE 3D PRIMITIVE
EQUATIONS OF THE OCEAN

YINNIAN HE AND JIANHUA WU

Abstract. In this article, we consider the 3D viscous primitive equations (PEs for brevity) of the
ocean under two physically relevant boundary conditions for the H! and H? smooth initial data,
respectively. The H? regularity result of the solution for the viscous PEs of the ocean has been
unknown since the work by Cao and Titi [3], and Kobelkov [26]. In this article we provide the
global H?2-regularity results of the solution and its time derivatives for the 3D viscous primitive
equations of the ocean by using the L8 estimates developed in [3] and some new energy estimate
techniques.
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1. Introduction

Given a smooth bounded domain w C R? and the cylindrical domain Q = w x
(—d,0) C R3, we consider in © the following 3D viscous PEs of the ocean with rigid
lid approximation and in the presence of one stratification:

(1.1) up + Lyu+ (u- V)u+ wd,u+ VP + fk x u=Fy,
(1.2) 0, + Lol + (u- V)0 + wd,0 — ow = F
(1.3) V-u+ 8w =0,
(1.4) 0.P+~0 = 0.

The unknowns for the 3D viscous PEs are the fluid velocity field (u,w) =
(u1,u2,w) € R® with u = (u,us) being the horizontal velocity, the density @
and the pressure P. Here f = fo(8 + y) is the given Coriolis rotation frequency
with 8-plane approximation, F; and F5 are two given functions and k is the verti-
cal unit vector, o > 0 is the stratification constant of the ocean and v > 0 is the
gravitational constant. The elliptic operators L; and Lo are given respectively as
the following:

Li = —ViA - ,ul(?Q = 1, 2.

z)

Here the positive constants v1, p; are the horizontal and vertical viscosity coeffi-
cients; while the positive constants v5, s are the horizontal and vertical thermal
diffusivity coeflicients and

0

V= (0s0y) A= 00+ Oy, Doy = -

) 81111 = 8515
with i = 1,2,3 and (z1, 22, 23) = (2,y, 2).

For more details on the PEs of the ocean, the reader is referred to [7, 28, 29, 34]
for the physical aspect, and to [3, 20, 25, 22, 23, 24, 31, 32, 16, 17, 18, 19, 25] for
the mathematical aspect.
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Here and after, we use the following notations:

In
e = 57 ¢LE¢ - 8m1¢7 1%@1 - awlwﬂ/]u

with i = 1,2, 3 for any n(t) € H*(0,00), ¢(z,y,2) € H (Q) and ¥ (x,y, z) € H*(Q).
We partition the boundary of 2 into the following three parts:
P’U« = {(x,y,z) € Q;Z = 0}7
Fb = {(xvyaz) € Q,Z = _d}a
Ty ={(z,9,2) € Q; (z,y) € Ow, —d < z < 0}.
Next, we provide the system (1.1)-(1.4) with the following boundary conditions-
with the wind-driven on the top surface and non-slip and non-heat flux on the side
walls and the bottom (see, e.g., page 246 in [3], page 160 in [20] and page 1037 in
[25]):
only, u=d7*, w=0, 0,0 =—a(d —0%);
onl'y, 0,u=0, w=0,0,0 =0;
ou 06

FS7 . :Oa_ 207_207
on u-n 811><n n
oronly, u=0, %20,

on

where 7% = 7*(x, y) is the wind stress on the ocean surface, « is a positive constant,
n is the normal vector of 'y and 6* = 0*(z, y) is the typical density distribution of
the top surface of the ocean. Based on the above condition, it is natural to assume
that 7*(z,y) and 6*(z,y) satisfy

* *

7™ n=0, — xn=0, or7" =0, and
On on

Due to this condition, we can convert the previous boundary condition into the
homogeneous by replacing (u,6) by (u+ 1([(z+d)? — d3]7*,0 + 6*) (refer to page
248 in [3]).

Hence, we consider the following boundary conditions for the 3D viscous PEs:

=0 on Jw.

(1.5) w|r,ur, = 0.
ou
(1.6—1) 8zu r,ur, = O, u - 1’1|FS = 0, 8_11 X 1’1|1*s = O;
(1.6-2) or d,ulr,ur, =0, ulp, =0;
o7}
(1.7) 829|Fb = ((%9 + 049)|1‘u =0, %hﬂs =0,

refer to (28)-(29) of page 248 in [3] and (1.3)-(1.4) of page 160 in [20] for the
boundary condition (1.5), (1.6-1) and (1.7), and Remark 2.1 of page 1038 in [25]
for the boundary condition (1.5), (1.6-2) and (1.7).

Also, the initial conditions of u(x,y, z,t) and 0(x,y, z,t) should be given by

(18) U(Iayvzv()) = U‘O(xvyaz)a Q(I,y,Z,O) = Ho(a:,y,z).

Using the Dirichlet boundary condition (1.5) of w on I',, N T and (1.3)-(1.4), we

have
0

Wy, = t) = — / V- ule,y, € 1)de, / V(a0 =0,

—d _

P(xvyazat) :p(xvyat) _FY/_de(Iayvgat)dg'
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With the above statements, one obtains the initial boundary value problem of the
3D viscous PEs:

Ut +L1u+vP(x7yat) _7/

z

VO(x,y, & t)dE + fk x u
d
(1.9) V([ zdv (e, y, &, O)d€)0u = B,

ot Lo+ [ Veutay s+ V- ([ Veuleye 000

(1.10) = P,
(111)  V-u=0,

together with the boundary condition (1.6)-(1.7) and the initial condition (1.8),
where

0
q@(x,y)zé/_dﬂx,y,z)dz, ¢:¢_¢7

for any function ¢(z,y,z) in Q.

Remark 1.1. Recall [3, 20], F; =0 and v =1 in (1.1)and (1.4) and ¢ = 0 in
(1.2) and (1.10).

The 3D viscous PEs are very important research subjects in the field of geophys-
ical fluid dynamics, at both the theoretical and numerical levels. There are some
well-known difficulties associated with this fundamental equation for 3D oceanic
model since their strong nonlinearity.

The mathematical study of the PEs originates in a series of articles, by Lions,
Temam and Wang in the early 1990s: see, for instance, [22, 23, 24], where the
mathematical formulation of the PEs, which resembles that of the Navier-Stokes
equations, was established. They defined the notions of weak and strong solutions.
They also proved the existence of the weak solutions, but the uniqueness of weak
solutions remains unresolved, and it is still an open problem for now. The existence
of the strong solutions, locally in time, and their uniqueness were obtained in [6]
and [32]. The existence and uniqueness of the strong solutions, globally in time,
to the 3D viscous PEs in thin domains for a large set of initial data whose sizes
depend inversely on the thickness of the domain were established in [17]. Also, the
asymptotic analysis and the finite dimensional behavior of the 3D viscous PEs in
thin domain as the depth of the domain goes to zero were studied in [18, 19]. For a
more extensive discussion and review on this subject, the reader is referred to the
recent articles [31] and [32].

It has appeared that the problem of the global existence and uniqueness of the
strong solutions for the 3D viscous PEs might be harder than the 3D Navier-Stokes
equations since the PEs have more complicated nonlinear terms. However, Cao
and Titi resolved this problem positively in their recent article [3]; and another
different proof of this result was given by Kobelkov [26]. They also proved that
the strong solutions depend continuously on the initial data in the L?-norms. One
natural question arising from this global existence result is the dynamical behavior
of the strong solutions of the 3D viscous PEs [33]. Recently, Ju in his work [20] first
obtained the uniform H!- bounds with respect to time ¢ for the strong solutions
under the assumption that F» € L?(Q). These uniform H'-bounds allowed the
author to obtain the absorbing balls for the solutions in the H!-space. The radii
of these absorbing balls are independent of the initial data. Finally, the author
has proved the existence of the global attractor for the strong solutions of the 3D
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viscous PEs in H!-space and that the attractor is both compact and connected in
H'-space.

Another natural question arising from the global existence of the strong solutions
and the global attractor is the HZ2-regularity of the strong solutions of the 3D
viscous PEs [20], which is the focus of this article. The H*(k > 2) as well as
Gevery class regularity of the solution for the 3D PEs with the periodic boundary
condition case is proved by Petcu by use of the odd-symmetry (due to the Neumann
conditions) in [30]. Inspired by the methods developed in [3, 20] for the existence
of the strong solutions and the global attractor of the 3D viscous PEs, we extend
these studies to the H?2-regularity of the solution and some of its time derivatives
for the 3D viscous PEs under two different boundary conditions (1.6-1)-(1.7) and
(1.6-2)-(1.7). Due to the stronger nonlinear terms in the 3D viscous PEs, we can
not obtain the H2-regularity of the solution from its H'-regularity even when its
initial data is H2-regular. Then, for this purpose, we first obtain the LS-regularity
of the derivative of the solution with respect to z-variable. From this regularity and
the H'-regularity of the solution, we deduce the H2-regularity of the solution when
its initial data is H?-regular. If the initial data is H1 -regularity, that (ug,6) is H'-
regular and (uos, 0p.) is LS-regular, we can not prove that the second-order spatial
derivatives of the solution are bounded near ¢ = 0. Similar difficulty also appears
in the analysis of the regularity in the case of the Navier-Stokes equations. Using a
special technique used in the regularity estimates of the Navier-Stokes equations by
Heywood and Rannarcher [14], we obtain the H?-regularity of the product of the
solution and the smooth factor 72 (), where 7(t) = min{1,¢}. Similar techniques
have been used to obtain the error analysis of the numerical solutions for the Navier-
Stokes equations, see, for example, [14, 15, 8, 9, 10, 11, 12]. Similarly, we deduce
the H2-regularity of the product of the time first-order derivative of solution and
the smooth factor 77(t), where 8 = 1 when the initial data is H?-regular and 8 = %
when the initial data has H}r—regularity. Finally, we deduce the H2-regularity of the
product of the second-order time derivative of the solution and the smooth factor
TIHB(t).

Our main results in this paper are included in the following theorem.

Theorem 1.1. Assume that the initial data (uo, 6p) is HF-regular with k = 1, 2,
and

(OiF1, 9iFy) € L®(RY; L2(Q)%) x L=(R*; L3(Q)), i =0,1,--- ,m,

where H! = Hi (which will be defined in Section 2) and H? = H?. Then, the
solution (u,p, d) of the 3D viscous PEs satisfies the following bounds:

2k () O] + 10700 + 7O u(®) |2 + 1576() |3
(1.12) 1O ()2 + 110800 2 + 19 (D)) <
t
jg €2 (=0) 2m=k () 11ama |2, 4 (062,
(1.13) ()0l 3 + 1076 % + 107 pl 2 )lds < w

t
(1.14) /EMW”QW”*@NWHwﬁrwwHWMmBSm
0

for all t > 0 and m = 1,2, 3, where 7(¢t) = min{1, ¢} and ay > 0 is a fixed constant
and k is a general positive constant depending on the data

(Q,,0,7,d,v1, p1,va, o, f, F1, Fa,up,0p), which can take different values at its
different occurrences.
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Remark 1.2. The regularity of the time derivatives of the solution with m =
1,2, 3 is useful to the error estimate of the m-th order time discrete scheme of the
PEs of the ocean, see [13].

This paper is organized as follows. In §2, some basic mathematical setting and
important inequalities are recalled and some basic lemmas and some estimates
of the nonlinear terms are provided. In §3, the H'-regularity of the solution is
concluded and the LS-regularity of the z-derivative of the solution is proved. In
§4, the HZ?-regularity of the solution (u,p,#) and the H'-regularity of the first-
order time derivative (uy, s, 0;) are obtained. In §5, the H>2-regularity of the first-
order time derivative (u¢,py,0;) and the H'-regularity of the second-order time
derivative (us, py, 0y) are provided. In §6, the H2-regularity of the second-order
time derivative (us, pit, 04 ) and the H!-regularity of the three-order time derivative
(wtets Peet, Ortt) are proved.

2. Preliminaries

For the 3D domain 2 and 2D domain w and m > 0, p > 1, we introduce the
standard Sobolev spaces H™(Q2) and H™(w) or H™(Q)? and H™(w)? with the
norms || + ||m, and || « [|m,» and semi-norms | - |, 0 and | - |m,w, respectively. For
some details of the Sobolev spaces, the reader can refer to Adams [1].

Set

Hy, = L*(Q), Vo = H(Q),
Hy = {ve L*(Q)?*divo=0, v-n|r, =0},
Vi ={ve H(Q)*divo =0, v-n|pr, =0},
for the boundary condition (1.6-1) and
Vi ={ve H'(Q)*divv =0, v|r, =0},

for the boundary condition (1.6-2).
For the domain w, we also introduce the following Sobolev spaces

Hy={ve LQ(w)Q;diV v=0, v-n|p, =0}, Lg(w) ={q¢€ Lz(w);/ qdzdy = 0},

Vo = {v e H'(w)?;divv =0, v-nly, =0},

for the boundary condition v - n|s, = 0, % x njg, = 0 and

Vo = {v € HY(w)* div v =0, v|s, = 0},
for the boundary condition v|g,, = 0.

We also use (+,-)q and (-, ), to denote the inner product in L?(Q2) and L?(w) or
L?3(92)? and L?(w)? or L2(Q)* and L?(w)*, respectively.

We denote by A; the Stokes-type operator associated with the primitive equa-
tions (see [3, 20, 27]), that is A; = PLy, where P is the L?-orthogonal projection
from L?(Q)% to Hy. Also, we write Ay = Lo. Therefore, we define the bilinear
forms a; : V; x V; = R, i = 1,2 as follows:

1 1
a1 (u,v) = v1(Vu, Vo) + p1 (uz,v2)a = (A7 u, A7 v)a,

az(0,m) = v2(V0,Vn)a + p2(02,m2)0 + pea(f(z = 0),n(z = 0)), = (A30, A3 n)a.
Also, define
D(A;) ={¢ € Hi; Aip € H;}, i =1,2,

with the norm || 4; - ||o.o-
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We have the following Poincaré inequalities
1
(2.1) 2041”“”(2),0 < HA12U||(2),97
for any u € H'(Q)? satisfying (1.6-1) or (1.6-2), and
He2 2 3 )12
2.2 2——————||0 <||Az26

for any 0 € H'(Q) satisfying (1.7). For (2.1), the reader is referred to [20, 3, 5] with
the boundary condition (1.6-1) and [1] with the boundary condition (1.6-2); and
for (2.2), the reader is referred to [3]. Therefore, there exist two positive constants
co and ¢; such that
(2.3)
1
collAf ul

1 1 1
to<allAfullie.  cllA3015.0 <107 o < el AZ 0I5 o,

6.0 < lul

for any u € H'(Q2)? satisfying (1.6-1) or (1.6-2) and for any § € H'(Q) satisfying
(1.7). Here and after, we shall use the letters C' or ¢ (with or without subscripts) to
denote a general positive constant depending on the data (Q, o, 0,7, d, v1, p1, V2, p2),
which can take different values at its different occurrences.

Also, we need a further assumption on the regularity results of the solution of
the Stokes-type system associated with the primitive equations of ocean and the
modified Poisson equation when the domain w is sufficient smooth.

(A1) For a given g; € H*(Q)?, the steady modified Stokes-type system

(2.4) —11 AV — 10,0 + Ve(x,y) = g1 in Q, div 9(z,y) =0 in w,

admits a unique solution (v,q) € (H2(2)2NV;) x (L(w)NH'(w)) for the boundary
conditions 9,v|r,ur, =0 and v - n|p, =0, % x n|p, = 0 or v|r, = 0 such that

(2.5) ||UH§,Q + ||Q||%w < CHngg,sz?

and for a given go € L?(Q2), the elliptic equation

(2.6) —v9 A — 120,.¢ = go in €,
admits a unique solution ¢ € H%(Q) for the boundary condition
¢
(2'7) aZ¢|Fb = (0.0 + a¢)|ru =0, on =0,
np
such that
(2.8) [6ll2,0 < cllga2l3 o

The second part in the assumption (A1) is the classical results. Some details of the
first part in the assumption (A1) can be found in pages 2740-2741 in [27], pages
56-57 in [35] and pages 308 and 311 in [36] in the case of the boundary conditions
(1.5), (1.6-2) and (1.7). In the case of the boundary conditions (1.5), (1.6-1) and
(1.7), some results in the assumption (A1) can be proved by the similar manner as
in [27, 35, 36].

Note that the assumption (A1) implies

(2.9) collArvl3 o < lvll3 o < allAiv]f o,
(2.10) COHA??/’H(%,Q < ||¢||§,Q < Cl||A2¢||(2),Qa
for v € D(A1), ¢ € D(As).



458 Y. HE AND J. WU

Moreover, we define the bilinear operator:

Bo.0) = (- Vo= (| V-olw.d€)0.0.
It is easy to see that
(B(vv(b)v(b)fl =0WVv e ‘/17 (b € Hl(Q) or Hl(Q)27
(2.11) (fk x v,0)q = 0 Vv € L*(Q)?,
(212) (/ V'U($,y,§)d§,¢)g—(/ V¢($ay7§)dfav)ﬂ :OV’UE‘/M (be Vé
—d —d

We usually make the following assumption about the prescribed data for problem

(1.6)-(1.11):
k k

(A2) The initial data (ug,6o) € D«(A{) x D.(A3) and (F1, F2), (Fi, Fs,) €

L*®(R*; L?(Q)?) x L>®(R*; L?(Q)) are such that for some positive constant Cp,
k k
147 woll3 o + 143 6ol

(2.13) + igg{l\Fl(t)Hg,n 0I5, 0 + 1 F1=(0]8 o + 1 2= (D5 o} < Co,

with k = 0,1,2, where D,(A?) x D,(AS) = D(AF) x D(A]) for k = 0, 2 and
D.(A}) x D,(A}) = H' and
HY = {(u,0) € Vi x Vo (uz,0) € L(Q)? x L(Q)}.

Also, we recall the following important inequality(see [2, 3]):

[ [ rvuteetac [ jouuazazay

1 1 1 1
(2.14) < IVullg olAullg oll9= M5 o IVE:lI5 allwlloo
for u € D(A1), (p,w) € D(A1) x L2(2)? or (¢p,w) € D(Az) x L3(2) and the
following Sobolev and Ladyzhenskaya inequalities [1, 3, 4, 5, 21]:

1 1
(2.15) [6lls < clldligallolfas 9llLe < clldllio

for all ¢ € H'(Q), where the norm || - ||z« denotes || - || Loz or || - || Lac)-
In order to obtain the regularity results of (u,p,#) of the PEs, we consider the
following abstract PEs:

(2.16)

vt"'Ll'U_"Vq(Iayvt):G:fl +7/

z

V(@€ s - fk xv—Gi(v,0),

z

(2.17) it Loy = fo—o / V- u(ep. )¢~ Galo.)

(2.18) V-5=0,

together with the boundary conditions

(2.19-1) Vzlr,ur, =0, v-n|p, =0, g—z xnlr, =0;
(2.19-2) or v;|r,ur, =0, v|r, = 0;

an
(2:20) n:lr, = (n: + am)lr, =0, ——|r, =0,

on
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where G1(v,n) and Ga(v,n) are functions of (v,n) and of their derivatives. Also,
the initial conditions of v(z,y, z,t) and n(z,y, z,t) should be given by
(221) U(:Eu Y, z, 0) = UO(:Eu Y, 2)7 77(557 Y, z, O) = nO(xu Y, Z)

Lemma 2.1. Under Assumptions (A1) and (A2), the solution (v, ¢,7n) of (2.16)-
(2.21) satisfies the following bounds:

d, _ _ _ _
E(W Hollg.a+ o tnllge) + aa(yHlvlg o + o nllg o)
5 _ 1 5 1
+ 17 1||Afv||(2),9+10' 1||A2277||319

4 _
< —(y 1||f1||3,sz+0 1||f2||3,sz)

s
(2.22) — 277 H(G1(v,v),v)0 — 201 (G2(v, 1), N)a,
[ A105.0 + 1A2nll5 o + Vallg .o < clllvellg o + nellg.0) + el Al .o + I f215.0)
1 1
(2.23) + (A7 vl[5 o + cll A3 15 o) + c(|G1 (v, )]IF o + |G2(v, DIF 0),

d 1 1 1 1 5 5
E(IlAva%,g + A3 05 0) + a2(lAF )0 + 145 0]15.0) + leAlvH%,g + leAan%,g

1 1
< c(lf1l5.0 + 1216, 0) + eI AT 0I5 o + 1431115 )
(2.24) +e(1G1(v, )5 o + 1G2(v, n)lIE ),
lvellge + Inell6.0 + 1Val5 .0 < el Arv]lg o + [ 4205 o)

+e(lfal3a+ 1f230) + Aol g + el A nl3 o)
(2.25) + (| G1(v, )5 .0 + |G (v, M) [5.0),
where ag = min{a;, %}.
Proof. Taking the inner products of (2.16) with v~!v in L(2)? and (2.17) with

o~ ln in L?(Q), adding these two relations and using (2.11)-(2.12) and (2.1)-(2.2),
we obtain

1d

_ _ 1 _ _
55(7 1||U||(2),Q+0 1||77||3,Q)+§042(7 1||U||(2),Q+0 1”77”3,(2)

B 1 _ 1 2, _ _
(AT vl§ o+ o 1||A§77||(2J,9)+a—2(”Y HAlG e+ o 0160

- Vil(Gl (’U, ’U), U)Q - Uﬁl(GQ(Ua 77)7 77)97

which yields (2.22).
Next, applying the assumption (A1) to (2.16)-(2.20), we obtain

HAlng,Q + HVqu,Q <]|G— Ut”g,sz
1 1
< clluellg o + el Allg g + (| Az vlI5 o + cll Az 1§ o) + clGi(v, V)5 g,

Al <o =o [ 9 olw6 0 = Galon) = ml

1
< cllmli§ o+ cllf2llE o + el AT vl§ o + clGa(v, M o)
which yield (2.23).



460 Y. HE AND J. WU

Then, by taking the inner products of (2.16) with A;v € D(A;1) in L?(Q)?, (2.17)
with Asn in L?(Q2), noting that V- A9 = 0 and A;0-n|s, = 0, and using (2.3), we
obtain

1d 1
QEHAfUHg,Q + HAlUHg,Q = (G, A1v)e
< 1 A 2 2 A% 2 A% 2 G 2
=< 8” 1[50 +ellfillg,o + cll AT vl5 o + cll A3 nll5 o + cllG1(v, V)5 0,
1d, 1 #
§%|\A2277| 5o+ Al o= (f2— U/ Vv(z,y, 6, t)dE — Ga(v,m), Aan)a
—d

1 1
< §HA277||3,Q + -+l f2llf.0 + clAF 5o + | Ga(v, )5 q-

Adding these two inequalities and using (2.1)-(2.2), we obtain (2.24).
Finally, taking the inner products of (2.16) with v; + Vq(x,y,t) in L?(€2)? and
(2.17) with 7, using (2.3) and (2.18), we obtain

MM&rHWﬂKQSHh+V/

z

Vin(z,y, & t)dE — fk x v — Gi(v,0) — L1v[[2
d

1 1
< C||A1U||(2),Q + C||f1H3,Q + C||A12UH3,Q + CHA2277H3,Q + CHGI(UaU)”%),Qa

Hm%@SHﬁ—a/dewwiiﬂﬂ—Gﬂ%m—Lw%n

1
< C||A277H3,Q + 0Hf2||(2),9 + CHAfU”(%,Q + ¢||Ga(v, 77)”(2),9-

Adding these two inequalities yields (2.25).

Also, we often use the following Gronwall lemma in this paper.

Lemma 2.2. Let g, h and y be three non-negative local integrable functions on
[to,00) and 8 > 0 is a constant such that

d
d—§+ﬂy+g§hwzto.

Then,

t ¢
y(t) —|—/ PN g(s)ds < e Pty (1) +/ PN (s)ds.

to to
This proof is straightforward and shall be omitted.
Lemma 2.3. Under the assumptions (A1) and (A2) with & = 0, the solution
(u,p,0) of (1.6)-(1.11) satisfies the following bound:

t 1 1
v Hlu@®E o+ o 10150 + /0 eIy AT ullf o + o[ AF )13 olds < .
Proof. Setting

(u,p,@) = (vaqvn)a (FI;F2) = (flvf?)a B(u,u) = Gl('U,'U), B(uvo) = GQ(van)v
in (1.9)-(1.11) and using (2.11)-(2.12) and (2.22) in Lemma 2.1 , we obtain

d . _ _ _ _
E(W 1”“”3,9"'0 1H9||(2),Q)+a2(7 1||U||(2),Q+0 1”9H3,Q)
1 I
+7_1||A12U||%,Q+0 1||f4229||%,9
4 _
Sa—z(”Y 1||F1||(2),Q+0' 1HF2H3,Q)'

Applying Lemma 2.2 to the above inequality has completed the proof of Lemma
2.3.
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Finally, from (2.3), (2.9)-(2.10) and (2.14)-(2.15), we deduce some inequalities
about B(:,-) which will often be used.
It follows from (2.3), (2.9)-(2.10) and (2.14)-(2.15) that for i = 1, 2, 3,

I1B@u, u)13.0 + 1B, 9ju) 3.0
< el Vull s 10l o + VOl ol ArBiullE gl I ol Vus I ]2
+ elllull oIVl s + Vel ol Aveld o0 lid | VO I o)
< el Avullo.all A2 ullo.oll A2 iullo.ll A dfullo.0

1 P12 2 3002 30012
(2.26) < E”Alatuno,sz +C||A1“||0,Q||A1 “||0,Q||A1 at“”o,sza

. . . 1 . 1 1 1
1B@u, 013 0 < clllVOllallOyul s + IVO;ull§ oll A10ull o 11021160 1 VO:1IG o]
1 1 . .
< cf|Asblo,allA3 Ollo.all AF Oiullo.all Ard;ullo.o

1 i 3 3 i
(2.27) < EHA@UH%,Q + | A20]3 o[ A3 0115 ol A7 07ullF g,

. . 1 1 . 1 - 1
1B (u, 30)I[ 0 < clllull e[ VO,OllLs + [ Vullg ol Arull§ oll0;0: 15 ol VO:6- 1§ o)
1 1 . .
< df|Avulloal A7 ullo.llA3 8;0ll0.0l A20:0]l0.0

1 inl12 2 302 3 qip)2
(2.28) < 1_6”’426159”0,(2 +c||A1u||O,Q||A1U’HO,Q”AQ at9||o,sz-

1 1 1 1
| B(ut, ue)llo,0 < clluell Lol Vuel L + e Vuellg ol Aruellg o llustllg ol Vustlig o

1
(2.29) < cf|Aruello,el| AT ut o,

1 1 1 1
1B(ut, 0)ll0,0 < clluel| L[| VOl L + el Vuellg oll Avuellg oll0=ellg o I V06 o
1 1 1
< c[[[Avuelo,ell AT utllo.nllA20t [0l A3 O]

1 1
(2.30) < c||Aruello,0l| A7 utllo,0 + cl|A20¢ 0,0l A3 6illo.,

1 1 1 1
| B(ute, ue)lfo,0 < ellusel| Lol Vel Ls + el Vure|l§ ol Aruee|l§ ollusell§ ol Vusell§ o

1 1 1
(2.31) < cllAvunllo.ell At urllo.ell Avulloall Af uello.o]?,

1 1 1 1
| B(ut, ut)lfo,0 < clluel pol|Vuel| s + el Vuell§ ol Aruell§ o lluzellg oI Vusills o

1 1 1
(2.32) < [ Aruse]o,0l| AT et || o0l Arue 0,0l AT ull0,0] 2,

1 1 1 1
[ B(utt, 0:)llo,0 < elluellLs VO] s + el Vueell§ oll Aruee g o106 oI V025 o

1 1
(2.33) < cll|Avusello.oll A7 uerllo ol A28t lo.ll A3 6:l0.0] 2,

1 1 1 1
[ B(ut, 0e)llo,0 < clluellLs VOl s + cl|Vurll§ ol Aruellg oll0zeell§ ol VOt o

1 1
(2.34) < ([l As8itlo.2ll A3 Orello.cll Avuello.ll A uello.g) 2,
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||B(3§U7U)||Lg < d||Vullo,oll0ull s + ¢ Vtullo,allu| Lo

1 .
(2.35) < c([[Vullo,o + [[uzl o) | AT O;ullo,0;

1BOyu,0)]l 5 < cllVOlloglloyullLs + cllVOyullo.oll- e

1 .
(2.36) < (V0o + (102 Le) | AT Oz ullo,0-
3. H'-estimates

It is well known that the H! -estimates of the solution (u,p,6) of PEs with o = 0
and F; = 0 have been given in [3, 20]. Under Assumptions (A1) and (A2) with
k =1, by changing slightly the arguments used in [3, 20|, we can obtain:

1 1
(3.1) 1A u()ll5 o + 145 0I5 o < &,

for ¢t > 0 in the case of ¢ and F} being non zero.
Lemma 3.1. Under the assumptions (A1) and (A2) with & = 1, the solution
(u, p, ) satisfies the following bounds:

t
1 1 _
(32)  [AFu®)ll5o + 436150 +/O e[| Avull§ o + (142013 o)ds < &,
(3.3)

t
/ 27 ugl[f o + 116:15. 0 + I VPIIE olds < &.
0

Proof. First, using some very similar arguments given in [3, 20] and (2.1)-(2.2),
we have

d, 1 1
T4t u®lgq+ callAfulgq + [1A1ul5q
3.4 < 4 A% 2 A% 6 A%o 2 F 2
(34) < cllullzs AT ullg.o + cll At ullo o + cllA3 01150 + cl F1ll6 0
d, 3 2 3 (|2 2
5”142 O)15,0 + 2llA3 0[50 + 142050
3.5 < c(lullts + [AZul2 o Arull2.) [ AZ0]2 ¢ + el AZullZ.q + cl| F 12
(3.5) < c(llullzs + I[A7 ullg ollArullg.o)llA3 0[50 + el Af ullg o + cll F2l5.q-
Applying Lemma 2.2 to (3.4) and using (2.3), (2.15) and (3.1), we obtain
t

1

(3.6) lfu@lo+ [ el os <.

Again, applying Lemma 2.2 to (3.5) and using (2.3), (2.15), (3.1) and (3.6), we
obtain

t
1
[A300) G + [ e8] s < .
0

which, together with (3.6), gives (3.2).
Setting

(u,p,0) = (v,q;m), (F1,F2) = (f1, f2), B(u,u) = Gi(v,v), B(u,0) = Ga(v,n),
in (1.9)-(1.11) and using (2.25) in Lemma 2.1 , we obtain

||ut||g,sz + ||9t||(2),sz + ||Vp||3,sz < C(||A1U||(2),Q + ||A29||3,Q) + C(HFng,Q + ||F2||3,Q)
BT +elafvldq + el AF00 o+ el Blu w0 + el Blu.0)] o
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It follows from (2.14)-(2.15), (2.3) and (2.10) that

cllBu, w)|§ o < clllul Lo

1
< c|| A7 ull§ ol Avul

2
0,0

cl| B(u,0)[I3 o < clllul

6
1 1
< cf|A7ullo,allArullo.0ll A3 0ol A20]0,0

32 2 5012
< cl|ATullg ollArullg,o + cll A3 0]]5,qll A26)|

5.0
Combining these inequalities with (3.7), we get
HutHg,sz + H9t||(2),sz + ||VPH3,Q
< L+ [ Afullf o + 143013, 2)(1 + 141wl o + [ 42613 0)
+ (| F1l1g .0 + 1F2113.0)-

Combining the above inequality with (3.2) yields (3.3).

1 1 1 1
Vullo,q + CHVUHS,QHAluHS,Q”qué,QHvqué,Q]z

1 1 1 1
Vbllo. + | Vull§ ol Arull§ o[10: 115 o V011§ o)
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In order to gain the LS-regularity results of (u.,6,), we differentiate (1.9)-(1.10)

with respect to z, we obtain

o L (e Ve = (9wt 0dg)0.0,
(3.8) + (us - VIu— (V- w)us — yVO + fk x u, = Fi,

0ot Lat 4 (V)0 — ([ 9 a6 00d6)00,
(3.9) + (uy - V)0 — (V- u)b, —I_—dJV cu = Fy,,

Moreover, by the boundary conditions (1.6)-(1.7) and the fact that d.n|r, = 0, we

obtain the boundary conditions of u, and 6,:

(3.10-1) w.lr,ur, =0, u, - nlp, =0, % xnlp, =0,
or
(3.10-2) uzlr,ur, =0, uzlr, =0,
(3.11) (0. + af)|r, = 0.]r, =0, 22211 =0
. z Fu—zFb—uanFS_a
and the initial conditions:
(3.12) uz(z,y,2,0) =ug.(z,y,2), 0.(x,y,2.0) = 00.(z,y, 2).

Lemma 3.2. Under the assumptions (A1) and (A2) with £ = 1, 2, the solution

(u,p, 0) of the 3D viscous PEs of the ocean satisfies the following bounds:
¢ 1
(3.13) [z ()70 +/O 2| AR (wsluz]?) |5 ads < &,

t
(3.14) 601+ | e A3 6213 ods < .
0
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Proof. Taking the inner products of (3.8) with u, |u.|* in L2(2)? and (3.9) with
0.16.* in L2(Q) and using (2.11)-(2.12) and (3.10)-(3.11), we obtain

1d 1

6 dt HUZHL6 + = ||A12 (u2|u2|2)||(2J,Q + ((us - V)u7u2|u2|4)ﬂ - (V- u)u,, UZ|UZ|4)Q
(3. 15) = (Flz + V0, u.|u.|Yq,

5 dt“o 36 + —||A229§'||o o+ (uz-¥)0,60)0 — (V-u,00)0 + o(V - u,602)q

(3.16) < (Fy.,0)q.
It follows from (2.3), (2.9)-(2.10), (2.15) and (3.10)-(3.11) that

[(uz - V)u, v fus| Do = (V- ue] ol < 0/ |V || 2 [u-| 2 dadyd=
Q

3 3
< CIIWIIO ollusl|Follusluz ] 7o
< EIIA (uz|u= )13 o + el Vullg ollusllge,

NV, uslu] el < AIVOlolluslZolluslusl?| Lo

1 1
< gllAf (uzu= 1?10 + ¢l VOIS o lluslze,

(F127UZ|UZ|4)Q < ||F1z||0,Q||UZ||%6||u2|u2|2||L5

IN

1 1
T (usuz*) 15,0 + el Fiz )13 ollusl 76,

(V- w0, 02)al

IN

\/5/ [V ul6.|26.|2 dedydz
Q

3 3

V2| Vullo.allf: 126 1621176

1 1

42621 0 + el Vulld o161 o,
[zl 261V 2160126 1162] o

IN

IN

[((u= - V)0, 62)al

IN

IN

1 1
76142 02115 .0 + clluzll76[IVOl 75102176

(V- u,02)al < || Vulloall: 76162 e

IN

IN

1 1
7641 021150 + <l Vullg allf:] 76,
1oz lo,0l10= 11761162l o

1 1
76143 025,00 + cll Fazll5 ll0:1 76

(F2.,02)0

IN

IN

Combining (3.15) and (3.16) with the above inequalities and using (2.3), (2.9)-(2.10)
and (2.15), we obtain

6dtlluzllm + a2||uz||Ls + 1145 (sl 3.0

(3.17) < C(IIWIIO allArullf o + IV o + 1 F1: 5 o) uzl e,

S 101130 + goall6-lge + 1436203

< C(||VU||0,Q||A29||0,Q + lluzlZ6 [ 42015 o + [V ull§ ) 116: 116
(3.18) + cl| Fa 1§ oll0= Lo
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Therefore,
d
(319)  Zlluzlze + azflusllis < cllVaullgal Arulli.q + el VOl o+l Fi- 5.0,

d
S 10=07e + a2ll6:]1Ze < ¢l Vullo ol 4261150 + ellu- 76 [ 420115,
(3.20) +c|[Vull§.o + ¢l Fa: 5 0-
Thus, applying Lemma 2.2 to (3.19) and using (3.2), we get
(3.21) u(t)136 < e **ugz |36 + 1 < k.
Then, applying Lemma 2.2 to (3.20) and using Lemma 3.1 and (3.21), we obtain
(3.22) 16-(E)176 < e 60: |76 + & < k.
Finally, applying Lemma 2.2 to (3.17) and (3.18) and using (3.21)-(3.22) and Lem-
ma 3.1, we obtain (3.13)-(3.14).
4. H?-estimates of (u,0)
Differentiating (1.9)-(1.10) with respect to ¢, we obtain

Uge + Lyug + Vg — WV/ 0:(x,y, &, 8)dE + [k X us + Blug,u) + B(u, uy)
—d

(4.1) = Fiy,

(42) 9tt+L29t+0/ Vut(xayvé.at)dé._FB(utvo)+B(u59t) :FQt-
d

Lemma 4.1. Assume that the assumptions (A1) and (A2) with k¥ =1, 2 hold
and (Fuy, For) € L®(RT; L2(Q2)?) x L®(R*; L2(2)). The solution (u,p, ) of the
3D viscous PEs of the ocean satisfies the following bounds:

Y EO w50 + o T RO16:(DF 0
¢ 1 1
(4.3) +/ 22 )y T A wil[§ 0 + 0 [ AZ 0[5 olds < &,
0

44) T OIAu®F o + TR O1A200)[5 0 + T OIVEOI§ o < A,

where 7(¢) = min{1, ¢}.
Proof. Setting

(utvptvot):(vaqvn)a (F1t5F2t):(flaf2)a
B(utv u) + B(ua ut) = Gl(va 1)), B(uta 9) + B(U, ot) = G2(va 77)7
in (4.1)-(4.2), we deduce from (2.22) in Lemma 2.1 that

5(7_1”%”%@ + 0 M0:5.0) + o2 (v luellg g + oM 1615 o)
5 _ 1 5 1
+ 17 1||A12Ut||(2),9+10 14364015,
4 _ _
Sa—2(7 1||F1t||(2J,Q+0' 1||F2t||3,9)—27 I(B(utvu)aut)fz

(45) —20_1(B(ut,9),9t)9.
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It follows from (2.3), (2.15) and (2.35)-(2.36) that

c|(B(ut, u), ut)ol < cf Blur, u)ll g l|uell s
1 1 3
< c(IVullo + lluzllzo)lluellg all At uellg o

1 1
< 76144 uellg.0 + c([Vullga + luzllze) lutlf o,

c|(B(ut, 0), 0:)al < cl|B(us, )| 5 110 s

1 1 1 1
< c([VOllo,@ +110=]1 o) 147 wello.ellbelld ol A3 0l 0

< LA w2 o + 1436,012.0) + (IO 0 + 101 Lo) el
=16 i Utllo,0 2 Utllo,Q 0, zllpe ) lUtllo,Q-

Combining these inequalities with (4.5), we obtain

d, _ _ _ _
E(W 1||“t||g,sz+0 1||9t||(2),9)+a2(7 1||“t||g,sz+0 1||9t||3,sz)
1| A5, |2 —1|| A3 9,12
T (VA wllo 0+ 0 [[A36:15.0)
(4.6) < c(|Frell o + 1 F2elI5.0) + c(IVullg o + 10:1176) (luellg o + 16:113.0)-
Applying Lemma 2.2 to (4.6) and using Lemma 3.1 and Lemma 3.2, we get (4.3)

for k = 2.
For k =1, from (3.3) in Lemma 3.1, we have

/01 eazsh_lH“tHg,Q + 0_1||9t||(2),9]d5 < k.
Then, there exists a sequence &, — 0, such that
T(En)(7_1||ut(5n)||g,sz + 0_1||9t(5n)||(2),9) — 0.
Multiplying (4.6) by 7(t), we obtain

d

dt
OO AT w2 o + oY AZ 6,3

+rO0 AT uelloe + 077143 0:0,0)

< c(lFPrellf0 + 1 Faelld ) + (U + [ Vullg o + 10:1126) (lue 15,0 + 16:015.0).

[r@&) (v Hluell§ o + o7 HIOF )] + a2 (W) (v ull o + o~ 16115 )

Therefore, applying Lemma 2.2 with ¢y = €, to the above inequality and letting
€n, — 0 and using Lemma 3.1 and Lemma 3.2, we arrive at (4.3) for k = 1.
Moreover, by setting

(uapue) = (U7Q777)7 (FluFQ) = (f17f2)7 B(U,U) = Gl(’U,’U), B(u,@) = G2(U7n)7
in (1.9)-(1.11), we deduce from (2.23) in Lemma 2.1 that

||A1U||(2),Q + ||A29||3,Q + ||Vp||(2),sz < C(||Ut||(2),sz + ||9t||3,sz) + C(HFng,Q + ||F2||3,Q)

1 1
(4.7) +e(lAfullf o + cll A0 o) + cll Blu, w)§ o + cll B(u, 0[5 o-
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It follows from (2.3), (2.9)-(2.10) and (2.15) that

cll(Bu,u)[§ o < c

IVl s llull e + |Vl s [Juz]| 6]

< clullis + s 30 Vulboal Arelo.o
< Al g +e(lAfullig + o IVul o
(B, 6) R < VOl fulo + [ Vull o 101
< clullys + 18- 136 IV ulloll Avulo + [ 98]0.0ll 426 ]0.0)
< (Al o + 142603 0)

314 4 2 2
+e(lAf ullo,o + 10126 (IVullo.0 + [IVO5,0)-
Combining these inequalities with (4.7) yields

[A1u(®)[15.0 + 1420(0)[12 + IVR®) (15 o
< C(||Ut||(2),sz + ||9t||(2),9) + C(HFng,Q + ||F2||§,Q)
1 1 1
(4.8) +c(1+ [ AZ ullg .o + 10: 1176 + [luzll ) (1 AZ ullf o + cl AZ 0115 o)-

Combining (4.8) with (4.3) and using (3.2) and Lemma 3.2 yields (4.4).
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Lemma 4.2. Under Assumptions of Lemma 4.1, the solution (u,p,8) of the

3D viscous PEs of the ocean satisfies the following bounds:
1 _ 1
PO AT u ()50 + T F O AF 63 0

t
@9) o+ [ eI ) vl + A6l ofds <
0

t
(4.10) / 223K () [lug |12 o + 0uelZ.00 + 1 VPelI3 0)ds < .
Proof. Setting

(utvptvet) = (anm)a (FltaFQt) = (flan)a

B(ut,u) + B(u,us) = G1(v,v), B(ut,0) + B(u,0:) = Ga(v,n),
in (4.1)-(4.2), we deduce from (2.24) in Lemma 2.1 that

d, Lo 1002 312 39112
E(”Al ullg. o + 143 0cl]5.0) + aa([JA7 wellg o + 143 0:15.0)
5 5

+ Z"Alutng,ﬂ + Z||A29t||g,sz

< | Fael3 o + 1 FaellZ0) + el AFueld o + 1143 6:)12

> 1tllo,0 2t110,Q c i Utllo,0 2 Ut o,sz)

(4.11) + c(|B(ue, u) + B(u,ue) 5.0 + 1B (ur, 0) + B(u, 0[5 ),
lurell§ .0 + 116:el13.0 + [ VPellf 0 < clllArul§ o + | A260:13 o)

1 1
+ C(||F1t||3,sz + ||F2t||(2),sz) +c(||AF Ut||g,sz +1|A3 9t||(2),sz)
(4.12) + c(1B(us, w) + B(u, u)[|§ o + [|1B(ur, 0) + B(u, 0,)[|5 )
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Using (2.26)-(2.28) in (4.11)-(4.12) yields
1

1 1 1 1
(AT uell§ o + 143 0:5 @) + o2 (A7 uell§ o + 143 6413 o)

+ (1 Aruellf o + 142603 o)

d

dt
< o(1 + |AZ ull2 ol Ayull2 o + | A26)12 || A2 6]|2
< (I + [[AF ullg,oll Arullg o + [[A20(5 ol 43 0115 o)

1 1
(4.13) X ([AZ wells o + 145 0:115.0) + el Frellg o + 1 F2ellf o),
and
wrel|§ 0 + [10:ll5 0 + [ VPe)F 0
< C(||F1t||3,sz + ||F2t||(2),sz) + C(||A1ut||3,sz + ||A29t||(2),9)

1+ [|AZ |2 o[l Ayul2 A0|I2 o | AZ 0|2

+c(1+ [[AFullg oll Arullp.o + | A20115.011435 015 o)
1 1

(4.14) x (A7 “t||(2),sz + [|A3 9t||3,sz)-

From (4.3) in Lemma 4.1, we have

! ass, 2—k % 2 % 2
; e 5 () [[| A7 wellg o + |43 015, 0l ds < k.
Then, there exists a sequence &, — 0, such that

3—k 3 2 3 2
7 (en) (AT wi(en) 16,0 + 143 0¢(en)l5,0) — 0.

Therefore, multiplying (4.13) by 737%(¢), applying Lemma 2.2 with tq = ,,, letting
€n — 0 and using Lemma 3.1 and Lemma 4.1, we arrive (4.9).

Moreover, Combining (4.14) with (4.9) and using Lemma 3.1 and Lemma 4.1,
we get (4.10) and complete the proof of Lemma 4.2.

Combining Lemma 4.1 with Lemma 4.2 has completed the proof of Theorem 1.1
for m = 1.

5. H?-estimates of (uy,0;)

Differentiating (4.1)-(4.2) with respect to ¢, we obtain

(5.1) Ugee + Laug — VV/ Ore (0, y, &, )dE + f X uge + 02 B(u,u) = Fuyt,
—d

z

(5.2) Orer + Loy + U/ V - ug(,y, &, 1)dE + 07 B(u, ) = Foy,
d

where
02 B(u,u) = B(uw,u) + Blu, us) + 2B (ug, ur),
02B(u,0) = Blug, ) + B(u, 0) + 2B (us, ;).
Lemma 5.1. Assume that the assumptions (A1) and (A2) with k =1, 2 hold
and
(Fiey Far), (Fuue, Fou) € L(RT; L2(0)?) x L=(RY; L2 ().
Then, the solution (u, p, 8) of the 3D PEs of the ocean satisfies the following bounds:

RO lun ()5 0 + o T TEO 160 ()15 0
¢ 1 1
(5.3) +/ 2O )y T A une§ o + 0 AF 0413 0lds <k,
0

(54)  TEOAOF o + 1A20: )1 o + VR D)7 0] < 5.
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Proof. Setting
(uttapttaett) = (an777)a (FlttaF2tt) = (flu f2)7

0; B(u,u) = G1(v,v), 9} B(u,0) = G2(v,n),
n (5.1)-(5.2), we deduce from (2.11) and (2.22) in Lemma 2.1 that
d, B _ _ _ _
E(V ueelgo+ o 10:ll5.0) + c2(v Hluwllg o + o 16:l5.0)
3,12 1 4Z 9. 112
(v Az uttl|o.0 + 0 A3 0ell5.0)
i
o
— 277 (B(uw, w) + 2B(ug, up), wie)o

“H(B(uw, 0) + 2B(ug, 0;), 04 ).

%IO‘l

< (7_1||Fltt||(2),sz +0_1||F2tt||3,sz)

(™)

(5.5) ~ %
It follows from (2.3), (2.15), (2.29)-(2.30) and (2.35)-(2.36) that

297 (Bust, w), ur)al < cl| Blue, w)|l | g llusel| s

<cWVumnz+numenmﬁégnA%mAég

< 16||A u||g o + c(IVullg o + lluzllze)llwelld o,
o7 (B(us, 0), 0 )l < c|| Blu, Ol 3 [162l| o
uwmmn+wnmmA%mmawm%ﬁA%m%Q
%(IIAQuttllo o+ IIA 0ul15. ) + c(IVOI[5.0 + 10201 76) 1015
Y H(B(ue, ue), ue) ol < 1B (ue, ue)llo,ollwllo.0

< c||A1ut||o,g||A% wrllo.lluselo.o

1
< el AFullo.a(|Arud§ o + uulid o),
40 (B(ue, 61), 0se)al < c|| B(ue, 0)llo,0llbsllo.0

1 L1 1 L1
< el Avuellg oll AT uellg ol A20416.0l1 A3 O:ll6 o [16stllo.0

1 1
< c([lA7 uello, + 145 Oello.0) (1 Aruel§ o + 142604113 o + 1025 0)-

Combining these inequalities with (4.5), we obtain
d, _ _ _ _
E(V ueeldo+ o 10all5.0) + c2(v Hluwllg o + o~ I6:15.0)
1) A%, 12 —1)| A% |2
+ (AT uellg o + 07 A3 0ullo.0)
< C(||F1tt||3,sz + ||F2tt||g,sz)
+ c([[Avuell§ o + 142040150 + [lueell5 0 + 162115 )

1 1
(5.6)  x(lAtullog + 143 0llo. + [ Vullg o + VOl o + lluzlze + 116=]76).

From (4.10) in Lemma 4.2, we have

1
‘/ew%yqﬁh%wm%ﬂ+U%WMﬁd@§K-
0
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Then, there exists a sequence &,, — 0, such that
T (en) (0 Hlure(en) 3.0 + 0 e (En) [15.0) — 0.

Therefore, multiplying (5.6) by 747%(t), applying Lemma 2.2 with ¢y = ¢, letting
en — 0 and using Lemmas 3.1, 3.2 and 4.2, we get (5.3).
Moreover, by setting

(utvptvot):(vaqvn)a (F1t5F2t):(flaf2)a
B(Ut, u) + B(uu ut) = Gl (Uu U)u B(Ut, 9) + B(“’a et) = G2(v7 77)7
in (4.1)-(4.2), we deduce from (2.23) in Lemma 2.1 that

1Avudll? o + [A20:13.0 + 1 Vpill3
< C(H“ﬁ”%,sz + ||9tt||§,sz) + C(||F1t||(2),sz + ||F2t||3,sz)
+ el AFuel3 o + el AF0:l13 o) + ¢l Blue, w) + Blu,ug)|3
(5.7) + ¢l Blus, 6) + B(u, 6,)| .
Using (2.26)-(2.28) in (5.7) yields
| Avue (D120 + [ A26: ) + [ Vpe(t) 3.0
< ellueel3.o + 10:l2.0) + e Frell3 o + 1 Poel2.0)
+e(L+ A7 ul ol Avul2 o + [ 42613 oIl A3 612 0)
(5.8) x (147 uel2 0 + 143 6:13.0)-

Multiplying (5.8) by 7*~%(¢) and using (5.3), Lemmas 3.1, 4.1 and 4.2 yields (5.4).
Lemma 5.2. Under the same assumptions of Lemma 5.1, the solution (u, p, 8)
of the 3D viscous PEs of the ocean satisfies the following bounds:

T OIAT un ()15 0 + 7 OAZ 00 (1) 0

t
(5.9) +/6”&ﬂ”*@mmWMﬁmHMﬁma#wsH,
0

t
(5.10) /0 2R () luwe 1§ .0 + 10s2el15. 0 + I VPet 13 olds < .

Proof. Setting

(wet, pet, Or) = (v, q,m), (Fuee, Fore) = (f1, f2),

B(ug, u) + B(u, ug) + 2B(ug, ur) = G1(v,v),

B(uyt, 0) + B(u, i) + 2B(uy, ;) = Ga(v, 1),
in (5.1)-(5.2), we deduce from (2.24) in Lemma 2.1 that

d, .+ S0 2 312 39,112
E(”Al utt]|o,0 + |45 01215.0) + a2 (| AT urellg o + |43 04]15,00)
5
+ Z(HAlUtt”g,Q + (| A204]13 )

1 1
< (|| Fruells o + 1 Faeelld o) + el AR waells o + 1143 0uel5 o)
(5.11) +¢||07 B(u, u)|1§ o + |07 B(u, 0)|[3 o,
e llg o + 10261150 + 11VPeellf 0

< C(||A1Utt||(2),sz + ||A29tt||g,sz) + (||F1tt||3,sz + ||F2tt||g,sz)
1 1
(5.12) + c(|AFusll§ o + 145 00115 o) + (107 B(u, u)[I§ o + 1107 B(u, 0)[1§ o)
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Using (2.26)-(2.30) in (5.11)-(5.12) yields

L ARl g+ 14200 13.0) + (| A w2 + [ AF 0] )
dt 1 %ttllo,Q 2 Ytt110,Q 2 1 “itllo,Q 2 Ytt110,Q
+ ([ Arusell§ o + 142010115 0) < c(IFrellg.o + 1 Fouellf o)
+ el Avue3 ol AF will3 g + ll A28 13 0l A3 6412
+e(1+ A7 ull3 ol Avull2 o + 42613 0| AZ 6112, 0)
(5.13) % (| AF il + 1143 0ull3 ),
lueellg o + 10150 + 1VDellG o
< C(”FlttHg,sz + ||F2tt||(2),sz) + C(”Al“ttng,sz + ||A29tt||g,sz)
+e(1+ A7 ull3 ol Al o + 42613 0| AZ 6113, 0)
x (| AFuetll3 0 + 143 0ee]3.0)
(5.14) + el Avudl 3 ol A7 uell3 o + cll A26,13 ol A3 613 -

From (5.3) in Lemma 5.1, we have

! ass _4—k % 2 % 2
e T ()| AT usello,0 + [[A3 0w][5 0lds < k.
0
Then, there exists a sequence &,, — 0, such that

5—k 3 2 3 2
7 (en)([|AF wie(en) 15,0 + 143 Ore(€0)116,00) — 0.

Therefore, multiplying (5.13) by 757%(¢), applying Lemma 2.2 with tq = &,,, letting
en — 0 and using Lemmas 3.1, 4.1, 4.2 and 5.1 and noting

t 1 1
C/ 2070 () [[| Avue|§ ol AT uelF o + 1 426418 ol A3 6015 o)ds
0

t 1
b [ e G [ ) vl gl Af il
0

1
(5.15) 707 (s)]| 42045 ol A3 0[5 olds <

we get (5.9). Moreover, combining (5.14) with (5.9) and using (5.15) and Lemmas
3.1, 4.1, 4.2 and 5.1, we get (5.10). The proof of Lemma 5.2 is complete. Also
combining Lemma 5.1 with Lemma 5.2 finishes the proof of Theorem 1.1 for m = 2.

6. H%-estimates of (uy, 0y)

Differentiating (5.1)-(5.2) with respect to ¢, we obtain

Ugger + Lty + Vpgey — ”YV/ Vottt(l’, Y, fa t)df + fE X Uttt
d

(61) +8§B(U,U) = Flttta

(6.2) Ortrr + Lol + U/ V- uge(w,y, &, 1)dE + 0 B(u, 0) = Fay,
d

8?3(’11,, u) = B(um, u) + B(u, uttt) + 3B(utt, ’U,t) + 3B(ut, utt);
BEB(’U/, 9) = B(um, 9) + B(u, ettt) + 3B(utt, Ht) + B(ut, ett)-



472 Y. HE AND J. WU

Lemma 6.1. Assume that the assumptions (A1) and (A2) with k¥ =1, 2 hold
and

(Fue, Far), (Fue, Four), (Prw, Faue) € L®(RT; L*(Q)%) x L=(RT; L*()).
Then, the solution (u, p, 8) of the 3D PEs of the ocean satisfies the following bounds:

T Ollueee (I o + o T @) 100 (D13 0

t 1 1
(6.3) +/ 20T () [y T A waee 1§ .0 + 07 A3 Oreellf 0)ds < r,
0
(6.4) TR O Arun ()1 0 + 1| 4200 (O]15.0 + 1 VPa ()3 .0) < &

Proof. Setting

(Uttt,pttt,9ttt) = (U7q777)7 (Flttt7F2ttt) = (f17f2)=

8?3(’[1,,’&) = Gl(vav)a 8;0’B(u,9) = GQ(val)a

n (6.1)-(6.2), we deduce from (2.11) and (2.22) in Lemma 2.1 that

E(W_lﬂuttt”%,sz + 0 0uell§.0) + a2 (v ueell§ .o + o IBeeellf o)

1 1
+ (VA uellf g + oI AZ e lf )

|»J> %/L@

< —( MFwallg g + o 1 Fareellf o)

o

2
— 27_1(B(Uttt7 u) + 3B (ug, ur) + 3B(ug, Ust), Ut )0

(65) — 20’71(3(’(1,,515,5, 9) + 3B(utt, 6‘15) + 3B(ut, Htt), Hm)g.
It follows from (2.3), (2.15) and (2.31)-(2.36) that

2y (B (uger, w), )l < cl B(uger w)ll | g luesell s
1 1 3
< c(IVullo,o + luzllpo)lluellg ol AT weells o
< 16||A wut 5,0 + c(IVullo.q + [usll o) lusells o,
20 (B(utt, 0), Oste)a| < cl B(uger, )|l 3 10eeel 2
1 1 1
< c([[VOllo,o + |01l o)10eeell5 ol A3 Oreell 5 o | Arueee o,
< LA w20 + 1AL 02
< 1At uaello o + 145 022t [6.0)
+c([VOlg.0 + 10=1176) 102415 0
1 PR 1 PR
VY (Bur, ur), usee)al < cll Avue| ol AF uat g ol Aruel ol AF well o llustello,0,
1 PR 1 PR
s ugee)o| < C”AluttHg,QHAf utt||02,Q||A1ut||§,sz||A12 Ut||02,sz||uttt||0,sz,

), Utet)
), Ut
B 1 1 1 1 11
60| (B(ust, 1), Oree) | < el Avunt||E o | A7 usel|g oll A20:13 o1 A3 0:112 ol10ste 0.0,
), Ote)

1 1 1 1 1 1
60| (B(ut, 01t), Orer) | < ¢l A20it |G | A OutllE o ll Aruel| ol AF wellE ollOstelo.02-

1|( (utvutt
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Combining these inequalities with (6.5) and using the Young inequality, we ob-
tain

E(w*llumllé,g + 0 0uell§.0) + a2(v  luewells o + o 10eellf o)
1 A% 2 —1 A%H 2
+ v AT unello,0 + 0 [1AS O |50
< c(|[Fraellfo + 1Foeelld o) + c(IVullg o + lluzll 7o) lueeellf o

(6.6) +c(IVOllg.o + 10:126) 10t 0 + 1(2),

where

1 1
I(t) = C(”UtttHO,Q + ||9ttt||0,sl) X (||Alutt||0,sz||Al2 uttHO,Q + ||A29tt||0,ﬂ||A22 ett”O,Q)%
1 1
x (| Avuelloall A7 wllo.c + | A28 lo.oll A3 O¢lo.)

From (5.10) in Lemma 5.2, we have
1
| e @ llunl o + 60l olds < .
0
Then, there exists a sequence ¢, — 0, such that

77  (en) (lueee (en) 17 @ + 10eee (en)ll5 2) — 0.

Therefore, multiplying (6.6) by 767%(¢), applying Lemma 2.2 with ¢y = ¢, letting
€n — 0, and using Lemmas 3.1, 3.2 and 4.1, 4.2, 5.1 and 5.2 and noting

t t
I IOy At O PR DA
0 0

t 1 1 1
x [/ ¢TI0 () (|| Avunel|§ ol AT w13 0 + | A200el13 0]l A3 G I3 ) dls] T
0

=

t 1 1
X [/0 GQQ(S_t)TG_Hz(k_l)(5)(||A1Ut||(2),sz||A12 Ut”g,sz + ||A29t||(2),9||1422 9t||(2),sz)d5]

<K

— )

we get (6.3).
Moreover, by setting

(uttapttaett) = (U7q777)7 (Fltt7F2tt) = (flu f2)7

Btt(uvu) = Gl (U, U), Btt(uv 9) = GQ(val)a
in (5.1)-(5.2), we deduce from (2.23) in Lemma 2.1 that
[Aruell§ o + 142013 0 + IVPeelg o < cllueelld o + 110::l15.0)

+ c(lFrecllf o + 1 F2eell )

1 1
+ cl|AF uwe|l§ o + cllAZ 0wl o + cl| B(uge, w) + 2B (ug, ug) + Blu, uge) |15
(6.7) + c|| Bug, 0) + 2B(ug, 0;) + B(u, 04) [ q-
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Using (2.26)-(2.30) in (6.7) yields

[ Avue (8)[|5.0 + 14206 (0)]1* + IVPee (0150 < c(llueell§.o + 16:e]]5.0)
+ (| Freellf o + [1F2eell )
3 02 2 2 300112
+ (1 + [[Afullg ollArull o + | 4201501145 015 o)
1 1
X ([ AZ ueell o + 143 0415 o)

1 1
(6.8) + C||Alut||3,sz||f412 ut“g,sz + C||A29t||(2),sz||f422 9t||(2),sz-

Multiplying (6.8) by 767 (¢) and using (6.3), Lemmas 3.1, 4.1 and 4.2, 5.1 and 5.2
and noting

O A (D12 ol AT (0)13.0 + 1 426 (D)3 0l AZ6,(1) 13 o)
= erF O R () | Avu (03,07 O AF w3
+ et TR0 A0 307 H (DI A 630 < .

we obtain (6.4).

Lemma 6.2. Under the assumptions of Lemma 6.1, the solution (u, p, §) of the
3D viscous PEs of the ocean satisfies the following bounds:

TR NA uae ()50 + 77 (0)I1AZ 0 (1) 15 0

t
(6.9) +/ e 0T ()| Ay |15 0 + | A2t 15 o) *ds < &,
0
t
(6.10) /0 e 20T () [uaane 5.0 + 100l 0 + 1 VPue |15 o)ds < k.

Proof. Setting

(utttuptttaettt) = (U7q777)7 (FltttaF2ttt) = (f17f2)=

9 B(u,u) = G1(v,v), 9;B(u,,0) = Ga(v,7),

in (6.1)-(6.2), we deduce from (2.24) in Lemma 2.1 that

d a3 2 30112 3 2 30,12
a(HAl utel|p,0 + 143 Ouello,0) + a2 ([[AF wieellg o + |43 Oreell5 )
5 5
+ ZHAlutttHg,Q + Z”AQotttHg,Q
1 1
< el Frllf o + 1F2ulld o) + c(l A uaellf o + 1A 11§ o)
(6.11) + (102 B(u, u)|§ o + 107 B(u, 0)[15 o),
lweeeell§ 0 + 10seells 0 + 1 VPeell§ 0
< (| Avuellf o + 142010115 ) + (| Freee g0 + | Faree15.0)
1 1
+ c(lAF wiee|l§ o + 143 010elI5 )
(6.12) + c(|87 B(u, u)||3 o + 107 B(u, )15 0)-
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Using (2.26)-(2.28) and (2.31)-(2.34) in (6.11)-(6.12) yields

d 1 1 1 1
E(HAf we||§ 0 + 142 0elld o) + (| A7 wee 1§ + 1142 0ue 15 2)
+ ([ Avueell§ o + 1420015 o) < (| Freeell§ o + | Foeeelld )
+e(1+ [ Avul3 ol A7 ull? o + [ A26]13 0| AF 6112 0)
x (| A7 ueeel3 0 + 1143 02ee13.0)
+ el Avuallo.oll A2 wullo.c + | A282elo.0ll A2 Buel0.0)
(6.13) x (| Avuello.all A7 ulloq + A6 lo.all A3 6 lo.0),
lweerelld 0 + 10wy o + VDl
< (|| Fueellg o + 1F2eellf.0) + el Avuel|§ o + | A206: 115 0)
+e(1+ [ Avull3 oll A7 ull? o + [ A26]13 0| AF 6113, 0)
x (| AF ueeel3 0 + 1143 0uee13.0)
+ el Avuallo.oll AZ wullo.c + | A282elo.0ll A2 Buel0.0)
(6.14) x (| Avuelo.all A7 usllog + 426 lo.all A3 0 lo.0)-

From (6.3) in Lemma 6.1, we have

' aszs 6k 2 2 3 2

LT ($)IAT weeello,0 + 143 Oree |5, 0)ds < .
Then, there exists a sequence ¢, — 0, such that

7—k 3 2 3 2

7' (en) (AT were (en) 15,0 + |43 Oree(en)[|5,0) — O
Therefore, multiplying (6.13) by 77~%(¢), applying Lemma 2.2 with tq = ,,, letting
en — 0, using Lemmas 3.1, 4.1, 4.2, 5.1, 5.2 and 6.1 and noting
! az(s—t), T—k 3 3
/ e (s)[([[Avuello,ell AT uello,e + [[ A28k llo,0ll A3 Oullo.0)
0

1 1
X (|[Aruello,l| A7 uello,o + | A20¢||0,2l| A3 Ot 0,0)]ds

t 1 1
< [/0 ea2(s_t)T10_2k(5)(||A1“tt||g,sz||f412 Utt”%,sz + ||A29tt||(2),sz||A22 9tt||3,sz)d5]%

t 1 1
x [/0 €2 (5= 762k 0201 () (|| Ay g |2 o || AF el |2 0y + | A262 130l AF 0012 ) ds]

<K

— )

we arrive at (6.9). Moreover, combining the above inequality with (6.14) and (6.9),
using Lemmas 3.1, 4.1, 4.2, 5.1, 5.2 and 6.1, we obtain (6.10). The proof of Lemma
6.2 is complete. Combining Lemma 6.1 with Lemma 6.2 will close up the proof of
Theorem 1.1 for m = 3.
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