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INTERIOR LAYERS IN A SINGULARLY PERTURBED TIME
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Abstract. A linear singularly perturbed time dependent convection—diffusion problem is exam-
ined. The initial condition is designed to have steep gradients in the vicinity of the inflow point,
which are transported in time, thus creating a moving interior shock layer. The location of this
interior layer is tracked by the characteristics of the reduced first order problem. A numerical
method is designed and analysed, which consists of a monotone finite difference operator and a
piecewise-uniform Shishkin mesh, which is aligned to the characteristic curve emanating from the
initial shock location. Parameter explicit error bounds are established and numerical results are
presented to illustrate the performance of the numerical method.
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1. Introduction

Standard numerical algorithms for partial differential equations are inefficient
when steep gradients are present in the solution. Steep gradients arise naturally
in the solutions of singularly perturbed problems and in problems where the data
(coefficients, source term, boundary/initial conditions, boundary of the domain)
are not smooth. Problems with incompatibilities between the initial and boundary
data in parabolic problems arise, for example, in mathematical models in poroelas-
ticity [4]. In particular, interior layers can appear, in the solution of a singularly
perturbed convection-diffusion parabolic problem, throughout the entire domain if
the initial function and the boundary condition do not coincide at the inflow cor-
ner point. An alternative mathematical model could be considered where such an
incompatibility is regularized by an initial function which is itself the solution of a
singularly perturbed ordinary differential equation. In this paper, we construct and
analyse a numerical method for a class of singularly perturbed convection—diffusion
parabolic problems, where the solution has steep gradients both internally and in
a small neighbourhood of the inflow corner point.

This paper is a companion paper to [5], where the following class of problems
was studied: Find @ that satisfies the singularly perturbed differential equation

(1a) LG := —eligs + a(t)ts + 0, = f(s,t), (s,t) € Q:=(0,1) x (0,77,

(1b) a(t) > a>0,t>0;
and the boundary and initial conditions

(1c) a(0,t) = ¢r(t), a(1,t) = dpp(t), 0<t<T,

(1d) W(s,0) = (s;e), 0<s<1.
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The initial condition ¢ is smooth, but contains an interior layer (see (3)) in the
vicinity of a point s = d,0 < d < 1, with d independent of €. The characteristic
curve associated with the reduced differential equation (formally set ¢ = 0 in (1))
can be described by the set of points

(22) I = {(v(t), )|+ (t) = at), 0 <~(0) =d <1},
that partitions the domain @ into two subdomains either side of I'*
(2b) Q ={(s;t)[s <(t) <1, 0<t < T},

(2¢) Q" :=={(s;t)|s 2 7(t) 20,0 <t < T}.

The solution of problem (1) will have an interior layer of width O(y/2) (emanating
from the initial condition) which moves in time along I'*. In general a boundary
layer of width O(e) will also appear in the vicinity of the edge © = 1. We restrict the
size of the final time T so that the interior layer does not interact with this boundary
layer. Since @ > 0, the function ~(¢) is monotonically increasing. Thus, we limit
the final time T such that 0 < ¢ < 1 — 4(T). The parabolic problem examined in
[5] may be viewed as a regularization of a singularly perturbed parabolic problem
with a discontinuous initial condition.

In this paper, we consider the effect of an interior layer forming initially within a
distance greater than or equal to CeP, with p < 1/2, of the corner (0,0). The main
differences between this paper and [5] occur to the left (in the subdomain Q) of
the interior layer. On the right side of the interior layer (in the subdomain Q%),
the numerical method is essentially identical to what was reported in [5]. Both
the numerical method and its associated numerical analysis are different in Q~ to
what was presented in [5]. The parabolic problem examined in this paper may
be viewed as a regularization of a singularly perturbed parabolic problem where
the inflow boundary condition and the initial condition do not agree at the inflow
corner. Although the solution of the regularized problem does not approximate the
solution of a problem with an incompatibility in the vicinity of the inflow corner
point (0,0), the regularized problem may be of interest to researchers interested in
simulating the creation of a travelling interior layer, such as can be seen in Figure
3 in §5.2.

In this paper, the time derivatives of the interior layer component (denoted
here by 27) depend adversely on d, which in turn depends on . To construct a
parameter-uniform numerical method, the region @~ is further decomposed into
two subregions. The first subregion of Q~ is designed so that a fine mesh is aligned
to the characteristic curve I'*. The second subregion is what remains in Q~ after
this first subregion has been identified. Within each subregion, a particular coordi-
nate system is utilized so that the discretization within each subregion takes place
on a rectangular mesh.

In §2, the solution of the continuous problem is decomposed into a sum of compo-
nents and parameter explicit bounds on each of these components are established.
A coordinate transformation, related to the characteristic curve I'*, is introduced
and the time derivatives of the interior layer component are shown to be bounded
in this transformed coordinate system. In §3, the discrete problem is construct-
ed, which involves a piecewise-uniform Shishkin mesh. The numerical method is
analysed in §4 and some numerical results are presented in §5.1 to illustrate the
theoretical error bounds.

The theoretical analysis in this paper requires that the location of the interior
layer in the initial condition is bounded away from the corner (0,0) by a distance
d > Cy/z. In §5.2, we present numerical results for the numerical method presented
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in [5] in the case where 0 < d < C'\/e. These experimental results suggest that the
numerical method from [5] is globally pointwise accurate, although the proof of the
uniform convergence of the numerical method remains an open question.
Throughout the paper, C' denotes a generic constant that is independent of the
singular perturbation parameter € and of all discretization parameters. We denote
by || - |5 the maximum norm over any region D, which is defined by |g||p =
max,cp |g(z)| for any function g. The space C"**(D), where D C R? denotes an
open set, is defined by
Otz
Oz dyI

where C%*A(D) is the set of all functions that are Hélder continuous of degree .

C"MND) = {z: € C'"™ND), 0<i+2j <n},

2. Continuous problem

In this paper, we examine the singularly perturbed differential equation (1a) with
the boundary conditions (1c¢) and an initial condition, which for sufficiently regular
and compatible data (see [5] for a detailed discussion), ensures that @& € C*T*(Q).
However, the initial condition is assumed to contain an interior layer to the right
of a point d = €P, with p < 1/2. We consider initial conditions of the form

N 0, if0<s<d,
(3) Ws,0) = { bo + by fd<s<1,
where for 0 < k < 4,
(3b) Gu(s)k <, [uls)ls < Ce /2™ | s eld,1].

In particular, the left boundary condition satisfies ¢1,(0) = ¢/ (0) = ¢ (0) = 0 at
the corner (0,0).

The differential operator associated with problem (1) satisfies a maximum prin-
ciple. Hence, we have the stability bound

(4) lallg < C.
Lemma 1. [5] There exist functions 7o(t), #1(t), and 72(t) such that the solutions
97, and O of the problems
LooF = —evE +a(t)or +of = f(s,1), (s,t) € QF,
(5,00 =0, 0<s<d, o ( 5
7(5,0) = 6u(s), d <5 <1, 0 (4(1),1) = a(1), 07 (1L,1) =7a(t), O<t<T,
satisfy the bounds

>

(5) M <O+ 2—(j+m) '
‘watm o < ¢ ), 0<j+2m<4
On the region Q~, the interior layer component 2~ = & — 0~ satisfies
(6a) L2~ =0, (s,t)eQ, 27 (s,00=0, 0<s<d,
(6b) 57(0,4) = 0, 27 (y(8), 1) = (@ — ") (y(t)t), 0<t<T.

Lemma 2. The solution of (6) satisfies the pointwise bound
(7) 157 (s,8)] < Ce™VEOWD=S),
In the subregion

(8) S:={(s,t) €Q  |v(#t) —d+pu<s<~(), and 0 <t < T},
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where p = O(\/€), the derivatives of the component 2~ satisfy
&z~ omz~
, <Ce ™2 m=1,2.
o |5 ’s o HS_CE e
Proof. Note that 27 (s,0) = 0, 27(0,¢) = 0, and with the bounds (5), [2(y(t),t)| <
C. For the interior points of @~ we have that
Le (eo‘tef\/g('y(t)*s)) =0.

The bound (7) follows from the maximum principle.
To deduce bounds on the derivatives of 27, we introduce the following change
of variable

<ceil 1<, |

s+d—(t o o
(10) = )= )
By the chain rule
drm 005 . 9z~ a(m)0z= 0z~
11 _ =TI 1<i<4 2= = 4+ =
(11) 9si - o =) =% Ty NG

In this coordinate system, the function 27 (n, 71) satisfies the heat equation

Zr = Ry = 0,
and we can apply the classical theory (see, for example, [1] or [2]) to this equation
in a rectangular region (1, 7) € S := (u/\/g,d/y/€) x (0,T]. Note that we need to
impose d > Cy/e in order that the width of the transformed domain has a lower
bound which is e-independent and p = O(y/2) so that the region S is a fixed O(1)
distance from the corner (0, 0).

Recall that, 27(n,0) = 0. On the two edges n = u/+/ and n = d//e we use
the decomposition 2= = 4 — v~. Bounds for the components @, v~ on these two
edges are deduced as follows: First, from (5), the transformed regular component

07 (n, 1) 1= 07 (s,t) satisfies

oMo~
(Ve )| SO p=puds m=12.
1
Secondly, u(n, ) := (s, t) also satisfies the heat equation ., — Uy = f in the

new variables. Note that

'
on'
On the edges n = u/+/z,d/\/e, interior (to the entire domain Q) local Schauder
point estimates yield

Q(p/\/g,ﬁ)’ <C,p=pud; m=1,2.
or"

(77,0)’ <C, i=1,234.

Therefore,
omz—
- (p/\/g77—1)}§07p:ﬂ7d7 m:172
or"

From the previous estimates, we deduce that
itmz—
opor
The bounds in (9) follow from (11), (12) and the fact that

82z~ 9%z <@)2 G P2 Oy 05 Oy 9Pi

(12) )| <0 1<j+2m<4, (m) €S,

onom ot on o T or2

otz on2 \ ot
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Note that the bounds on the time derivatives of the component Z~ depend ad-
versely on the singular perturbation parameter and the coordinate system (s,t) is
not aligned with the characteristic curve I'*. Nevertheless, we do note from (11)
that the directional derivative along the characteristic curve satisfies

(13) (@27 +20)| <0 snea
From the bounds (12), we also note that in the subregion S, defined in (8),

Iz~ . omz—
| < e 0<j<4
&J— S TEIER o

‘ga m=1,2

where ¢ := s —(t) +d, 72 :=t; and 27 (¢, 72) := 27 (s, ).
Motivated by these parameter independent bounds on the time derivatives, we
consider the following mapping X : (s,t) — (x, 7), defined by 7 := ¢t and

s—(t) +d, if (s,t) € Q3,
d— oy . _ o
=L ) —o1 if (s,8) € Q1 == Q7 \ Qa,

- 1—77(15)(1 —s), if(s,t)eQ™,
Qs ={(s,t)[v(t) —o1 <s <7(t), t € (0,11},

where 0 < 01 < 0.25d is specified below. The transformed subregions are denoted
by Q1 := X(Q1), Q] = X(Q7), and Q5 := X(Q), respectively. We adopt the
following notation throughout the remainder of the paper

u(z, 7) = u(s,t).

The mapping is not smooth along the interfaces Qtn Q; and Ql_ N Q; ; and note
that @ € C*2(Q), but u ¢ C1TA(Q).
Using this map, problem (1) transforms into

(14a) (—€9%Use + KUy +ur)(z,7) = f(z,7); (x,7) €Q,
(14b) [u](z,7) =0, —e[guz](x,7) =0, z=d—o01,d, T>0,
(14c) u(z, ) =1u(s,t), (x,71)€ 0,

Q=07 U0, UQT, 90 =0\(0,1) x (0,T],
with [gug](x, 7) = g(a™, T)us (27, 7) — g(a™, T)uy (27, 7). The coefficients g, x are

a(t)(d —o1)

x

— , in Q,
¥(1) = o1 ( d— 01) !
(14d) k(z,7) = 0, in Q5
a(t)(1 —d) 1—x .
1—- Ot
v el Ul p AN
d—o o
—, in 7,
V(1) — o
(14e) glx,7) = 1, in Q5
i7 in OF.
1—~(7)
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Observe that e[gu,](x,7) = elis](s,7), (5,7) € Q7 N Q5. Initial estimates of the
solution u in these new variables (z,7) are deduced as follows. Note that
8ju_8jﬁ(85)j L<icy ou 8u85+811
== 9 T esor ot

B "o (on\? 0% 0x" 0a 0 o
a2 9s2 \ o7 0s0tOr  0s 012 0Ot2’
with 5 ) 5 )
s _yn)—o1 9s _ alr o
or d-o 0 O i—o " M
s s PN
g_l, E—G(T), in Q5.

Using the argument in [5, Appendix] and the differential equation @; = f + eligs —
a(t)as, one can deduce

“1/2_—n L 9 “1jo
gz le < Ce™ %™ n=i+2j <4, |lg=llg+ ||8t2||Q<C Ve
Together these yield
(15a) H(?:zﬂ” < Ce?(de)” ”a || <Ce M i<y,
(15b) HE%%,§C€V%4.

We now recall from [5] the decomposition of the solution in the subdomain Q7.
There is the regular component v+, a boundary layer component w associated
with z = 1 and an interior layer component z* associated with the interior layer
structure to the left of T'*.

Lemma 3. [5] In the region QF, the solution of problem (14) can be decomposed
into the sum u = v" 4+ w + 2T where

w(z,7)] < Ce & Jima 50 45T (2,7) € QT
Y st
31;}(55 T)} < (Cee™ 2 ), 1<j<4, (z,7) € QF,
am
o (TL',T)} < Cgl—m7 (.CL',T)EQ+, m:1,2;

T

with § := 171+(dT) > 0. Furthermore, it holds

(16a)  |oF(a,7)| < Ce”OVECTD (@ r)eqty O ::exp(é(la_'_d)T)

and if d <x <d+ (1 —~(T)) and 0 < 7 < T, then its partial derivatives satisfy

(16b)

. m o+
)| <ce 1<j<a |22

5om 117,7’)‘ <C,m=1,2.

09zt
oxl
3. Discrete problem

We approximate the solution of problem (14) on a rectangular grid in the com-
putational domain 2, which concentrates mesh points in the interior and boundary
layers. In the original domain @ the corresponding grid is strongly time dependent
because it is designed to align itself with the characteristic curve I'*. In Figure 1 we
display the grid in the subregion @~. The grid points of the computational domain
are given by

(17a) ov M

= {2} x {7}50,
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FIGURE 1. Grid in the subregion Q.

where N and M are two positive integers. The local spatial mesh sizes are denoted
by h; = x; — z;—1, 1 < i < N. The mesh is uniform in the time direction; so
75 =jT/M,0 < j < M. The grid points for the space variable are distributed by
means of a piecewise uniform Shishkin mesh. This is defined with respect to the
transition points

. do 2
(17b) o1 :mln{z,wglnN},

(17¢) o9 :min{l—”y(T),C*q/%lnN},

1—(d+o02) 4e llal]

17d =min{ ——=, —In N c* = — T

(17d) o = min{ 5 )5 0 I3 eXp(d(l—d) ).
which split the interval [0, 1] into the five subdomains

(17e) [0,d—o1]U[d—01,d|U[d,d+ o2]U[d+ 02,1 — o] U[1 — 0, 1].

The grid points are uniformly distributed within each subinterval such that
o =0, z3n8 =d— 01, TNy =d, Tsng =d+ 02, g =1—0, = 1.
We define the following subsets in the computational domain

QUM = QN At oM T =N NO; =12,

K2

We discretize problem (14) using an Euler method to approximate the time variable
and an upwind finite difference operator to approximate in space. Hence the discrete
problem is: Find U such that

(18a) (—eg®62 + kDy + D)U = f(wi,75), v #0,d —o1,d,1, 7 > 0,
(18b) _E[gD;E]U = 0, Ty = d— 017d7 Tj > 07
(18C) U = u(xivTj)v (Iia Tj) € 8QN1M;
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where we use the following notation for the finite difference operators
Dy Y(wi 1) = (Y1) = C(wim1, 7))/ his DL (wi, 7)) = Dy T(zisa,75),
(9D Y (i, 75) gla, 7)) Dy Y (2, 75) — g(a; , 7) Dy Y(xi, 75),
D T(ai,7;) = T(azi,Tj)—T(aji,Tj,l)7

Ty — Tj—1

2
2 _
63 (i 75) = m(D:T(% 7)) = Dy (@i, 75)).

Associated with this discrete problem is the finite difference operator

(9?02 + KDy + D7) Z(xi,75), i #0,d—o01,d,1, 75 >0,
INMZ (x5, 75) = & —elgDy]Z (i, 75), x;=d—o1,d, 75 >0,

Z (w4, 75), (@i, 75) € o0N-M,
This discrete operator satisfies a discrete comparison principle and we can then
establish that

U |lgv.m < C.

4. Error Analysis

The argument in this section divides the parameter space {(e,N)|0 < ¢ <
1, N > 8} into two subregions. In the first region where N >> £~! then there
exists some C, such that

(19) e <C,(InN)1, g>1.

In this case, either o = %7 (g=1),0oro0 =1-~(T),(¢=2)oro1 =d/4,(¢ =
2/(1 — 2p)). For the remaining subregion of the parameter space, we assume that

2 « 2 4
(20) alzwl—slnN, og = e¢ T\/—ElnN, o=""InN.
o o ad

Throughout most of this section, we will be dealing with the case of (20). We begin
by dealing with the other case. In the case of the fine mesh transition parameter oy,
and for any fixed N, we note that the range of values of the singular perturbation
parameter € for which the constraint (19) is satisfied increases as p — 0.57.

At the interfaces, one can estimate the truncation errors using

|[9Dac](U - u)l = |[gD;Eu] - [guwH

Then from standard truncation error bounds and the bounds (15), one can deduce
the following error bounds in the case of (19)

(d_2N_1+M_1), r; <d-—o1,
|[LNM(U —w) (w4, 77)] < Ce™P{ e(dN)™Y, z;=d—o1,d,
(NL+ MY, d—oy <z <d,z;>d

Since d = €P, it follows that

U —u|<Ce?Pd* (N '+ MY <CO(N"'+M H(InN)
In the case of (20), we consider a decomposition of the numerical solution

Um =V +2Z, QN Ut =V 4 W+ 27, in QN
The five components are defined as the solutions of the following discrete problems:

LNMyE — ¢ in QVME S VE =yt on gONME
LVMW =0, in QVMA W =w, atz=d,1, W =0, at 7 =0,
LN,Mzi :07 in QN,]W,i,

5+4p
T—2p ,
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with the initial and boundary values for the discrete interior layer component taken
to be
Zi(O,Tj):ZJr(l,Tj):O, TjE[O,T],
Zi(x’iao):oa T; € [Ovd]az+(x170): (U_V+)(x150)7 T € [d7 1]7
Zﬁ(dv Tj) - (U - Vﬁ)(da Tj)v Z+(da Tj) = (U - V+ - W)(da Tj)'
From [5], we assume that the discretization parameters M and N satisfy
(lallg +1=a)T
(1 —d)é?

In passing, we observe that although (21) is not a severe restriction on the time
step, it appears from [5, Table 2] to be a necessary constraint in practice. Error

estimates of the components within Q™+ were established in [5]. They will be
required in the error analysis of the numerical method (18).

(21) M > (InN)

Lemma 4. [5] Assume (20). For M sufficiently large so that (21) is satisfied, it
holds

||V+ - ’l)-i_||(21\7,z\/1,4r S CN_l + CM_l,
W —wlgnyars <CN"'In N+ M1 In N,
(ZF =21 (zi, )| < CN'lnN, 0< 7, <T, d+os <z <1.

Now we obtain bounds for the error associated with the subdomain Q—. We
begin with the regular component

Lemma 5. Assume (20). It holds
(22) V™ —v ||gym— < CN~'4+cCcM~1

Proof. The argument is again based on a stability and truncation error argument.
For z; # d — 01 we have

o C(N~* 4+ M) (zs,7;) € QM
LN,M Vo — i Ti < ) 1917 1 77
LRV =) TJ)'-{ C(NTWEMN + MY, (z5,7)) € QM.
and for z; = d — o1, we have
ellgDe (v = o)l m)| < ON e
Use the barrier function @1 (z;,7;) = Ct(N~'+ M) + CN~'By(x;), with

1, 0<z; <d-—onq,
(23) Bi(z;) =q d—i

01

d—01§$i<d,

to prove the result. 0

Lemma 6. Assume (20) and (21) hold, then in QY™™ we have that,
(Z~ — 27 ) (w4, ;)| <ON~'In N.
Proof. Using the triangular inequality and Lemma 2, we have
(Z7 = 27) (@i, 7))l < ONT'+1Z7 (4, 75)]-

Now, we deduce appropriate bounds for the discrete function Z~(x,7) in Q?’M’f.
We define the following discrete barrier function

oL )~ (Bz(fvz') + Ba(x3n/8) Bi () In N)7

<I>2(:Ci,7'j) = C(l — W
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where

I (1+ Vahy
Bo(ai) = p— \/g)

(1 X7

and the function By (z) is given in (23). It is a modification of the discrete barrier
function given in [5], which allows one establish the inequality

—[gDz(I)Q](d — O'l,Tj) Z 0
Noting that ®3(z;,7;) > CN~'In N, if z; < d — 01; the result follows. O
The next theorem presents a result of global convergence in the domain Q.

We use the notation U_(s,t) = U(x,7), where U is the solution of (18) in the
computational domain QM.

Theorem 1. Assume (21) holds. Forp < 1/2,

s, t)llg < CNT'+M7H)(InN)
)(s,8)lg < C(N"'InN+M~")InN, in the case of (20);

54+4p
1—-2p s

in the case of (19),

Qi

— U
— U
where 1 is the solution of (1), (3) and U is the linear interpolant of U in the domain

Q.

Proof. We only need to consider the case of (20). We first establish the error bound
at the mesh points. Consider the region RVM = QN-M N {[d —0q,d + o9] x [0, T]}.
From the previous lemmas, it trivially holds this result in QN-™\RN-M_ In the
region RN'M for x; # d, it holds

CN2I>N+CM™', d—oy <uz; <d,
CN I’ N+CM™t, d<uz; <d+ os.

LU — u)(as,)] < §
At z; = d, note that
lug(d™,75) = Dyuld, 7)< |og (d7,75) — Dyv™(d, 7))
+l2g (d™, 1) = Dyz=(d, 7j)] < CN~'oy + CN o1,
with a similar bound to the right of d. Hence,
gD (U —w)(d,my)| < CN~'InNVE.
To obtain the error bound nodally, use the barrier function
®3(2i,7) =C(N"'InN + MY InN(t+1) + CN~(In N)?Bs(z;),
where Bj is a piecewise linear function defined by Bs(d — 01) = Bs(d + 02) =
0, Bs(d) = 1. Use the argument in [5, Theorem 9] to complete the proof. O
5. Numerical experiments

The theory in this paper is restricted to the case where the point (d,0), which
is the location of the interior layer in the initial condition, is bounded away from
the inflow corner (0,0) by a distance strictly greater than C'\/e. Below, in §5.1,
we present numerical results which support this theory. In addition, in §5.2, we
present some numerical results for the case when 0 < d < C'v/e, for which we have
no corresponding theory.
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5.1. The case when C./c < d = &P < 1. Consider the following test problem
(24a) —eligs + e 20, + 1y = 4s(1 — s)e’,  (s,t) € (0,1) x (0,0.5],
(24b) a(s,0) = d(s;e,d), 0<s<1,
(24c) a(0,t) =263, a(1,t) =1, 0 <t < 0.5,
and the initial condition QAS is given by
(244) dsie.d) = { 0, s . if0<s<d,
(1—e VF) 41— v ) ifd<s<l.

In Figure 2 we display the numerical approximation of the solution of problem (24)
for e = 2720 d = ¢4 and N = M = 32. From this figure we observe that the
solution exhibits an interior layer emanating close to the corner (0,0), which is
clearly visible in the figure, and also a boundary layer at the edge x = 1. Note also
that the Shishkin mesh (17a) locates grid points in both the interior and boundary
layers.

|
|
It

m

il
ot
T
il
i

it
Tl
0

\‘\\
Il
I
-
il

\
.\

I
i

W
o
"

I

}\
I
|

ﬁi,ifvvvvvvvv
N

Kt
%

T
R

o
S

|
|

"
RN
i
S
i

N
S
o

iy

i
5
et
T
O

,.‘“iii\\\
I
%
I

I
|

Space

FIGURE 2. Numerical approximation of the solution of problem
(24) for e =270, d =¢'/*, and N = M = 32.

The exact solution of problem (24) is unknown. We estimate the global point-
wise errors using the double mesh principle [3] to compute the global two—mesh

differences DY for each value of e € Sc = {276,279, ... ,27%%} "and the uniform
global differences DY:
D [ G| DN g2
QNN eE€S,

where a numerical approximation U2"-2V is computed on a finer mesh Q2" and
QNN = {(s],t;)} C Q with
(@i, 75) = X(s],t5), (@i, 1) € QYN UQPVEN,

Hence, we have

{Ei-i-’}/(Tj)—d, if{EiEQ;,
Sj — wfbi, if x; € Q;,
[ — 01

1_ .
1- %(;”(1—@), if 2; € QF.
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The interpolation is taken over the domain Q, i.e., for each t := t;, and sf <s< sgﬂ

= . ) s— g’ R )
UNN(s,15) 1= UV (s], ) —— + UNN (5], )
Sit1 — 5

sf 41— 8

Sip1— S

From these values we calculate computed orders of global convergence PEN and
computed orders of global uniform convergence PV using

_ DN B DN
PN = log <_—5) , PN :=1log <_—) .
5 2 DEN 2 D2N

In Table 1 we display the global differences and uniform global differences for prob-
lem (24) with their corresponding orders of global convergence for d = e!/4. Note
that the method converges for all the values of € € Sc. Over the range of ¢ and N
considered, the largest global difference was seen to be located within the interior
layer. The noticeable drop in the orders of convergence in Table 1 between N = 256
and N = 512 coincides with a shift in the location for the largest global difference.
For NV < 256 the largest difference was observed to occur near the initial time ¢t = 0
and for N > 512 the location abruptly moved, being close to t = T'/2 for N = 512
and at the final time t = T for N > 1024. The uniform orders of global convergence
indicate that the method is almost first order uniformly convergent and suggest that
the exponent of In N given in the asymptotic error bound in Theorem 1 may be
somewhat pessimistic.

5.2. The case when 0 < d < Cy/e. In the case of d < C'/e, we re-consider the
method analysed in [5]. This method involves a single coordinate transformation
and was analysed only for the case of d independent of e. However, the method
given in [5] is still applicable when d < C'y/e. In fact, one can establish a parameter-
uniform error estimate of the form

|(U — ﬁ)(si,tj)| < CN_l(lnN), (Si,tj) S Q*,
where

Q" =0\ {(s,t)|7(t) —CvelnN <s <~(t)+ Cyeln N, t > 0}.

This bound gives no information about the numerical error within the internal
layer. The main obstacle to obtaining a bound, indicating parameter-uniform con-
vergence within the layer, resides in the inability to apply the classical interior a
priori bounds on the derivatives of the solution in the vicinity of the corner region
{(s,t)|s < Cye, t <§ = 0O(1)}. In Table 2, global two-mesh differences are p-
resented which suggest that the numerical method is globally accurate throughout
the entire domain. A representative computed solution is displayed in Figure 3.
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and the computed orders of global convergence for test problem
(24) with d = /%,

N=64 N=128 N=256 N=512 N=1024 N=2048
M=64 M=128 M=256 M=512 M=1024 M=2048
=20 0.709E-02 0.318E-02 0.153E-02 | 0.751E-03 | 0.371E-03 | 0.185BE-03
1.158 1.053 1.029 1.015 1.008 1.004
c=2" 0.483E-01 0.165E-01 0.846E-02 | 0.427E-02 | 0.214E-02 | 0.107E-02
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FIGURE 3. Numerical approximation of the solution of problem
(24) for e = 2729 d = ¢, and N = M = 32 using the numerical

method from [5].

TABLE 2. Two—mesh global differences, uniform global differences,
and the computed orders of convergence for the numerical method
given in [5] applied to the test problem (24) with d = e.

N=64 N=128 N=256 N=512 N=1024 N=2048
M=64 M=128 M=256 M=512 M=1024 M=2048
e=20 0.252E-01 0.125E-01 0.621E-02 0.309E-02 | 0.154E-02 | 0.770E-03
1.012 1.011 1.007 1.004 1.002 1.001
e=2"" 0.510E-01 0.169E-01 | 0.823E-02 0.405E-02 | 0.201E-02 | 0.100E-02
1.597 1.035 1.022 1.013 1.007 1.004
e=273 0.927E-01 0.231E-01 | 0.106E-01 0.521E-02 | 0.258E-02 | 0.128E-02
2.006 1.124 1.024 1.014 1.008 1.004
ce=2"9 |[ 0.119E400 | 0.518E-01 0.140E-01 0.694E-02 | 0.343E-02 | 0.171E-02
1.201 1.884 1.017 1.015 1.010 1.005
e=2"10 0.799E-01 0.933E-01 0.231E-01 0.947E-02 | 0.469E-02 | 0.233E-02
-0.225 2.014 1.287 1.013 1.011 1.007
e=2"11 0.661E-01 0.960E-01 | 0.384E-01 | 0.132E-01 | 0.652E-02 | 0.323E-02
-0.539 1.324 1.540 1.016 1.013 1.008
ce=2"12 0.663E-01 | 0.961E-01 | 0.382E-01 0.115E-01 0.629E-02 | 0.349E-02
-0.535 1.332 1.729 0.870 0.853 0.875
e=2"13 0.664E-01 0.961E-01 0.381E-01 0.115E-01 0.627E-02 | 0.347E-02
-0.532 1.336 1.726 0.877 0.852 0.875
e=2"17 0.665E-01 0.961E-01 0.381E-01 0.115B-01 0.625B-02 0.346E-02
-0.531 1.336 1.726 0.881 0.852 0.875
e=2"1° 0.666E-01 0.961E-01 0.381E-01 0.115B-01 0.624E-02 0.346E-02
-0.529 1.336 1.726 0.883 0.852 0.875
e=2"1 0.667E-01 0.961E-01 0.381E-01 0.115E-01 0.622E-02 | 0.345E-02
-0.527 1.336 1.727 0.888 0.852 0.874
D 0.119E+00 | 0.961E-01 0.384E-01 0.132E-01 0.652E-02 | 0.349E-02
pN 0.309 1.326 1.540 1.016 0.904 0.875
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