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Abstract. In this work, we present a cell-centered time-splitting technique for solving evolution-
ary diffusion equations on triangular grids. To this end, we consider three variables (namely the
pressure, the flux and a weighted gradient) and construct a so-called expanded mixed finite ele-
ment method. This method introduces a suitable quadrature rule which permits to eliminate both
fluxes and gradients, thus yielding a cell-centered semidiscrete scheme for the pressure with a local
10-point stencil. As for the time integration, we use a domain decomposition operator splitting
based on a partition of unity function. Combining this splitting with a multiterm fractional step
formula, we obtain a collection of uncoupled subdomain problems that can be efficiently solved in
parallel. A priori error estimates for both the semidiscrete and fully discrete schemes are derived
on smooth triangular meshes with six triangles per internal vertex.
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1. Introduction

We consider a parabolic initial-boundary value problem that models single phase
flow in porous media. The problem can be written as a system of two first-order
equations of the form

(1a) pr+V-u=f in Q x (0,77,
(1b) u=-KVp in Q x (0,7,
(Lc) P = Do in Q2 x {0},
(1d) p=yg on I'p x (0,7,
(le) un=0 on 'y x (0,77,

where 2 C I_R2 is a convex polygonal domain with Lipschitz continuous boundary
0Q =Tp UTy such that Tp N Ty = (). In this formulation, K = K(x) € R?*? is
a symmetric and positive definite tensor satisfying, for some 0 < k., < kK* < 00,

(2) pTESETKE <R ETE VEA0eER?,

and n is the outward unit vector normal to 9. Typically, p represents the fluid
pressure, u is the Darcy velocity and K denotes the hydraulic conductivity tensor.

In this work, we propose and analyze a family of mixed finite element (MFE)
time-splitting methods for the solution of problem (1). Via the method of lines
approach, the original problem is first reduced to a system of ordinary differential
equations using a spatial semidiscretization technique. More precisely, we consider
a variant of the standard mixed formulation called the expanded MFE method (cf.
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256 A. ARRARAS AND L. PORTERO

[1, 2, 3, 10, 12]). Besides the pressure p and the flux u, this method introduces an
additional explicit unknown, namely the adjusted gradient A. The newly defined
variable avoids inverting tensor K, thus allowing for the presence of non-negative
conductivities in the flow domain  (as a difference, K is assumed to be strictly
positive in the standard mixed method). Following [1, 2], we consider the lowest
order Raviart-Thomas (RTy) finite element spaces on triangles (cf. [21]), and
subsequently define a suitable quadrature rule that permits to eliminate both u
and A. As a result, the expanded MFE formulation is reduced to a cell-centered
finite difference scheme for the pressure with a local 10-point stencil. In the context
of elliptic problems, this idea has been already studied in [6, 8, 16] for the standard
mixed method on triangular grids. Similar strategies have been also investigated
in the case of rectangular elements (cf. [3, 22, 28]).

The stiff initial value problem resulting from the previous stage is integrated in
time by using a domain decomposition splitting technique. This kind of splitting
was first introduced in [25, 26] for the construction of regionally-additive schemes
and has been subsequently used in [14, 15, 19] for solving linear parabolic problems.
In combination with this splitting, we define a family of time integrators belonging
to the class of m-part fractional step Runge-Kutta (FSRK,,) methods (cf. [9]).
Such methods are composed by merging together m diagonally implicit Runge—
Kutta schemes into a single composite formula. In particular, we consider the
so-called Yanenko’s method (cf. [30]), which has been proved to be unconditionally
contractive for different splitting functions (see [17, 27]). The fully discrete scheme
is thus a collection of uncoupled subdomain problems that can be solved in parallel
without the need for Schwarz-type iteration procedures.

The design and analysis of expanded MFE fractional step methods for parabolic
problems have been addressed in the earlier works [4, 5]. In both cases, though,
the problems were discretized on rectangular meshes using an alternating direction
implicit (ADI) technique. In the present paper, we extend the results from these
works to the case of domain decomposition splitting methods on triangular grids,
thus yielding added flexibility to the resulting algorithms.

The rest of the paper is outlined as follows. In Section 2, we introduce the
expanded MFE method and subsequently derive a cell-centered finite difference
scheme for the pressure. The convergence analysis of the semidiscrete scheme is
described in the next section. Section 4 further presents the family of fractional
step time integrators based on a domain decomposition splitting technique. Finally,
a priori error estimates for the fully discrete scheme are obtained in Section 5.

2. The expanded mixed finite element method

In order to define an expanded formulation, we need to introduce the additional
unknown A\ = A(x,t) = —G~!'Vp. This variable is referred to as the adjusted
gradient and involves a symmetric and positive definite tensor G' = G(x) € R?*2,
to be defined below. In this context, the equation (1b) can be rewritten as
(3a) G\=—-Vp in Q x (0,77,

(3b) u=KG\ in Q x (0,7].
These two equations, together with (1a) and the corresponding initial and boundary
data, represent the so-called expanded mixed formulation in the triple (u, A, p).

2.1. The weak formulation. For a domain R C R?, let W*?(R) be the standard
Sobolev space, with k € R and 1 < p < oo, endowed with the norm and seminorm
|l llkp.r and | - |kp.r, respectively. Let H*(R) be the Hilbert space W*2(R),
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endowed with the norm and seminorm || - |5,z and | - |k, g, respectively. We further
denote by (-, -)r and ||-|| g the inner product and norm, respectively, in either L?(R)
or (L?(R))?. The subscript R will be omitted whenever R = Q. For a section S
of the domain boundary, (-,-)g and ||-,-||s represent the L?(S)-inner product (or
duality pairing) and norm, respectively. We shall also use the space

H(div; R) = {v € (L*(R))*: V- v € L*(R)},
with corresponding norm
Vllaivs = = (IVI1% + 1V - vIR) 2.

Finally, if x = x(R) denotes any of the above normed spaces on R, with associated
norm || - ||y, we shall consider L9(]0,T7]; x) as the space of x-valued functions ¢ :
[0,T] — x(R), equipped with the norm

T 1/‘1
_ [ o) itr<g<o,
el Ly = llellzago,ryx) = 0

ess supyepo.zy lle®lly if ¢ = oo

In this framework, the weak form of the expanded mixed formulation reads: Find

(u,\,p) : [0,T] = Ho(div; Q) x (L?(Q))? x L*(Q) such that

(4a)  (pr,w)+(V-u,w) = (f,w) Vuw e L*(Q),
(4b) (GA\, V)= (p,V-v) —{g,v-n)r, Vv € Hy(div; Q2),
(4¢) (Gu, p) = (GKGA, ) Vi€ (LH(Q))%
(4d) p(0) = po,

where
Ho(div; Q) ={ve H(div;Q):v-n=00onT'y}.

Note that, if G = K~!, (3b) implies A = u and the standard mixed formulation
is obtained. Instead, if G is considered to be the identity matrix, we derive the
expanded mixed formulation proposed in [10]. In this paper, we shall locally define
G in terms of an affine mapping Fr, as specified below.

2.2. Mixed finite element spaces. Let 7;, be a conforming, shape-regular and
quasi-uniform partition of 2, where h = maxrc7, diam(7T). We assume that this
partition involves six triangles per interior vertex. Let T be the reference equilateral
triangle with vertices 1 = (—1,0)7, t2 = (1,0)” and #3 = (0,v/3)”, and introduce
a family of bijective affine mappings {Fr}rer, such that Fp(T) = T. We further
define, for each mapping Fp, the Jacobian matrix By and its determinant Jr =
|det(B7)|. The corresponding vertices of T' are denoted by r; = (x;,y;)T, while
the outward unit vectors normal to the edges of T and T are represented by n; and
n;, respectively, for ¢ = 1,2,3 (cf. Figure 1). For later use, we also introduce the
notations ng and n. to define the outward unit vectors normal to the edges é C orT
and e C 0T, respectively.

Let V(T') and W (T) be the RTj finite element spaces on the reference element
T, ie.,

V(T) = (Po(T))? & % Po(T), W(T) = Po(T),
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Ficure 1. Affine mapping Frp from the reference element T onto
a generic triangle T € Ty,.

where ]PO(T) denotes the set of constant functions defined on 7". The corresponding
spaces on a generic element T' € 7}, are defined via the transformations
. 1 . 1
VeaVviv=|—DBrv)ol,,
Jr
wHw:w:wOFfl.

The former is known as the Piola transformation (cf. [24]) and it is defined to
preserve the continuity of the normal components of velocity vectors across in-
terelement edges. This is a necessary condition that must be fulfilled when build-
ing approximations to H(div;{). The Piola transformation further satisfies the
following properties (cf. [7]):

(V-v,w)Tz(@-\Af,u?)TA, (Vv ne,w)e = (V- g, W)s.

In this context, the MFE spaces Vj, x Wy, C Ho(div; Q) x L?(2) on Ty, are given by
Vi = {v € Ho(div; Q) : v|r ¢ v, ve V(T) VT € n}
Wi, = {w e L*(Q) : wlg < 0, w € W(T)VT € Tp}.

Note that V}, is also a subspace of (L?(f2))?, since Hy(div; Q) C (L?*(Q))?. For
later use, let P : L3(T) — W(T') be the L?(T)-projection operator satisfying the
orthogonality condition (¢ — P, w); = 0, for any ¢ € L*(T) and w € W(T).
Accordingly, let P, : L?*(Q) — W) be the L?(Q2)-projection operator, which is
locally defined on each element T as Ppp|r = P@o Ep', for any ¢ € L*(Q). Using
a scaling argument and the Bramble-Hilbert lemma, it can be shown that

(5) llo = Proll < Chlelr,

where C' is a positive constant, defined to be independent of h.

2.3. The semidiscrete scheme. The spatial discretization of the variational for-
mulation (4) requires computing two integrals of the form (Gq,v), for q, v € V},,
which approximate the left-hand sides of the equations (4b) and (4c). In doing so,
we shall consider a suitable quadrature rule that permits to reduce the semidiscrete
scheme to a cell-centered finite difference method for the pressure. The integration
on each element T" € T}, is accomplished by mapping to the reference element T,
where the quadrature rule is defined. Using the Piola transformation, for any q,
v eV, and q, v € V(T), we have

1 A on
(Gq7 V)T = (J_ B',Z,I:GBT q, V>
T T
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If we choose G|r = JrBp, TB;l on each element T' € Ty, we simplify the interaction
of the functions on 7', thus obtaining (Gq,v)r = (4, V). Note that G is indeed
symmetric and positive definite on T € Tp,. In virtue of the previous result, the
quadrature rule on T is defined as (cf. [1, 2])

e
s o . Tl A o e
(Gaviar = @ ¥lga = g 32 a0 ¥(0) + 34 (%)),
where |T'| is the area of 7' and %X, = 3 (F1 4 2 + £3). This quadrature rule is exact

for polynomials of degree 1. Furthermore, if we denote by v; the basis function
of V(T) associated to the i-th edge ¢é;, for i = 1,2, 3, the following orthogonality
condition is satisfied:
. 0, if 7 # 7,

(6) (quvj)Q,T_ {%|T||€Z|2, lf’L:j,
where |e;| is the length of the corresponding i-th edge e; of T, for i = 1,2,3. The
global quadrature rule is thus given by (Gq,v)q = > rcr, (GQ, V)Q,7-

As a result, the expanded MFE approximation to (4) reads: Find (up, An,Dpn) :
[0,T] = Vi, x Vi, x W}, such that

7a) (P, w) + (V- up,w) = (f,w) Yw e W,
b) (G, V)g = (P, V-V) = (g, v -n)r, Vv eV,
7c) (Gup, p)g = (GKGAp, 1) V€ Vp,
7d) pr(0) = Spp(0),

where Syp(0) denotes the MFE elliptic projection of p(0) (to be defined below).
Note that the initial condition py(0) determines A (0) through (7b); in turn, uy(0)
is determined by Ap(0) through (7c).

(
(
(
(

2.4. Reduction to a cell-centered finite difference scheme for the pres-
sure. In this subsection, we describe how to obtain a cell-centered finite difference
discretization in the pressure variable from the expanded MFE formulation (7).
Let N, and Np be the number of edges and elements in 7y, respectively. If we
denote by {v;}Ye, and {w; };Vle the respective basis functions of Vj, and W}, the

semidiscrete solution (up, An,pr) can be expressed as
wp(x,t) = YO8 Up(t) vi(x),
Ah (X7 t) = 25161 Ah,i(t) Vi (X)7
pr(x1) = S Poi(t) wi(x)

Defining the vectors U, = (Upn.1,Un2,-..,Unn)Ty Ap = (An1,Anay ..oy Ap )T

and P, = (Py1, Ph2, ..., Ponyg)?, the differential system stemming from (7a)—(7c)
can be written in matrix form as

P/l 0 -D7'B 0 P, Fy,
(8) 0o |+ B” 0 S u, | =1 Gn |,
0 0 -S C Ap 0

where the matrices B € RVN7*Ne ¢ € RNe*Ne and § € RN<*Ne are given by
(B)ij = —(V-vjw;), fori=1,2,...,Np,j=1,2,... N,
(C)i; = (GKGvj,v;), fori,je{l,2,...,N.},
(8)i; = (Gvj,vi)q, fori,j e {1,2,...,N.}.



260 A. ARRARAS AND L. PORTERO

F1GURE 2. Stencil for the discrete diffusion AP, on a generic
element T € Tj,. Symbols: O, Up; o, Ap; e, P.

Note that C is symmetric, positive definite and sparse, and S is diagonal with
positive diagonal entries (see (6)). In addition, D € RNT*NT is given by D =

diag(|T1], |T2|, - - -, | TNy |), where |T;| denotes the area of T;, for ¢ = 1,2,..., Nt.
Finally, the vectors F;, € RVT and G}, € RVe satisfy
(Fh)i:|TZ (fuwz) fOI'Z':172,...,NT,

(Gh)i = —=(g,vi -m)r,, fori=1,2,...,N..

In order to derive a cell-centered scheme for the pressure, we need to express
Up, in terms of P, and substitute this expression into the first equation of (8).
To this end, we first obtain A, = S~Y(G) — BTP,) from the second equation,
and subsequently derive U, = S™'CAj, from the third equation. Inserting these
expressions back into the first equation, we get

P+ D 'BST'CS™'BTP, = F;, + D"'BS™'CS™'G,.
Hence, if we denote A, = D'BS~'CS~'BT and M;, = D"'BS~'CS~'G}, we
can rewrite the expanded MFE method (7) as a stiff initial value problem of the
form': Find Py, : [0,T) — H, such that
(9a) Py (t) + ApPy(t) = Fi(t) + My(t) t e (0,77,
(9b) Pi(0) = Py,
where P € RNT is given by (P?); = |T‘ fT po(x)dx, for i = 1,2,..., Np. The

discrete diffusion term Ap P, shows a local 10- pomt stencil on a generic element
T € Ty, (cf. Figure 2).

3. Error analysis of the semidiscrete scheme

In this section, we derive a priori error estimates for the expanded MFE formu-
lation (7). The results are based on the convergence behaviour of a so-called MFE
elliptic projection, first proposed in [29]. Recalling (4), such a projection can be
expressed in the form: Find (Rpu, Lp\, Spp) : [0,T] = Vi X Vi X Wy, such that

(10a) (V- -Rpu,w) = (f — pr,w) Yw e Wy,
(10b) (GLLA, V)Q = (Sup, V - V) = (g, v -m)1 Vv e,
(10c¢) (GRyu, p)g = (GKGLRA, 1) Ve Wy,
(10d) (Snp(0),w) = (po, w) Vuw e W.

IFor a fixed t € [0, T, the vector space H, contains the pressure functions Pj (t) whose degrees
of freedom are located at the centroids of the triangles.
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Note that the triple (Rpu, Ly, Spp) is precisely the solution of the expanded MFE
approximation to a continuous elliptic problem whose exact solution is (u, A, p).
This formulation shows a dual-dual mixed structure and can be proved to satisfy
a discrete inf-sup condition (cf. [12]). Subtracting (10) from (4), we get the error
equations

(11a) (V-(u—Rpu),w) =0 Yw e Wy,
(11b) (GA\ V) — (GLRA, V) = (p — Sip, V - V) Vv e,
(11c) (Gu, u) — (GRpu, p)g = (GKGA — LpA), 1) Ve Wy,
(11d) (p(0) — Spp(0),w) =0 Vw e W

The convergence analysis of this formulation has been developed in [2]. The
main result is provided in the next lemma, which assumes the existence of a global
mapping F' : Q— Q; here, Q) denotes a reference domain that can be discretized
using a mesh of equilateral triangles.

Lemma 1 (Arbogast-Dawson-Keenan-Wheeler-Yotov [2, Theorem 8.4]). Let the
triple (Rpu, Lp\, Spp) be the mized finite element elliptic projection of (u, A\, p) on
Th as given by (10). If there exists a C3(QQUIN) mapping F : Q — Q, then it holds,
for all t € (0,7,

(12) [u(t) = Ruu@)|| + [A({) — LuA@)]| < Ch,

(13) [p(t) = Sup(®)ll < Ch,

where C' is a positive constant, defined to be independent of h.

Remark 1. Experimentally, for smooth problems, Spp(t) has been observed to be
O(h?) superconvergent to p(t) at the centroids of the triangles, for all t € [0,T).

Based on (12) and (13), the error estimates for the semidiscrete scheme (7) are
derived in the following theorem.

Theorem 1. Let the triple (up, A\n,pr) be the expanded mized finite element ap-
prozimation to (u, A\, p) on Tp, as given by (7). Under the hypotheses of Lemma 1,
it holds

(14) [u—up|lpo(rzy + 1A = AnllLoe(r2) < Ch,
(15) lp = pnllLe(r2) < Ch,
where C is a positive constant, defined to be independent of h.

Proof. Let us begin with the analysis of both the adjusted gradient and pressure.
For all ¢ € [0, 7], the triangle inequality implies

(16) A= Anll < [IA = LaAll + [|£aA = Anll,

(17) lp = pull < llp — Skpll + |Shp — prl|-

Note that, in both equations, the first term on the right-hand side is bounded by
Lemma 1. In order to derive the corresponding bounds for the second terms, we
subtract (7) from (4) to obtain

(Pt —phtsw) + (V- (u—up),w) =0 Ywe Wh,
(GA\ V) — (G, V)g = (p—pn, V- V) Vv e,
(Gu, ) — (Gup, p)g = (GKGA — M), ) Ve Vp,
p(0) — pr(0),w) =0 Yw e Wh,.
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If we take into account (11) and further denote &, = Spp — pr, Yo = P — Shp,
(h = Rrpu —uy and np, = LA — Ay, the preceding equations can be written in the
form

(18a) Ent + e, w) + (V- Cp,w) =0 Yw € Wy,
(18b) (Gnn,v)g = (&n, V - V) Vv eV,
(18¢) (G e = (GKGmop) eV,
(18d) £(0) = 0.

In this derivation, we use the easily established fact that the projection operator Sy,
commutes with time differentiation. At this point, we take two different approaches
to analyze the convergence of either &, or ny,.

In the former case, we choose v = (, u = np, and w = £,. Then, if we add (18a)
and (18b), and subsequently subtract (18c), we obtain

(€n,t>En) + (GKGnpymn) = —(Yn,t, En)-
Using the Cauchy—Schwarz and Young’s inequalities, together with (2), we get

1d 9 1

L a C 2 o 2 2 2

2 el + Collml < 3 Qlmell? + 1l
where Cy is a positive constant, defined to be independent of h. Integration with
respect to the time variable from 0 to ¢ yields

t t
a1 + 200/ [l 2dr < / (e + ll€nl1?) dr,
0 0
for all ¢ € [0, T, since £,(0) = 0 (see (18d)). The subsequent application of Gron-
wall’s lemma leads to

t t
ngh@>n2+-2Cbh/’nnhn2dT < caJ/ v e |2 dr
0 0

where C is also a positive constant not depending on h. The right-hand side of
this expression is bounded by (13). Since the second term on the left-hand side is
non-negative, it follows that ||£,(¢)|| < Ch, for all t € [0,T]. Hence, (15) follows by
inserting this bound and (13) into (17), and taking the supremum over all ¢.

To study the convergence of 7y, we differentiate (18b) with respect to ¢ and
choose v = (, pt = nnr and w = &, 4. This yields

(Ents&nt) + (GKGnn,mnt) = —(Yhots Ent)-
In this case, we have

1d 1
[€n,ell” + 3 E(GKGnhanh) <3 (vm,ell® + 11,2 l1?)-

Integrating this expression with respect to ¢ and taking into account (2), we obtain

t
|m@PscAnmA%n

for all t € [0,T]. Note that 7,(0) = 0, as can be derived from (18b) by choosing
v = n,(0) (provided that &,(0) = 0). Once again, (13) can be used to bound the
right-hand side of this inequality. Thus, recalling (12) and (16) and taking the
supremum over all ¢, we obtain the bound in (14) for the adjusted gradient.

Finally, the velocity error u — uy, is analyzed via a different approach. We define
the discrete (L?(Q))2-projection operator Qy : (L?(Q2))? — V}, as given by

(Qva—aq),v)e=0 VYveV,.
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This operator satisfies the approximation property (cf. [2])

(19) 1Qva —ql < Chllqll:.
For all t € [0, T], we split the error term in the L?(Q)-norm as
(20) [u—upl| < flu— Qvul| + [|Qvu — uy.

The first term on the right-hand side is bounded by (19), whilst the second one can
be proved to satisfy (cf. [2, Theorem 8.4])

(21) 1Qvu —up[| < Clhl[ullz + A = Anl)-

As derived above, the error term ||A — Ay|| is O(h). Hence, inserting (19) and (21)
into (20) and taking the supremum over all ¢, we obtain the bound in (14) for the
velocity variable and complete the proof. ([

4. The domain decomposition splitting method

In this section, we construct an efficient time integrator for solving the initial
value problem (9). To this end, we first introduce a domain decomposition operator
splitting for the discrete diffusion and right-hand side. This splitting is subsequently
combined with a fractional step formula, which reduces the system of ordinary
differential equations (9) to a collection of algebraic linear systems (one per internal
stage).

4.1. A domain decomposition operator splitting. Let Q},Q5,..., Q" forma
non-overlapping decomposition of € into m subdomains. This decomposition fulfills
the conditions Q = Uﬁzlﬁz and QF NQf =0, for k # . In turn, each Q} C Q is
considered to be an open disconnected set involving my, connected components, i.e.,
QO =U"Qy,, for k=1,2,...,m. Such components are pairwise disjoint (that is,
Q. N Q;:j =, for 7 # j) and chosen to be shape regular of diameter H. Typically,
the components )}, correspond to the elements in a coarse partition 7 of {2 with
mesh size H.

Let Qy; be the extension of €2}, obtained by translating its internal boundaries,
08, N Q, within a distance v = SH in Q. The parameter 8 > 0 is usually referred
to as the overlapping factor and its value must be chosen in such a way that the
extended components are also pairwise disjoint (i.e., Qg N Q; = 0, for ¢ # 7). If
we denote by ) C § the open disconnected set defined as Q) = U™, Qu, for k =
1,2,...,m, then the collection 21,25, ...,Q,, form an overlapping decomposition
of {1 into m subdomains. Such a decomposition satisfies 2 = U7" ;2.

Next, we construct a smooth partition of unity consisting of a family of m non-
negative and C°°(Q) functions {py(x)},. Each function py : © — [0,1] is

0, if x € ﬁ\ﬁk,
(22) pr(x) = hi(x), ifxe Uﬁl;l;ﬁk (ﬁk ﬁﬁl),
1, ifXEQk\Uﬁl;l;ﬁk (Qkﬁﬂl),

where hy(x) is C°°(Q) and satisfies 0 < hy(x) <1 and >_;" | hy(x) = 1. Therefore,
the family of functions {px(x)}7, fulfills, for any x € €,

(23) supp(pk(x)) C Q, 0 < pi(x) <1, Zpk(x) =1
k=1

In this framework, we introduce the decompositions

Ap =300 Ank, My =370 My, Frpo= 3000 Fag,
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where Ap, x € RNT*NT and M), , € RNT are given by
(24) A =D 'BS'C,S™'BT, My, =D'BST'CLST'Gy,

for k =1,2,...,m. Here, we define Cj, € RN<*Ne as (Cy)ij = (Gppr KGv;,v;), for
i,j € {1,2,...,N.}. On the other hand, each vector component of F}, , € RNT
fulfills

(ka)i:‘Tli‘(pkf,wi), fori=1,2,....Np, k=1,2,...,m.

As a result, the system of ordinary differential equations (9a) can be expressed as
a split system of the form

(25) P+ ApiPr=> L,
k=1 k=1

where Ly, j, = Fp . + My, 1.

Lemma 2. The matrices {Ap i }1e, defined in (24) satisfy

(26) TARE>0  VEA0ERNT,

fork=1,2... . m.

Proof. Since C' is symmetric and positive definite, Cj, will be symmetric and non-
negative definite, due to the presence of py in its definition (see (23)). As a re-

sult, the matrix N, = BS~'C, S~ !B7 is also symmetric and non-negative definite.
Hence, for any & # 0 € RN7, we consider § = D~1/2¢, thus obtaining

E'DTINE =0T DY2 N, D20 > 0,
which follows from the Rayleigh quotient, since D~/2N,D'/? is similar to Nj.
This result implies (26) and completes the proof. O

A natural way to solve (25) is the use of a fractional step time integrator which
takes advantage of the multiterm partitioning. Since the matrices { Ay 1}, do not
commute pairwise, we further require a method whose stability is not affected by the
lack of commutativity of the split terms. In the sequel, we present a family of time-
splitting formulae defined to be unconditionally stable even in the non-commuting
case.

4.2. The fully discrete scheme. Let us consider a family of FSRK,, methods
involving an arbitrary number m of implicit parts. When applied to the split system
(25), it gives rise to the fully discrete scheme

Forn=0,1,...,N :
n,0 n
P =P,
(27) Fork=1,2,...,m:
Pt = PP 7 (= Ak PR 4 Lig(tn),

n+1 _ n,m
prtt = prm,

For the sake of simplicity, the time step 7 is considered to be constant, ¢,, = n7 and
N = [T'/7] — 1. The fully discrete solution P} is an approximation to the solution
of (25) at t = t,,. This family of time integrators, first proposed in [30], is typically
referred to as the fractional implicit Euler method, since one integration step of
(27) may be seen as m consecutive implicit Euler steps.



EXPANDED MIXED FINITE ELEMENT DOMAIN DECOMPOSITION METHODS 265

The linear system to solve at the k-th internal stage of (27) is given by
(28) (I +TAp )PP =T,

for k = 1,2,...,m, where I denotes the identity matrix and T}?’k is defined to
be T,?’k = P,?’k_l + 7Ly, k(tnt1). Since Ajj contains the function pg(x), with
supp(pk(x)) C Qk (cf. (23)), the previous system is restricted to subdomain Q.
Further, as Qj involves my, disjoint connected components, namely Qg;, the linear
system (28) is indeed a collection of my uncoupled linear subsystems of the form

(29) (T + TAh,kz)RklP,?’k = RMT:”“,

where I, = RMIR{Z and Ap g = RMA;L,;CR{Z, Ry being a restriction matrix from
0 to Qi (see [18, Remark 5.1] for details). Unlike most classical domain decomposi-
tion algorithms (cf. [20]), the solution of (29) does not require any Schwarz iteration
procedure, since the internal stages in (27) are sequentially solved (i.e., interface
conditions need not be imposed on subdomains during the solution process).

5. Error analysis of the fully discrete scheme

In this section, we describe the convergence analysis of the fully discrete scheme.
For that purpose, let us first define the full discretization error at t,4;1 as the
difference pp,(tn41) — P,?H, where pp(t) stands for rpp(x,t) and r, : W, — H,
denotes the restriction operator of the scalar functions in W}, to the cell centers of
Tr. Then, the global error can be decomposed in the form

(30) Prltnsr) = Pt = (Bultuan) — B + (B = B,

where P,?H is the numerical solution obtained when applying (27) with a time step
7 and the initial value P}' = py,(t,). The difference pp(ty4+1) — P,?H is commonly
known as the full truncation error at t,y; and will be denoted by B,’ZH. In the
sequel, we shall describe in detail how to derive suitable bounds for (30).
Throughout this section, (-, )z stands for the discrete L2-inner product in Hp,

and || - ||z = (-, -)%2 represents the induced discrete L?-norm.

5.1. Stability. In order to study the stability of the fully discrete scheme (27),
we consider the perturbed scheme

=P+l
Forn=0,1,...,N:

n,0

B — Qn,
(31) h h

Fork=1,2,...,m:
W= QR T (—ARRQET + Li(tnin)) + 700",
n+1 — Qn,m
h ho

where €9 denotes the error in the initial data, and 5Z’k may stand for round-off
errors, errors due to non-exactly solving the implicit relations or discretization
errors. Let us next define, for n =0,1,..., N,

n+1 n+1 n+1
(32) eptt=Qptt — Pt
Subtracting (27) from (31), we may write

(33) ept = Rpep+1y SEot
k=1
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where
(34) Ry, = (I+TAh7m)71 (I—FTAh’m,l)il (I+TAh71)71,
(35) SE = (I+TAh7m)71 (I—FTAh’m,l)il (I+TAh7k)71,

for k=1,2,...,m. Observe that Ry, = S’,ll. In this framework, the stability of the
fully discrete scheme (27) will be guaranteed if e}'*' can be bounded in terms of
the perturbations. To obtain this bound, we first quote an auxiliary lemma, which
can be derived using well-known stability results (cf. [13]).

Lemma 3. Let A € R**® satisfy ETAE > 0, for any € # 0 € R®, with s € IN.
Then, it holds

(36) I+ pd) M2 < 1,
where [ s a positive constant and || - |2 denotes the spectral norm.
The stability of the fully discrete scheme (27) now follows.

Theorem 2. Let e}t be defined by (32). If the split matrices {Ap .}, are given
by (24), then it holds, for n =0,1,...,N,
(37) len™ e < lleplle +C Jnax, 1635 12

1<k<m

Proof. The expression (33) can be rewritten in the form
ZJrl ( n+1 0 TZ Rh n— ]Sk5jk
7=0 k=1
Recall that the split matrices {4y x}7-, are involved in the definition of Rj; and
{Sk}m | through (34) and (35), respectively. Since they satisfy (26), the bound (36)
applies. Hence, (37) follows from the triangle inequality in the norm || - || 2. O

Note that (37) shows unconditional stability of the method with respect to the
initial error ) and the perturbations 6{1’k.

5.2. Consistency. Let us consider the perturbed scheme (31), with QF = pp, ()
and QZ’k = Pr(tnt1), for k = 1,2,...,m. As a result, QZ“ = Pn(tnt+1) and
(32) represents the full dlscretlzatlon error at t,41, i.e., EZ“ = pr(tnt1) — P,?H.
Since P,?H is the numerical solution obtained in one single step of (27), starting

at Pl = P (tn), we have that P"™ — P = Rye? and the relation (30) can be
expressed as

(38) et = Ryelr + gt

A term-by-term comparison of (33) and (38) yields the following expression for the
full truncation error

m
(39) =1y Spat
For later use, we define the spatial truncation error ay,(t) as given by

(40) an(t) = Py, (t) + Appr(t) — Li(t), te[0,77,

where 7, (t) is rppi(x,t) and Ly (t) = Fy(t) + My (t). The full truncation error can
be bounded as follows.
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Theorem 3. Let pp(t) fulfill

(41a) PRz < C,

(41b) [ An,jPh k(B2 < C,

where pj, 1. (t) = Lnk(t) — Anikpn(t), for j, k € {1,2,...,m} and t € [tn,tns1].
Then, the full truncation error ﬂZJrl satisfies, form =0,1,..., Np,

(42) 185 ler < O + 7 llan(tns)llez) V7 € (0,70),

where C' is a positive constant, defined to be independent of h and 7.

Proof. Let QF = pp(t,) and sz = Pn(tnt1), for k = 1,2,...,m, in (31). A
suitable Taylor expansion of pj, around t = t,11, together with the relation

an(tns1) = pp(tnt1) + Z(Ah,kﬁh(tnﬂ) = L k(tns1)),
k=1

yields the following expressions for the perturbation terms

St = antnrr) + > (Lnk(tat1) = AnsPrltnt1)) — 3707 (S),

k=2
5Z’k = Ah,kl_)h(thrl) — Lh,k(tn+1)7 for k=2,3,...,m,

where &, € [tn,tn+1]. Inserting these expressions into the definition (39) of the full
truncation error, we get

(44) n = Ra(tan(tes) — 37707 (6))
m—1 m
+ > S A | Y Anabrltatr) — Lng(tnsr)
Jj=1 k=j+1
Finally, (42) is obtained by using (36), with A = A, together with the bounds
(41). O

Remark 2. Conditions of type (41b) are derived in [15]. In this work, the authors
prove similar bounds for a standard 5-point finite difference approximation to the
diffusion term —V - (px K'Vp). In their analysis, they consider a two-dimensional
parabolic problem with homogeneous Dirichlet boundary data. These results may
be extended to the erpanded mized finite element method presented above by us-
ing the following idea. Recall that the split discrete diffusion term is given by
D~ 'BS~1C,S~'BTP,. Since BTP, involves first-order differences in the pres-
sure variable, ST'CLST'BT P, can be viewed as a linear combination of pressure
differences, whose coefficients depend on the elements of tensor K. This term repre-
sents an approzimation to the negative partitioned flux, p, KVp. Since B provides
an extra level of first-order differences, BS™'Cy S~ BT P, becomes a 10-point
stencil approzimation to —V - (p, KVp) on three-line triangular meshes. Note that
pre-multiplication by the inverse of D introduces a scaling of the stencil coefficients,
but does not modify the stencil structure. In this framework, taking into account
that the smooth partition of unity {pr(x)}ir, defined in (22) satisfies

lokllca) < Cy7Y,

where the constant C' > 0 is independent of k and v (cf. [15]), the upper bound in
(41b) can be proved to satisfy

_ 1 1
(5) 1 Ans8 ()]l < © (,y— Ifllex) + 5 ||p||c4<m) |
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Here, we make use of the Holder norms

[ullcag) = sup max |0%ul,
la|<q
where q is a non-negative integer and 0% represents the multi-index notation
olel
o — —
T dziggeat 7 (a1, a2).

Further considering (44) in combination with (45), we may derive a bound for the

full truncation error B,’ZH in terms of the overlap . However, as noted in [15], the

resulting estimate is too pessimistic when compared to actual numerical results.

5.3. Convergence. The convergence of the fully discrete scheme (27) follows from
the preceding results on consistency and stability. In this subsection, with an abuse
of notation, we shall introduce the discrete norm

_ o — n+1
(46) Pn — Phlless 2y = o 8% Pn(tnr1) — Py le2

to compute the full discretization error of the method.

Theorem 4. Under the hypotheses of Theorem 3, the fully discrete solution P}?H
of the method (27), with {Ank}7, as given by (24), satisfies

ph — o2y < 2
(47) 1Pn = Pulles(ez) < C(7 + b7 + max flon(®)]le2),
where C is a positive constant, defined to be independent of h and 7.
Proof. Expanding the recurrence relation (38) for the full discretization error, we

get

n+1
(48) et = (R)" ) + Y (Ru)" B,
J=1

where €9 = p,(0) — PY. Since P) = r,(Prp(0)), and Ppp is O(h?)-close to p at the
center of mass of each element, then ||e9|/,2 < Ch?. Recalling (36), with A = A, &,
together with the bounds (41) and the consistency result (42), we obtain

n+1
ntl < Op2 2 t < h? t)le2)-
I e < O+ 32 C o lantle) < Clr -+ + gm0
J:
Taking the maximum over n implies (47) and completes the proof. O
Remark 3. Suitable Taylor expansions of the coefficients of the local 10-point sten-
cil associated to the spatial discretization permit us to prove first-order convergence

of its local truncation error ap(t). The combination of this bound with the thesis of
Theorem 4 yields the convergence result

(49) ||’I“hp — PhHgao(gz) < C(T + h).

In addition, if we define p;t" to be the element of Wi, satisfying rpp) " = Ppt,
it can be shown that

lp(tns1) = P < Ip(tnsa) = Pup(tasn)ll + lra(Prp(tas)) — P e,

where we use the condition |w| = ||rpwl|ez, for any w € Wy,. The former term on
the right-hand side is O(h) due to (5), while the latter can be split in the form

70 (Prp(tns1)) = P e < llra(Pup(tnsr) = p(tass))llee + lrap(tnga) = P e,
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As mentioned above, the first term is, in this case, O(h?), and the second is O(t+h)
due to (49). Thus, if we take the mazimum over n, we obtain

_ +1
P — prlles(z2) = odnax, Ip(tn+1) —pp || < C(7 + h).

Remark 4. Similar domain decomposition splitting methods of first and second
order in time are studied in [14, 15] for a finite difference spatial discretization
on rectangular grids. In particular, the authors propose and analyze a first-order
fractional step method based on the approxzimate matrix factorization technique (cf.
[13]), and a second-order ADI scheme inspired by the method of Douglas and Gunn
(cf. [11]). In the latter case, the second-order convergence is achieved at the price of
losing the unconditional stability without additional assumptions. More specifically,
the scheme can be proved to be unconditionally stable if the split matrices { Apx} 11
are required to commute pairwise. In the non-commuting case, the unconditional
stability is preserved for m = 2 in the norm ||(I + aTAp2) - |le2, with o > 0, but the
method turns to be conditionally stable for m > 3. In [14], an alternative method
that provides second-order convergence with unconditional stability is also discussed.
The method is based on the so-called Strang splitting (cf. [23]) in combination with
the Crank—Nicolson scheme. In this case, although the unconditional stability is
preserved, the method requires more linear systems to be solved than the preceding
schemes.
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