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NUMERICAL ANALYSIS OF MODULAR VMS METHODS WITH
NONLINEAR EDDY VISCOSITY FOR THE NAVIER-STOKES
EQUATIONS

LI SHAN, WILLIAM J. LAYTON, AND HAIBIAO ZHENG

Abstract. This paper presents the stabilities for both two modular, projection-based variational
multiscale (VMS) methods and the error analysis for only first one for the incompressible Naiver-
Stokes equations, expanding the analysis in [39] to include nonlinear eddy viscosities. In VMS
methods, the influence of the unresolved scales onto the resolved small scales is modeled by a
Smagorinsky-type turbulent viscosity acting only on the marginally resolved scales. Different re-
alization of VMS models arise through different models of fluctuations. We analyze a method
of inducing a VMS treatment of turbulence in an existing NSE discretization through an addi-
tional, uncoupled projection step. We prove stability, identifying the VMS model and numerical
dissipation and give an error estimate. Numerical tests are given that confirm and illustrate the
theoretical estimates. One method uses a fully nonlinear step inducing the VMS discretization.
The second induces a nonlinear eddy viscosity model with a linear solve of much less cost.

Key words. Navier-Stokes equations, eddy viscosity, projection-based VMS method, uncoupled
approach.

1. Introduction

Variational multiscale (VMS) methods have proven to be an important approach
to the numerical simulation of turbulent flows (see Section 1.1 for its genesis and
some recent work). VMS methods are efficient, clever and simple realization of
the idea of introducing eddy viscosity locally in scale space only on the marginally
resolved scales. They add dissipation to mimic the loss of energy in the marginally
resolved scales caused by breakdown of eddies to unresolved scales through a term
of the form:

(1) (VT(uh)]D)(I — Py)ul,D(I — PH)vh),

where D(v) = (Vv + (Vv)T)/2 is the velocity deformation tensor (symmetric part
of the gradient), Py is an elliptic projection onto the well-resolved velocities on a
given mesh (so (I — Py )u” represents the marginally resolved velocity scales).
The success of VMS methods leads naturally to the question of how to intro-
duce them into legacy codes and other multi-physics codes so large as to discourage
abandoning a method or a model that is already implemented to reprogram an-
other one. In [39], this question was addressed: a VMS method can be induced
into a black box (even laminar) flow simulation by adding a modular projection
step, uncoupled from the (possibly black box) flow code. Although the numerical
tests were quite general, the mathematical /numerical analysis in [39] in support of
modular VMS methods was for constant eddy viscosity parametrizations v (-). In
this report we continue the mathematical support for modular VMS methods in
two ways. First we expand the analysis of [39] to include the fully nonlinear, eddy
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viscosity case of the (ideal) ”small-small” Smagorinsky model (1) above for which
(2) vr(u") = (Cs6)°|D(I — Pg)u’|,

The motivation of the Smagorinsky model is to replicate the decay of energy due
to breakdown of eddies from resolved to unresolved scales in the energy cascade,
[6,7,8, 15,21, 22, 29, 31, 32, 34, 43, 45]. The ideal case of (2) has the most complete
mathematical theory due to the strong monotonicity on the marginally resolved s-
cales of (1) with (2), Section 3. Unfortunately, the choice (2) also increases the
cost of implementing a VMS method in a modular Step 2. We therefore consider
methods (i) whose realization is as close as possible to the ideal small-small S-
magorinsky model, (ii) for which a complete and rigorous mathematical foundation
can be given, and (iii) whose implementation is comparable in cost and complexity
to the linear case of v =constant. These issues lead to our second, related method
with eddy viscosity term:

(3) (AE(VT(uh))D(I—PH)uh,D(I—PH)vh> - (AE(VT(uh))D(I—PH)uh,Dvh>

where A, (VT()) is an element average over the elements (e.g. triangles in 2d)
which define the well-resolved scales, see Definition 4.1. Because the eddy viscos-
ity coefficient A, (VT()) is now elementwise constant, simplifications arise in the
modular Step 2 below which enforces the VMS turbulence model. The restriction
to elementwise constant eddy viscosities originates in the works of Lube and Roehe
[44] on full (or monolithic) VMS methods.

To introduce the idea of [39] developed herein, suppose the Navier-Stokes equa-
tions are written as

ou

(4) 5t + N(u) + vAu = ().

Let IT denote a postprocessing operator. The method we extends and analyzes, adds
one uncoupled postprocessing step to a given method (we select the commonly used
Crank-Nicolson time discretization for Step 1 for specificity): given u™ = u(t"),
compute u™*! by
Step 1: Compute w"t! via:
Wn+1 _ un WnJrl + un Wn+1 + un .

N A — fnt3,
(5) e TN+ )

Step 2: Postprocess w™! to obtain u™*t!:
(6) u"t = IIw L,
Both steps can be done by uncoupled modules. Eliminating Step 2 gives:

un+1 —u” Wn+1 + u” Wn—i—l + u” 1
g PR S e SRV A
0 —5 () RN

where £tz = (f7+1 4 £7)/2. We define the operator II in Step 2, following [39]
so that the extra term is exactly a nonlinear Smagorinsky model acting on small
resolved scales.

(8) S

(Wn—i-l _ Hwn—i—l) _ fn—i-%

3

n+1l _ _.n+l

u" "t vy,) = (Smagorinsky Model,vp,).

We consider herein two algorithmic realizations of (8). The first method ana-
lyzed is a full Smagorinsky model. Let Py # denote an L? projection onto a space of
”well resolved” deformations, see Definition 1.2 for a precise formulation in Section
1.2.
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Method 1. Let vr(+) be defined by (2). Define u = IIw in Step 2, (6), by

1
7 (

n+1 n+1
—u ,Vh)

WnJrl +un+1 Wn+1 + un+1
(9) = (v (—"— ), [ = Pen D)
where Cy > 0 is a Smagorinsky constant, 6 > 0 is the averaging radius, which
is connected to the resolution of the finite element spaces involved in the VMS
method and | - | denotes the usual Frobenius norm of a tensor defined by |T|% =
Zi, =1, 4(Ti;)?. Computationally, Step 2 reduces to the following nonlinear problem

VI — Pra]D(

at each time step: Given w"T!, solve the nonlinear system (9) for u”*!, subject to
V-u"t=o.

One difficulty with the modular, ideal Smagorinsky VMS method is exactly the
cost of this nonlinear solve each time step. To reduce this cost we also consider the
following Method 2 which is closely related and much less expensive.

Method 2. (See Algorithm 4.1, Section 4) Define u = IIw in Step 2 by solving

1
(WnJrl _ unJrl7 Vh)

At
(10) - (AE(VT( ))[I—PLH]D(W), [I—PLH]D(vh)).

There are two ideas behind (10). The first and obvious one is that lagging
vr(+) reduces the computational problem of (10) to solving one (multiscale) linear
equation per time step for u”*!. The second one is that since the eddy viscosity
coefficient is a piecewise constant average, (10) reduces to: given w"T! solve for
u"*! subject to V- u"*! = 0:

(4 (vr() [ = Poa] D), D(va)) +
2

(11) = (W) = (A (vr () = Pou]D(w™), D(v2)).

w4+ u”

n+1

u avh)

Note in particular D(vy) replaces [I — Pru|D(v},) as the test function. This change
simplifies the computational work of (10) substantially. With one common choice
of Pru, (11) simplifies further to one uncoupled linear system per macroelement
(defining the well-resolved scales), see Definition 4.1, Section 4.

For both methods we prove unconditional stability and delineate their energy bal-
ance (including induced model and numerical dissipation). This part of the analysis
extends readily to eddy viscosities other than (2). We give a convergence analysis
of Method 1 in Theorem 3.1. This analysis uses the discrete Gronwall inequality at
the last step and thus inherits the limitation introduced by its use of small time step
restriction and exponential growth in time. These consequences have recently been
thoroughly analyzed in [27] for laminar flows. Confirming numerical experiments
are given in Section 5. For more numerical tests of the modular/partitioned VMS
approach, see [39].

1.1. Previous Work. The VMS method is an active, successful and rapidly de-
veloping approach to the simulation of turbulent flows pioneered by Hughes and
collaborators, [16, 20, 21, 22]. Mathematical study of it has taken several approach-
es, see [14, 35] for early works and [15, 18, 29, 30, 31, 32, 34, 37, 43, 46| for some
recent developments. The idea of imposing a VMS treatment of turbulence through
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an uncoupled Step 2 is from [39]. This work builds a work on time relaxation and
filter based stabilization in [3, 6, 10, 12, 40, 41].

Turbulent flows have many challenging features for numerical simulations in-
cluding convection dominance, vortex stretching (including exponential growth of
noise), backscatter and possible equipartition of energy due to truncation of the en-
ergy cascade. Projection based VMS methods address nonlinear error growth and
equipartition directly. They address convection dominance but not as well as stabi-
lized methods developed studying convection diffusion equations. Thus one natural
improvement would be to replace Step 1 by a stabilized method for the NSE. In
VMS modeling, a fluctuation model is used to approximate the exact fluctuation
equation. Projection based VMS model fluctuations an a projection into a space of
marginally resolved scales, defined either through a coarse and fine mesh velocity
space or through velocities of two different polynomial degrees on a sing mesh. The
most common choice in VMS (not considered here) is to model fluctuations with
bubble functions, see Bensoward Larson [5] and Hsu, Bazilev, Calo, Tezdvyaz and
Hughes [19] for recent work on this original VMS method.

The idea of stabilization by a separate, modular step first appears in [12, 40],
see also [3, 41]. This work is also connected to time relaxation stabilizations in
numerical methods and continuum models via (7).

This paper is organized into four sections. In Section 1.2 we establish the nota-
tion and give a weak formulation of the Navier-Stokes equations. In Section 2, the
uncoupled, projection-based VMS scheme is described and the stability of Method
1 is proven. In Section 3 we present its error estimate. We present Method 2
and analyze its stability in Section 4. Section 5 describes the implementation of
two algorithms and presents some numerical results that confirm the theoretical
analysis.

1.2. Notations. Let Q be an open, bounded region in R%,d = 2 or 3 with a Lip-
schitz continuous boundary. Throughout this paper, standard notation is used for
LP(2) and the Sobolev spaces W*P?(Q),1 < p < oo,k = 0,1,2,.... The corre-
sponding norms are denoted by || - ||z» and || - ||yys.», Tespectively. H¥(€) is used
to represent the Sobolev space W*2(Q2) | |- | and || - || denote the semi-norm and
norm in H*(Q), respectively. The standard L? inner product is denoted by (-, )
and L2 norm by || - ||. The space H *(2) denotes the dual space of H¥(Q). In
addition, the vector spaces and vector functions will be indicated by boldface. For
the velocity v(z,t) defined on (0,7"), we define

T 1/m
1¥lloo,t = BssSuppo.r1[v(t, )1k and [[v]lm = / vt ldt)

Define the velocity space X, the pressure space Q and the deformation space L as
follows:

X : =H}Q) ={v:veH (Q),v=0o0n00},
Q@+ =130 = {ge 1*@), [ ado =0},

Q
L : ={Le(L*)™ L=L"}.

The closed sub-space of divergence free functions is given by

Vi={veX:(V:-v,q)=0,VqgeQ}.
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Let Ty denotes a coarse finite element mesh which is refined (once, twice, ...)
to produce the finer mesh 7;,, so h < H. Let X" x Q" be a pair of conforming
velocity-pressure finite element spaces satisfying the usual inf-sup condition (see
Gunzburger [13]): there exists a constant 8 independent of h such that

h h
(12) inf  sup M > B >0,
g Q" ynexn ||¢"|[[[VV"]
and consisting of C° piecewise polynomials. Examples of such spaces include the
mini-element [1] and the Taylor-Hood element [13]. We assume that the spaces X"
and Q" contain piecewise continuous polynomials of degree k and k— 1, respectively,
and satisfy the following approximation properties:

}in;}{||u—vh|| +h[[Vu-vh|} < ChHulpy, Yue BH Q) NX,
vireXh

inf [p—¢"| < CR*plx Vpe HQ)NQ.
qh th
Through the paper, C' and C denote generic constants which independent of v, h, H, §
and At which have different values at its different occurrences.
Under (12), we introduce the discretely divergence free subspace of X",

Vh={vh e Xh(V-v' ¢") =0, V" € Q"}.

We shall use a space L of "well resolved” velocity deformations. There are two
natural ways to define L. If X" is a higher order finite element space on a given
mesh, one approach is to define the large scale space using lower order finite ele-
ments on the same mesh. The second option, and only one for low order elements,
is to define the well-resolved space L on a coarse mesh leading to a two-level dis-
cretization. Both cases are included in the following definition by the assumption
XH c X" In our numerical tests, we choose Taylor-Hood element for X" x Q"
and piecewise constant element on the same mesh for L. To present the method,
we introduce the following projection operators.

Definition 1.1(L? projection) Let X < X". Ppu : L — L is the L?—
orthogonal projection. We take a well-resolved velocity space, denoted by X, and
select

L7 = {D(v"):v v e XH},
so that Pru satisfies
(13) (PpuL,L7) = (L,LF)VLeL,L¥ e LY,
(14) |l —Ppu]L|| < CH'IL|;VLeLnHY(Q),

where either H > hand k=[lor H=h and | < k.

Definition 1.2 (Elliptic projection). Py : X — X! is the projection operator
satisfying
(15) (Diw — Py (w)],D(v7")) =0V v € X*.

From [36], see also [37] and [29], we have the following.

Lemma 1.3 Let v € X and L = D(X#), Then
(16) Pru(D(v)) =D(Pyv) and (I — Prua)D(v) = D((I — Pu)v).
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Remark 1.4(Computing Py u elementwise): We have assumed that X* consists
of C° piecewise polynomials of degree < 1. This means that LT consists of discon-
tinuous piecewise polynomials of degree < | — 1. Let ey denote a typical element
associated with L. Then computing the projection Ppu in (13) uncoupled into one
linear system per element ex of the form

(L— Pyl L®),, =0vVLE e L® |, .

Weighted L? projections into L similarly uncouple provided the weights are con-
stant on each eq.

We are interested in approximating the solution of the evolutionary Naiver-
Stokes equations

(17) w+u-Vu—2vV-Du)+Vp = fin(0,7] xQ,
(18) V-ou = 0inl0,7] x Q,
(19) u = 01in[0,7] x 09,
(20) u(0,x) = wug in Q,
(21) /pda: = 0in (0,7].

Q

Here f € H7!(Q) is the body force, v is the kinematic viscosity, ug is the initial
velocity, and [0, 7] is a finite time interval.

The variational formulation of the Navier-Stokes equations (17)-(21) is: find
u: (0, 7] = X,p:(0,T] = Q satisfying

(22) (w,v) +bs(u,u,v) +2v(D(u),D(v)) — (p,V-v) = (f,v)VvelX,
(23) (¢, V-u) = 0Vqeq.
Here

b, v, W) = %((u Vv, w) — %((u V)W, v)

is the skew-symmetric trilinear form of the convective term. It has the following
properties:

(24) bs(u,v,w) = —bs(u,w,v) Vu,v,weX

and consequently

(25) bs(u,v,v) = 0VuveX,

(26) bs(u, v, w)[ < Cllul[V2[[Vul || Vv[||Vw]| ¥ u, v, w € X.

In the divergence-free space (22)-(23) can be reformulated as follows: find u :
[0,T] — V satisfying

(27) (ut, v) + bs(u,u, v) + 2v(D(u), D(v)) = (f,v)
forall veV.

2. Uncoupled modular VMS method with nonlinear eddy viscosity

We give the precise formulation of the uncoupled algorithm with nonlinear eddy
viscosity for the finite element discretization of Navier-Stokes equations (17)-(21).
Let t" =nAt,n=0,1,2,--- , Ny and T'= NpAt, and denote time averages by
VnJrl + Vn

2

vt

Nl=
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The first FEM in space and Crank-Nicolson (CN) method in time with an additional
postprocessing step is as follows.

Algorithm 2.1

Step 1: Given (u?,p}) € X" x Q", compute (WZH,pZH) € X" x Q" satisfying

ntl_ n ntl, n ontl
(u Wp W, W, tu,
2

ANt 7Vh) + bs( ) 2 7Vh)
ntl o n ntl
(28) +2V(]D)(‘Nhf+uh),D(Vh)) _ (ph+27v i) = (f7FE vy),
(V ' WZ+17 Qh) = Oa

for all (vi,qn) € X" x Q™.
Step 2: Given w)™! € X" solve the following to obtain (u}t*, \}*1) € X" x Q™
(29)
(W0 ) — (V- v)
9 B w2+l+uz+l _ WZ+1+“Z+1 B _
+((C)?|IT = PLa DM )| [ = Poa D), [T = PLa]D(v1)) =0,
(V- uZ+17 an) =0,

for all (vp,qn) € X" x Q", where Py is a L2 —projection operator defined by (13).
Using (2) and (16), one can rewrite Step 2 in the following way.
Restated Step 2: Given WZH € X", solve the following to obtain (uZ“, )\ZH):

un+1_wn+1 n+1
(Mt v ) = V)

n+1 n+1 n+1 n+1
(30) + (v (ST - T DI - Py ) =0,
(v . uZ+17 Qh) = 07
for all (vi,qn) € X" x Q", where Py is an elliptic projector defined by (15).

Before discussing the stability of the method, we recall some important analyti-
cal tools in the analysis of the Smagorinsky model, see [35].

Lemma 2.1 (Strong monotonicity and local Lipschitz continuity) There is a
constant C' > 0 such that for all u,v € W13(Q),

(31) (IP(W)] D) = [PE)] D), B = v)) = C[[B(u - v)|j,.
There exists a constant C' > 0 such that for all u,v,w € WH3(Q),
(32)  (IP@)] D) - [PE)[ D), B(w)) < CCL[D(u = V)| o [Dw)]] 1

where Cp, = max{||D(u)||zs, |[D(V)||r3 }-

The global energy balance is derived in Proposition 2.3. Its proof utilizes the
following lemma.

Lemma 2.2 Consider Step 2 in Algorithm 2.1. Let Cy > 0,6 > 0. Given
witt € VP any solution of (30) satisfies:

n+1 + un+1 3

n n w
(33) [lwitP? = ||uh+1||2+2At(056)2H\D[I—PH]%\F\

L3

Furthermore, the system (30) has a unique solution (u}™! A7+h).
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, o . . wz+l+ug+l . _ \n+1
Proof. For the ¢ priori bound, choosing v, = —+——2— in (30) and g, = A" in

the second equation of both (28) and (30), we get

1 112 1
57 (w2 = g 2)
n+1 n+1 n+1 n+1 n+1 n+1
+uy, +uy, +u,
= (vr (B )D(I1 — Pu] A=), DI — Py Tt )
n+1 n+1
2 +uy 3
— (C46) H\D[I - PH]f\F‘ "

Existence and uniqueness will (in essence) follow from Minty’s Lemma [42] after
Step 2 is split into two parts, one a solve with a nonlinear monotone operator and
the second an orthogonal projection. This splitting introduces some (temporary)
notation so we suppress superscripts n + 1 and subscripts h where possible. Let
®" .= (I — Pg)V" and ®"* := Py V", Let

n+1 n+1
6 = (I-Py)¥ ;r“ c o,
n+1 n+1
ot = PH+E<I>"L.

Existence and uniqueness of uZH is equivalent to the same question for ¢ and
¢*. Using orthogonality, algebraic rearrangement and setting alternately v;, € ®"
and v, € ®" equations (30) in Step 2 of Algorithm 2.1 becomes the pair of
equations: given w = WZ‘H find ¢ € ®", ¢+ € ®"L satisfying

1
At

(34YC26)” (|D(6) (), D) ) + = (6.) (i~ Pulw, ) ¥ w e @,

1 1
35 — (¢t 0t) = P, L), vyt e ot
Existence and uniqueness of the solution to equation (34) follows from Minty’s lem-
ma by noting the LHS defines (via the Riesz representation theorem in a standard

way) a monotone operator on ®". Equation (35) simply states that ¢ = Pgw.

We thus have existence and uniqueness of ¢ and thus uZ“. Existence and
uniqueness of the associated pressure-like Lagrange multiplier )\ZH follows from
the discrete inf-sup condition as in the discrete Stokes problem. O

Now, we prove the strong energy equality and the strong, unconditional stability
of the method.

Proposition 2.3 Let Cs > 0, > 0. The approximate velocity uZH given by
the Algorithm 2.1 satisfies the energy equality

N-1 +1 n+1 whtl n
+uy 3 +uy |2
(RN DR (e [oT1 A S M M W Tl M B
n=0
N—-1
1 a1 witl 4+ un
(36) = SluRlP+Ar Y (e, =),

n=0
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and the stability bound

%HuhNHQ+At§{(055)2H‘D[I—PH] +1_2i_u"+1‘FH H]D) n+12+uh) 2}
(37) %H 012 & At Z||fn+ [

where 1 < N < Nr.

+1 n
w, Tt .

Proof. Setting vj, = 5
both (28) and (30), this gives

1
n (28), and ¢, = p2+2 in the second equation of

+ n+1 n
+uy 1T W +u
w2 h n+i Wh h
R = (e, )
S (w2 = gl ?) + ) -
Lemma 2.2 then gives
N +un+1 3
L (P aglR) + (oIt — P ST
n+1 n n+1 n
21/H1D> 2+“h) g (fres, Tt 2+ ).

Summing over n establishes the energy equality. Using the Cauchy-Schwarz and
Young’s inequalities on the right-hand side, subsuming one term into the left-hand
side gives

n12 2 2 witt gty
S Ul 2 = 1)+ (2|17 — P ™
n+1
+uh 1 n 1
P < L
Summing over n, the global stability estimate follows. O

The viscous and VMS model dissipation in the method are respectively
n+1 2

)

+ujp
2 )

Viscous dissipation := H]D)

n+1 + un+1

3
Sl

VMS model dissipation := (056)2H DI — PH]

L3
Furthermore, we also prove the stability for wi'.

Proposition 2.4 The approximate velocity W"Jrl of Algorithm 2.1 satisfies

+ un+1 3

N-2
biwdi 20 oo |

n=0

L3

1 3
(38) < SlaRll® + 3 Z il

Proof. For n = N — 1, a directly application of Lemma 2.2 gives

w +ul | ‘ 3
2 Fllrs
Using this in Proposition 2.3 proves the claim. (I

1 1
SIWN 2 = |2 +2 A 6(C0)?|||BIT — Pal
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3. Error Estimate

We give an error analysis for the uncoupled method. It is difficult within present
tools to develop an error analysis that is directly relevant to the case of turbulent
flows. Turbulence is a flow phenomena that develops from smooth data and initial
conditions over longer time intervals due to the nonlinear energy cascade. Simu-
lations of turbulent flows are commonly initialized by smooth, compatible (in the
sense used by Heywood and Rannacher [23, 24, 25]), statistically stationary initial
conditions. The generation of these initial conditions requires a separate spin-up
procedure, see, e.g., [4, 17] for some examples. We shall thus make the assumption
that such initial conditions are given:

Initialization Assumption: The initial conditions are generated so the solution
is regular down to ¢t = 0, in particular satisfying:

(39) u € L®0,T;WFQ)) n HY(0,T; H*1(Q))
NH3(0,T; L*(Q)) N W2(0,T; H(Q)),
(40) p € L*=(0,T;H*Q)), f e H*0,T;L*(Q)).

We also introduce the following discrete norms:

Ivllleox = masx {1v"]lx.
Nt 1/m
IVl = (263 I8 1)
n=0
NT +1/2 1/m
Ivipalllme = (A8 (v 272)m)
n=0

For compactness, we denote

1
il Wil up
2

To begin the analysis we rewrite Algorithm 2.1 as: find wj™', u}™' € V" such
that for all v;, € V"

(WZ‘Irl —up,vy) + Atbs(v?/ZJr%,\?vZJr%,vh)
(41) 20t (D), D(vy)) = ALEE vy),
n+1 _ n+1
(uh w 7Vh)
At

n+1 n+1
w, T+,
2

n+1 n+1
w, T+,

)D[I — Py] 5

(42) +(VT( D[ — PH]vh) ~0.

Let u satisfy the weak formulation in the form (27). Then, at t""2 we have

(43) ("t —u", vy) + 2At1/(]D)(u"+%), D(vp)) + Atbs(u""’%,umr%,vh)
H(pA"E),V - vy) = ALETE, vi,) + AR vy,),
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for all v;, € V where R(u"*! v},) represents the consistency and interpolation
error, i.e.

n+l _ .n
R vy) = (S — ) v ) + (£ — £ v)
(44) by (W2 U2 vy) = by (u(tT2), u(t ), vy

+2V(D(u"+%) — D(u(t"t?)), D(vh)>.
We split the errors into the following parts:
(45)u"tt —witt = (u"T = Lutth) + (Lutt - w2 AT et
(46) u™tt — uZH = (u"™ - pu"t™h + (Lu"t - uZH) L AT 4 eZ“,
where Iu"t! € X" will be an interpolation of u"*! in X".

Theorem 3.1 Let u,p and f satisfy the regularity assumptions (39)-(40). Let
uy, wp be given by Algorithm 2.1. Then, for At sufficiently small, i.e.,

Q
cant(1+ S gurrty) <1,
v
we have
N-1 n+1 n
1 1 w +uy |2
Sl =[P+ Sl = wi P eat Y HD(u(tH%) RIS ‘

n=0

< C(T)E(A by H,v,6) + CH 2 [ul|[2, 1y + Coh[[ug ol
for all 1 < N < Np, where C(T) is a constant depending on T' and
E(At,hHv,6) = Co™H (PP [[ul|[§ g + 2251 Vaa o 150)
FCRF 2|13 1 + Cr 2R [l gy + CrR[ulll3 1
+C(Co8) B R [[[ull]} 10 + CAOE Y (V][ + 11V 2]l15,0)
+CV AL [[Vuu (5)][5.0 + COE | [ugeaell13, 0
+CVAL||| Vg (s)lI%,0 + CAL[[£ (5] 0-
Proof. First by subtracting (41) from (43) gives

(@t —wp ™) + (uf = w), v ) + Ath, (w5, u v

+2Atu(D( (u? WZHZ) +(u” - uZ)),]D)(Vh)> — Atby (VVZJF% , VNVZJF% , Vh)
(47) = At(p(t"t2) — qu, V - vi) + AR vy).
Choosing vy, = a;;“;-e;‘ derives
L e = et ?) + 2880 |
EZH +ep

1
a’,fr +e’,;)>

_ _(A"+1 — AT ) - 2Atu(1D>(A"+%),D(

2 2
n+1 n 1 el n+1 n
—Atb, (un+%,un+%7 &+ eh) + Atb, (v~vZ+2,v~Vh+2 , Zh 2+ eh)
n+1 n n+1 n
1 € +e n € +e
(48) +ot(p(t" ) = g, - %’1) ARG, S ),
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We want to bound the terms on the right-hand side of (48). Consider first the con-
1 n+l, n

vection term in (48). Adding and subtracting the term by (\TVZJr2 unts, %)

taking (25) into account, then the trilinear terms can be rewritten as follows:

)

n+1 n+1

n nt+i Ep +ez -ty -ty €h +ez
b (wrH 2 ) = bW 2 )
S 2 ) ) 2
(s A w6 e
’ 2 ’ 2
n+1 n n 1 n+1 n
b (An+% s Eht +eh)+b( i +eh utd Eh +€h)
S ) ) 2 2 ) 2
n+1 n
nti 1€ +e
+0s( Wy, 5
By using (26), Young’s and Korn’s inequalities, we have
n+1 n
bs(AnJr%,unJr%, Eh 2+ iy
+
SCHA"*% o oD
+eh ’n,+l n+l ’n,+l 2
(49) < 2l S| 1 et vans o,
and
n 1 n+1 n
b * + e} gt ah+ +eh)
2 U ’ 2
n+1 n n+1 n 3
€ +e +e 2
<ollf—_T% HD (Sh_T%h
< 5 5 )
v EZHJF% ntd 14 (|| ont12
(50) = fm] v (e k],
as well as
n+1 Eh +€Z - g n+ +eh
ACHEN bk ) <c|ve At | pt 72 )|
+ - nti 1
(51) = 7% H _HvW;zHQWAHéH?.

The remaining terms in (48) are estimated by Cauchy—Schwarz, Young’s and Minkows-
ki’s inequalities as follows:

n+1 n n+1 n ~n+l n
il n En tepy AT — A" T tep
(vt ) = (T )
< gHAnJrl_An +At} €Z+1+eh
gntt n+1
+ ey
52 = / / Audt) dx+At’7h
(52) At S T
At n+1+
< 0 /(At/ |At|2dt)dx+At’76h
L At .
< 1[0 IAdPar SRR P,
tn
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and
2Atu(D(A"+%)v <¥>)
- < D s cvaroar?
and
At (pth) = ¢, V- ¥>
SAth(t"*% —%||HV'EZ+1+€Z
. VAtH +eh H %}!p(t"+%>—Qh||2'

For the last term in (48), we present its estimate in the following lemma.
Lemma 3.2 There holds

+1
AtR(u"*l, M)

2
At v\t entl pen 12
< S (eI + DleplP) + 22 o |

CAt°

- (||Vu"+%||4+||Vu<t"+%>||4+ max ||V (1))
tnStStn+1

VAt
+CA  max ||ug(t)|]* + max  ||Vu(t)|?
tn<t<gn+l tn<t<gn+l
(55) +C A iy EAGIE

Proof. We estimate every term in the definition (44) of R(:,-) as follows. Since

At?
< =
— 48 t"<r{51<t"+1 ([ (B

utl — yn 1
56 Hi _w (it
(56) A w (t"72)

then by using the Young’s and Cauchy-Schwarz inequalities, we have

n+l _ ..n n+1 n
(11 u _ut(thr%)’Eh +eh)
At 2
1 124 n|2 4 2
< ZIEEHIE + el + 08 max [l
Similarly, since
(57) |[Vu™tsz — Vu(¢"t: )||<A—t2 max ||Vug ()|
8 tnStStn+1 ’
then
n+1
2 (D) - D)), B %))
n+1 4
v +ep 2 vAt 2
SgHD( 2 )’ g e [[Vua @)
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Moreover,
n+1 n
+e
£(in+3) — gnts Ch h)
(k) — s, S

e R+ ||eZ||2+CAt4 max £ (0],

(58) tn<t<

- 4
For the trilinear form, we add and subtract the term

n+1 n
bs (u(t"*%),u’”%, %) first, then by using (26), Young’s and Minkowski’s
inequalities gives

n+1 n n+1 n
bs (u”+%,u”+%, Sh TS 2+ eh) — by (u(t"+%), u(tnti), Sh T 2+ eh)

n+1 n
1 1 1€ +e
——bs(u" 2 —u(t"T2),u" 2,-h T h h)

2
n+1
b () uE (), 2 2+ eh)
1 1 €n+1+en 1 1
< vt - )| [ | (v + [vue )
n+1
+en?
o )|
sl
CAt 2 +1 11 2
¢ nt3 NES )
o max [V ()] ([un |+ [Vugr )|
|
- 8 2
CAt4 4 n+14 n+iy4
(59) = (, max [Vua()] 4 w4 [ Tu( ).
Combining the estimates (57)-(59) together gives the Lemma. O

Next, by combining Lemma 3.2 with (48)-(53) gives
entl pen 12
S (U1 = gl + an|[p ()|

< st(14 STuG ) (112 + e 1?)

—|—C’At1/||VAn+%‘ —||V~n+2|| ||VA”+2H +CA  max |Jug(t)]]?

tr<t<¢ntl
gl

el ear et g [ s Tl
tn

OAt na 1 n 4 4
(||v 5|4 || Vu(es) | +tn;1§i§zHHVutt(t)||)
5
(60) +”At max [|[Vug(t)|* + CA  max ||f.(6)]|".

2 gn<g<gntl tn<t<gn+l
To estimate e}, we formulate the relationship between €} and e} in the next step.

Since uZ‘H and WZH are connected through the variational multiscale equation,

ntl, n+1 il ntl
we take v, = % in (42). Note that wy™ +ult! = [u"t! — %,
with I,u"t! = u"*! — A"+, For notational simplicity, we denote
n+1 +en+1

a=[I— Pyllyu™?, g=[I - Pyh .
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By using monotonicity (31) and Lipschitz continuity (32) as well as Young’s in-
equality with exponents 3 and 3/2 , we get

s (e 1P = 115 111) = (€20 (Bla — B)] Do~ 5), B(S))

- —(C.0) (|ID>(ﬁ |F —a) - |D(—a)\FD(—a),1D>(ﬁ))
7ot o 20
< —0(CHP||D(s Hp (8 [D@) 3 DB 5
c,
< —C(COP|D(B)[ + (2 ) 75 + C(Co)|D()][
(05
< ID(8) |75 + C(Ce0)* | D) -
This means
C 5 n+1_|_en+1 3
I e et - U T T A A1
Nel(eX)) AtHD (I — Py|lyu™+) i

On the other hand, note § = a—f—(a—273). By repeated application of monotonic-
ity (31) and Lipschitz continuity (32), as well as Young’s inequality with exponents
3 and 3/2 and Minkowski’s inequality gives

5 (eI = ll6117) = (€20 (Do — )] Dl — 5),D(5))
= (€. (|D(a = B)] D — B), D(a — B))
~(C.6)* (IP(a = B)] ;D(e = B), D - 28))

> C(Co0)?[D(a = A5 — C(C:0)?|[Dla = B)|7 | Dlar = 26)]
> C(C48)?|D(a = B)|| 2, — C(Cs8)?|D(ar = B)|| 3, — C(Cs8)?||D(cr — 28) [

> ~C(C87 (@) s +2[B)]1)°
> ~C(C.b2[D(a)][3. — C(Co0)* (B[

Here we use (a + b)3 < 4(a® 4+ b3),a > 0,b > 0. The above inequality implies

62)  [ler TP <|leptH P+ ALC(Cy8)?||D(I — Pyllnu™Y)|[3,
n+1 +67}z+1 3

+ AC(C,0) H]D)I P]ehf)

L3’
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Substitute (61)-(62) into (60) and assume |e}|| = 0,i.e.,u® € X". We obtain

n+1 + ez,

S (e 17— 11eg 1) + Ao

n+1 + enJrl 3

+20LC(C,0)? | DT — Pu) )|

L3

< (14 ZIvaEHI) (eI + ll]P) + CoadvarH P

+AEC(CL0)% (1+ @HVu(t’”‘%)H‘l) ID( — Pr)(u™+ — A" )3,

n+1 n+1
+At20(055)2(1+c( )||v (t+a)| )HD (I = PH]%)‘;
CAt n
FALC(COP DT = Pal(u™ = A1) [, + =2y P vartd |
gt

C’A 1
E2 amd v + 1 "Atllzdwgup@"*%—thf

CAt
(Va3 + [vaE )|+ max [ Vua)])

tn <t<gntl

v/A\t°
+

2 tn<t<tn+1

(63) +CAL® max ||Juw(t)]*

tn Stgtn+1

HVutt )H2+0At5 max Hftt(t)H2

tn Stgtn+1

We assume that At is small enough such that At(l + U%||Vu(t"+%)||4) < 1. We

can "absorb” the terms stemming from the VMS method on the right-hand side
into the last term on the left-hand side. Summing (63) fromn =0ton =N —1
and using Minkowski’s inequality results in

n+1 + en+1

N- n+1
1
NI+ ot Y (HDL LGy oo - P 2T

3
)

<At(1+—||Vu (t" ) )ZHeZHH +CuAtZHVA"+ [

N-—-1
+ALC(Ce6)2 Y {IPUT = Palu|[7, + DT - PalA™ |7, }

n=0
1= Ali2d c ntl 2 CA5N71 £ 2
;Z/ 8P+ o) — anl* + CAP Y max 6]

A e ~ T35 n+= CAt n n n
— Z [V [ an ) + Z [ATE 2 [ VA2 vurt = |

n=0

CAtd
= (||Vu”+%||4+||Vu<t”+%>||4+ max |V (1))
tn<g<gnt1
n=0 - -
5N71 N N-1 ,
FOAP Y max ()] + = Z)tngggﬂnvutt(t)n.
= =
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The terms on the right-hand side of the above inequality can be further simplified
as follows,

N-1 N—-1
. 5
CvAt Y VA 2| < Cvit Y [ulfy, < Cvb®|||u]|[3 -
n=0 n=0

By using the boundedness of l/AtZ ||]D)~"+2 ||?(Proposition 2.3) and Korn’s
inequality, we have

AL ntd At s n
COUS [va 5P Iwarrt < C20 3wt (oAt + [vanP)
n=0 n=0
= N-1
< COUNT [ PR R )
< Ol

Next, by using Young’s inequality, we have

CALR= | it - -
ATz vartz][[vurE|
n=0
CLt N n+1 n+1 n n
<= Z (llA IV A+ A [[[[VA™]
+||A”||||VA"“||+||A”+1||||VA”II)||Vu"+%||2
B N—-1
< Ov ' RN (AE Y (e + R+ [0 [ )|V 2 |[2)
n=0
- N-1
< Gy 1Rkt ( AtZIu"Ik+1+AtZ [t
n=0 n=0

< Cv W (][ g + 11V 2]ll3 ),

as well as
tn+1 tn+1
; Z / el Pae < G Z / P e < OHH el
and
N—-1
CAt ~ -
Z p(t"+2) = qul[> < CAt™ Y W2 [p(e™t2) 2 < o B2 |||p||3 4
n=0

We use an inverse type inequality which relates LP(Q)?—norms of the gradients
of finite element functions to be L2(£2)%—mnorms of the gradients: there exists a
constant C' = C(p) such that for 2 < p < co,d € {2, 3},

(64) ||vvh||LP SCh%(%Tp)”VVh”
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See, e.g., [35] for a proof. Combining with the property of projection Pru (13), we
get

N—-1
AC(C0)2 Y |DIT - PrlA™[],
n=0
N-1
< O(Co)*Dth™ 5 Y ||l — Ppu] VA"
n=0
N-1
< C(CO)2HY R EAL Y [u
n=0
< C(CL02HY A% [[[ul[[3 144,
and
N—-1 3 ~
AC(C0)* Y DT = Pylu™ |7, < C(Co0)*H¥ B2 || ful|[} 14
n=0

Combining all above estimates, we derive

1 1 1
( HD‘SZJF +eh n+ +en+

Sl + Ay )[BT = P )

3
)

< At(1+ ~lIvu@ ) Z et

+Cv ™ (B[l + h2k+1|||vu1/2|||i0) +Cv R I[plI13 5
+CRF 2w [[3 g1 + Crv 2R ([l 40 + CvRM[Iul]]3 414
+C(CL0)2H B2 ||[u]|3 1y + CAt v ([[[Vulllf o + [Vl )
+CVTAL|[Vugl[|% 0 + CAE | [aw |2 o

(65) +CvAL|[[Vuge][[Z o + CAL| ||l 120

-1
Hence, with At sufficiently small, i.e., At < (1 + %||Vu(t"+%)||4> , from the
Gronwall’s inequality, we have

n+1 + en+1

€n+1+e
L1+ 2y ( [ 1 co2pi - Pt

3
)

< C(T){C’fl(hzkﬂ|||u|||4,k+1 + B[V o[[10) + Cv R [[p][13 4
+FCR 2w [[3 g1 + Crv 2R ([JullZ 4pn + CvR*M[[[ull]3 14
+C(COPH R 2 [[[u]||3 11 + CALY T ([|[Vull[1o + [V lll )
+Cv AL ||| Vugl||d, o + CAL a2 0

(66)  +CvAL||[Vuglll3 o+ éAt5|||ftt|||go,O}7

where C(T' ) is a constant which depends on 7. The estimate given in Theorem
3.1 for [[u’ —ulY||? then follows from the Minkowski’s inequality and (66). The
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estimate for ||ju — wy,||? follows from (62), and Minkowski’s inequality,

lu™ — w2 = [[AY + el |2 < 20|AN[]P + 2]y |
< 2||AN|2 + 2/|eN |2 + 2AtC(C8)? | D([I — PalInu™)|[3
N N |3
+2AMC(CL6 DT - PH]W)] y
< RN+ CAHC0)2h s HY N}
€N+eN 3
(67) +2||ef |2 + AC(CL0) DI = P )|
and
n+1 n
HD(H(Wr%) _ W ‘2
2
1 102 12 gptt +ep 2
< C{HD(u"Jrf —u(t"2)||T + VAR 4+ HD(%)’ }
CAtt 2 ok ntl(2 52-"—1 +ep )2
08)  =—; pn Sngints [V (s)||” + CR* [um*2 ]+ OHD(f) ‘
Finally, combining (67)-(68) with (66) yields the result of the theorem. O

For the case of Taylor-Hood approximating elements, i.e., k = [ = 2, we have
the following estimate.

Corollary 3.3 Under the assumptions of Theorem 3.1, with At = Ch,d =
Ch,h = H?,d = 2 and X" x Q" given by the Taylor-Hood approximation elements,
the there exist a constant C'(T") which depends on T such that

1 2 9 N—-1 ol Wn+1+un 2
5[0 = a7+ [Ju® = wiT] +Aw; H]D)(u(t +3) %)‘
(69) < O(T)(A + hY).

4. A variant with reduced complexity

Since the Step 2 in Algorithm 2.1 is nonlinear which costs more in simulation
process. To reduce this cost we present a variant on Algorithm 2.1 which is closely
related and requires the solution of a linear system instead.

Step 2 of Algorithm 2.1 presents two computational difficulties. One difficulty
is the nonlinearity of the eddy viscosity. The second is the coupling of fine mesh
elements and coarse mesh elements which is caused by the projection, especially in
the factor (I — Pru)D(v). The first and obvious modification is lagging vr(-) to
reduce the complexity to solving a linear equation per time step. We replace the
M) %) The second modification

eddy viscosity coefficient v ( by vp(

is to replace vr () element by element by:
w4+ up 1 wi +up
A(V M):_/y Wi T g
€ T( 2 ) |e| . T( 2 )

where |e| represents the area of e. The definition of e depends on the choice of L.
Definition 4.1 If L is a lower order finite element space on the same mesh, then
e = e, represents the element of the single mesh. If L is defined by the same finite
element space on a coarse mesh with mesh width H > h, then e = ey represents
the element of the coarse mesh.

Obviously, now the new eddy viscosity coefficient is piecewise constant, so it can
be commuted with the operator [I — Ppu]D, see Remark 1.4 in Section 1.2. Thanks
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to the orthogonality of projection Pru, we can simplify Step 2 in Algorithm 2.1 as
follow:

Wp T U _ +1
( At ’Vh) = Vo)
n+1 +un+1

L)1 - P TR p(v)).

+ (Ae (vr( 5

Note in particular that D(v},) replaces [I — Ppu|D(vp). This change simplifies the
computational work of Step 2 substantially. Rearranging terms we can rewrite last
equation as follows: given wj™ ! solve for (uZ“, /\Z“) e XM x Q"

(A (B E)) (1 - Prap(ug*), D))

o (phva) + 2057 Vv
(70) = 2wt v — (A () 1 P D (e, D)),

(71) (V-uptt q,) = 0.

Next, we present this variant on the method.
Algorithm 4.1
Step 1: Given (u?,p}) € X" x Q", compute w"+1 e X ppt 1 e Q" satisfying

ntl_ n Wil yn
(Wthlhv Vh) + bs 2+Uh , 2+uh 7vh)
n+1 n n+=
(72) +2V(ID)(W’If+u’I),D(vh)) _ (pth;,V'Vh) = (fn+%,vh),

(v : WZ+1th) = 07

for all (vp,qn) € Xh >< Q.
Step 2: Given wy, 1 € X", solve the following system to obtain (u Z'H, /\Z'H):

ntl | nitl
(wh, Atuh Vh) _ ()‘ZJrl’ V- Vh)
n n n+1 n+1
+((Co2 A (rr (M) [1 = P D D(v,)),
(v : U.Z-i_l, Qh) = 07

for all (vy,qn) € X" x Q".

Now, we prove a strong energy equality and associated strong, unconditional
stability of this variant.

Theorem 4.2 Let Cs > 0,9 > 0. The approximate velocity u"+1 given by the
Algorithm 4.1 satisfies the energy equality

N—1 n+1 n+1 2
(73) _||uh ||2+At2(055)2148(1/ (Wh +uh H I PLH]D(+)H
n=0
N-1 n+1 n N-1 n+1 n
wy a2 1 g2 nti W W
s280 3 of[p( o | = Fu P+ a3 (g T,

n=0 n=0
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and the stability bound

N—-1 n+1 n+1

2
(74) %IIuhNIIQJrAtZ(CSéFAe(u (M N1z = PrapE— )|
n=0
N-—1 n41 "
Wh +uh 2 1 0 2 A n 1
#063 r|pEE) | < 5l 4—Z||f+ [
n=0

Proof. From the orthogonality of the projection P;x, we can rewrite the first equa-
tion in (73) as

(u Vh) = (V- vy)
At 9 h 9

n+1 + un+1
2

n n
wy +u,

+((Ce0? A (o (220 [ = PraD(Y ), [T = PalD(vy)).

n+1 n+1
Setting vy, = +uh and using the divergence-free property for both W"Jrl and
uZ“ then we have
W = g
2/t 2At th
n+1 2
HC A (o (M) |1 — Py (|
Setting v, = A in (72) and using the divergence-free property for both wj ™!

and uj, then frorn the Cauchy-Schwarz and Young’s inequalities, we get

1

2! 3

n+1 n
‘2: (fn+% Wi +uh)
5 .

Wit |2 = [fug[2) + 20D e

)

Combining the above two equations gives

1 n wp +up witt paptt 2
e (P — 1) + (o) A () [ 1 — Py (M|
n+1 n+1 n

e

Summing establishes the energy equality. Using the Cauchy-Schwarz inequality and
Young’s inequality on the right-hand side, subsuming one term into the left-hand
side gives

Ln n Wy, + u; witl gttt 2
SN = (R I?) + AHC0) A (o (AU ) 17 — Py (i)
n+1
Aty el
+AtVH]D) 2+ uh ‘ < . Z ||f +§||§{71‘
Summing over the index n, the global stability estimate follows. O

5. Numerical results

In all experiments, the algorithms are implemented by using public domain
finite element software Freefem++ [26].
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5.1. Convergence study. Let  be the unit square in R2. The uniform mesh is
obtained by dividing 2 into squares and then drawing a diagonal in each square in
the same direction. The Taylor-Hood element are chosen for the velocity-pressure
finite element space X" x @Q", the large scale space LY is using the piecewise

constant space on the same grid.
Then, choose the true solution (u = (u1,usz), p) as follows:
—cos(mx)sin(my)exp(—2n°t/ Re),
uy = sin(rx)cos(my)exp(—27*t/ Re),
p = —0.25(cos(2nx) + cos(2my))exp(—4r*t/Re),

U1 =

which is the Green-Taylor vortex. It was used as a numerical test in Chorin [9], Tafti
[48] and John and Layton [33] among many others. Nonhomogeneous boundary

conditions are imposed based on the given exact solution.
First, we compare the uncoupled VMS method in Algorithm 2.1 and Algorithm

4.1 with the classical, monolithic VMS method. We choose Cs = 0.1, § = h. In
Table 1, we display the errors of the classical VMS method for u, and pjp, while

Table 2 and 3 give the results of both Algorithm 2.1 and Algorithm 4.1 for wy,, uy

and pp. Here we denote the errors tabulated by
€w =U—Wj, €, =U—Uyp, € =D — Pp.

TABLE 1. Errors of convergence using classical VMS, Re=1000

% ||eu||L2(O,T;L2) ||eu||L2(07T;H1) ||ep||L2(O,T;L2)
e 0.0113960 0.6584710 0.00542664
s 0.0009871 0.1329400 0.00095956
s 6.42669¢-5 0.019094 0.00022907

TABLE 2. Errors of convergence using Algorithm 2.1 of uncoupled

VMS, Re=1000
2 lewllL20.r:22) lleallL2.r:22) lewllezo.rmn llewll2ommn llepll2o.rc2)
0%15 0.0114657 0.0114564 0.663174 0.662166 0.0054379
00505009905 0.0009904  0.133443 0.133411 __ 0.0009597
0% 6 1330405 64336205 0.019117 0019116 0.0002291
TABLE 3. Errors of convergence using Algorithm 4.1 of uncoupled
VMS, Re=1000
2 lewllL20.r:22) lleallrzo.r:e2) llewllrzo.rm llewllr2ommy lepll2o.rc2
0%15 0.01147343 0.0114676 0.6637040 0.663071 0.0054390
v.05 0.00099064 0.0009905 0.1333457 0.133438 0.0009598
6.43386¢e-5 0.0191171 0.019117 0.0002291

6.43402e-5

From these tables, we notice that all three algorithms obtain similar accuracy.
This indicates that the uncoupled VMS method is almost comparably accurate to

the one-step, classical VMS method.
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5.2. Flow around a cylinder. The second example is the 'flow around a cylinder’
benchmark problem from Shafer and Turek [47] and John [28]. The domain with
meshes is presented in Figure 1.

AV, T4V
KA

PO <K i
KPR v. 0 TaVAVAYY, SANTaY ,v‘ KPR OFRRROE
P T Far PARALS NAVAY TATAVAY SACSARES RO OO0 NSNSSOORNSOD T
' % 'A 'J'AV‘VM" N i
PAARKEIP
Tatariviv

RNSRA SRR
SR

’ 3 Mae. !
ATATAT AN VA SN PAYZAVAN AT NI
SRR ¥ AT
N NN RN BVA'—'F\‘

N
SERNANNS EISNA

FIGURE 1. The triangulation of the computational domain for un-
coupled VMS method.

The time-dependent inflow and outflow profiles are

T y(0.41 - y),

—— sin( 5

0,y,t 2.2,y,t
ul( 'Y, ) ul( 'Y, ) 0. 412
u2(0,y,t) = u2(2.2,y,t) = 0.

No-slip conditions are prescribed at the other boundaries. Computations are per-

formed for the Reynolds number corresponding to » = 1073, and the external force

f = 0. A mesh with 7510 triangles is used, and Cs = 0.1, h = %nin {diam(T)}.
ETh

The development of the flows by both uncoupled VMS algorithms are depicted
in Figure 2, 3, respectively. From these figures, we notice that from ¢t = 2 to t = 4,
along with the flow increasing, two vortices start to develop behind the cylinder.
Then, the vortices separate from the cylinder between t = 4 and t = 5, and a vortex
street develops, and they continue to be visible through the final time ¢ = 8, which
agrees with the results of [10, 47, 28].

TABLE 4. Results maximal drag ¢4 maez, maximal lift ¢ e, and
Ap(8s) for different time step size by Algorithm 2.1

At t(cd,mam) Cd,mazx t(cl,ma;ﬂ) Cl.max AP(SS)
0.025 3.95 2.92769 5.775 0.436106 -0.0941906
0.01 3.94 2.93828 5.72 0.460058 -0.106839
0.005 3.93 2.94126 5.715 0.463752 -0.10902
0.0025 3.94 2.94222 5.7125 0.464803 -0.110134

TABLE 5. Results maximal drag cqmaz, maximal lift ¢; 4, and
Ap(8s) for different time step size by Algorithm 4.1

At t(cd,maac) Cd,max t(cl,max) Clmax AP(SS)
0.025 3.95 2.93908 5.775 0.436462 -0.0941091
0.01 3.94 2.94295 5.72 0.460243 -0.106833
0.005 3.93 2.94366 5.715 0.463825 -0.109021
0.0025 3.94 2.94352 5.7125 0.464835 -0.110135
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F1GURE 2. The streamline at ¢t = 2, 4, 5, 6, 7, 8 by Algorithm
2.1 of uncoupled VMS method with At = 0.0025.

The evolutions of ¢4, maz, €, maz and Ap with At = 0.0025 for Algorithm 2.1 and
4.1 are presented in Figure 4 and 5, respectively. The values for the maximal drag
Cd,maz, Maximal lift ¢; 4, and Ap(8s) (here Ap(t) = p(¢;0.15,0.2) — p(£;0.25,0.2))
with different time step size At for Algorithm 2.1 and Algorithm 4.1 are presented
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F1GURE 3. The streamline at ¢t = 2, 4, 5, 6, 7, 8 by Algorithm
4.1 of uncoupled VMS method with At = 0.0025.

in Table 4 and 5, respectively. The following reference intervals are given in [47],

ref €2.93,2.97], ¢ €1]0.47,0.49], Ap(8s)"*/ € [~0.115,—0.105].

cd,maz G ,max

The computation results in both tables show that when the time step size de-
creases, all coefficients computed by Algorithm 2.1 and 4.1 approach the reference
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FIGURE 4. The evolutions of ¢4 maz, Ci,maez and Ap by Algorithm
2.1 of uncoupled VMS method with At = 0.0025.
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FIGURE 5. The evolutions of ¢4 maz, Ci,maez and Ap by Algorithm
4.1 of uncoupled VMS method with At = 0.0025.
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results. Surprisingly, for this test, Algorithm 4.1 is a little more accurate than
Algorithm 2.1.

6. Conclusions

In this paper, we have analyzed two modular, uncoupled variational multiscale
methods focusing on analysis specifically on the case of nonlinear eddy viscosity
for the Navier-Stokes equations. We separated the VMS treatment as a separate
step, which means one can utilize legacy codes to deal with the NSE in Step 1 or
adapt a laminar code to a VMS model by adding Step 2. We proved stability and
performed an error analysis of the method. Numerical tests were given that confirm
and illustrate the theoretical results as well.
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