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ERROR ESTIMATES OF THE CRANK-NICOLSON SCHEME
FOR SOLVING BACKWARD STOCHASTIC DIFFERENTIAL
EQUATIONS

WEIDONG ZHAO, YANG LI AND LILI JU

Abstract. In this paper, we study error estimates of a special 6-scheme — the Crank-Nicolson
scheme proposed in [25] for solving the backward stochastic differential equation with a general
generator, —dy: = f(t,yt, z¢)dt — z¢dWyi. We rigorously prove that under some reasonable regu-
larity conditions on ¢ and f, this scheme is second-order accurate for solving both y; and z; when
the errors are measured in the LP (p > 1) norm.
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1. Introduction

Let (92, F,P) be a probability space, T > 0 a finite time, F = (F)o<i<r 2
filtration satisfying the usual conditions. Let (92, F,F, P) be a complete, filtered
probability space on which a standard d-dimensional Brownian motion W; is defined
and Fy contains all the P-null sets of 7. Let L? = L%(0,T) be the set of all
Fi-adapted and mean-square-integrable vector/matrix processes. We consider the
backward stochastic differential equation (BSDE)

(11) —dyt = f(t,yt,Zt)dt—thWt, Vt S [O,T),
with the terminal condition
yr =¢,
where the generator f = f(t,y, 2¢) is a vector function valued in R™ and is Fi-

adapted for each (y, 2), and the terminal variable ¢ € L? is Fr measurable. Rewrit-
ing the BSDE (1.1) in the integral form gives us

T T
(1.2) ytzf—i-/ f(s,ys,zs)ds—/ zsdWs, Yt e€0,T).
t t

We note that the second integral term on the right-hand side of (1.2) is an It6-type
integral. A process (y;,2¢): [0,T] x Q — R™ x R™*? is called an L2-solution of
the BSDE (1.2) if, in the probability space (Q, F,P), it is {F;}-adapted, square
integrable, and satisfies the integral equation (1.2) [16].

In 1990, Pardoux and Peng first proved in [16] the existence and uniqueness
of the solution of general nonlinear BSDEs (i.e, f is nonlinear), and later in [17],
obtained some relations between BSDEs and stochastic partial differential equations
(SPDEs). Since then, the theory of BSDEs has been extensively studied by many
researchers and BSDEs have found applications in many fields, such as finance, risk
measure, stochastic control, and etc.. Peng obtained the relation between BSDEs
and parabolic PDEs in [19], and then the generalized stochastic maximum principle
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and the dynamic programming principle for stochastic control problems based on
BSDEs in [18, 21]. The nonlinear g—expectation via a particular nonlinear BSDE
was introduced in [20], and in [7] it was found that a dynamic coherent risk measure
can be represented by a properly defined g-expectation. Thus, it is very important
and useful to study solutions of BSDEs.

In this paper, we consider the case of & = ¢(Wr), and assume that the BSDE
(1.2) has a unique solution (y, z;). It was shown in [19] that the solution (y:, 2;) of
(1.2) can be represented as

(13) Yt = u(t, Wt), 2y = Vmu(t, Wt), VYt € [0, T),

where u(t, z) is the solution of the following parabolic partial differential equation
d
ou 1 0%u
1.4 — + = — t,u, Vou) =0,

with the terminal condition w(T,z) = ¢(z), and V,u is the gradient of u with
respect to the spacial variable . The smoothness of u clearly depends on ¢ and f.

It is well-known that it is often difficult to obtain analytic solutions of BSDEs,
so that computing their approximate solutions becomes highly desired. Based on
the relation between the BSDEs and the corresponding parabolic PDEs, some nu-
merical algorithms were proposed to solve BSDEs [3, 11, 12, 13, 14, 15, 19, 24|, and
furthermore, a four step algorithm was proposed in [10] to solve a class of more
general equations called forward-backward stochastic differential equations (FBS-
DEs). In [25], a family of #-schemes were proposed for solving general BSDEs. In
particular, a special case of the §-scheme — the Crank-Nicolson (C-N) scheme was
numerically demonstrated to be second-order accurate. This accuracy result was
theoretically proven in [22, 26] for the simplified case that the generator function f
is independent of z; in (1.2), however, the proof for the cases of general generators
remains open till now. A family of multi-step schemes were recently developed in
[27] based on the Lagrange interpolation and the Gauss-Hermite quadratures. Ac-
curacies of these multi-step schemes were numerically shown to be of high order for
solving the BSDE (1.2), but again the result was only theoretically confirmed for
BSDEs with a generator f independent of z;. There are also some other numerical
methods for solving BSDEs (or FBSDESs), which were proposed based on directly
discretizing BSDEs or FBSDES, see [1, 2, 4, 5, 8, 9, 21, 23, 24] and references cited
therein.

The aim of this paper is to study error estimates of the special  scheme — the
Crank-Nicolson scheme for solving the general BSDE (1.2) with terminal condition
¢ = o(Wr). For the purpose of simple representations, let us first introduce the
following notations:

o | X|lLr (p > 1): the LP-norm for X € LP defined by E[|X|p]%.

o Cé’k’k: the set of continuously differential functions 1 : [0,7] x R% x R™*d —
R with uniformly bounded partial derivatives 8%%/1 and 8’;1652w for Iy <[ and
k1 + ke < k.

° C’Zl)’k: the set of functions v : (t,z) € [0,T] x RY — R with uniformly bounded
partial derivatives 8% 4 for I; <1 and ky < k.

) Cf: the set of functions v : z € R? — R with uniformly bounded partial
derivatives 8§1¢ for k1 < k.

o FL®(t < s <T): the o-field generated by the Brownian motion {x+ W, — Wy, t <
r < s} starting from the time-space point (¢, ). Let F©® = Fu".

e E[X]: the mathematical expectation of the random variable X.
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e EL?[X]: the conditional mathematical expectation of the random variable X
under the o-field Fi%(t < s < T), that is EL*[X] = E[X|FL*]. Let Ef[X] =

E[X|F/7).
e 0,9: the matrix valued function 9,1 = (9,0 mxa (1 <i < m,1 < j < d) for
vector function ¢ = (1, ™) 7.

e (: a generic positive constant, and may be different from line to line.

The rest of the paper is organized as follows. In Section 2, we briefly review
the #-scheme proposed in [25] for solving the BSDE (1.2) and its special case —
the Crank-Nicolson scheme. Then we rigorously derive error estimates of the C-N
scheme in Section 3. Under some reasonable regularity conditions on ¢ and f, we
prove that the C-N scheme is second-order accurate when the errors are measured
in the LP-norm (p > 1). Some concluding remarks are finally given in Section 4.

2. Review of the #-Scheme and the Crank-Nicolson Scheme

In this section, we give a brief review of the #-scheme proposed in [25]. For the
time interval [0, T], let us introduce the following partition

O=to<---<ty=T

with At,, = tp41—tn, n=0,1,--- , N—1. Denote by (¢,,2") the time-space points,
where 2"t =" + W, - W, forn=0,1,--- N —1.

n+1

2.1. Reference equations and the 6-Scheme. Let (y, 2z:) be the solution of
the BSDE (1.2). Then, for 0 <n < N — 1, it is easy to obtain

tn+1 tn+1
(21) Yt,, = Yty + / f(Su Ys, Zs) ds — / Zs dWs
t t

n n

Taking the conditional mathematical expectation Ef: [[] on both sides of (2.1), we
get

n tnt1 n
(2.2) v, = B2 [y ] + / E2" [f(s, s, 22)] ds.
t

n

The integrand Ef [f(s,ys,zs)] on the right-hand side of (2.2) is a deterministic
smooth function of time s. We can use the the following rule to approximate the
integral in (2.2):

tni1 n
EY S, s, 25)| ds =
g J E UG

elAtnf(tna ytnuztn) + (1 - el)AtnEtw: [f(tn-i-lv ytn+17ztn+1)] + RZ’

where 67 € [0,1] and

tn+1 n n
Ry = / {EE [f(5,ys, 26)]=(1=00)EL [f (tnt1s Ytnsrs 2tnin) =01 (tns Y2, 20,) } ds.
t

n

Inserting (2.3) into (2.2) leads to the first reference equation

Ytn, = Ef: [ytn+1] + elAtnf(tnv Yt s Ztn)
+ (1 - Gl)AtnEf: [f(tn-i-l y Ytnt1o Ztn+1)] + RZ
Let Ay Wy = Wy =W, for t, < s < tnpy1. Then Ay Wy is a standard Brownian

motion with mean zero and variance s — ¢,,. Multiplying (2.1) by A, W, 0 and

(2.4)
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then taking the conditional mathematical expectation Ef: [] on both sides of the

derived equation, we obtain by the Itd isometry formula
(2.5)

" tn+1 n tn+1 n
CE AW = / EE" [£(5, o, 2) Ay, W] ds — / E:" 2] ds.

Following similar derivation of the equation (2.4) and using the fact Ay W, = 0,
we can obtain the second reference equation as

- ]Ef:: [ytn+1 Atn WtI+1] = (1 - HQ)AtW]Ef:: [f(t’ﬂ"rl? ytn+1 ? Ztn+1 )Atn WtI+1]

(2.6) .
- {(1 - 93)AtnEfn [Ztn+1] + 93Atnztn} + R:’Zl7

where

tnit .
RZ :/ Efn [f(saysu ZS)Atn WtI+1]dS
t

n

— (1= 02) AL EY " [f(tnsts Yoo pas Ztnss) Dt w1

tn+1 n n
- / {Efn [zs]ds — (1 — 93)Efn (2t,1] — 032, } ds.
¢

n

Define AW,y = Wy, ., =W, form = N —1,---,1,0. Clearly AW, 11 =
Ay, Wy, ... Based on the two reference equations (2.4) and (2.6), the following so-
called f-scheme was proposed for solving BSDEs in [25]: forn = N—-1,N—2,--- ,0,

y* = B[y 4 01 AL, f (b, y", 2"
(2.7) +(1 = 0)ALEL [f(tngr,y" T 2" )]
—Ef AW, ] = (1= 02) ALED [f(tagr,y™ T 2 THAW, ]
(2.8) —{(1 = 03) At By 2" + 034,27}

where (yn, z,,) is an approximation (y;, z;) at time ¢,,. This is a semi-discretization,
for further fully discretization in the space and efficient calculation of Ef [], see
[25, 26, 27] for details.

2.2. The Crank-Nicolson scheme. Notice that at time ¢ty = T we only have
the information y;,, = £ = ¢(Wr) and 2, is out of our knowledge. Thus in order to
proceed the 8-scheme we need an initialization process by choosing ¢; = 6, = 03 =1
in (2.7) and (2.8) at n = N — 1 such that we can solve y¥ 1 and 2V ~=1 from YV

(2.9) yNol = Efj::[yN]+AfN—1f(fN—1,yN_172N_1)a
(210)  Aty_2NT = B pNAWR]

1
In the following steps, by setting 6, = 6, = 03 = 50 we obtain a special case of

the -scheme — the Crank-Nicolson scheme for solving general BSDEs:

Given y which is an approximation to y;, .
(i) Solve (yV—1,2N=1) according to (2.9) and (2.10);
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(i) Forn=N—-2,N —3,---,0, solve (y", 2") by

y" = Ef:[y"“H%Atnf(tmy"ﬂ")
(2.11) +%Atn]Ef:[f(tn+1,y"“,zn“)]a
FALET = B TAW ) - G ALE [
(2.12) —i—%Atn]Ef: [f(tnsr,y™ 2" THAW, .

Remark 1. We note that the C-N scheme defined by (2.11) and (2.12) is explicit
in solving z™. Then the Lipchitz condition of f leads to that the C-N scheme has
a unique solution (y™, z™) for small time partition step At.

Note that the truncation errors of (2.11) and (2.12) in the step (ii) are one-order
smaller (in time step size) than that of (2.9) and (2.10) in the initialization step (i),
thus in order to obtain optimal error estimates of the C-N scheme, we also assume

Assumption 1. At, = At for 0 <n < N —2 and Aty_; = (At)? where At >0
is some positive real number.

In the rest of the paper, we will always assume Assumption 1 holds.

Remark 2. Various experiments presented in [25] showed that the above C-N
scheme is numerically second-order accurate. In order to obtain some theoretical
results on convergence of the C-N scheme, the authors in [22, 26] confined the
discussions to the BSDEs in a simplified form

T T
(2.13) yr = p(Wr) —I—/t f(s,ys)ds —/t zsdWs, t€ (0,7,

i.e., the generator f is independent of z;. It was rigorously proven based on a
variation method that the C-N scheme is second-order accurate for this simplified
case.

3. Error estimates of the Crank-Nicolson Scheme

Without loss of generality, we only consider the case of one-dimensional BSDEs
(i.e., m = d = 1). However we remark that all error estimates obtained in the
sequel also hold for multidimensional BSDEs.

3.1. Some important lemmas. Define Af: Wy = a4+ W—W,y, fort; < s < ti.
Let us first introduce the following lemma.

Lemma 3.1. If H € 03,57 then when At is sufficiently small it holds that for
1<i<N-2,

(3.1) v

i ti+a ; H(t;,x%) + H(tip1, AT W,

Efi,ll [AWZ-/ {H(taﬁ;ﬁ W) — (ti, x") (tiv1, AF Wy
ti

2

1) } dt” < c(Aan?,

where C > 0 is a generic constant depending only on upper bounds of derivatives

of H.



ERROR ESTIMATES OF THE C-N SCHEME FOR SOLVING BSDES 881

Proof. Since AW, is F;,-measurable, we have the identity

(3.2) | i
tl 1 [AW /:H {H(t, Af:Wt) - Hiti2) + H(;H’ ALY } dt}
= Ef::ll [AWlEf: [/tiﬂ {H(t, Af: Wt) _ H(ti’ Il) + H(;i+17 Af:WtHl) } dt” '

K

By It6’s formula, we have

(3.3)

t
‘ ) i 1 ‘
H(t,A7 W) = H(t;,z") —|—/ (Ht(s, AY W) + §H11(8, AY Ws)) ds
ti
t v
+/ H,(s, A7 W) dW.
123

Notice that

i 1 i
Hj(s, AT W) + §Hm(s, A W)

1
= H(ti, z;) + §wa(tiu x;)
(3.4) 1
4

+ / (Htt (T, Af: Wr) + Hiza (T, Atw: W) + < Hpgoo (T, Atw: WT)) ar
ti

8 i 1 i
+/ (Hm(T, Afi WT)-i- §H111(T, Atmi W-,-)) dW...
ti

By (3.3) and (3.4) we easily get

EZ [ H(t, AT W) dt}
ti
— H(t, 2" At + lHt(lti,gci)(m) Hm(tz, ) (AD)?2
(3.5)

tit1 ;
+ / / / Htt T A W ) + thz(Ta Afl W-,—)]
t; ti Jt;

+ 41@96 [H o (7, AT W )])drdsdt

% ti+l i
Ei [/t H(ti-i-lv AZ Wti+1 ) dt]
= H(t;, 2") At + Hy(t;, 2")(A)? + %Hm(ti,:vi)(At)2

tit1 tita1 i
/ / / E Hyg(r, AF W] + EE [Huga (7, AF W)
t; t; ti



882 W. ZHAO, Y. LI AND L. JU

Then by (3.5) and (3.6) we deduce

i tit1 ; H ti; 3 +H t; ,Az_iW_
E, [/ (H(f, AT W) — (") (2+1 t t1+1)) dt}
ti
tit1 t s ; .
[ sy
ti t; Jt;
i N 1 ;
(37) _HE; [Htmc (T’ Afw WT) + Zszzz (7-7 Afl Wq-)]) deSdt

——/WI/M/ ES [Hy(r, AT W,)]

+Ef [Htmc(T Az W:) + 4Hmm(7' Az )]> drdsdt.

According to the Taylor expansion it holds

Htt(Ta AZ%W‘J = Htt(Ta Il) + Httac (Ta ! + al(WT - th))(WT - Wtz)
(38) = Hy (Ta Iiil) + Httm(Tv "Eiil + O‘Q(Wti - Wti—l))(Wti - Wti—l)
+ Hypoo (7, z'+ ar(Wr =Wy, ) (Wr = Wy,),

where ay and ag are some positive numbers in [0, 1]. Then from the fact
Ef,, [AWHy(r,2'™ )] = Hy(r 2L [AWi] =0
we can get
(3.9) |Ef [AW Hy (T, Aw Wl < CAt.
By using similar analysis and the facts

Ef | [AWiHpo (1,27 = 0, Ef | [AW;Hypuo(r,271)] = 0,

we also can obtain the following estimates:
B

—1
(3.10) o
|]Em 1

[AW; Hyg (7, AT W,)]| < CA
(AW Hya (7, AT W,)]| < CA,

Combination of (3.7), (3.9) and (3.10) gives us the inequality (3.1). The proof is
completed. O

Lemma 3.2. If H € Cg’ﬁ, then when At is sufficiently small it holds that for
0<i<N-3,
(3.11)
i . i+1
AL [/t e ar iy - H e ¥ Hltio, AL sz)}dt”
tit1

tit1 tit1 2

ip [l ; H(t;,x') + H(tip1, AT Wy,
~Ef [/t {H(t,Afth)— (i, 2') (2+1 t WVtiy )}dtH < C(AD,

where C > 0 is a generic constant depending only on upper bounds of derivatives
of the function H.
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Proof. Similar to (3.7), we can obtain the following two inequalities:

i tit i Hti,xi — H(t; 7A11W1 1
EZ[/ ((A””Wt) () (QH - H))dt}

/ml// = Hy (7, AF W)

i i 1
+E} [Hyza (1, A7 Wr) + 4Hmm(T AW, )]) drdsdt

tit1 tit1
— —/ / / Htt 7' A W )]
ti t;

i 1 ;
B, [Hyao (1, AL W) + 7 Hiwa (7, A, WT)]> drdsdt,

and

Fita i, AL W)+ H i, A WA
E11+1 |:/t < (t Af+1 ) ( aa L +1) ( 2 bipr 770 +2)> dt:|
i+1

2
i+2
/ / / t1+1 Htt(T At it+1 WT)]
tit1 tit1 t1+1

1 :E
[Htm(T A WT) 4Hmm(T At o T)]) drdsdt

t+1

+E

tiy1

tiv2 ptiqe
1" JIJ
- _/ / / t i1 Htt(T At i1 T)]
z+1 'L+1 z+1

1
—|—Et o [Htm(T At o "W, )+ 1 Hyppo (T, Afﬂ 7-)]> drdsdt.

Since 2t = ' + Wy, ,, — W4, we have

T i+1
Az+l —.’II+ +W Wtz+1
=ua' +Wti+1 _Wti + W _Wti+1
=2+ W, — W,
= AT'W

Then for ¢t; < 7 < t;49, by the Taylor expansion we have

Hy (7, AF W)

= Hy(ti,x") + Hyy(t 4 o (7 — t3), 2" + ar(Wy — Wi,)) (T — t)
+ Hyo(ti + a1 (7 — t;), ) (W, — Wy,)
+ Hygo(ti + on (7 — t), 2" + aa(Wr = W,))oa (W — Wy, )2,

(3.12)

Hipo (1, AF W)

= Hipo(ti, ") + Hypau(t; + a3(t — t;), 2" + ag(Wy — W) (T — t;)
t+ Higoo(ti + as(t — t;),2°) (W, — Wy,)
+ Higoo (ti + as(1 — 1), 2" + aa(Wr — Wi,))as (W, — Wy, )?,

(3.13)
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Hmmww(Tu A;tE: WT)
= wamm(tuxl) + Htmmww(t + 045(7' - t) :Ei + a5(WT - th))(T - tz)

(3.14)

+ Hugooo(ti + a5 (1 — t3), 2" ) (Wr — Wy,)

+ memmmm(tz + CY5(T - i)ax + aﬁ(WT - Wti))a5(WT - Wti)27
where a;(i = 1,2,---,6) are some positive numbers in [0, 1].

thice that Httz(ti—Fal(T—ti),{Ei), Htxxx(ti—FO[g(T—ti),{Ei), szzzz(ti—FO%(T—
t;),x") are all F;,-measurable, thus we have

Ef [Hu (ts + n (7 — 1), 2°) (W = Wi,)] =
Ef: [Hizza (ti + as(m — t3), xz)(Wr - W) =0,

Etx; [szzzz(tz + 055(7- - ti)a Il)(WT - th)] =0.

Now under the conditions of the lemma and by the equations (3.12), (3.13) and
(3.14), we deduce

tite PR H(tiv1, AT Wiy, ) + H(tio, AT Wi, )
[/ {H(t, AW }dt”

Etxz |:]Ei+1 2

tit1

i tit ; H tz‘, i H t; ,Az_i .
— E? H(t, AT W;) — (ti, ') + H(tir, AF, Wiy o)
ti ; ti 5

tir1 t S ) ) 1 )
< ’ / / / <Htt(tl-, ') + Hyge(ti, ") + ZHmm(ti, a:l)) drdsdt
ti t; Jit;
1 tit1 tit1 s ) 1
1 / / / (Htt(ti,xl) + Hygo(ti,2%) + = Hyago (ti, 2 )) drdsdt
t; t; ti 4
tit2 1
/ / / (Htt(tzu z ) + Htmm(tzu z ) + _Hmmmm(tu z )) drdsdt
tit1 tit1 Jtit1 4

tit2 tit2
/ / / (Htt tl,.’II + Htmw(tzux ) memw(tux )) deSdt}
tiv1 Jtigr Jtip

dt} ‘

+C(At)?
== (l - 1 - l + _)(At)g (Htt(tiu :El) + Htmm(tiaxi) + lewmm(tzu :El)> + C(At)4
6 4 6 4 4
< C(An?,

where C'is a constant which depends only on upper bound of the derivatives of the
function H. O

Upper bounds of R and R} defined in (2.4) and (2.6) are presented in the
following.

Lemma 3.3. Let (y:, 2:) be the solution of (1.2), and let Ry and R be the trunca-
tion errors defined in (2.4) and (2.6) for the §-scheme. Suppose At is sufficiently
small.

1,2,2

(1) If the terminal function ¢ € CZ and the generator function f € Cy,'™%, then

it holds that for 0 <n < N —1
(3.15) |Ry| < C(Aty)?, |RZ| < C(Aty)*.
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(2) In particular, for the Crank-Nicolson scheme (0; = 1/2, i = 1,2,3), if
peCPand f € 05’4’4, then it holds that for 0 <n < N —1

n 3 n 3
(3.16) IR < C(AL,)3,  |RT| < C(At,)?.

Note here C' > 0 is a positive constant depending only on T, the upper bounds of
the derivatives of the functions @ and f.

Under the conditions of f and ¢ in Lemma 3.3, using the Taylor expansion
and the properties of the Brownian motion Wy, it is easy to prove Lemma 3.3, see
[22, 26] for details.

Lemma 3.4. Let (y, z) be the solution of (1.2), and R}, and R, be the truncation
errors defined in (2.4) and (2.6) for the Crank- Nzcolson scheme (0; = 1/2, i =
2,3), i.e.,
; tit i 1 . 1
(317) Ri= [ B (] - 5B ] - g,

(3.18)
; tit1 i 1 o 1
Ry = /t {Eti [f(sa Ys, ZS)] - §Eti [f(ti+17yti+17zti+l)] - §f(tia Yt Ztl)} dS,
for0<i<N-—1. Ifo € C} and f(t,y,z) € 02’6’6, then when At is sufficiently
small it holds that for 0 <i < N — 3,

(3.19) EZ [RAT AW, 11]| < C(A1?Y,
and
(3.20) |RL — Ef R < (A,

where C' is a positive constant depending only on T, the upper bounds of derivatives
of functions ¢ and f .

Proof. Under the conditions of the lemma, the solution (y:, z;) of the BSDE (1.2)
can be represented as

(3.21) ye = u(t,Ws), 2z = Vaul(t, Wy), Vtel0,T),

where u(t, z) satisfies the parabolic PDE (1.3).

Let H(t,W;) = 2z, then H(t, W;) = Vu(t, Wy) according to (1.3). By the theory
of partial differential equations [6], it is easy to check that the functions H satisfy
the conditions in Lemma 3.1, thus we can easily get the estimates (3.19) using
Lemma 3.1.

Similarly, by letting H (¢, Wi) = f(t, yi, 2¢) = f(t, u(t, W), Vyu(t, Wy)) and using
Lemma 3.2, we can get (3.20). The proof is completed. O

3.2. Error estimates. Let (y,z:) be the solution of the BSDE (1.2) with the
terminal condition yr = o(Wr), and (y™, 2™) be its approximate solution produced
by using the Crank-Nicolson scheme. For 0 <n < N, let

n

en =Yt, — yn7 en = Zt, — 277,7 ef = f(tnaytnuztn) - f(tnaynu Zn)
By the equations (2.4), (2.6), (2.9) and (2.10), we get that for n = N — 1,

(3.22) N =Er[eN] + Aty_re¥ TP+ RY L
and
(3.23) Aty_ieN "V =EF " [eNAWN] + RY L
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Then using (2.4), (2.6), (2.11) and (2.12), we have that for 0 <n < N — 2,

n " n 1 "1 n 1 n n
(3.24) ey = Ef, ey "]+ S AtE, [ef+] + 5 Atne} + Ry,

and
(3.25)

1 1 n n 1 n
SAtnel = —C At E] (2T + Ef [ep T AW, 4] + FAtEL, [} AW, 1] + R

We also note that Aty 1 = (At)? and At,, = At for 0 < n < N — 2 according
to Assumption 1.

Lemma 3.5. Suppose that ¢ € C3, f € 02’6’6, and the initial error satisfies
mel
(3.26) Efy_ yew — 9™ 7] < C(Atn—1)?

for some constant C > 0. Then when At is sufficiently small, it holds that for
N-3<n<N-1,

(3.27) len| < C(AL?,  er] < C(AL)?,

where C > 0 is a generic constant depending only on T, upper bounds of derivatives
of ¢ and f.

Proof. According to Lemma 3.3, we know that
(3.28) IR < C(Atn—1)?, IRN=1| < C(Atn )%

Let L be the Lipschitz constant of f with respect to y and z. Recall that Aty_1 =
(At)2. By the inequality (3.28) and Holder’s inequality, we deduce

1 _
e < (1= e AW+ |RYY)

AtN_l tN-1
1 N-1 1 N-1 1 |RN_1|
< Ef o PIPEL, [ AWN]Z + 22
(3.29) — Aty N1 Hey NE tN—1 I NIz + Atn_1

1
Aty_1
< CAty_1 = C(At)?,

<

CY2( Aty 1) (Aty_1)Y?2 + CAty_4

and

szl

e M < EE el + LAty (e ™ + e 1) + 1R |
<Ef, [le) 27 + LAty el 7! + LC(Aty1)? + C(Aty1)?
< CV2(Dty 1) + LAty el | + (L + 1)C(Aty 1)

S LAtN_1|€év71| + C(AtN—l)3/2'

tN—1
N1

Then we get

_ C(Aty_1)>/?
N—-1 <
(3.30) |ey | < T Lain .

Recall that At, = At for 0 < n < N — 2. By Lemma 3.3, we have that for
0<n<N-2,

< C(Aty_1)% = C(AL).

(3.31) RN < C(AL?,  |R2| < C(A®.
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Now we estimate ey and el for n = N —2, N — 3. From the equation (3.25), the
inequalities (3.29), (3.30) and (3.31), we deduce by the Hélder inequality that

| i 2| <]EtN 2“ z |]+EEtN 2[| N 1|2] tN 2[|AWN 1| ]
tN 2[| | ]1 tN 2[|AWN 1| ]2+ t|Riv_2|
(3.32) < C(A1)? +2C(At)*/?
+2LES, N TR 4 [N UREEE,[[AWN_1 2]} + 20(AL)?
< C(At)? + 2LC(A)/?
< C(At)?,
and
1 _ _
e =2 <Ef. [lel M) + AﬂEtN e e}~ 1I]+—Atlef,«V |4+ R) 2

< C(AL)? + AtEtN 2[| N7 4+ e

+ At]E ley 2+ el 73] + C(At)?

tN— 2[

< LC(At)? + 5At|e§f—2| + O (At)?
L _

< 5At|af)’ 2+ C(At)?,

which implies

3
(3.33) ey 72| g% < C(At).
Similarly we can obtain the estimates
(3.34) N3 < C(At)?, ey 3| < C(AL)*.
Thus the proof is completed. (I

Lemma 3.6. Suppose that p € C3, f € 02’6’6. Then when At is sufficiently small,
it holds that for 0 <n < N — 3, if |e2* < At and |e T[> < At, then
(3.35)
ley|* + leZ |
1 _.n
< (1 Onn) (SIEE eI + B lleg ™) + [EF 2P + B 1t ™))
+CAt(ey [* +[eZ )

L oIRP | B RGT AW, ) 4 R B R
At (At) ,

where C > 0 is a generic constant depending only on T', upper bounds of derivatives

of ¢ and f.
Proof. For stochastic processes X and Y, let us define

Var™(X) = Ef (| X"] - [Ef, [X]]?,  Cov™(X,Y) =Ef [XY] - Ej [X]E] [Y],
for0<n<N —1.
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By the equations (3.24) and (3.25), for 0 < n < N — 3, it holds that

n ™ n 2 ™[, n
€, = Etn [ez+2] - EEtn [ey+2AWn+2]
n 2 n
— Efn [6?+2AWH+2] + EE;E” [€Z+2AWn+1]
+ B [ P AW, 1] + B [T AW, 1] + B [ef T AW, 4]
2 n R» —E2"[R?H)

3.36 il n+1 z tn 1772
(3.36) + AtEt" Ryt AW, 1] 42 o

" n 2 " n 2 " n

=Ey [elt?] - EE“‘ [ T2 AW, p0] + EE% [y T2 AW, 14]

+EY [} TP AW, ] — B [ P2 AW, o]

n 2 _ . R» —E#"[RIH]
x n+1 x n+1 z tn z
+2E§, [ef AW,iq] + A EY [Ry T AW, 1] + Q—At

From the definition of the conditional mathematical expectation Ef: [-], we have
(3.37)
Efn [ytwrgAWn—i-l]
- Ef: [ultnie, 2" + Wi, 1, = Wi, ) AWn 4]
"+ Wy —We,,

= Ef: [Etn+1 o [u(tn+27 "+ th+2 - th+1 + th+1 - th )]AWnJrl]
n "+ W 7th n
= AﬂEfn [Etn+1 e [ku(tn-l-?a T+ th+2 - th+1 + th+1 - th)]]
= AE} [V, 12,
and
(3.38)
o 1 e n V2
Etn [ytn+2 (th+2 - th )] = \/M e u(tn+2a T+ 1))’0 eXp(—m) dv
AL o V2
= Vaou(tnio, 2" +v) exp(———) dv
x| Vet o)
= 2AﬂEfn [Vytn+2]
Thus we get
Ef: [ytn+2AWn+2] = Etz: [ytn+2 (th+2 - th + th - th+1)]
(339) = Ef: [ytn+2 (th+2 - th )] - Ef: [ytn+2 (th+1 - th)]

= 2AtEf: [Vytwrz] - AtEf: [Vytwrz]
= AtEf: [Vytn+2]'

Using (3.37) and (3.39), we obtain the identity

(340) Ef: [ytn+2AWﬂ+1] = Ef: [ytn+2 AWn+2]'

If the Brownian motion starts from the time-space point (¢,,z™), then y"** is a
function of a" + W, ,, — Ws,, that is, y"** is a function of 2" + Wy, ,, — Wy, .
Then similar to the way to obtain (3.40), it holds

(3.41) Ef [y P2 AW, 1] = ] [y" TP AW, o).

for the approximate solution of the C-N scheme. Thus (3.40) and (3.41) give us the
following identity

(3.42) Ef [en T2 AW, 1] = Ef [l T2 AW, 40

n+k
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Similarly we can get
(3.43) B [ef PP AW, 1] = B[] AW,.44].

Combining the equations (3.36), (3.42) and (3.43) we obtain
(3.44)

n "1 n z"r_n 2 ™ 1PN R? - Ez: [R;hLl]
n = B[] + 2B [ AW, 1] + B (R AW, 4] 4 27—t e
Using the Taylor expansion it is easy to obtain that fori =N -1, N —2,--- 0,
(3.45) € = f(tisye,, 20) — f(ti, ', 2") = Eley + '€l
where
(346) fl = fy(tivyti - ﬂie;a 2ty — ﬂiei)a
(3.47) V' = foltisye, — Blel, 2, — Blel)

with some ¢ € [0,1]. Then by (3.44) and (3.45) we deduce
r = B[+ + 2B (€ e 4 ) AW, ]
(3.48) L ZEL(RyT AW RY BRI
At At

From the facts that
Ef, [fy(tn bt 20) AWaia] = fy(tn, Y1, 22, ), [AWny1] =0,
Ef, [f(tn Yt 26,) AWaia] = fo(tn, Y1, 20, B, [AWnga] =0
and the definition of Cov™ (), we have
B [ ey AW ]
= B [y MEL (€7 AW ] + Cov™ (e €T AW, )

(349) ™ 7yL+1 ™ n+1
= Etn [ey Etn [(§ - fy(tnv ytn’ztn))AWn+1]
+ Cov"(ezﬂ, ETLAW, 1),
and

n

B, el T AW, 4]
(3.50) =By (2B (V" = faltns Y 21)) AW 1]
+ Cov™ (e A" T AW, 4 1).
By (3.46), (3.47) and using the Taylor expansion again, we obtain
Y — fyltn, yr,, 21,

= fU (tn"l'l’ ytn+1 ’ Ztn+1) - fy (tn? ytn ’ Ztn)

(3.51) gt Yo — QL 2y L — anTlem ) gt entd
— fyz(tn1s Yty — a3+163+1= Ztptr T agﬂefﬂ)ﬁ?ﬂegﬂa
and
Y = fotns Yt 22,
(3.52) = Lo(tnt1s Ytusns Ztaia) = Fo(tns Yt 22,)
— Foylbngts Yoy — 0L 2 — antlentl)grtlentt

n+1 _n+1 n+1 _n+1 n+1 _n—+1
- fzz (tn—i-la Yty — Oy ey ) Rtngr — Ay €y )ﬁQ € ’
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where o't € [0,1] (i = 1,2,3,4) and A" € [0,1] (i = 1,2). Using the equations
(3.51) and (3.52), the Holder inequality, and the assumption that |e?+1]2 < At and
leptt* < At, we obtain
(3.53)

[EF, (€7 = fy(tn, Ye,s 26,)) AW ]|

= B} [(fy (bnt 1, Yntts 2ay) = Fy(bns Yt 2,)) AW 4]
—EY [fyy(tnst, Yo,y — o8 el ™ 2 — ol el B el T LA, 4
— B} [fue(tnsn, g — a3 eyt z, = ap el )BT el T AW, 4|
B [(fytntts Utnsns Ztusa) = Fyltn Yt 22) IR EE [(AWsn)?] 2
+ CE, [ley ™ PIES [|AWn 11 )% + CEZ[le "“F]% o 1AW,
< CAt+ CVALEY [[en ™25 + CVALE] [|ent! )2
< CAt.
Similarly we can get
(3.54) |Ef:[(7n+l = fo(tn, Yt 26, ) ) AW 1] | < CAL.
Using the Cauchy-Schwarz inequality it gives us that
(Cov™ (€11, €71 AW, )|
(3.55) < {Var™ (et Var™ (€ AW, 1)} 2
< B[ AW’ 2 {Var' (e )} < CVAHVar ()2,
and
(3.56) |Cov™ (€2, A" AW, 11)| < CVAHVar™ (el )} 2.
By the inequalities (3.49), (3.50), (3.53), (3.54), (3.55) and (3.56) we easily obtain

557) B (6 en T AW, ]| < CAEES [|en (] + CVAHVar™(erth)}3,
' B2 [y el AW, 1)) < CAES (|2 ] + OVAHVar™ (el 1)) 2.
It follows from (3.48) and (3.57) that

2] < |EE [e2 2] + CAEY, [ley ™| + el ]

(3.58) + CVAH(Var™(eyt))? + (Var" (™)) 2}
N 2ES (R AW,14]| L 2R - Ef" [RHY|
At At

Then by the inequality 2ab < nAta® + —— (for any n > 0) and taking square on

At
both sides of the inequality (3.58), we obtam

n z" 7 n 1 ™| n n
22 (1 0[BT + O+ ) (AP ey + e )
(3.59) + AtVar™(e "+1) + AtVar™(en )
|Em [Ry T AW, 4] |? + |RY — Ef [R2T)]?
(At)? ’
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for some generic constant C > 0. By choosing n = 2C in the inequality (3.59) it
yields that
(3.60)

€2 < (1+ CA[E], [ 2]

1 ™ n n n(/.n n(in
+5(1+CAn) (At]E [len | + | +1|2]—|—Var (ert!) + Var (e;l))

1 |Etn [Rn+1AWn+1]|2 +|RY — [R?H]P
+ 5(1 + CAt) TOE :

By (3.24) we know
(3.61)  |en| <|[EY [ent!]| + = At (|e”| + le2| + EF [lentt] + |e’;+1|]) +|Ry|.

Taking square of the 1nequahty (3.61) yields

len|* < (14 CAL)EY [ept]|* + CALEY [|ep™[* + |er ™)
(3.62) ClR
+ CAt(ley|* + [e2]?) + |At|

From (3.60) and (3.62), we easily deduce
(3.63)
ey + lez]?

< 1+ Cnn) (B ey ™2 + B [P + gVar () + gVar(er))

+ CAEY [lep ™ + |e2 %] + OAt(|e;;|2 + [e??)

+ O|RZ|2 I C|Ef: [RZ+1AWn+1]|2 +|R? — Ef: [R?Jrl”Q
At (At)? :

Notice that

n 1 n
(3.64) [EE, [ey 17 + Va?“"( v = IE ey TP+ B lley P,

(3.65) Var*(e2t) <Ef [ler ],

then we immediate obtain the result (3.35) by putting (3.64) and (3.65) into (3.63).
The proof is completed. O

The following lemma gives us a very useful recursive relation on the growing
speed of the errors.

Lemma 3.7. Suppose that p € C3, f € 05’6’6. Then when At is sufficiently small,
it holds that for 0 < n < N—5, if |ek|> < At and |ek|* < At for k = n+1,n+2,n+3,
then

x’!l n 1 zn n 1 m’!l n 1 m’!l n
B2 (e 2 + SEE [en 2] + SIS (e )12 + 5B (et )
T n 1 ™[ n
(3.66) < (1+ CAn) (B IS )2 + SEL lex
1 n+3 1 z" "2 n+3(2 5
et + S B, e 1) + C(an?,

+ 2 tn [| tn+2 [ Yy 2 tn+2 [| Yy

where C > 0 is a generic constant depending only on T', upper bounds of derivatives

of p and f.
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Proof. Replacing n by n+ 1 in the inequality (3.60) gives us
(3.67)

E7 [le2 ') < (1+ CAOE] [T [ert¥)?)

+ IR A (g2 + o)
+ 1+ oAt +§AtEf: [Var”“(eZ”) + Var™™(en+?)]
L BRI Ry 2 AW, ol + [RE — Ef L [R))
(&1 |
then we have
B T2 + S e P + SIEE e + SR (e )
< 1+ 080 (1B 1P + 5B 82 e 1P+ B8 TP
(3.68) +%Ef: llen+ 2] + ZE;: [Var™(em+2) + Varm+! (eg+z)])
+ T OB AR et + e+
| BRI R AW, ]2 + |RE — L [RI)P]

(At)?

By (3.24) and Jensen’s inequality, we deduce
(3.69)

™[ n z" ntle n " E* ntlo n n
EF (lept'?] < B (B, lep™?)1°] + CAEY) (7 [lept™[* + e2 ()]
n n+1
" N T Rn+1
v oAy e + e + o e I
< Efn[|€n+2|2] + CAth"[|en+2|2 + |e"+2|2]
E? IRy )

AﬂEz n+1)2 n+1(2
+ OAEE, e[ + e 17 4 O L

which implies

EY [ley™ 1Pl < (1 + CAOE] [ley[’]

(370) N OEz" RnJrl 2
+ o et 4 fer+2p) ¢ I T

By (3.24) we easily get

B [y TP < (1+ CADEY [ey ) + CALE] [|ley 2] + |et 2]
[ n+1]|2

|Ef
™ n+1 2 n+1(2 n
+ CAtEY [leg ™ |* + |eZ ™ 7] + 07& :

(3.71)
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Combining the inequalities (3.70) and (3.71), we then obtain
(3.72)

1 " on 1 z" ), n 1 z" n n

S P + S e+ L Var (e )]

1 n+1 n 1 ™ n
< (1+ om0 (B2 B e 2P + B2 [y 2P

tnt1
EP [|Ry ]
At

ANCAY

+ OAtEY [|en 2 + et P22 + C

n tn41

11 iE n
- B ey — [

< (1+ CAOE] [|ep %] + CALEY [Jef T ? + [er ™22 + C—

At
Notice that

1
4Em [‘ra,rnJrl( n+2)]
(3.73) |Et [en+2]|2 i

B [e2 2] +

B [E

n+1
o len ) — BT (e

tnt1 [ z
<EP [let*?P?).
Using (3.68), (3.72) and (3.73) we then deduce

z" 7 n 1 ™ ,n 1 z" 7 n ™1 n
[, (€271 + SEL, ez 1P + S 1B, ey 17 + E ey

2 t
1
< 1+ 080 (B 2P + e 2P+ B2 (B2 T )P
3.74 n n
o1 L BRI (R AW, + R — By (R
(a0°

B[Ry
At '
Replacing n by n + 2 in (3.59) and (3.62) gives us

E7 [ley 2P < (1 + CAOE] [T [e

(375) CEm" Rn+2 2
o[+ el

+C

and

(3.76)
n 14+ CAt
BF [Jert2?) < (1+ CAOES B e )R]+ ——

1 + OAt " n n n n
+ TEt [Var™™(ep™?) + Var" (el *%)]

+ CEI [|Et +2[

n+2

RIVIAW, )2 + |R2H2 — B2 [R29]?]
(At)? '

Lemma 3.4 tells us that

(3.77) [ (R, AW ]| < C(ADY,  |RL - Ef [RET]| < O(An?*

for 0 <i < N — 1. Also notice that

1 n z" n n T n
B, [[E P eI+ E L [Var™ 2 (e 9)) < Etn [lez 2

893

Ez [an+1 |2]

ey OIP) + CAEY, [ley ™[ + le2

ALEY [ley ™27 + e3P
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and

n 1 " n n
o len P+ B, Var ey )]

1 Cl) n 1 x Cl) n
= SR ley P+ S (B Tley 2

Then by using (3.31), (3.74), (3.75), (3.76), Lemma 3.4 and above identities, we
have
(3.78)

B [e2 4217 +

E; [|E

1 z™ 7, n 1 "1 n ™| n
B, 12T + SIE, ey ™17 + ]E ey

< (1+ Ca(Ef B eyt + B2 (S [er )P

n+2[ z

1 z" n n n n 1 z" 2"t
+ 5L Var™2 (e t?) + Var™ (%) + SE7 [E7 ] [e2+)1))

+ CAtEm"[len-i-S'Q + |e;z+3|2]

™ ntl1 n n ! n
. BB IR AW, o)+ (R By (R
(At)?
z™ n+1|2 n+2 |2
L B IR + R
At
T nt2ron n 2”21 pn
N CEtn EE, ., [Ry PP AW, s)” + |RIY2 — Ef | [RI]]
(At)?
T n 1 ™ ,n
<+ CAt> (B2 1 fen )17 + B2 ez 2]

B IR ey + SEE [E e O P) + Cany®.

n+2[ Y 9 tn tnya

The proof is then completed. O

Now let us present the main result on convergence of the Crank-Nicolson scheme
for solving general BSDEs.

Theorem 3.8. Let (yi,2:) be the solution of the BSDE (1.2) with the terminal
condition yr = o(Wr), and (y™, z™) be its approximate solution produced by using
the Crank-Nicolson scheme. Suppose that p € CP, f € 02’6’6, and the initial error
satisfies
N2
Ef e — ™ < C(ALy )P

for some constant C > 0. Then we have the following L? error estimate: when At
is sufficiently small, it holds that for 0 <n < N —1,

T _ .2 _n|2 < 4
(379 max By, —y"P o+, — 27 < Cr (A0

where Cr.¢. 5 > 0 is a generic constant depending only on T, upper bounds of
derivatives of p and f.

Proof. Let us first choose constants C, > 0 and 1 > §, > 0 such that Lemmas
3.4-3.7 hold for this C, when the time step size At < 6,. Set Cs = Che“-T(3+T).
Then we define some constants in the below:

Cr.e. 5 =30 +2cf +4C?2,

1

6 = min{d., — 20 CT¢f}.
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In the following, we will show by induction that that for any k with0 < k < N—1,
it holds that

(3.80) leyl” + 1e£]* < Crg,p (A,
when the time step size At < §. We would like to point out that (3.80) also implies
(3.81) lek]? < A, le¥|? < At,

since Cr (A1) < Cr . 1(1/Cr.s.7)(AL)3 < (At)? < At.

First by Lemma 3.5, we know (3.80) clearly holds for k = N —1,N -2 N —3
since Cr,4,f > Cy and 6 < 4.

Now we assume that (3.80) holds for all n + 1 < k < N — 1. Note that it also
means (3.81) holds for all n +1 < k < N — 1. We will show that (3.80) also hold
for k = n under such assumption.

Using Lemma 3.7 we get

z" 1 n 1 z™ 1 n 1 "1 n 1 ™ n
[EY [e2*?)1” + B, [leZ* %] + S [Ez, ley +1]|2 + 5 ey

(1+C Af)(]E”” [IE; "*4]| ]+ EI [lez*?P?]

n+2[z

t+2[y t+2

n 1 "2 n
<1 +C*At) (B IES e z+6]| [+ B 12

n44 n
BRI + B E eP))
[C* + (14 CLAY)CL](AL)S.

2) ey PN + Cuany?

If N —n — 3 is even, by repeating the above process we get

z" 7 n 1 " ,n 1 z" 7 n z™ 7, n
[, (€271 + SEL, ez 1P + S 1B, ey 117 + E ey

N—-—n—-3

< (1+ C*At)

z

(B TG e 1P + SEE (e 2P

+ B IEE el 2P + SE B llel )
N ; 3
(3.83) 1> > (1+C.ALY
=1

< O IA (" ([N ] 4 L e 2]+ B [l 7))
+ CL(ADA (N — 3)At)eC-(V=3)AL/2

< 3C, ST (A + C.TeCT(At)?

= Cy (A%,
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Similarly, if N —n — 3 is odd, then we obtain

m’!l n 1 zn n 1 m’!l n 1 m’!l n
B €221 + B [lent 2] + 5 |5 [e HIP + SEL [l
n 1 n n
< eC- N2 (2" [N 22) 4 Sy e %) + B [l )
3.84
(3:84) + CL (A (N — 4)At/2)eC- (N =94t/
< 3C,e%T(At)* + C. T T(At)
= C,(At)™.
Now by the above results and Lemmas 3.6 and 3.3, we have
lep|? + lel]* < T-C.AL (§|Etn len™” + §Etn lep ™ °] + [EF [e22]
_Ew n+12 ) * Y
o e ) Y e A A
(3.85) C.  |Ef [RpH AW, )2 + | Ry — By (R
1—-C,At (At)3

< 3C,(AH)* + 202 (At)° 4 402 (At)®
< CT)d,)f(At)él.

Thus we prove (3.80) by induction.
For any integer [ with 0 <[ < n, taking the conditional mathematical expecta-
tion Ef[-] on both sides of (3.80), we immediately obtain

(3.86) ooy max Bl ley]® + [e2*] <Cr p(A1)",
forn=N —1,---,0. The proof is completed. (|

Theorem 3.9. Under the conditions of Theorem 3.8, we have the following LP
(p > 1) error estimate: when At is sufficiently small, it holds that for0 <n < N—1,

(3'87) 0<13711€2fo1 ]Ele Hytn - yn|p + |Ztn - Zn|p] < Op,T,aﬁ,f(At)zpa

where C, 1.4, > 0 is a generic constant depending only on p, T', upper bounds of
derivatives of p and f.

Proof. There are two cases to discuss.
Case I: p > 2. For any 0 < n < N — 1, taking the power of g on both sides of
the inequality (3.80) of Theorem 3.8 gives us

(3.88) leplP + [e2P < (lep]” + 12?7 < Cpmp, s (A1),
where Cp,T,qb,f = (OT@J')%. Thus we obtain
(3.89) oo max B {lep] + [eZ]7] <Cpirg s (A1),

Case II: 1 < p < 2. By the Jensen inequality and the inequality (3.86) of
Theorem 3.8 we have

EZ np2< EZ np2y _ EZ e [2] < (AL
o ax By [leg [P]P < o max Ky [ley 7] o ax By lleg]’] < Cr g r (A1),
which implies

(3.90) max  Ef[le|’] <(Crg,p)? (A1)

0<I<n<N-1
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Similarly we get

x] n|p L 2p
(3.91) o ax By {lez]’] <(Cro.p)® (AL
Combination of the inequalities (3.90) and (3.91) leads to
(3.92) ooy max By {lep ] + [e2]7] <Cprg p (A1),
where Cp,T,qb,f = Q(OT@J')%. (I

Remark 3. We would like to remark that Assumption 1 can be slightly relaxed
and Theorems 3.8 and 3.9 still hold. For example, one just need assume that
Aty_1 = O((At)?), At,, = O(At) for 0 < n < N—2, and |At, —At, 11| = O((At)?)
for 0 <n < N — 3. It basically means that the time steps must be asymptotically
uniform in local in order for the C-N scheme to obtain second-order accuracy in
solving BSDEs, but they could be non-uniform in global.

4. Conclusions

In this paper, we study error estimates of a special §-scheme — the Crank-Nicolson
scheme for solving backward stochastic differential equations. We rigorously prove
that under some reasonable regularity conditions on ¢ and f, this scheme is second-
order accurate for solving both y; and z; if the errors are measured in the L? (p > 1)
norm. A key idea in the proof is to use cancelation of local errors in neighbor time
steps. Some of future work includes application of the techniques developed in this
paper to error analysis of some other accurate schemes for solving BSDEs such as
the multi-step scheme proposed in [27] and design of high-order schemes for solving
FBSDEs.
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