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A NEW ENERGY-CONSERVED S-FDTD SCHEME FOR
MAXWELL’S EQUATIONS IN METAMATERIALS

WANSHAN LI, DONG LIANG, AND YANPING LIN

Abstract. In this paper, we develop a new energy-conserved S-FDTD scheme for the Maxwell’s
equations in metamaterials. We first derive out the new property of energy conservation of the
governing equations in metamaterials, and then propose the energy-conserved S-FDTD scheme
for solving the problems based on the staggered grids. We prove that the proposed scheme is
energy-conserved in the discrete form and unconditionally stable. Based on the energy method,
we further prove that the scheme for the Maxwell’s equations in metamaterials is first order in
time and second order in space. Numerical experiments are carried out to confirm the energy
conservation and the convergence rates of the scheme. Moreover, numerical examples are also
taken to show the propagation features of electromagnetic waves in the DNG metamaterials.

Key words. Maxwell’s equations, metamaterials, energy-conserved, splitting, FDTD, conver-
gence

1. Introduction

Metamaterials are defined as artificial engineered materials exhibiting unique or
unusual properties that cannot be found in natural materials at the frequencies of
interest. Metamaterials have been used in many applications, that allow going be-
yond some limitations encountered when using natural materials, such as microwave
and optical components, interconnects for wireless telecommunications, radar and
defense, nanolithography and medical imaging at sub-wavelength resolution, con-
struction of perfect lens and so on (see, [1, 27, 25, 26, 5, 9]).

Many kinds of metamaterials, such as double-negative (DNG) materials, neg-
ative index materials (NIM), left-handed materials (LHM) and back-ward (BW)
media, are constructed, developed and studied ([4, 6, 21, 31]). For examples, DNG
materials mean that the permittivity and permeability of the materials are both
negative at the frequencies of interest; the NIM materials refer to the fact that the
materials with simultaneously negative real parts of permittivity and permeability
exhibit a negative real part of the refraction index, leading to anomalous refraction
properties. In these kinds of metamaterials, the periodicity is much smaller than
the wavelength of the impinging electromagnetic wave. Hence they are useful and
customary continuous materials.

Some study of numerical simulations for Maxwell’s equations in metamaterials
have carried out (see, for example, [28]). Such simulations are exclusively based on
the finite-difference time-domain (FDTD) methods. Due to the constraint (i.e. the
CFL stability condition) of the FDTD methods, it leads to impractical computa-
tional costs and memory requirement in broadband applications in high dimensional
and large domains. Therefore, there is an urgent call for developing more efficien-
t and reliable numerical methods for metamaterial simulations. To overcome the
CFL restriction of the FDTD schemes for the standard Maxwell’s equations, some
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ADI-FDTD ([22, 29, 8, 12]), S-FDTD ([7]) and EC-S-FDTD ([2]) schemes were
developed for the standard Maxwell’s equations. But, there are few results of the
ADI-FDTD, S-FDTD schemes for solving the electromagnetic problems in meta-
materials. On the theoretical analysis aspect, for problems of metamatrials, some
work of finite element methods (FEM) and the discontinuous Galerkin methods
(DG) were analayzed ([10, 11, 13, 14, 15, 16, 17, 18, 19, 20]). However, there is
no theoretical analysis work of the FDTD, ADI-FDTD, S-FDTD schemes for the
Maxwell’s equations that metamaterials are involved.

In this paper, we develop the energy-conserved S-FDTD scheme for the Maxwell’s
equations in metamaterials by focussing on preserving physical property of ener-
gy conservation. We first derive out the new property of energy conservation of
the Maxwell’s equations in metamaterials. We then propose an energy-conserved
splitting FDTD scheme (EC-S-FDTD) for solving the problems that metamate-
rials are involved. We prove that the proposed EC-S-FDTD scheme satisfies the
energy-conserved identity in the discrete form and the scheme is unconditionally
stable. We further analyze the error estimates of the scheme and prove strictly that
the scheme is of first-order convergence in time step and second-order convergence
in spatial step. In numerical experiments, we show numerically the energy con-
servation property and the convergence rates of the EC-S-FDTD scheme and also
simulate numerically the physical phenomena of electromagnetic wave propagation
in the NDG metamaterials ([24, 30, 23]). Numerical results confirm our theoretical
results.

The paper is organized as follows. Section 2 introduces the Maxwell’s equations
in metamaterials and derives the new energy conservation identity of electromag-
netic fields in metamaterials. A new energy-conserved S-FDTD scheme is proposed
in Section 3. We prove the discrete energy conservation, the unconditional stability
of the proposed scheme in Section 4 and analyze the convergence of the scheme in
Section 5. Numerical experiments are presented in Section 6. Finally, conclusions
are addressed in Section 7.

2. Maxwell’s equations in metamaterials

We consider the Maxwell’s equations in the DNG metamaterials with the lossy
Drude model. The general Maxwell’s equations are

0B
() VHE="%

oD
@) Vo H =5

where E(x,t) and H(x,t) are the electric and magnetic fields, D(x,t) and B(x,t)
are the corresponding electric and magnetic flux densities. D and B are related to
E and H through the constitutive relations:

(3) D=¢E+P=cE, B=puH+M=pH,

where €g is the vacuum permittivity, uo is the vacuum permeability, and P and
M are the induced electric and magnetic polarizations, respectively. We use the
lossy Drude polarization and magnetization models [3, 32] to describe the DNG
metamaterials. In the frequency domain, the permittivity and permeability are
described as:
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where wp. and wp,, are the significant physical parameters representing the charac-
ter of plasma, i.e., electric and magnetic plasma resonance frequencies respectively,
w is the angular frequency of the incident wave, and I'. and T';,, are the electric and
magnetic damping frequencies, respectively.

The corresponding time-domain equations for the polarization P and the mag-
netization M are:

°P ) )
(5) W + Peﬁ = EowpeE,
oM o, M e H
o2 ™  HOWpmL

Let the induced electric and magnetic currents be

opP oM

— K=—.

o’ ot

Thus, the Maxwell’s equations modeling the electromagnetic fields in the DNG
metamaterial medium described as:

(6) J=

(7) 60%—]?:V><H—J,
(3) po =V < B-K,
(9) % +T.J= eowf)eE,
(10) i)_}: + K = pows, H.

Assume that the boundary of 2 is perfectly conducting, i.e.,
(11) nxE=0, or nxH=0,o0n 09,

where n is the unit outward normal to 9f2. The initial conditions are
(12) E(xvyat) = Eo(x,y,t), H(Iayvt) = HO(Iayvt)a
(13) J(z,y,t) = Jo(z,y,t), K(z,y,t) = Ko(z,y,t).

We now derive the energy conservation of the Maxwell’s equations (7)-(13) in
metamaterials and without sources. From (7) -(8) and (6), we get

(14)

/Ot{(m%—f,E) + (uo%—?,H) + (JE) + (K,H)}dT - —/Ot /m(E « H) - ndsdr,

where (-,-) denotes the L?(Q) inner product. (14) follows the Poynting theory.
The first and third terms on the left side of (14) represent the increasing rates of
the electric field energy and the polarization power respectively, while the terms
(,uo%—}tl, H) and (K, H) are the increasing rates of the magnetic field energy and the
magnetization power respectively. With equations (9), (10) and the PEC boundary
condition (11), it holds that

1d(eoE,E) N 1d(uoH, H) N 1 dJ,J) N 1 dK,K)
(15) dt 2 dt 2eow?, di 2uowz,,  dt
L. '
+—(J,J) + — (K, K) =0.

€0Wpe HoWpm,
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Let W (¢) be the electromagnetic energy in the case of metamaterials. Integrating
with respect to ¢ for both sides of (15), we finally have that

1 1
W () =co||E(#)||? H()||? J(@)|? K()|?
(t) =eol[E®)|I” + pol[H(2)]| +60wge|l Gl +M0w§ml| @l
or ¢ or ¢
16 + e/ J()|Pdr + m/ K()||2dr
(16) oty IENPar 5 | IR
1 1
=0l [E(0)|* + pol[H(0)||* + —-||J(0)|* + —IK(0)|]> = W(0),
Eowpe prm

which indicates that the electromagnetic energy is conserved. The above analysis
leads to a new energy conservation of Maxwell’s equations in metamaterials.

Theorem 1. (Energy conservation) For Mazwell’s equations (7)-(13) in metama-
terials, the electromagnetic energy (16) is conserved.

Remark 1: From (16), it is clear that in metamaterials with no sources, the
electromagnetic energy W (t) is conserved. This physical invariance of energy is the
most important feature on the prorogation of electromagnetic wave. It thus is an
important issue to construct numerical schemes to preserve energy conservation for
solving the electromganetic system of PDEs in metamaterials. In this study, we
will further propose an efficient energy-conserved splitting FDTD scheme to the
Maxwell’s system in metamaterials that preserves the new important identity of
energy conservation (16) in the discrete form.

3. The energy-conserved S-FDTD scheme

For simplicity, we consider the two-dimensional problems in metamaterials. The
domain is Q2={a,b] x[c,d], t € [0,T]. The Maxwell’s equations in two dimensional
metamaterials are as follows
oE, 0H, O0H,

17 = Jz,
(17) 05t ox dy
0H, OFE,
18 = — - K,
(18) Ho=5; 9
0H, OF,
(19) Ho ot dr Ky,
oJ,
(20) 5 T lelz = cows B,
0K,
(21) o+ ImEe = fowp,, He,
0K
(22) 8ty + Fme = MOW?;mHya
and the initial conditions are
(23) Ez(‘ruyvt) :E()(.’L',y,t), H(l’,y,t) :Ho(fl;,y,t),
(24) Jo(z,y,t) = Jo(z,y,t), K(z,y,t) = Ko(z,y,1),
the PEC boundary conditions are
(25) E.(a,y,t) = E.(b,y,t) = E.(z,¢,t) = E,(x,d,t) = 0.

First, we take the following partitions. Let I, J, and N be positive integers. Let
Az =(b—a)/I and Ay = (d — ¢)/J be the spacial step sizes of z—direction and
y—direction respectively, and At = T/N be the time step length. We adopt the
Yee’s staggered grids. For +=0,1,---,I, 7=0,1,--- ,J and n=0,1,--- , N, define
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x; = a+ 1Az, y; = c+ jAy, t, = nAt, Tip1 = x;+ %A:v, Yjrr =y + %Ay and
byt =tn+ $At. The spacial mesh indices are (i, + 1) for H, and K, (i + 3, j)
for H, and K, and (4, j) for £, and J.. The grid function U7 5 is defined on the

staggered grid where a =1 or i—i—% and =7 or j—l—%. The spatial difference operators
02U, 64U and 0,6,U are defined as:

nt n—1 n n
61& ﬁ _ Ua,ﬁ2 - Ua,ﬁ2 5 Unﬁ _ Ua+27ﬂ Ua_§7ﬂ

un -ur
n _ap+3 a.f—3 n
o0yUs 5= QAy , 0u0, U 8= =0y (6’UUa1ﬁ)7

where u and v can be taken as x— or y—directions. For the grid function Uy 5, we
may omit the subscript if there is no confusion.
Then for grid functions defined on the staggered grid U:={U; ;}, V:={V, j, 1},

W.={W, i 1 and Fi={( Viitr: Wit )}, the discrete L* norms are defined as
J-11-1 J-11-1
WUNE =D U dedy, VI, =Y > V7, Avdy,
j=0 i=0 7=0 ¢=0
(27) J-11-1
W%, = Wiy Aedy, |IFIG = [IVIE, + W[,
§=0 i=0

The equations (17)-(22) can be split into the following forms in each time interval
[tn; tn+1]:

€o BEZ — _(’)HI _ J
2 ot dy z € 0E., _ OHy
o2t — 0B _ p¢ 20 T or
ot o €z y _ OE,
(28) BKI Y and po 5 = F= — Ky
+ I Ky = /J‘prmH 0K,

8]z+F J —eow E,

Applying the spatial discretization approximation on the staggered grid, we pro-
pose the energy-conserved splitting finite-difference time-domain method (EC-S-
FDTD) as follows.

Stage 1 : Compute the intermediate variables EY, H**1, K™ and J?*! from E?,
H?, K7 and J by

e 1
Zisg Zigo_ n n+1 n n+1
(29) co—%; 26y{Hzm% + H%H%} (Jz” +J27,
n+1 _ gn
(30) H z,; J+2 Hmz‘,j+% _ _15 {En + E* } 1 (KnJrl 4 K" )
Ho At 2 YV R Fiitd 2V Tt} T+
Kntl  — Kn 9
MJr2 mi‘j+% F n+1 n _ How pm n+1 n
(81 At 2 (K J+d +me+l> 2 (H G+d —|—HIM+%)7
Jrtl—gr oo, W2
(82) T S L) = o (B B )
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Stage 2 : Compute the variables X!, H)*! and K*! from E, H;" and K’ by

n+1 _ E*
Zi,j Zi, _ n+1
(33) 60# 5 {Hy, , +Hy Y
Hn+1 _ n
Yitd i Vird s 1 * n+1 Lo n+1
(34) #o At B 251{Ezi+1 s TE Zitd, J} 2(Kyi+%u' * Kyw*%vj)’
Kntl _Kn 2
yi*%’j yi*%‘j Fm n n+1 _ uowpm n n+1
(35) At + 2 (Kywéd * Kywé,j) 2 (Hywé,j * Hywé,j)'

The boundary conditions are
E7, =E* =E* ,=EI =0,

(36) Zi,J
n+1 n+1 n+1 n+1
EZ() i EZI N Ezz 0 Ezz J O

The initial conditions are

(37) B2, = Eolwiyy), Hy = = Hao(@i,Yj11), HSH%J = Hyo(w;y 1,95)-
Remark 2: The proposed two-step EC-S-FDTD scheme can be solved convenient-
ly. For Stage 1, The scheme of (29) can be easily to rewrite as a tri-diagonal linear
system of E¥ with the PEC boundary conditions (36) by replacing the relations of
(30) (31) and (32) into (29), where the Thomas’ algorithm can be used to solve the
tri-diagonal linear system, and then from obtained E}, other H,, J,, and K, can be
further calculated from (30) (31)(32). Similarly, Stage 2 can be easily solved. The
important feature is that the proposed scheme preserves the energy conservation
for all time and is unconditionally stable, which we will strictly prove in the next
section. The error estimates will also be analyzed in the following sections.

4. The discrete energy conservation

In this section, we will analyze the energy-conserved property of the proposed
scheme.

Theorem 2 (Discrete energy conservation) For the integers n > 0, let H™ :=
{(H” ey )} and ET :={EZ } be the solutions of the scheme (29)-(37).
Then it satzsﬁes the energy conservation in the discrete form that for n > 0

1 1

lled B2 + llug HY % + | JEH R+ [l ———K" [
602wp€ o2 Wpm
i+i9 il 1 itl2
(39) +3 oA, =g+ 32—k
i=0 Wpe i=0 H0 2 Wpm
=||€3E2||2E+||M§HO||§1+|| L%+ K°|[%,
€02 Wpe €02Wpm

1 i pitl
where fitz = LH +{

Proof. Multiplying both sides of (29) with At(EZ, =+ EZ, ) and multiplying both
sides of (30) with At(Hg_"’_il +H ), we can get:
hity 3

. .
7

Zi,j Zi,j
At

n n+1 * n
(39) (J + JZ»;YJ' )(EZ»;J + EZ@j)’
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2 At

(Hnj;ljl B H;i,j+%) - __6 {E* + EZ,H% }(H;:i% + ng\ﬁ%)
(40) At ST KD @ ),
From (31) and (32), we have
Hn:i T Hgi,j+% - m(Kﬁ:i% - K;i,ﬁr%) + H(T‘W%m (Kn:il + K;i,ﬁr% )
E; +El = @(Lﬁl —-J )+ eowz (JEEE T2 ).

Substituting the above relations into (39) and (40), summing over all terms in these
two equations and adding them together, we get that

(41) eol [EZIIT — eol [EZ ([ + pol [HG 177, — pol |17,

- L sz gy AT .
= - Z Z[ 2 (Jzztl - JZ»L J) + 9 2 (Jz,b i J +1) :IA:L'Ay
=0 i=0 €0Whe €oWpe
J—11-1
1 n+12 n? Aty n "
- [ (KT — KD ) g (KE KT P Aedy
jZO 1=0 lu’owpm ’ 2 ’ 2 ,U/prm v 2 ’ 2
1 2AtT, | JP + Jntt
— _ J’ﬂ,-i-l 2 _ J’ﬂ, 2 2
o (24 = W) = 2 5=
1 2AtT,, K" + Knt!
_ Kn+1 _ Kn m T x ]
g (U, = IR, = o e,

Similarly treating equations (33)-(37), we obtain that
(42) el 2% — €0||E:||2E + ol [Hy {7, — pol [Hy |1,

J—11-1 2 , AtF
_ _ n+1 _Kn m Kn Kn+1 2 A A
Jzozz; ow2 yw%d yi*%*j)+2/i0w127m( yi+%~f+ yi+%u‘” ey
1 2ALT,, | K+ K}
= TR (I, — 1K) — Mowzm” — 1%,
pm pm

Combining equations (41) with (42), we finally have that for any n > 0
1

col B2 | + pol |HLZ [, + ol [y |17, + [P etand|78
pm
1 1 2AtT,, K + Kot
KnJrl 2 n+1 m x xT 2
I, oo+ SR
+2Atrm”Kg+K;+1H2 2ALT, ||JQ+J" 1”
HoW2, 2 H, €Wz, 2 B
n n n 1 n
= eol B2 [T + pol [H2 |7, + poll Hy |, + ——1IKZ 1%,
HoWpm,
43 + Ky J7
(43) ot G s, + oo 71
Summing (43) overall all n from 0 to n leads to (38). This ends the proof. O

From Theorem 2, we can have the following stability result.
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Theorem 3. (Unconditional stability) The proposed scheme (29)-(37) is uncondi-
tionally stable.

5. Convergence analysis

In order to analyze the error estimates of our scheme (29)-(37), we first derive
the truncation errors of the scheme by finding an equivalent scheme.
From equations (29) and (33), we get the expression of E*

At
* o n+1 n n+1 'n,+1
Ezz',j - _{ Zw+E )= 2605 (HI”—I—HQC”)—%O(S( UM+H )
At
(44) ——(JI + I}
2¢q I ’

Combining (29)-(37) with (44), we derive the following equivalent forms of the
EC-S-FDTD scheme

(45)
Bif -EL, 1
o = —50y(Hy,  + Hi ) + 5 6( gy HHG = (J: + 550,
At 2 I, i,
(46)
Hn+1 — Hn 1
Tij+d Tii+d —_ 25 3En EnJrl _5 K Hn+1
Ho At 4.7!( z; + +2)+8 ( T it + l]+1)
+ﬁ6 6. (H) |+ H) )+_5 (Jr g
Qeg U TN Wit} Yig+d Seo i+d Zig+l
1
- n n+1
2(K gt & + K””i,ﬁ%)’
(47)
HnJrl _ n
yi*%’j yi*i J 71 n n+1 _ ﬁ n n+1
" At =700 By, T ) T R e ey T )
At At
— n n+1 _ = n n+1
8605I5E(Hyi+%’ H1+7j) 86051(Jzi+%,j+(]zi+%yj)
1
_ n n+1
2(Kyi+%,y + K, Yit J)’
n+1 _ n I 9
(48) mij*% zlﬂ*% _m n+1 n — Nprm n+1 n
At 2 (K +K +%) 2 (H Gty +Hmi,j+%)’
n+l n r 9
(49) _Ui+3 Vg  lmpen ntl y _ H0%%m oo n+1
At * 2 (Kyi+%,j +Kyi+%,j) 2 (H Yirl. +Hyi+%,j)’
(50)
JnJrl Jn F 60&)2
Ziyj Zi,g Jn-i-l Jn _ 3E™ En-i-l _ _5 H" Hn.—i-.l
At (zl] + zlj) 4 [ zlj ( xIJ mld)
At At
—0,(H,, +H}" JI o+
260 ( y” + y” ) 260( Zi,j + Zi’]‘ )}
1 natl .
Let 771 2, My +i1 , 773+2 E nZJril , 775 %,j and 776:;_2 be the truncation errors of

the equwalent scheme (45) (50). Fo obtaining the estimatees of 1; - 1, we consider
the following auxiliary scheme without right-sided modified terms, i.e.,
(51)

En+1 E"

Z;, Zi,j 1 n " 4 -
EOJT = _§5y( L, T H, +1)+ 5 (H,, , + H, H) (JZM +JZ;;1)’
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n+1 n
(52) T+l Tiit s _ l n ntl l " il
Ho At 4511(3Ezi’j+% +Ezi’j+%) Z(Kmi,j+% +Kmi’j+%)u
n+1 Hn™
(53) Ui*% J yi*i J n n+1 n n+1
Ho At 4(S (E +3.4 +3E; 2,1) (K 1+—]+Kyi+%aj),
n+1 _ n
(54) Tii+d wiﬂ*i n+1 n How pm n+1 n
At 2 — (K3 T+l +K’”i,j+1> 2 (H; T4l +Hmi,j+%)7
n+l n r 9
(55) ity Yitd _m n n+1 — HOoWpm, n n+1
At * 2 (Kywé J * KyHl j) 2 (H i+d.g + Hywé,j)’
Jn+1 Jn F 60&)2
(56) TEig g J"+1 J — 2 pefgpn gl
At + 2 ( + Zi’]‘) 4 [ Zi,j + Zi,j
Let §n+27 n+il ) §n+2 ntil , §n+2 ; and §6+2 be the truncation errors of the

auxiliary scheme (51)—(56) By using Taylor s expansions, we can obtain that

(57) €210 E] 6T = O(AE + Aa? + Ay?).

Then for the equivalent scheme (45)-(50), the corresponding truncation errors
can be represented and estimated conveniently. In detail, we have that

n+i n+ n+1 n+1 n+1 ntl
(58) 771”2 51- R Jil = 4, il’ 775 ] J = 5”;],7
n+3 n+% At n n+1
7721”.1% = 2”11 - 8_605y5y(Hm(33i7yj+%vt )+Hz(xi7yj+%at * ))
A n
5 0z ( (xlangrlvt )+H (xlayJJr 1,t +1))
A n+1
(59) _8_605 ( (:Ezuyj-i-lut )+Jz(xi7yj+%7t ))
n+3 _ ent3 ﬁ n n+1
3ivls T Bl 8605965‘7!([{:”#%, +H; z+2 J)
At
= n n+1 = n+1
(60) +860 5151(1{ itg.d + HyH% )+ 8605 2l itg.d + Jz”%*j)
n+3 _ n+3 Eowpe At n+1 At n n+1
7761’,]'2 = e J‘2 * 4 [fis (A, IH T Hﬂ”w )+ 2606 (Hy” + Hym )
At
(5) e (2, + 2]

From the above estimations (58)-(61), we have the following theorem.

Theorem 4. (Truncation errors) Assume that the solutions are smooth enough,
such that E, € C3([0,T];C3(Q)), H € C3([0,T); C*(2)), J. € C%([0,T]; C*(2)),
K € C([0,T];C(2)). Then the truncation errors of the scheme (29)-(37) are first
order in time and second order in space, i.e.,

(62)

+2 +2 +2 +2 +2 n+2 < MIAL A 2 A 9
0<nEN-— 1{|771 L 2 L ns ™ 2 g 2 L dns ™ 2 L dng ™ 2 1} < M{AE+ Aa® + Ay®},

where M is independent of steps Ax, Ay and At.
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In order to get the system of the error equations, we define the intermediate
variable EZ(z,y) from the exact solution variables.

(63)
n n+1 At n n+1
At n " At n "
- _6$(Hy($uy7t )—i—Hy(x,y,t +1)) - —(JZ($,y,t )+ Jz(l',y,t +1))}'
260 260
In addition, we denote the errors as follows
H;Li,j+% == Hz(xiayj+l;tn) - H;li’jJr%v H‘Zi+%,j = Hy(‘ri-i-%aijtn) - H';LiJr%,j’
SZJ E.(z;,y5,t") — EZ] IC;I_ . :Km(xi,yj+1,t")—Kg_ e
27 P 3
ICZJF _K ( 1+ aij )_Kywr%’ja jzlji (Ilaij ) lej
&, = El(zi,y;) — EZ .

By the definition of the intermediate variables EZ, in (44), and EZ(z,y,t) in (63),
we can derive the system of the error equations of the EC-S-FDTD scheme as

follows.

Stage 1:
521 SZ 1 n n+1 1 n+1 n+i
(64) 60# - —5514{7-[%#% + H’”i,ﬁ%} a 5(‘7Z1 j ‘7 )+ €1, 2’
(65)
HnJrl _ r}_ln
1J+2 zi,]”r% __1 n * _l n+1 n +2
Ho At - 25y{gzi1j+% +€Zi,j+%} 2( xi,jJr% +]Caclj+1)+62i’j+%7
(66)
’Cn+1 _ ’Cn 2
@ J+l xi,]‘*% Fm n+1 n _ Mprm n+1 n "+%
At + T(K”i,ﬂé * K’”LH%) - T(H””i,ﬁé + H””uﬁ%) + eSi,H%’
j;iﬂ z’: I . " €ow?e ntd
(67) # + = - (jzitl + jz;,j) = 21’ (SZ J + SZZ j) + 641',]'27
and the boundary conditions
(68) g»:o 7 = g:I, = 8:1 0 = 8:1 J =
Stage 2:
gptl_gr
(69) ot = —5 (M5, +H5 ) +6n++27
(70)
HZ+11 - H?j 1
it5,7 itgd l * 7L+1 1 n+1 7l+%
po At N 261{8,2”% +&, } y+1 g +Icyi+%,j)+€6¢+%,j’
(71)
Kot — Ky 2
i+ Yirdi | T'm in ntl y _ HOWpm o on n+1 n+3
At 2 (’Cyué, + Ky Yird ]) 2 (Hywé,j +Hyi+1 ) e Tivd.’
and the boundary conditions
(72) €, =E = e = e =0



A NEW EC-S-FDTD SCHEME 785

Where
nty _ Loatd o onbd o oadd o ontd _ ontd nty _ nts
(73) Lig 7oy 7 254 _77211#%7 3i0+3 _7731',#%’ dig = Mag
n+% 71 n+% n+% o n+% n+% o n+%
€., = 5M,; » % 1.~ 1. S 1. TN 1
’ 27 it3 ity its ity

Theorem 5. (Convergence) Suppose that the exact solution components of equa-
tions (17)-(25), E,, Hy, Hy, J,, K, and K, are smooth enough such that E, €
C3([0,T]; C*(Q)), He C*([0,T1; C*(Q)), J. € C2([0,T}; C*(Q)), Ke C([0,T];C(2)).
Forn>0, let EZ, Hy, H;', JI', K}' and K} be the solutions of the scheme (29)-
(37). Then there exists a positive constant M independent of Ax, Ay and At such
that

1

1
n+1|2 n+1(12 n+1|2 n+11|2
coll 21+ ol s+ o I 7
1 1
(74) < M(eall €02 0|2 K02 0)]2
< M (ol + ol 01 + L I + o 171)

+ M (At + Az® + Ay2)2.

Proof. Multiplying both sides of (64) with A¢(EZ,  + €7 ), multiplying both sides
of (65) with At(?—[;‘fil +HY " ) and then summing them, we can obtain
i+ 5 ij

1
2

(75)
60(5*2 _ gn2 )+MO(HH+12 +Hn2 ) — _gé {an +H"+1 }(5* L& )
Zisj Zirj Tig+i Tig+d 2 YU g N TS R Zisj
At At
n n+1 * n n * n+1 n
B 7(«7%]- + 75 )(5%]‘ + gzw') B 75‘”{821’,#% + gzi,H% }(H’”i,ﬁ% + Hwi,fr%)
— g(/c"+1 + K YHETE 4 HT )
2V T+l Tij+3 Ti+d Tij+3
FTE(Er e ALl tE (ML L HE )AL
1;,5 Zi,j Zi,j 2i,j+% z, j+% mi,j+% .
Then multiplying both sides of (67) with eoﬁ’; (J2 + J2t1) and multiplying
pe N i,
both sides of (66) with #Oﬁ‘; (K. + K7t1), we have that
pm ] J
(76)
1
JeH g AT, At Atey?
e g VR T = U H R R, T2,
Eowpe Eowpe Eowpe
and
(77)
[{n—i—l2 _Kn2
Tii+l T +d AtT, n i1l o At n+1
K K = —(K K
/Lowz%m * 2N0w127m( Titg + zi’j+%) 2 ( Tiit} * zi’j+%)
nt3
Ates il
HITy n n+1
oz, Sy TS

Combining (75) with (76) and (77), summing the resulted equation with respect
to the argument subscript ¢ and j, and using the boundary conditions (68) and
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(72), we obtain that

(78)
co(llE211% — I1E711E) + po(lHE L, — [1H217,) +

5 (172 HE = 1T211%)
pe

1 Atl', Atl,,
Icn+1 2 _ K:n 2 n+1 n K:nJrl K:n
+uow§m(|l v a, = K2, + 202 ||J +I0E + 2uowpm|| + K3 [1E,
At J—-11-1 L1 —17—
o n+z n+1 n n+1 n
- 60‘*)12;6 ; P €4, , (‘7211 ‘721; ZOZO G+ Fagrd +’Cmi,j+%)
17-1 L J—-11-1
—|—At er (e e )+ ALY ”*_j H"“ CHHE ).
Jj=0i=0 j=0 i=0 2

By the Cauchy-inequality, it holds that

" n n F n n n+i?
+2 (jzlJ]rl + jzl ]) < 7(\721J;1 + jzl J) or 64;:-2 )
(79) ‘
n+2 n+1 n < ]-—‘_m n+1 n L n_,’_%z
63”+1 (IC”%,H% —I—/C%H%) - 2 (IC +’C u+2) + 2T, Zii+d’

With the above two relations in (79), we can eliminate the two terms containing
At on the left side of the equation (78), and get that

(80)
eo([[EX11E = NEXNE) + mo(1H M IE, — 1M 11E,) + 2 (72 HE = 117211E)
pe
1
+ K2, — [
Mowgm(” Wz, — 1 E,)
At nti At nt3 nt3 €0 2
_at a2t At(— 2 &
< g1+ g5, + AT +

n n+3 Ho n Mo n
+5II8ZII% MII22IIHI+ IIHmII%ﬁ;IIHm“II%m)-

Thus, we have that

(81)
At . TR 1
(1= S0 eollez 1+ mol M3 1, + o 72771+ —L— K,
pe pm
At n n 1 n||2 1 n||2
< (14 50 |l €2l + mll A2, + 17 ||E+m||/cw||m}
At o+ At n+3 n+i n+i
St 164+ gl U + I+ S,

At 1 1
<1 = En 2 Hn 2 n||2 xn 2
—( + 2 )|:€0|| z||E+,UJ0|| z||Hz+€0w12)e||\7z ||E+M0w12)m|| z||HI

+ O(At(At + Az? + Ay®)?).
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Similarly, from Stage 2 (69)-(72), we can get that

At 1

(1= 5D |eollEz* 1% + mollPy 1, + K511,
- pm .
< (0 G llslfe ol + I,
2 e, + S A+ e
< (1 50 el il + ol 1, + e K1

+ O(At(At + Az® + Ay?)?).

Dividing both sides of (81) with (1 — %) and dividing both sides of (82) with
(14 &%), summing these two inequalities leads to that that

(83)
hol I+ — 17+ — e, + (2 [l 2

x H, 60&}12)6 z E ‘uowgm x H, 1 + % z E

1
n+112 n+112
ol e 5

< ol + — i, + 2 [eollenliz + ol + — e
> Mo y H, MOWZQ)m y Il Hy, — At €ollcz ||E T Mo z || H, EOW%e z IlE

1

+ 5 ||IC;;||%,I]+O(At(At+Aw2+Ay2)2).
pm
_ At
Then, for that hii > 1 — At, we have that
2
1
(1- A [eons:*ln% ol M3, ol B, + e T2
pe
e k2
uowém * He uow,%m Y Hy
(84) 1+ 4t 1
< (2 &)[60|I5?||%+uol|ﬂﬁl|%x + ol M5B, + 721
pe

1 ni||2 1 n||2 2 2\2
+MT||ICw||Hw +u7||lcy||Hy] + O(At(AL + Az® + Ay?)?).

pm 0%pm

Noting that for 0<n< N =-L

At
At n At N
(1+7) 1 < (1+7) 1
1-87(1-At)] ~ [M1-57(1-A1)
) At ()5 At (1za
&t ) g an T Ry o 2T
3(1""1_&) a 2),(14_@) ATAD < 2T

2

and repeating (84) from time level n to 0, we finally obtain conclusion (74). This
complete the proof. (I
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6. Numerical Experiments

In this section, we will give numerical experiments to show the performance of
our proposed scheme and also compute the propagation feature of electromagnetic
waves in metamaterials.

Example 1. In this example, we test the energy conservation of our EC-S-
FDTD scheme and its convergence rates. Let Energy, be the discrete energy of
the numerical solution at t" as

1

1 L 1
Bnergyn = |leg EX||% + |lng H"|[3 + |l —— 2% + l-———K"[|%
€02 Wpe Mo 2Wpm
(86) . 1 Jt 4 . 1 K '4+K’
+ > 20T ||— = 2[[% + D 244 || — 1%
3 2 2 2
i=1 €02 Wpe i=1 1o 2 Wpm
and
1 1 1 1
®7)  Energyo =lleg B2|E + |lng B3 + [|——J2II% + [l ——IK"[|%-
602 Wpe ,LL& Wpm
Then let the absolute and relative errors of energy be
(88) FEnergy Error I = 1231(%90N‘Ene7°gyn - Energyol,
FEner — Ener
(89) Energy Error II = max } 9Yn gyo]'
1<n<N Energyo

Consider a unit square domain Q =[0,1]x[0,1] and a time interval [0,1]. The
parameters of metamaterials are set as €9 =10 =1, Wpe =wWpm =1, and I'e =T, =1.
The initial electromganetic fields are given as

(90) E.o(z,y) = sinmzsinmy, Hyo(z,y) = wsinmzcosmy,
(91) Hy(z,y) = -—wcosmasinmy, Juo(z,y) =0,
(92) KIO(Ia y) = 07 KyO(Ia y) = 07

which satisfy the PEC boundary conditions and the divergence-free condition.

Table 1 shows the numerical errors of the discrete energies with different step
sizes. We can see clearly that the Energy Error I and Energy Error II of the
EC-S-FDTD scheme both reach the machine precision. The numerical energies of
electromagnetic waves of the scheme are conserved in metamaterials, which confirm
the theoretical analysis.

TABLE 1. Energy Conservations of the EC-S-FDTD scheme with
different step sizes.

Mesh (IxJx N) | Error I of Energy | Error II of Energy
8 x 8x8 1.7764e-15 7.8012e-16
16 x 16 x 16 7.9936e-15 3.5106e-15
32 x 32 x 32 5.7732e-15 2.5354e-15
64 x 64 x 64 1.5099e-14 6.6311e-15

In order to show the convergence rates in time and space of the EC-S-FDTD
scheme, we define Error I and Error II of the numerical solutions as follows:

1
©3)  Brror 1= maz (coll[E(") ~ E2|I% + poll () — HY|3)
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and
Brror IT = mag (eol|[E=(t") — B2]|[3 + ol [FE(t") — H" %
(94) 1 1 !
— [T (™) = T2 K" — K"||3)2.
+€0wgell[ (t") z||E+u0wgm||[ (t") )

The errors and convergence rates of numerical solutions of the EC-S-FDTD
scheme are listed in Tables 2 and 3. As the problem has not exact solution, we
use the reference solutions to replace the exact solution in computing the errors
in (93) and (94). In the tables, the reference solutions of the system (17)-(25) are
computed by using fine meshes of Ax=Ay=1/243 and At=10"%

TABLE 2. Errors and convergence rate in time of the EC-S-FDTD scheme.

Mesh (N) | Error I Rate | Error II | Rate
20 2.7591e-2 2.8553e-2

40 1.3694e-2 | 1.01 | 1.4165e-2 | 1.01
80 6.7552e-3 | 1.02 | 6.9859¢-3 | 1.02
160 3.2887e-3 | 1.04 | 3.4012e-3 | 1.04

TABLE 3. Errors and convergence rate in space of the EC-S-FDTD scheme.

Mesh (IxJ) | Error I Rate | Error IT | Rate
3x3 1.3325e-1 1.3439e-1

9%x9 1.4972e-2 | 1.99 | 1.5101e-2 | 1.99
27 x 27 1.6479e-3 | 2.01 | 1.6620e-3 | 2.01
81 x 81 1.6500e-4 | 2.09 | 1.6653e-4 | 2.09

From Tables 2 and 3, it is clear to see that our EC-S-FDTD scheme is of first
order convergence in time and of second order convergence in space, which is con-
sistent with the theoretical analysis.

Example 2. The problem in double-negative media. We consider a planar
double-negative medium slab in the center of the domain. Choosing wpe = wpm =
V2wp and ', =T',,, =0 in (4) leads to ¢, =y, = —1. A slab with thickness d=2)¢ and
width L=10) is employed. And the point source is located d/2= Ay above the slab
interface. In simulation, we take the space step sizes Az=Ay=2\y/100, where the
Courant-Friedrich-Levy number is Cy =5, and set 40-cell PML layer to truncate
the computational domain. The snapshots of the contour of electric field intensity
at the time t = 400At obtained by our EC-S-FDTD scheme is showed in Figure
1. In the figures, the gray-scale contours represent different values. The darker
(lighter) regions correspond to lower (higher) intensity levels. It can be clearly seen
from the figure that at the center of the DNG slab the focus phenomenon happens
as well as that of outside the slab, about d/2 away from the bottom edge of the
slab.

We then simulate the propagation of electromagnetic wave through a lossy “un-
matched” double-negative slab (e, = u, & —3—0.0025). The numerical results are
shown in Figure 2. In this case, the Drude model parameters are wpe = wpm = 2w
and I', =T, =5.3x10"%wy. In computation, the CFL number Cy =5 is employed
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Contour of Ezatt=300 At Contour of Ez at t = 400 At

226N

001 002 003 004 005 006 007 008 009

0 001 002 003 004 005 006 007 008 009

1

-0.06

FiGURE 1. Contours of E, from a point source above a lossless
double-negative slab (e, =y, = —1) with thickness d =2\g, wo =
27 fo and fo=30G at t = 300A¢ (left) and ¢ = 400A¢ (right).

ontour of Ez at1=500 &

| 5@% %

0 001 002 003 004 005 006 007 008 009

FiGURE 2. Contour of E, at time ¢ = 500At from a point source
above a lossy “unmatched” double-negative slab (e, = p, =~ -3 —
0.0025). Parameters are wpe = wpm = 2wo, ['e =1, =5.3 x 10~ 4wy,
wo = 27Tf0 and fo =30G.

by the EC-S-FDTD scheme. The electric field inside the metamaterial slab is ap-
proximately channeled into beams rather than being focused, as is showed in Figure
2.

Now, we carry out the simulation with an incident wave excitation in metamate-
rials. The center frequency of interest is chosen to be fo =30GH z, corresponding to
a free-space wavelength A\g =1.0cm. The main scale of the computational domain
is 600 x 200 with 10-cell PML layer in z—direction and y—direction respectively.
With the Total-Field/Scatter-Field technology, we introduce the incident wave of
the sinusoidal form and take the angular frequency w =27 f; and the incident an-
gle ¢ = 7/9. To illustrate the special character of DNG metamaterials, we give
the classical propagation of oblique incidence plane wave in vacuum, in the regular



A NEW EC-S-FDTD SCHEME 791

dielectrics (i.e., double-positive (DPS) material) and in the DNG material, respec-
tively (see Figure 3). All the results are obtained by our EC-S-FDTD scheme at
the time ¢t = 840At.

FIGURE 3. Contours of E. from the interaction of a sinusoidal
wave that is incident at an angle of 20° in vacuum (left), interac-
tion with a DPS slab with the positive index of refraction n = %
(middle), and interaction with a DNG slab with the negative index
of refraction n=—1(right).

Figure 3 (left) shows the distribution of F, in vacuum without the existence of
the DNG slab, which is of no deformation in the process of the wave propagation.
The propagation of the wave in a DPS metamaterial with wpe = wpm = V2wo /2,
which leads to the index of refraction n—= %, and I'. =T",, =0 as shown in Figure 3
(middle). Since the index of refraction of this medium is less than that in vacuum,
it is occurred that the refraction wave deviates more from the normal compared
with the incident wave. Numerical results in Figure 3 (right) display the propaga-
tion of the wave in metamaterial with wpe =wpm = ﬁwo, which leads to the index
of refraction n=-1, and ', =T",,, =3.75 % 10_4wpm. A negative angle of refraction
opposite to the angle of incidence is observed, which agrees with the physical char-
acter of the DNG metamaterial. Moreover, from these three figures in Figure 3, we
can find the differences of E, values which are caused by the different propagating
speeds of the waves in different media. In vacuum, the wave propagates at the
speed of ¢ =3 x 108, while, in the other two media, the speeds of the waves are
both smaller than that in vacuum and are relative to the parameters of the special
metamaterial and the angular frequency of the incident waves.

Example 3. The problem in zero-index media. In this example, we further
carry out the simulation of electromagnetic waves in zero-index Drude medium
slabs, in which the permittivity and permeability are both near zero (and therefore
the refractive index) at certain frequencies for applications such as delay lines, phase
shifters, couplers and compact resonators.

We employ the scale of the slab as d=1.2Ag, L =10)\p, and choose wpe =wpm =wo
and I', =T, =1.0x10 5wy for the Drude model, leading to €, = 1, ~0.0—1.0x10~5;
and we also take 40-cell PML layer to truncate the computational domain. Then,
the line source is located at the center of the zero-index slab, normal to the x—y
plane. Figure 4 shows the contour of electric field intensity, where Cy =5 is chosen
in computation by the EC-S-FDTD scheme. It implies that the field radiated
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from the center of the zero-index slab propagates away orthogonally to the face
of the slab. In fact, from Snell’s law we know that the transmitted waves will
have a transmitted angle of zero for any angle of incidence when the index of the
incident medium is zero. The cylindrical wave generated by the line source will thus
be converted into a wave with a planar wave front as the wave emerges from the
matched zero-index slab. Moreover, as the wave propagates from the source outward
through the matched zero-index slab, the constant electric field behaviour is being
established within the slab. We can see from Figure 4 that the the electric field is
constant within the whole slab, as expected for a matched zero-index medium.

Contourof Ezatt=300 At

FIGURE 4. Contours of E, from the line source located Ay above
the front side of the zero-index slab (e, = p, = 0.0—1.0x 10~%5)
with thickness d = 0.6\g, Cy = 5, wg = 27 fy and fy = 30G at
t = 300At.

7. Conclusion

In this paper, we studied energy-conserved numerical computations of the Maxwell’s
equations in metamaterials. We first derived out a new energy conservation iden-
tity for Maxwell’s equations in metamaterials. Then, a new energy-conserved S-
FDTD scheme (EC-S-FDTD) is developed. We proved that the scheme satisfies
the energy-conserved identity in the discrete form. We also analyzed the stabili-
ty and the convergence of the scheme. In the part of numerical experiments, we
first showed numerically the energy conservation and the accuracy of the scheme,
which confirm to our theoretical results. Then, we simulated the propagation of
electromagnetic waves in the DNG and DPS metamaterials and in the medium
with a zero index of refraction. Physical phenomenna of electromagnetic waves in
metamaterials were numerically observed and analyzed.
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