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MIXED FOURIER-GENERALIZED JACOBI RATIONAL
SPECTRAL METHOD FOR TWO-DIMENSIONAL EXTERIOR
PROBLEMS

JINGXIA WU AND ZHONGQING WANG*

Abstract. In this paper, we develop a mixed Fourier-generalized Jacobi rational spectral method
for two-dimensional exterior problems. Some basic results on the mixed Fourier-generalized Jacobi
rational orthogonal approximations are established. Two model problems are considered. The
convergence for the linear problem is proved. Numerical results demonstrate its spectral accuracy
and efficiency.
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1. Introduction

In the past several decades, spectral method has become increasingly popular
in scientific computing and engineering applications (cf. [2, 5, 6, 7, 11, 20] and the
references therein). Recently, more and more attentions were paid to its applications
to numerical solutions of exterior problems (cf. [9, 10, 16, 17, 22, 25, 26, 28, 29]).
Most existing literature of spectral method concerning exterior problems is based
on Laguerre polynomial/function approximations. For instance, Guo, Shen and
Xu [16] and Zhang and Guo [29] developed the mixed spectral methods for two-
/three-dimensional exterior problems, by taking Laguerre polynomials as the basis
functions. While Zhang, Wang and Guo [28] and Wang, Guo and Zhang [26] studied
the mixed spectral methods for two-/three-dimensional exterior problems, by taking
Laguerre functions as the basis functions. Besides, some authors also considered the
pseudospectral method for symmetric solutions of certain specific exterior problems,
which are reduced to one-dimensional problems on the half line, see [17, 25].

On the other hand, spectral methods based on rational approximations are de-
veloped rapidly, which are also very effective for simulating numerically various par-
tial differential equations (PDEs) on unbounded domains, see [3, 4, 8, 14, 15]. By
using this approach, we could also approximate differential equations on unbound-
ed domains directly, without any artificial boundary and variable transformation.
However, the existing rational functions are usually induced by the Legendre or
Chebyshev polynomials. Accordingly, the weight functions of the corresponding
orthogonal systems are fixed, which might not be the most appropriate in many
cases. This drawback limits the applications of rational spectral method seriously.
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A natural idea is to construct an orthogonal system of rational functions induced
by the Jacobi polynomials, so that the related rational spectral method is available
for more practical problems, see [24]. But the orthogonal system given in [24] is
induced by the standard Jacobi polynomials. Hence its application is still limit-
ed. Recently, some authors introduced a family of generalized Jacobi orthogonal
polynomials/functions, see [12, 13, 21]. Meanwhile, Guo and Yi [18], and Yi and
Guo [27] investigated the generalized Jacobi rational orthogonal approximations on
unbounded domains, which enlarges applications of rational spectral method. The
previous statements motivate us further study and applications of the generalized
Jacobi rational spectral method for exterior problems.

This paper is devoted to the mixed Fourier-generalized Jacobi rational spectral
method for two-dimensional exterior problems. We shall establish some basic results
on the mixed Fourier-generalized Jacobi rational orthogonal approximations. As
examples, we design the mixed spectral schemes for two model problems and analyze
the numerical error of the linear problem. Especially, taking suitable base functions,
the resultant linear discrete systems are symmetric and sparse. Thereby, we can
resolve them efficiently. The suggested method also provides accurate numerical
solutions with the spectral accuracy.

The paper is organized as follows. In Section 2, we establish some basic results
on the mixed Fourier-generalized Jacobi rational orthogonal approximations. In
Section 3, we propose the mixed spectral method for a linear model problem and
analyze its numerical error. In Section 4, we present some numerical results for two
model problems. The final section is for some concluding remarks.

2. Mixed orthogonal approximations

In this section, we derive some results on the mixed Fourier-generalized Ja-
cobi rational orthogonal approximations.

2.1. Generalized Jacobi rational orthogonal approximations. Let w®?(y) =
(1 — y)*(1 + y)?. Denote the standard Jacobi polynomials by J%(y), a, 8 >
—1, n > 0. Let I'(y) be the Gamma function. For o, 8 > —1, the set of Jacobi
polynomials forms a complete L2, ;(—1,1)-orthogonal system, i.e.,

e
1
2.) |92 e @y =5
-1
where 6, ,, is the Kronecker symbol, and
o 20t P (n+ a+ )T (n+ B+ 1)

2n+a+B+1)In+1)I(n+a+B+1)
The Jacobi polynomials fulfill the recurrence relation (cf. [23]):

2n(n+ a+ B)(2n + a+ B — 2)J%B(y)
(22) =Q@n+a+B8-1)[2n+a+p)2n+a+8-2)y+a - 523" ()
—2nta—1)(n+B—1)2n+a+ B)J(y).

For convenience of statements, we denote the set of real numbers by R, the set
of positive integers by N, and the set of negative integers by N~. For any «, 8 € R,
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we set

0, a>—1, «, a>—1,

(likewise for 3 and ). The symbol [a] represents the largest integer < «, and

ng = ng’B = [d] + [B], ny = n?’ﬁ =n-—- ng’ﬁ.

The generalized Jacobi polynomials/functions with «, 8 € R are defined by (cf.
12, 13, 21])

(2:3) P y) = W I W), =g
We can rewrite (2.3) in a more explicit form:
(2.4)
Jg7ﬂ(y)7 «, ﬁ > _17
sy | GHYTIRT ), a>—1, f<—1, m=n—[-F,
In"(y) =
(1 - y)ia‘]’r;a#;(y)? a < _17 ﬂ > _15 ny=mn-— [—Oé],

A=) A +y) TPy, o B<-1, m=n—[-a] - [-f].

We next turn to the generalized Jacobi rational functions. To this end, let
A = (0,00) and x(z) be a certain weight function. For any integer r > 0, we define
the weighted Sobolev space H (A) in the usual way, and denote its inner product,
semi-norm and norm by (u,v)ry.A, [V]ry.a and |[v]]y A, respectively. In particular,
L2(A) = HY(A), (u,v)ya = (u,0)o,x,a and [|v][y,a = [[v]lo,x,a. For any r > 0, we
define H} (A) and its norm by space interpolation. When x(z) = 1, we omit the
subscript x in the notations. We also denote by w@”(z) = 2f(1 + z) o F-2,
Obviously,

(2.5) w%’ﬁ(x) > 2 as x — 00, w%’ﬁ(az) ~ P asz — 0.

The generalized Jacobi rational functions are defined by

—1
2.6 ROP(z) = joB (L
(26) ) =g

which are the eigenfunctions of the following Sturm-Liouville problem (cf. [27]):

(2.7) O (WP ()0, 0(2)) + APWSP ()u(x) =0, =z €A

), n>ng, x€NA,

The corresponding eigenvalues are
ni(ni +a+5+1), a, B> -1,
n(nm+a—-—p+1)—pGla+1), a>-1, < -1,
nmm —a+pB+1)—aB+1), a<-1,3>-1,
(n1+1)(m —a—p), a, B<-1.

According to [27], if « < =2 and 8 = —1, then

(28)  0.RIP() = —A(n — [—a] — [-B] + D)@+ 1) 2R (a).
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Moreover, the set of the generalized Jacobi rational functions forms a complete
Liaﬂ (A) -orthogonal system, i.e.,
R

(2.9) [ B @R )y @ = 25 %
A
where 6, ,, is the Kronecker symbol, and

20010 (ny + @+ 1)(ny + 5+ 1)

a8 _ - ) i
T e tat B+ )I(m + )l +at+ B+ 1)
Thus, for any v € L?,, 4(A),
YR
(2.10)
viw) =Y PRy (@), ot = 2a+5+1(775f’ﬁ)71Av(x)Rﬁ’B(x)wﬁ’ﬁ(x)dﬁ-
n=no

Moreover, integrating (2.7) with v = R%?(z) by parts yields
(2.11) /A 8, REP (2)0 RS ()w 2P (z)da = 2707 A= IN0P 2B, .
For any N € N, we set
RYP = span{R™" (x), no <1< N}.
The orthogonal projection Py 4.3 : Li;,a(A) — R%”Q is defined by
(PNa,s0=0,0),00 , =0,  Voe RN
For any r € N, we define the space

HT

w%’B,A(A) = { v | v is measureable on A and HU”r,w%’B,A < 00},
equipped with the semi-norm and norm,
HU”o,wi’ﬂ,A = HU”w;’ﬁ,Av |U|1,w;’3,A = [l(z + 1)28xv||wg+lﬁ+l,,\a

|v|k1w§,ﬁ)A =|(z+ 1)28961)|kil)wzﬂ,ﬁﬂA7 k> 2,

r
1
10l a = (O T2 s )%
k=0

For any real » > 0, we define the space H;

(2.12)

gB,A(A) and its norm by space interpo-

lation as in [1].

Lemma 2.1. (¢f. Theorem 3.1 of [27]). If one of the following conditions holds,
(2.13)
(i) a, B> -1, (i)a>-1, <—r—1lorpeN",

(i) a<—-r—1loraeN", >-1, (iv)a, f<-r—1o0ra, €N,

then for any v € H” (A) and integers 0 < pu <r < N + 1,

8
rA

(2.14) 1PV = 0ll,, jon 4 < ENFTTI0|, an
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We also introduce the space Hgﬁﬁy,yﬁé(A), 0 < p < 1 with the norm ||v||4,a,8,+,5,A-
For 1 =0, Hooszé(A) =L% ;(A). For p=1,
B W),

Hiﬁﬁm(;(A) = { v | v is measurable and [|v||1,a,8,y,6,4 < 00},
_ 2 2 1 m
where ||v]|1,a,8,7,6,4 = (|v 17“);,37A+|\v||w7?,57[\)2 .For 0 < p < 1, thespace H, 5 ;(A)

and its norm are defined by space interpolation. Moreover, QH;,@)W;(A) ={v]|ve
H} 5., 5(A) and v(0) = 0}. Next let

O'R}Yv’é ={v]|ve ’R}Yv’é and v(0) =0}
and
Ao, B,y,6(U,v) = (Opu, (%v)w%,ﬁA + (u, U)wVR"S,A’ Yu,v € OHO{)B’W;(A).

If5, § > -1,y < -1 and a — 2y > —3, then by the definition of OR}Y\;J, for any
¢ E QR}Y\;(S, ¢(z) is a linear combination of the functions (1+:v)7J;7"5(;—;}), 0<n<
N —[—~]. Further, a direct calculation shows H6w¢||wgv5,A < 00. Therefore, (R}’ C
oH i ﬁmé(A)' Accordingly, in this case, we can define the orthogonal projection

0PN 0505 - 0Ha 50 5(8) = oRY’ by
(2.15) a,5.7,6(0PY a gV — 0, 0) =0, Vo€ oRY .

Theorem 2.1. Letv < -1, § > -1, a—2y > -3, y—a—-0c+2 € N, and
o <4, 0 <0. If one of the following conditions holds,
a+o<—r—lora+oc—1eN, 0<+60<6+2,

(2.16)
(i) a+o—1eN", B+0—-1eN", 8> —1,

then for any v € OHoltﬁ_’,M(A) ﬂ[{:}HFLﬁH,1 A(A) and integers 1 <r < N +1,

217)  oPagms? — tlliasasn < eNTlel, paraonases .

We can prove Theorem 2.1 by a similar argument as in the proof of Theorem 3.3
of [27].

2.2. Fourier orthogonal approximation. Let I = (0,27) and H"(I) be the
Sobolev space with the norm || - ||,,; and semi-norm | - |, ;. For any non-negative
integer m, H"(I) denotes the subspace of H™(I), consisting of all functions whose
derivatives of order up to m — 1 have the period 2x. For any real » > 0, the space
Hy(I) is defined by space interpolation as in [1].

For any positive integer M, we denote by Vi (I) = span{ ¢ | |I| < M}, and
Vi (I) stands for the subset of Vys(I) consisting of all real-valued functions. The
orthogonal projection Py : L*(I) — V(1) is defined by

[(Prv(e) —v@)o@) =0, ¥6 e V(D).

I
It was shown in Theorem 2.3 of [11] that for any v € Hy(I), r >0 and p <,

(2.18) | Prv — vl s < eMP 7" ||y 1.
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2.3. Fourier-generalized Jacobi rational orthogonal approximations. We
are now in position to establish the main results on the mixed Fourier-generalized
Jacobi rational orthogonal approximations. For this purpose, let @ = I x A and
introduce the space

0H) 0 5~5(0) = {wv]|wv ismeasurable on Q, v(x,60 + 27) = v(z, ),
v(0,0) = 0 and ||v]

1,0,8,7,6,0 < 00},

equipped with the following semi-norm and norm,

1
2

[V]1,0,8,0 = (||81U||%2a 5(AL2(D)) + ||89UH%$I(A7L2(I))) )
wR‘

1
”UHLaﬁm&Q = (|v|ia,ﬁ,ﬂ + ||v||ii7,s(AvL2(1)))2’

R
where 1 = z+r1 Besides,
1
(t,v)x0 = /Q u(e, 00, Ox(@)dedd,  [vlye = (0,0)} .

For x(x) =1, we drop the subscript x in the notations.
Next let Vasv.a.5(€2) = Var(I)@RG?(A) and oVar v.a.5(Q2) = Var (1) @oR%G (A).
The orthogonal projection Py n.a.5 1 L? 0 5(2) = Varn.a.5(Q) is defined by
YR

(PM,N 0,80 = 0, @) o5 g = 0, Vo € Vi, N,a,8(9).

Theorem 2.2. If one of the conditions in (2.13) holds, then for any
veH A(A,LQ(I)) NL?, s(AH3(I)), s> 0 and integers 0 <r < N +1,

Wr wr

(2.19) HPM)N)QHQ’U — Ung,Bﬂ < CN7T|U|H:%,B’A(A’L2(I)) + CM*S|U|Li%B (A H*(I))"

Proof. Clearly, by (2.14), (2.18) and the projection theorem,
HPM,N,a,,BU - U”w;’é’ﬁ)ﬂ < HPN«L,@PMU - UHW%B,Q
< I1Pna.pPrrv = Paroll o8 o + [P = vl a6 g
< CN7T|PMU|H:%$,A(A,L2(1)) + CM*S|U|Li%YB(A,HS(I))

SeNTlgr ey +eM Tl o (A H# (D))"
wp w

A s

O

We now assume that 3, § > —1, v < —1 and o — 2y > —3. Then by a simi-
lar argument as before, we can verify readily that oVas,n ,5(Q) C QH;%@)%&(Q).
Therefore, in this case, we can define the orthogonal projection OP]%/I)N)H)%B)%& :
Ole,a,ﬁ,’y,é(Q) — OVMﬁNﬁ)g(Q) as
(2.20)

(Oq (OP]%47N7M70¢,B77,5U —v), aac(b)w;’ﬁ,g + (ae(OP]%/I,N,p,,a,,B,v,év —),060)n.0

HHOPAN pap60 ~ 0 Pyt =00 Y E VN 46(R), 1> 0.
For description of approximation result, we introduce the non-isotropic space

B:x’,SB,'y,&,o,B(Q)
= Hi%g (A, Hy (D)) N LA(A, Hy(I)) N LfﬂR,g (A, H; M) N Hlora1p+0-1 (A, H)(I)),
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equipped with the norm

— 2 2
||U||B;”%’%6,g,9(ﬂ) = (HU”Hiaﬂ(A’Hsfl(I)) + ||U||L%(A1Hs([))
R

Nl=

2 2
Hlollze ame=ray + 10l
“R “R

comnaas (NI

Theorem 2.3. If § > —1, § <0, and the conditions for (2.17) hold, then for any
s> 1, integers 1 <r < N +1andv e By 5, o(Q) NoH, 5. 5(Q),

(2.21) 10 = 0Pir N e ps?ltasrse < (M7 + N7,

where ¢ depends only on |’U|H:% (A H=~1(I))s |’U|L%(A1Hs([)), |’U|Li%6(Ast—1(I)),

R

RB
lE o spyon 22y and folar o )
R ’ R ’

Proof. By the projection theorem,

[v=0Pir N paprystlltasrse <clv—0lasqrso Vo€ oVaunys(Q).

We take ¢ = o Py
(2.22)
[0z (v — OPJ{Z,a,ﬂ,w,(SPMU)HLi%,ﬁ(A,L%I))

a.p..s v, With the aid of (2.17) and (2.18), we deduce that

< ||0zv — PMamUHLi%YB(A,LZ(I)) + 102 (Pyv — OPJ{[,a,B,'y,(iPMU)HLZ%B(A,LQ(I))

1—s 1—r
S M Ol2, ety F NPl s un)
o ,

< CM175|U|H“1)%B(A,HS*1(I)) + CN17T|U|H:§+571,;;+971’A(A,m(z))-
Next, due to v < —1 and 6 < 0, we have (1 +z)~! < w}’%’é(x) for x € A. Moreover,
0o Priv = PpOpv. Therefore, we use (2.17) and (2.18) again to obtain
(2.23)
196 (v = 0PN 03,4, )|z (8, L2(1))

< [190v — PrsOpvll 2 (a,z2(1)) + 1100(Prrv = 0Py 5, 6 PM0) 2 (8,22 (1))
< 199v — PriOgv| 12 (a,r2(1)) + cllOp Prrv — OPz{r,a,g,%a‘%PMU”L% 5 (AL2(D))
wR‘

< cM1*S|v|L%(A7Hs(1)) + CNl*T|<99PMU|H:a+(,,1,5+9,1 (A L2(D))
& :

1-s 1—r
< eM ol 2 (a,me(ry) + N |U|H:%+07115+9,1’A(A7H1(1))'

In the same manner, we verify that
1
[0 = 0Py a,p6Pm0lL2 (aL2(1)
“R

<o = Parvlle>ar2ny) + 10PN 5,6 P00 — Parollpz a,r2ny)
(2.24) “k “k

1-s ' 1—r '
<cM |’U|Li%5(/\,HS’1(I)) +cN |PMU|H:1¢I{+U*1’5+9*1,A(A’L2(1))

1-s 1—r
S Ml ey F N 2

Finally, the desired result comes immediately from a combination of (2.22)-(2.24).
O
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3. Spectral method for exterior problems

In this section, we propose the mixed Fourier-generalized Jacobi rational
spectral method for exterior problems. We consider the following linear model

problem:
10, 0 1 02
———(p=W(p,0)) — ===Wi(p,0 W(p,6
pap(pap (p,0)) 7 067 (p,0) + W (p,0) .
= F(p,0), uw>0p>160¢€l,
(3.1) § W(p,0+2m) =W(p,0), p>10€el,
W(1,0) =0, 0el,
lim pW(p,0) = lim pdpW (p,0) =0, 6el.
p—r00 p—r00

We make the variable transformation
p=z+1,  U0)=W(p0),  [f(z,0)=F(p0).
Then (3.1) is changed to

(3.2)
_0.((z + 1)0,U (x, 60)) — %H(%QU(:U, 8) + u(x + 1)Uz, 6)
= (z+1)f(x,0), r>00¢cl,
U(z,0+27) =U(x,0), x>0,0€l,
U(0,0) =0, 0el,
lim 2U(2,0) = lim 28,U(x,0) =0, 0eT.

In order to derive a proper weak formulation of (3.2), we introduce the bilinear
form with pu > 0,

Ay (u,v) = /(:C—i— 1)6wu(x,9)81v(x,6‘)dxd6‘+/ ! Opu(x, 0)0gv(x, 0)drdd
Q or+1
—|—u/ (x + Du(z, §)v(x, 0)dxds.
Q
Obviously
(3-3) Ap(u,0) < (p+ Dlully,—s,0,-3.0.0llv/1,-3.0-300
(3.4) Ap(v,v) 2 min(p, DIvI —s0,-3,0.0-

We now look for the solution of (3.2) in the space oHp 34 3(). In this
case, mli)ngo 2U(x,0) = wll)nolo 20, U(x,0) = 0 for § € I. Accordingly, for any v €
oH) 30 _30(9), mll)ngo(a: +1)0,U(x,0)v(x,0) = 0, Therefore, by multiplying (3.2)
by v € oH} 30 _30() and integrating the resulting equation by parts over Q, we
obtain a weak formulation of (3.2). Tt is to find U € oH, 3 3 () such that

(3.5) AN(U7 'U) == (f, v)w1;3’0-,9 VU E OH;)_370)_370(Q).
The mixed spectral scheme for (3.5) is to seek up, N € oVar,n,—3,0(2) such that

(3.6) Ap(unn, @) = (f,¢) =30 g0 V6 € 0Varn,—3.0().
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Theorem 3.1. Let U and up,n be the solutions of (3.5) and (3.6), respectively.
Ifuw>0and U € B'54 5010() NoHy 30 _30(Q) with s > 1 and integers
1<r<N+1, then

(3.7) IU = uns,nll1,—3,0,-300 < c(M'™5+ N,

Proof. Let Uy n = OPJ%/.[,N,H,—3,0,—3,0U' Then by (2.20) and (3.5),

(3.8) Au(Unns 0) = Au(U,0) = (f,9) 50 o

Subtracting (3.8) from (3.6) yields

(3.9) A (upm,n —Unn, @) = 0.

Therefore up v = Upg,n. Finally, we use (2.21) with a =vy=-3,6==60=0
and ¢ =1 to obtain the desired result. (]
4. Numerical results

In this section, we describe the numerical implementations and present some
numerical results.
Let ¢y (z) = R, (), k > 4. Clearly, ¥4(0) = 0 and {¢y(z)})_, spans the
space gRy>*(A). The basis functions are chosen as

1

1
2 _
d)k,m(xv 9) - \/ﬁ

4.1. Linear problem. We begin with the linear problem (3.1). Under the previ-

Yr(z) cos(mb), 4<k<N, 0<m<M.

ous basis functions, we write the numerical solution as

’U,MNJIH Z Z ukm¢kmx9 Z Z ukm(bkmxe)

4<k<N 1<m<M 4<k<N 0<m<M

Take ¢ = ¢, ¢ = 1,2 in (3.6). Then by the orthogonality of trigonometric

ab
functions, we obtain a sequence of one-dimensional problems:
al 1
([ o+ D0 @0uy (w)dn + 1 [ (o)
(4.1) fo—a /A AT

u /A (& + Dn(@); (@)l , = d(Lq)g?y, 4<j<N, =12,

where d(0,2) = 1, d(l, q) = 2 otherwise, and g7, = (f, ¢ l)wR3 0 o

For deriving a compact matrix form of (4. 1) we introduce the matrices A =
(ajk), B=(b;r) and C = (¢; ) with the following entries:

ajr = /A(I+ 1)0ut0x ()0 () de, bj k :/ V() (z)dx

i = /A (2 + Vp (@) (2)da

z+1
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With the aid of (2.1), (2.2) and (2.8), a direct calculation shows

325%(j+2)(j=3)(§—2) P —
T 27 H3)(27+1)(27-3)(27-1) J=k=3
96(5%—2j°+1)(j—3) | =
@i +D(2—3)(2j—1)" J=k=2
_ 480(j* 5% 47j%—j—2)(j-3) j=k—1,

2j+D)(25-5)(2j-3)(25-1) °
3205 —35+2)(§—3)*

ap={ GOCIDEE j=k
’ 480(5* —952 42852 —34j4+12)(j—4) -
@@ ey 0 J=k+L
96(5%—85%+20j—15)(j—5) o
G—N2i-52-3) J=k+2
32(j=6)(j=5)(j=3)>(j=1) o
EECTEO PTG IPT T REIE j=k+3,
0, otherwise,
32(j+2)(j—2)(j=3) g
@32+ )25 -3) 25 -1) j=k=3,
32(j2 —j+4)(j=3) o
I EG -1 j=k=2,
__ 32(5*—4j+52+65—40)(j—3) 1
722 -5)(2—3) (25— 1)(G—1) J= ’
64(j*—65° 41552 —185+20)(j—3) ke
b= { 1D EGDEGD J=5
ik =

_32(j1-85°4192 —12j-40)(j—4) .
TG @-IE-nG-0G-1 J=k+L

32(j%=5j+10)(j—5) o

TN E-3G-2) j=k+2,
32(j—6)(j—5)(j—1) o

017 710557053 j=k+3,

0, otherwise,
128(j—3)(j—2) P e
@a@-hg-n J=k-1L
128(5—3)2
(27-3)(1—2)(j—1)’

128(j—4)(j—3) .
EsEe oy, =kt

j=k,
Cjk =

0, otherwise.

Furthermore, we set
X? = (ui[vug)la"' 7u?\[7[)5 G? = (gz)lag;[v"' ag?\],l)v q= 172
Then, we have from (4.1) that
[A+ B+ uCIX? = d(l,q)G?,  q=1,2.

To examine the accuracy of the above scheme, we test the scheme on several
examples.

Example 1. We take 1 = 1 in (3.1), and test the exact solution U(x,0) =
Fae) sin(1 + #)e~ =, which decays exponentially as = increases with oscillation. In
Figures 4.1 and 4.2, we plot the discrete L2— and L —errors against various M

with N = 2M, which indicates an exponential convergence rate.
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IogloError

FIGURE FIGURE
4.1. L?—errors of 4.2. L>—errors of
Example 1. Example 1.

Example 2. We take 1 = 1 in (3.1), and test the exact solution U(x,0) =
z sin(146)
(z+1)+3
4.3 and 4.4, we plot the discrete L?— and L*—errors against various M with
N =2M and k = 3,4, 5, respectively. It is clear that in all cases, the errors decay

k> %, which decays algebraically at infinity with oscillation. In Figures

at certain algebraic rate. It also shows that the smoother the exact solution is, the
smaller the numerical errors will be.

11 1.2 13 1.4 15 16 17 1 11 12 13 14 15 1.6 17
IogmM IngmM

FIGURE FIGURE
4.3. L?—errors of 4.4. L —errors of
Example 2. Example 2.
4.2. Nonlinear problem. The proposed method is also useful for some non-
linear problems. For instance, we consider the following nonlinear problem (see
[19]):
(4.2)
W (p,0,t) — AW (p,0,t) + W2(p,0,t) = F(p,0,1), p>1,0€l,te(0,T),
W{(p, 0+ 2m,t) = W(p,0,t), p>1,0€l,te0,T),
W(p,0,0) = Wo(p,0), p>1,0€l,
W(L,6,t) = 0, lim pWW(p,0,) = lim pd,W(p,0,t) =0, 0 Lte[0,T],
p—r00 pP—+00
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where the Laplacian:

9?W (p,0,t) n 10W(p,0,1) 9?W (p,0,t)

1

We make the variable transformation
p=xz+1, Ux,0,t) = W(p,0,t), Us(x,0) = Wy(p,0), f(x,0,t) = F(p,0,t).

Then (4.2) is changed to
(4.3)

(x+1)0,U(z,0,t) — (x + 1)02U (x,0,t) — 0,U(x,0,t)—

1892U(:v, 0,t)

+(z+ 1)U%(2,0,t) = (x + 1) f(z,0,1), x>0,0el,te(0,T),
Uz, 0+ 2n,t) =Ul(x,0,t), r>0,0¢cl,tel0T],
U(z,0,0) = Upy(x,0), r>0,0cl,

U(0,0,t) =0, lim zU(x,0,t) = lim 20,U(x,0,t) =0, 0¢cI,tc]0,T).

Tr—00 Tr—r00

Multiplying (4.3) by v(z,0,t) and integrating the resulting equation by parts, we
derive a weak formulation. It is to find U(t) € oH, 3¢ 3 0(?) such that
(4.4)

(6tU(t), 1))001;3,07Q + (&CU(t), (9IU)W1;3,07Q + ((%U(t), (991))77)9 + (U2 (1), U)w§3’0,52

= (f(t),v)wgs,oyﬂ,

U(z,0,0) = Uy(x,0).

The mixed spectral scheme for (4.4) is to seek ups n(x,0,t) € oVarn,—3,0(£2)
such that

(4.5)
(Orun,N (1), (b)w;’“,gz + (Opunr,n (1), aw(b)w;"’,n + (Oounrt,N(t), 0p9)n.0

+ (i n (1), D)0 = (f(£),8), 30 g, Vo € oVar,n,—3,0(92),
unr,n(2,0,0) = Par,n,—3,0U0(x, 8).

We next write the numerical solution as

UMN x, 9 t Z Z ukm (bk m(l‘ 9) Z Z ui,m(t)(bi,m(xve)'

4<k<N 1<m<M 4<k<N 0<m<M

Denote by 7 the mesh size in time ¢. The fully discrete scheme for (4.5) is as follows,
(4.6)
2(up, N (t +7), ¢)w§3’0,ﬂ + 7(Ogun, N (t+ T), am¢)w§3,oyﬂ + 7(Ogups, N (t + 7), (99(;5)77)9

—I—T(u?\/[’N(t + T), (;5)001;3,01Q = 2(UM)N(t), (;5)001;3,07Q — T(amuM)N(t), 6I¢)w1;3,019
—T(Dpurt,N (1), Dpd)n,0 — T(uiy N (t), D)0+ T(f(E+T7) + [(t)8), 30 o
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Take ¢ = ¢‘;- ,» ¢ =1, 2in (4.6). By the orthogonality of trigonometric functions,
we also obtain a sequence of one-dimensional problems:

(4.7)
N
(2/(:c+1)1/)k¢jdx+7/(x+1)8x1/)k8x1/)jd1:+l27'/ ! 1/)k1/)jdm)uzl(t+7')
=N A A AT+l ’
N
rd(l, @) n (t+7), 6 0= 3 (2 [ @0 =7 [ @ 10000,
k=4 A
1 .
—l%/Atzpwjd:c)u L)+l agl),  A<iSN, q=172,
where d(0,2) =1, d(l,q) = 2 otherwise, and
g5,@) =7(ft+7)+ (1), 95,) w00 T(UM)N(t),¢(JZ-J)w;L3,019, g=1,2.

Next let A = (a; ), B = (b; %) and C = (c¢;,1) be the same as in the last subsection,

-1c

It ——1=0.01 ¢ —&—1=0.01
_2\ -O-1=0.001 || Ll -0-1=0.001 ||
1=0.0001 1=0.0001
B \ | T \ |
4t o 1
N -5t - 1
Yy ‘o Y -6 h x
g -6 N 1 g =%
- ~— - -
.. Sl
-7r B Ry R = ..
_al O---g---o--o--4O
sl
ol ol
_10 . . . . . . . . 10 . . . . . . ; .
5 10 15 20 25 30 3 40 45 50 5 10 15 20 25 30 35 40 45 50
M M
FIGURE FIGURE
4.5. L?—errors of 4.6. L —errors of
Example 3. Example 3.
and set

X[ (t) = (ug (1), ug, (£), - v“?v,z(t))Tv G (t) = (93,(t), g5, (1), - - ,g?\,ﬁl(t))T,q =12
Then, we have from (4.7) that

0s) [TA + 7B + 2C|X{(t + 7) + 7d(l, q) (w3 (t + 7), 31150 0
= [—7A — I>7B + 2C)X{(t) + d(l, ¢)G{ ().
To examine the accuracy of the above scheme, we test the scheme on several

examples.

Example 3. We test the exact solution U(x,0,t) = %ﬁ)bm(” ~3, which
decays exponentially as x increases with oscillation. In Figures 4.5 and 4.6, we plot
the discrete L2— and L™ —errors at t = 1 against various M with N = 2M and
7 = 0.01, 0.001, 0.0001, respectively. Clearly, the errors decay exponentially as
M and N increase and 7 decreases. It is also observed from Figure 4.5 that for
fixed 7 = 0.01 and the mode M < 25, the total numerical errors are dominated
by the approximation errors in the space and so decay fast as M increases. But
for M > 25, the total numerical errors are dominated by the approximation errors
in time ¢. Thus, the numerical results keep the same accuracy, even if M and N
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increase again. A similar situation happens in other cases, see Figures 4.5-4.6 and

4.9-4.10.

Log, Error

FIGURE
4.7. L?—errors of
Example 4.

Example 4. We test the exact solution U(x, 6,t) =

0.7 0.8 0.9 1 11 12 13

’ IogmM
FIGURE
4.8. L>—errors of
Example 4.

z sin(140) sin(t)

3 .
er)E k > 5, which

decays algebraically at infinity with oscillation. In Figures 4.7 and 4.8, we plot the
discrete L?— and L>®—errors at t = 1 against various M with N = 2M, 7 = 0.0001
and k = 3,4, 5, respectively. It is clear that in all cases, the errors decay at certain
algebraic rate. We also observe that the numerical results with £k = 5 are better

than that with k = 3, 4.

-4

51

—6

7t

Log, Error

-8 \D\

ol

-10

—%—1=0.01
-0-1=0.001
O t=0.0001|]

07 08 o0 1 11
IogmM
FIGURE

4.9. L?—errors of
Example 4.

—#—1=0.01
-0-1=0.001
O 1=0.0001|
a,
u\
B o -0ooooooo
o
o
o
o
%o
000+
07 0.8 0.9 1 11 12 13
IogmM
FIGURE

4.10. L*°—errors
of Example 4.

In Figures 4.9 and 4.10, we plot the discrete L?2— and L>®—errors at ¢t = 1
against various M with N =2M, k =5 and 7 = 0.01, 0.001, 0.0001, respectively,
which shows that the numerical results with 7 = 0.0001 are better than that with

7= 0.01, 0.001.

In Figures 4.11 and 4.12, we plot the discrete L?— and L® —errors against various
t with N = 2M = 30, k = 5 and 7 = 0.001, which demonstrates the stability of

scheme (4.6) for long time calculation.



FOURIER-GENERALIZED JACOBI RATIONAL SPECTRAL METHOD 671

0 T 0
-2t -2
-4 -4
-6 -6

-8t

LogwError
|
LogwError

-0~0-—0-0—0—0-0-0-0-0-0-0-0—0_, 00
-10r — -10f —
-12F 1 _12b
-14F 1 -14F
-16 . - - - - - . - - -16
1 2 3 4 5 . 6 7 8 9 10 1 2 3 4 5 . 6 7 8 9 10
FIGURE FIGURE
4.11. Stability of 4.12. Stability of
L2—errors. L°° —errors.

5. Concluding Remarks

In this paper, we proposed the mixed Fourier-generalized Jacobi rational
spectral method for two-dimensional exterior problems, and established some basic
results on the mixed Fourier-generalized Jacobi rational orthogonal approximations.
These results form the mathematical foundation of the related spectral method for
various two-dimensional problems on unbounded or exterior domains. To compare
with the existing rational spectral method, the suggested method not only enlarges
applications and simplifies numerical analysis, but also leads to very efficient nu-
merical algorithms.

As examples of applications, we provided the mixed spectral schemes for two
model exterior problems, and analyzed the convergence of the linear problem. In
particular, by choosing suitable basis functions, we are able to design proper nu-
merical algorithms, such that the resultant linear discrete systems are symmetric
and sparse. Hence they can be solved efficiently. The numerical results demonstrate
their high accuracy.

References

(1] J. Bergh and J. Lofstrom, Interpolation Spaces, An Introduction, Spring-Verlag, Berlin, 1976.

[2] C. Bernardi and Y. Maday, Spectral Methods, in Handbook of Numerical Analysis, Vol.5,
Techniques of Scientific Computing, 209-486, edited by P. G. Ciarlet and J. L. Lions, Elsevier,
Amsterdam, 1997.

[3] J. P. Boyd, Spectral method using rational basis functions on an infinite interval, J. Comp.
Phys., 69 (1987), 112-142.

[4] J. P. Boyd, Orthogonal rational functions on a semi-infinite interval, J. Comp. Phys., 70
(1987), 63-88.

(5] J. P. Boyd, Chebyshev and Fourier Spectral Methods, Dover Publications Inc., Mineola, NY,
second edition, 2001.

[6] C. Canuto, M. Y. Hussaini, A. Quarteroni and T. A. Zang, Spectral Methods: Fundamentals
in Single Domains, Springer, Berlin, 2006.

[7] C. Canuto, M. Y. Hussaini, A. Quarteroni and T. A. Zang, Spectral Methods: Evolution to
Complex Geometries and Applications to Fluid Dynamics, Springer, Berlin, 2007.

(8] C.I. Christov, A complete orthogonal system of functions in space, STAM J. on Appl. Math.,
42 (1982), 1337-1344.



672
[9]
(10]

(11]
(12]

(13]
[14]

(15]

J. WU AND Z. WANG

O. Coulaud, D. Funaro and O. Kavian, Laguerre spectral approximation of elliptic problems
in exterior domains, Comput. Meth. in Appl. Mech. and Engin., 80 (1990), 451-458.

V. Girault, The Stokes problem and vector potential operator in three dimensional exterior
domains, an approach in weighted Sobolev spaces, Diff. Integ. Equ., 7 (1994), 535-570.
Ben-yu Guo, Spectral Methods and Their Applications, World Scientific, Singapore, 1998.
Ben-yu Guo, Jie Shen and Li-lian Wang, Optional spectral-Galerkin methods using generalizd
Jacobi polynomials, J. Sci. Comp., 27 (2006), 305-322.

Ben-yu Guo, Jie Shen and Li-lian Wang, Generalized Jacobi polynomials/functions and their
applications, Appl. Numer. Math., 59 (2009), 1011-1028.

Ben-yu Guo, Jie Shen and Zhong-qing Wang, A rational approximation and its applications
to differential equations on the half line, J. Sci. Comp., 15 (2000), 117-147.

Ben-yu Guo, Jie Shen and Zhong-qing Wang, Chebyshev rational spectral and pseudospectral
methods on a semi-infinite interval, Inter. J. Numer. Meth. Engin., 53 (2002), 65-84.

[16] Ben-yu Guo, Jie Shen and Cheng-long Xu, Generalized Laguerre approximation and its ap-

plications to exterior problems, J. Comp. Math., 23 (2005), 113-130.

[17] Ben-yu Guo, Li-lian Wang and Zhong-qing Wang, Generalized Laguerre interpolation and

pseudospectral method for unbound domains, SIAM J. Numer. Anal, 43 (2006), 2567-2589.

[18] Ben-yu Guo and Yong-gang Yi, Generalized Jacobi rational spectral method and its applica-

tions, J. Sci. Comp., 43 (2010), 201-238.

[19] L. A. Herraiz, A nonliner parabolic problem in an exterior domain, J. Diff. Equ., 142 (1998),

371-412.

[20] G. E. Karniadakis and S. J. Sherwin, Spectral/hp Element Methods for Computational Fluid

Dynamics, Oxford University Press, Oxford, 2005.

[21] A. B. J. Kuijlaars, A. Martinez-Finkelshtein and R. Orive, Orthogonality of Jacobi polyno-

mials with general parameters, Elec. Tran. on Numer. Anal., 19 (2005), 1-17.

[22] A. Mdrquez and S. Meddahi, A combination of spectral and finite elements for an exterior

problem in the plane, Appl. Numer. Math., 43 (2002), 275-295.

[23] G. Szegd, Orthogonal Polynomials, Amer. Math. Soc., 1959.
[24] Zhong-qing Wang and Ben-yu Guo, Jacobi rational approximation and spectral method for

differential equations of degenerate type, Math. Comp., 77 (2008), 883-907.

[25] Zhong-qing Wang, Ben-yu Guo and Yan-na Wu, Pseudospectral method using generalized

Laguerre functions for singular problems on unbounded domains, Disc. Cont. Dyn. Sys. B,
11 (2009), 1019-1038.

[26] Zhong-qing Wang, Ben-yu Guo and Wei Zhang, Mixed spectral method for three-dimensional

exterior problems using spherical harmonic and generalized Laguerre functions, J. Comp.
Appl. Math., 217 (2008), 277-298.

[27] Yong-gang Yi and Ben-yu Guo, Generalized Jacobi rational spectral method on the half line,

Adv. Comput. Math., 37 (2012), 1-37.

[28] Rong Zhang, Zhong-qing Wang and Ben-yu Guo, Mixed Fourier-Laguerre spectral and pseu-

dospectral methods for exterior problems using generalized Laguerre functions, J. Sci. Comp.,
36 (2008), 263-283.

[29] Xiao-yong Zhang and Ben-yu Guo, Spherical harmonic-generalized Laguerre spectral method

for exterior problems, J. Sci. Comp., 27 (2006), 523-537.

Department of Mathematics, Shanghai Normal University, Shanghai, 200234, China

Department of Mathematics, Shanghai Normal University, Shanghai, 200234, China, Scientific

Computing Key Laboratory of Shanghai Universities, Division of Computational Science of E-

Institute of Shanghai Universities

E-mail: zqwang@shnu.edu.cn.



