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APPROXIMATION OF THE LONG-TERM DYNAMICS OF THE
DYNAMICAL SYSTEM GENERATED BY THE
TWO-DIMENSIONAL THERMOHYDRAULICS EQUATIONS
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Abstract. Pursuing our work in [18], [17], [20], [5], we consider in this article the two-dimensional
thermohydraulics equations. We discretize these equations in time using the implicit Euler scheme
and we prove that the global attractors generated by the numerical scheme converge to the global
attractor of the continuous system as the time-step approaches zero.
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1. Introduction

In this article we discretize the two-dimensional thermohydraulics equations in
time using the implicit Euler scheme, and we show that global attractors generated
by the numerical scheme converge to the global attractor of the continuous system
as the time-step approaches zero. In order to do this, we first prove that the scheme
is H'-uniformly stable in time (see Section 4) and then we show that the long-term
dynamics of the continuous system can be approximated by the discrete attractors
of the dynamical systems generated by the numerical scheme (see Section 5).

In the case of the Navier—Stokes equations with Dirichlet boundary conditions,
the H'-uniform stability of the fully implicit Euler scheme has proven to be rather
challenging. However, using techniques based on the classical and uniform discrete
Gronwall lemmas, we have been able to show the H!-stability for all time of the
implicit Euler scheme for the Navier—Stokes equations with Dirichlet boundary
conditions (see [20]). The H?-stability has also been established. More precisely,
the H?2-stability has first been proven in the simpler case of space periodic boundary
conditions (see [17]), and then extended to Dirichlet boundary conditions (see [18]);
the magnetohydrodynamics equations are also considered in [18].

Our first objective in this article is to extend the H'-uniform stability proven
in [20] for the Navier—Stokes equations with Dirichlet boundary conditions, to the
thermohydraulics equations. In order to do so, we divide our proof into three step-
s. First, we prove the L?-uniform stability of both the discrete temperature ™
and the discrete velocity v™ (see Lemma 3.2 and Lemma 3.3 below). Then, using
techniques based on the classical and uniform discrete Gronwall lemmas, we derive
the H'-uniform stability of v" (see Proposition 4.1 below), which we will use in
Subsection 4.2 in order to establish the H!-uniform stability of 8" (see Proposi-
tion 4.2 below). Besides the intrinsec interest of considering the thermohydraulics
equations, the new technical difficulties which appear here are related to the spe-
cific treatment of the temperature with the necessary utilization of the maximum
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principle. Furthermore, we have simplified some steps of the proof as compared to
[20].

Our second objective in this article is to employ the technique developed in [5] to
prove that the global attractors generated by the fully implicit Euler scheme con-
verge to the global attractor of the continuous system as the time-step approaches
zero. When discretizing the two-dimensional thermohydraulics equations in time
using the implicit Euler scheme, one can prove the uniqueness of the solution pro-
vided that the time step is sufficiently small. More precisely, the time restriction
depends on the initial value, and thus one cannot define a single-valued attrac-
tor in the classical sense. This is why we need to use the theory of the so-called
multi-valued attractors, which we briefly recall in Subsection 5.1.

2. The thermohydraulics equations

Let 2 = (0,1) x (0,1) be the domain occupied by the fluid and let es be the
unit upward vertical vector. The thermohydraulics equations consist of the coupled
system of the equations of fluid and temperature in the Boussinesq approximation
and they read (see, e.g., [6], [15]):

0
(2.1) 8—:—i—(v-V)v—uAv—i—Vp:eg(T—Tl),
(2.2) %§+@-VW—WAT:Q
(2.3) dive = 0;

here v = (v1,v2) is the velocity, p is the pressure, T is the temperature, T} is the
temperature at the top boundary, zo = 1, and v, k are positive constants. We
supplement these equations with the initial conditions

(2.4) v(z,0) = v (z),
(2.5) T(x,0) = T%x),

where v : Q — R2?, T? : Q — R are given, and with the boundary conditions

(2.6) v=0 at z2=0 and x3=1,

(2.7) T=Ty=T1+1 at 290=0 and T =T, at z=1,
and

(2.8) p,v, T and the first derivatives of v and T are periodic

of period 1 in the direction z1,

meaning that ¢|;,—0 = @|,,~1 for the corresponding functions ¢.
Letting

(2.9) 0 =T —Tp+

and changing p to

(2.10) p—(m—ig),
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equations (2.1)—(2.3) together with the boundary conditions (2.6)—(2.8) become

(2.11) % + (v-V)v—vAv + Vp = eaf),
(2.12) % + (v V)0 — vy — KAG =0,
(2.13) dive =0,

(2.14) v=0 at z2=0 and x2=1,
(2.15) =0 at a22=0 and a92=1,
(2.16) (2.8) holds with T replaced by 6.
These equations are supplemented with the initial conditions
(2.17) v(z,0) = vo(x),

(2.18) 0(z,0) = T°(z) — Tp + 22 =: Op().

For the mathematical setting of the problem we define the space H = H; x Ha,
where

(219) H, = {’U S L2(Q)2, div =0, ’Uglmzzo = ’U2|12:1 = Ouvllmle = ’U1|m1:1} s
(2.20) Hy = L*(Q),

and we denote the scalar products and norms in Hy, Hy and H by (-,-) and | - |.
We also define the space V' = V; x Vs, where

(221) Vi ={ve HY(Q)?, v|sy—0 = V|sy=1 = 0,0]s,—0 = V|4, =1, div v =0},

(222) Vo = {9 € Hl(Q)a 9|I2:0 = 0|I2:1 =0, 9|961:0 = 9|11:1} :
The space V3 is a Hilbert space with the scalar product and the norm
(223) (@) = [Vo-vuds, o] =G0,

and we have the Poincaré inequality (see, e.g., [15], page 134)

(2.24) lol <ll¢ll, Ve ViorVa

We denote both scalar products and norms in V; and V' by ((-,-)) and || - |
Let D(A) = D(A;) x D(A3), where

(2.25) D(A;) = {v € Vin H*(Q)?, g—; T g—; 11_1} Ji=1,2,
and let A be the linear operator from D(A) into H and from V into V' defined by
(2.26) (Auy,uz) = a(ug,us), Yu; = {v;,6;} € D(A), i =1,2,
with
(2.27) a(ur,uz) = v((vi,v2)) + £((61,62)).
We consider the trilinear continuous form b on V', defined by
(2.28) b(u1,u2,u3) =b1(vi,v2,v3) + ba(v1,02,603), Vu; = {v;,0;} €V,
where
(2.29) bi(y,w,z) = > /Qyi‘z—lg‘c’jzj dz,Yy,w, z € HY(Q)?,

i,j=1,2
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2 26
2.30 b = i——p dz,Vy € HY(Q)?, ¢, HY(Q).
@) nwon) =3 [ugivdn vy € 0@ 00 < H®)

The form by is trilinear continuous on Vi x V4 x V; and enjoys the following prop-
erties:

(2.31) b1 (y, w, 2)| < eoly" Iyl w2222, Yy, w, 2 € W,
. 13 0, )1 < ealy 2| A2,
' Yy € D(Ay), we Vq, z € Hy,
. 6130, )] < colyl 2yl 2 A 21,
' VyeVi,we D(A;),z € Hy,
(2.34) b (y,w,w) =0, Vy,wel,
the last equation implying
(2.35) bi(y,w,z) = =b1(y, z,w), Vy,w,z € V.

The form by is trilinear continuous on V3 x V5 x V5 and enjoys the following
properties, similar to (2.31)—(2.35):

(2.36) b2y, &, )| < clyM 2yl 2Nl 2w I1M2, Yy, b0 € Va,

[b2(y, &, )| < eolyl?| Azyl" 2| ll 1],

(2.37)
vye D(A2)7 (be ‘/27 Q/J S H27
(2.38) b2y, & )| < eolyl" 2 [lyll 2| ]1" /% Azl 5,
' Vy € Vi, ¢ € D(A2), ¢ € Ha,
(239) b2(y7¢7¢):07 Vye‘/la (be‘/?a
the last equation implying
(240) b2(y7¢71/]) = _b2(y7w7¢)7 Vy € Vlu ¢71/] € ‘/2

We associate with b the bilinear continuous operator B from V x V into V' and
from D(A) x D(A) into H, such that

(2.41) (B(u1,u2),us)v:yv = bluy,ug,us), Yui,uz,uz€V.
We also define the continuous operator in H
(2.42) Ru = —{ez6,v2}, u = {v,0}.

For more details about the function spaces D(A), V and H, as well as the operators
A, B, R and b, the reader is referred to, e.g., [15].

In the above notation, the system (2.11)—(2.13) can be written as the functional
evolution equation

(2.43) ut + Au+ B(u) + Ru = 0, u(0) = ug = {vo, 00}

In the two-dimensional case under consideration, the solution to the thermohy-
draulics equations is known to be smooth for all time (cf. [15]). Using the maximum
principle for parabolic equations, one can show that § € L>(R; L?3(€2)) and the
velocity u is bounded uniformly for all time by

(2.44) () 722 < €™ |vol7a(q)e + 7(1 —e ),
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where 0o = ||, ;12(0)). Furthermore, using techniques based on the uniform
Gronwall lemma (cf. [15]), one can bound the solution « of (2.43) uniformly in V'
for all t > 0.

In this article we discretize (2.43) in time using the fully implicit Euler scheme,
and define recursively the elements u™ = {v™,0"} of V as follows:

u’ = {v°,0°}, where v°(z) = vo(x), and
6°(z) = Oy(z) := T () — Ty + x5 are given;

then when u® = {09 0°},--. w1 = {v"71 071} are known, we define u" =
{v",0"} € V such that

(2.45)

(2.46) ("™ — 0" w) + (0", 0) + by (v, 0", v) = (e20™,v), Yo € Vi,

ol

1
(2.47) E(en — 0" 0) + K((60™,0)) + ba(v™,0",0) — (vF,0) =0, VO € V.

The above system is very similar to the stationary Navier—Stokes equations and
the existence of solutions is proven e.g. by the Galerkin method, as in [16]. Unique-
ness can also be derived as in [16] under some conditions. Let us explain this point,
which somehow motivates the developments in Section 5. For that, we rewrite the
system (2.45)—(2.47) in the form
(2.48) (V™ v) + vk((v™,v)) + kby (v™, 0™, v) — k(e20",v) = (v" 1, v), Vv € V4,
(2.49) (0™,0) + kk((0",0)) + kba(v™,0™,0) — k(vy,0) = (0"1,0), V0 € Vs,
and assume that {v™, 6"} and {o", 0"} are two solutions corresponding to the same
initial data {vo,f0} € V. Setting 0" = v" — 0" and " = 6" — 0", we obtain that
{0™,0™} is a solution to the following system:

(2.50)

(8", 0) + vk((8",v)) + kb1 (3", 0", v) + kby (0", 7", v) — k(e20",v) = 0, Vv € V1,
(2.51)

(07, 0) + kk((07,0)) + kbo (3", 0™, 0) + kby(T™, 07, 0) — k(93,0) = 0.Y0 € Va,
Taking v = 9™ in (2.50) and using (2.34), we obtain
(2.52) 572 4 vk||5"||% + kby (37, 0", 0") — k(ea6™,T™) = 0.

Using property (2.31) of the trilinear form b; and the bound (4.52) below on |[v" ],
we obtain (for k < ky(||{vo,00}||), with k4(||{vo, 6o}||) given in Theorem 4.1 below):
kb (07, 0", 07) < eok[0"[[[07[[[0"]] < o Bok[0™ (][0

(2.53) Von Ch ~n
< 2kl + LREH P
We also have
k(e26", ") < kle26"(|7"| < K|6" |5

(2.54) y

1 ~
< k|2 + —k|O™2
14

> |

Relations (2.52)—(2.54) imply
b2\ 12 o Yoeng2 < Lign)2
2.55 (1- 2Kk Yklon)? < k|02,
(2.55) LK) 5+ SR < SR
Now taking § = 6" in (2.51) and using (2.39), we obtain
(2.56) 1072 4 Kk||60™))? + kba (3", 0™, 0™) — k(04 6™) = 0.
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Using property (2.36) of the trilinear form by and the bound (4.52) below on |6,
we obtain

kba (7, 0",0™) < cok5" (/2|67 11672167
(2:57) < %kHﬁ"Hz + gkué"H? + cKGk|0"* + cKgk|0™ |
We also have
(258) k(.07 < K| < k6] < ShI0E 4+ e
Relations (2.56)—(2.58) yield
(259) (1 cKZRIGE + SR < TR0 + cKEH" + %mm?.
Adding relations (2.55) and (2.59), we obtain

1 ~
(1 — DR K2k - —k) 52 + (1 — K2k — fk) 1672
(2.60) , v - K v
Y rnsn2 Zrlen2 < )
+ URI5 + Sk107) < 0

Assuming k is sufficiently small, that is

1 1
2.61 k < mi 0MD, : ,
2on —mm{“‘“”{”o D SR ) 2<ch+§>}

relation (2.60) implies o = ™ = 0. Hence, the system (2.45)(2.47) possesses a
unique solution, provided that the time-step satisfies the constraint (2.61). This
is enough to uniquely define the sequence {v™,0"} for k small enough, but the
dependence of the time step k on the initial data prevents us from defining a single-
valued attractor in the classical sense, and this is why we need the theory of the
multi-valued attractors, that we discuss in Subsection 5.1.

Our next aims are to prove that the solution u™ = {v™, 8™} to the discrete system
(2.45)—(2.47) is uniformly bounded in the V-norm and then to show that the global
attractors generated by the numerical scheme (2.45)—(2.47) converge to the global
attractor of the continuous system as the time-step approaches zero.

In this article we only consider time discretization, we do not consider space
discretization. Important background information on space discretization and on
various computational methods can be found in some of the books and articles
available in the literature. On finite elements, see, e.g., [7], [9]; on finite differences
and finite elements, [10], [16]; on spectral methods, [3], [8].

3. H-Uniform Boundedness of v and 6"

In proving the H-uniform boundedness of v and 6™, we need first to prove
a variant of the maximum principle for #”. In order to do so, we introduce the
following truncation operators (cf. [15]), that associate with the function ¢, the
functions ¢4 and ¢_, given by

(3.1) p4(@) = max(p(@),0), - (z) = max(—p(x),0).

Note that, with this notation, we have ¢ = ¢ — ¢_, the absolute value |p| of
@ is pr + ¢— and p1p_ = 0. Using these operators, we can prove the following
preliminary lemma
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Lemma 3.1. If p,v € L?(), then
(3:2) 200 =¥, 04) = o2 = [0+ P + o — 94,
(3.3) N B R e L
Proof. We have
200 =, 04) =2(p4 — - — Yy + -, 04)
=2(p+ — Y4, 04) — 2(0- — Y-, p4)

(3.4)
= o4 = [0 * + o4 — 94 |* +2 . Yoy dr
> o = [0 + oy — ¥4l
since ¢_p4 > 0. The proof is similar for (3.3) and the lemma is proved. (Il

We are now able to prove the following variant of the maximum principle for ™:

Lemma 3.2. If v™ and 0™ satisfy (2.46) and (2.47), then

(3.5) " = 0" +0m,

with

(3.6) 23— 1< 0" <ay,

(3.7) 167 < (163 +16%1) (1 + 25K) 2.

Moreover, there exists My = M1(|6o]), given in (3.26) below, such that
(3.8) 107 < My, ¥n > 1.

Proof. Rewriting (2.47) in terms of T™ = 0™ 4+ T — x2, we find:

(3.9) %(T” —T" N T+ k((T",T)) + ba(v™, T™,T) = 0, VT € Vo, =0, n > 1.

Replacing T by 2k(T™ — Tp)+ in the above equation and using (3.2), we obtain:
(T = To)4 | = (T = To)+|?

(T = To)s — (T = Ty), 2 + 2k (T — To) 4 |> < 0.

Using the Poincaré inequality (2.24), we find

(3.10)

(311) (" = To) < 2|~ To), P,

where

(3.12) a=1+2kk.

Using recursively (3.11), we find

(3.13) (T = To)+ [ < (1+ 26k)7"[(T° = To)+[*.
Similarly, using (3.3), we obtain

(3.14) (T™ —Ty)—|? < (1+26k)""|(T° - Ty)_ %
Setting

(3.15) T =T" 4+ T", with T" = (T" — Tp)y — (T" = T1)_,

we find that T = T — (T™ — Ty)4 + (T — T})_, so that T" = Ty, for T" < Ty,
T =T", for Ty <T™ <Tp, and T™ = Ty, for T™ > Ty; in all cases

(3.16) T, <T" < Tp.



516 B. EWALD AND F. TONE

Rewriting (3.13)—(3.15) in terms of #, we obtain

(3.17) (0" = x2)+[* < (14 26k)7"|(6° — @2) 1|7,
(3.18) (0™ — 22 +1)_|* < (1 +2rk)"™(0° — 20+ 1)_ %,
(3.19) 0" +Top— a0 =T" + (0" —a0) 1 — (0" —a0+1)_.
Setting

(3.20) 0" = (0" —x9)y — (0" — 29+ 1)_,

(3.21) 0" =T" — Ty + 2,

equation (3.19) becomes

(3.22) 0" = 6" + 0.

By (3.16), we have

(3.23) 2y — 1< 0" < a9,

and by (3.20), (3.17) and (3.18) we derive
87 < 10" — z2)4 | + 10" — w2 +1)_|
< (1 26k) (102 + 16 ).
To complete the proof of the lemma, we note that (3.22), (3.23) and (3.24) yield

(3.24)

(3.25) 10" < QY2+ (169 +16°]) (L + 2kk) "%, ¥n > 1,

and setting

(3.26) Ma([6o]) = 1/ + (6% + 62,

we obtain conclusion (3.8) of the lemma. O

Corollary 3.1. If

(3.27) k<

)

5|

then By2(0,2|QY/?), the ball in L? centere
ball for O™ in L2.

S8

at 0 and radius 2|Q|'/?, is an absorbing

Proof. Indeed, let B be any bounded set in L? and assume that it is included in a
ball B(0, R) of L?. Tt is easy to deduce from (3.25) that for any 6y € B(0, R),

(3.28) 107 < |92 + 2R(1 + 2kk) "% ,Vn > 1,

and using assumption (3.27) on k and the fact that 1+ > exp(z/2) if z € (0,1), we
21n( —2B _
obtain that there exists Ng (R, k) := M such that 6™ € B;2(0,2|Q|Y/?),Vn >
N¢. This completes the proof of the corollary. O

We are now able to prove the H-uniform boundedness of v™. More precisely, we
have the following;:

Lemma 3.3. Let {v",0"} be the solution of the numerical scheme (2.46)—(2.47).
Then for every k > 0, we have

. M2 .
(3.29) [0 2 < (L4 wk) " ool + [1—(1+uk) },VnZO.

Moreover, there exists K1 = K1(|vg|, |60|), such that
(3.30) [v"| < K1, Vn>0,
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and
m ) ) 1 &L
72 < i—12 - 7|2 ; — .
(3.31) vk I IE < TR SR Y I =1 m,
J= Jj=t
7112 < 1—12 - 712 P .
(3.32) nkZHG I? <167 +KkZ|v 2, Yi=1,---,m.
j=t j=t
Proof. Taking v to be 2kv™ in (2.46) and using the relation
(3.33) 200 — 9. 0) = lol* = [WI* + o — I,
as well as the skew property (2.34), we obtain
(3.34) |02 — 0" 2+ o™ = 0" 4 20k 0" = 2k (e20™, 0™).

Using the Cauchy—Schwarz inequality and the Poincaré inequality (2.24), we ma-
jorize the right-hand side of (3.34) by
2k(e20™,0™) < 2klexf™|[v"] < 2K|0"||v"]
3.35 1
(3:35) < 26(07 0" || < vl + —k 0%,

Relations (3.34) and (3.35) imply

1
(3.36) e e e e e R 2 G e o
v
Using again the Poincaré inequality (2.24), we find
1 1
(3.37) "2 < =" T2+ —k |67,
« av
where
(3.38) a=1+vk.

Using recursively (3.37), we find
1 1 1 ;
e L e
a v —~a
(3.39) i-1
—n,,012 M12 —-n
< (L wvk) " R+ [1—(1+uk) }
which proves (3.29).
2
Taking K7 = [v°[2 + 2L relation (3.30) follows right away.

Adding inequalities (3.36) with n from 7 to m we obtain (3.31).
Now, replacing 6 by 2k6™ in (2.47) and using the skew property (2.39), we obtain

(3.40) 1072 — [0 410" — 0" 4 26K || 0712 = 2k (vE, ™).

Using again the Cauchy—Schwarz inequality and the Poincaré inequality (2.24), we
majorize the right-hand side of (3.40) by

2k (vy,0") < 2k|vz[|0"] < 2k[o"|[[6" |
(341 < wk[6"2 + <k [o" 2
Relations (3.40) and (3.41) imply
(3.42) 107> — 0" 4 0™ — 0" 2 + Kk (107 < %k [o™ 2.

Summing inequalities (3.42) with n from 4 to m we obtain (3.32). O
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Corollary 3.2. Let
1 1
3.43 kE<min{ —,— ¢ =:
o ol 2,
and set py = 2|Q*/? 4 M Then B (0, po), the ball in H centered at 0 and

radius po, is an absorbing ball for {v™, 6™} in H.

Proof. Let B be any bounded set in H and assume that it is included in a ball
B(0, R) of H. For any initial data {v%,6°} € B, Corollary 3.1 implies that

(3.44) 07| < 2|1QY2,¥n > NE(R, k),
and then (3.37) becomes

1 4
3.45 2 < Z 2 4+ —|Qk, Y > NE(R,
(3.45) [0 < <o 2+ — 0k, ¥ > N (R E),
where
(3.46) a=1+vk.

Iterating the above inequality, we find (for any n > N} (R, k))

n—N}
1 1 4 °1
n2 ~ Ny (2 = o
o< g Sl

- 4 -
(3.47) = (14 vk)” "N N2 4 0 1= (1 vk~
e 4 4
< (14 vk)~ "N [R2+V2(|Q|+2R2)] + 10

(by (3.29) and (3.26)),

and using assumption (3.43) on k and the fact that 1 + = > exp(z/2) if z € (0,1),
we obtain that there exists NZ(R, k),

2 v [R?+ %(Q] +2R%)]
3.48 N§(R, k) = —1 .
( ) O( ) ) vk n |Q| )
such that |v"| < V/5|Q|Y2/v, ¥n > N} + NZ =: No(R, k).
We, therefore, have that {v™,0"} € Bp(0,po), for all n > Ny(R,k), which
completes the proof of the corollary. (I

4. V-Uniform Boundedness of v" and 0"

We now seek to obtain uniform bounds for v™ and 6™ in V, similar to those we
have already obtained in H (see (3.30) and (3.8) above). In order to do this, we will
first use the discrete Gronwall lemma to derive an upper bound on |[v™||, n < N, for
some N > 0, and then we will use the discrete uniform Gronwall lemma to obtain
an upper bound on |[v™]|, n > N. Once we have obtained the V-uniform bounds on
v™, we can use those, together with a new version of the discrete uniform Gronwall
lemma, to derive the V-uniform boundedness of 6™.

4.1. H'-Uniform Boundedness of v".

Lemma 4.1. For every k > 0, we have
4

(4.1) [0 < Kol[o" Y% + 5 M2, ¥n > 1,
v

where Ko = Ka(|vol, |60]) = 2(1 4+ 22 K3 /v?).
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Proof. Replacing v by 2k(v"™ —v"~1) in (2.46), we obtain
200" — 0" T 4 vko"|? = vE[lo" TP+ vkl — o T2
+ 2k by (v, 0", 0™ — ") = 2k (20", 0" — ™).

Using properties (2.34), (2.35) and (2.31) of the trilinear form b; and recalling
(3.30), we bound the nonlinear term as

2kby (v, 0", 0" — 0" = 2kby (0™, 0" 0™ (by (2.34), (2.35))
< 2cpkfo" ([l [[[Jv" M| (by (2.31))

(4.2)

(4.3)
2, 2¢3 n—
< Zhllon 2 + 22 ko
We bound the right-hand side of (4.26) using Cauchy—Schwarz’ inequality, (2.24)
and (3.8):
2k(eaf™, 0" — v Y) < 2k|07 || — v

(4.4) < K™ [[lo" — ™|

2
Elv"™ — o™ Y2 + kM.
v

2 2
20" — o4 Sl - (v + Z2KE ) ko
(4.5) 2 ) v
v n n—
+ ok v 2 < ;ka,

We thus obtain

4
(4.6) lo™ 1 < Kofo™ 1 + —5 MY,

which is exactly conclusion (4.1) of the lemma. (]

Lemma 4.2. For every k > 0, we have

(4.7) e KER I = o2 4 " P+ 2607 > 0,9 > 1,
where ¢ = 27¢}/(2v3).

Proof. Replacing v by 2kA;0™ in (2.46), we obtain

(48) [0 12 = " 7HIZ + [l = 0" TP + 2Kby (7, 0", Are™)
+ 2vk|A1v™ 2 = 2k(e20™, Ayo™).

Using property (2.32) of the trilinear form b; and recalling (3.30), we have the
following bound of the nonlinear term,

2kby (v, 0", Ajo™) < 2k |02 ||| Ao P2

27¢4

(4.9) <V A2 b 12 L,,m |4
< §k| 10" +WK1/€||U .

Using the Cauchy—Schwarz inequality and recalling (3.8), we bound the right-hand
side of (4.8) by
2I€(629n, Al’Un) S 2k|9n||A1’Un|

4.10 2
(4.10) < gk|A1v”|2 + kM.
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Relations (4.8)—(4.10) imply
o = "2 o = o kA

<

" 2
= 9,3 K]?k”v ||4+;kM125

from which we obtain conclusion (4.7) of Lemma 4.1. O

In what follows, we will make use of the following two lemmas, whose proofs can
be found in [14]:

Lemma 4.3. Given k > 0 and positive sequences &, 1, and (, such that
(412) gn Sgn—l(1+knn—l)+k<nu fOTnZ 17

we have, for anyn > 2,

n n—1
(4.13) &n < <§o + Z kCi) exp (Z km) :
1=1 1=0

Lemma 4.4. Given k > 0, a positive integer ng, positive sequences &, N, and C,
such that

(414) gn S gn—l(l + knn—l) + kCna fO’f’ n 2 no,

and given the bounds

N-+ko N+ko
Z knn < ax, Z kGn < ag,
n:ko n:ko
(4.15) N
> k& < as,
n:ko

for any ko > ng, we have,

(4.16) & < (% + ag) e, Vn > N + nyg.

Proposition 4.1. Let T > 0 be arbitrarily fized and let {v™, 6™} be the solution
of the numerical scheme (2.46)—(2.47). Then there exists K5 = K5(||voll, |00],T),
such that for every k < k1, we have

(4.17) o™ < K5, Vn >0,
m 4
D — v <K2 4+ 227? K2Ki(m —i+1)k
1%
(4.18) n=i

2
+ SMEm—i+ 1k, VYi=1,---,m.
v
Moreover, for any initial data from H, there exists K4(T') such that
(419) ||’Un|| <Ky, VYn>N+ Ny+1,

where N := |T/k] and Ty = Nok is the time the approzimate solution {v", 6"}
enters the absorbing ball B(0, po) in H.
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Proof. Using (4.1), we infer from (4.7)
4 2 2
o1 < extct (Kallo™ 2+ 02 ) ot P + e
(4.20) < o2 <1 e K2R 4 %cleKszk)
1 16
+ ;ka <ﬁc1K12M12 + 2) .

We rewrite (4.20) in the form

(4.21) §n < &n—1(1 + knn—1) + kG,
with
(4.22)
n2 2 120,24 S 2 2 Ly (16 2772

En = [I0"[I%, = al KT K5 |[0"|| +§CIK1K2M1a Cn = ;Ml ﬁclKlMl +2],
and recalling (3.8) and (3.30), we compute the following:
4.23 Zn:kc—lw B k22 4+ 2) nk
(4.23) £ z—V1V30111 nr,
(4.24)

n—1 n—1 ]

_ 2 n2 2
Z;km = clKlngZ; (K2|v I+ §M1>

M? 8
< %K%KS {Kf + 71(” - 1)k] + el KT Kakl[v]* + ﬁclK%Ksz”k

(by (3.31)).
Then conclusion (4.13) of Lemma 4.3 yields
(4.25)
Jlv™ |2

o2, 1,0 (16 2112 ) 2 ]\/[12
< (V7 —I—;M1 ﬁclKlMl +2 ) nk | exp ;KlKQ K1K2+7(K2+8)nk
exp {1 KT Kok|[0°]*} =: K3 ([[voll, [6o], k),
and thus
(4.26) [o"[1* < K3 ([[voll, 60|, T + To), ¥n = 0,--- , N + N.

In order to derive a bound on |[v™||? valid for n > N + Ny + 1, we will apply (the
discrete uniform Gronwall) Lemma 4.4. In order to do so, we recall that |[v™| < po,
|0"| < po, for n > Ny, and we compute the following (for kg > No + 1):

N-+ko N+ko 8
_ 2 ni2 2
> knn=a KKk Y (K2|v I +§Ml)

n:kl() n:ko
Cl 47-2 1 8 4
< ;POKz (po,po) ( 1+ ;(N + 1k ) + ﬁcmoKz(po,po)nk

(by (3.31)),

(4.27)
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N+ko N+ko 1 16
S kG= Y —M; <—3C1K12M12 + 2) nk
14 14
(428) n=~ko n=ko

1 16
L (oo 2) v

N+ko N+ko
> k&= k|
n:ko n:ko
(4.29) 2
<2 (1+ l(N+1)k)
14 14
(by (3.31)).

Then conclusion (4.16) of Lemma 4.4 yields

w2 | P8 1 1,(16
o™ l? < |5 (1 SN+ Dk )+ —pf { —eap +2) (N + 1Dk

@

c 1 8
Xp {jlpéK%’(po,po) (1 + (N + 1)k> + ﬁcwéKz(POaPO)”k}

(4.30) [ p? T 1 1,716 1
< | fo L= -l e -
EZs 1+1/+1/2 +I/p0 V301p0+2 T+V

C1 T 1 8
exp {;PéKg(Poapo) (1 to+ ﬁ) + ﬁclpéKz(Poapo)T}

= K3(T), ¥n>N+ Ny+1.

Combining the above bound with (4.26), we obtain both conclusion (4.17) and
conclusion (4.19) of the proposition.
Taking the sum of (4.11) with n from ¢ to m and using (4.17) gives conclusion
(4.18) and thus the proof of Proposition 4.1 is complete.
O

4.2. H'-Uniform Boundedness of 6”. We are now going to prove the H'-
uniform boundedness of ", for all n > 0. In order to do so, we will first use
the discrete Gronwall lemma to derive an upper bound on [|6"], n < N, for some
N > 0, and then we will use another version of the discrete uniform Gronwall
lemma (see Lemma 4.6 below) to obtain an upper bound on ||6™|], n > N.

Lemma 4.5. Let {vg, 00} € V and {v™, 0™} be the solution of the numerical scheme
(2.46)—~(2.47). Also, let T > 0 be arbitrarily fized and k be such that

1
4.31 k < min { k1, —: sa(llwoll. Bo]),
o B { 1 2cszK§<||vo|,|eo|>} 2([lvoll, 601)

where k1 is given by (3.43), ca = 27c}/(32k2) and Ks(||vol|,|00]) is given in Propo-
sitton 4.1. Then we have

2
cok K2

Proof. Replacing 6 by 2kA26™ in (2.47), we obtain
10712 = 110" H[* + [|6™ — " H||* + 2kba(v", 6", A26™)
— 2k(vl, A20™) + 2kk|A260™|? = 0.

(432) |07 < aeKiRET (Il9oll2 + > n =1, N = [Tk

(4.33)
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Using property (2.38) of the trilinear form be and recalling (3.30) and (4.17), we
have the following bound of the nonlinear term,

2k (0", 0", A26™) < 2y ke [o" /20”1207 /2] Az 2
4.34
sy < ERAN" + o PRER] 0"

Using the Cauchy—Schwarz inequality and recalling (3.30), we have the following
bound

—2k (v, Ax0™) < 2k|vl || A20"]
4.35 2
(4.35) < Dk A0 2 + S K2k
2 K
Relations (4.33)—(4.35) imply

10712 = 1|62 + |0 — 0" ||* + rk|A20™

(4.36) 2

< KIKZE|0"? + = K7k,
K

from which we obtain

1 2

4.37 "2 < —||0" P+ — K2k
(4.37) 17117 < —6" 1" + — K7k,
where
(4.38) a=1-cKIK2k.
Using recursively (4.37), we find

2

. n|2 < _ 21721.\—n 012 .

(1.39) 16712 < (1 = eant iz (1601 + s )

Since )
l—xz>477%, O<x§§,

and, by hypothesis, co K7 K2k < 1/2, conclusion (4.32) follows immediately. This
completes the proof of Lemma 4.5. O

In order to derive an upper bound on |6, n > N, we will need the following
version of the discrete uniform Gronwall lemma, slightly different from Lemma 4.4:

Lemma 4.6. We are given k > 0, positive integers ng,n1 and positive sequences
&ny Mn, Cn such that

1
(4‘40) knn < 57 for n > no,
(441) (1 - knn)gn < &no1 + kGp, for n > ng.
Assume also that
ko+n1 ko+n1
kY < ar(ng,m), kY G < az(no,m),
n:kl() n:kl()
(4.42) A
kY & <ag(ng,m),
’n,:k()
for any kg > ng. We then have,
(443) §n < (W + CLQ(’II(), nl)) 64(11(7107"1)7
n

for any n > ng + ny.
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Proof. Let ng and ng be such that ng < ns < ng < ne + ny. Using recursively
(4.41), we derive

1 na+mni 1
4.44 nodng < ns—1++k n
(A0 e < gy R 2 T )

Using the fact that 1 —x > e Vx € (O, %), and recalling assumptions (4.42),
and (4.42),, we obtain

§n2+n3 < (5”3—1 + a2)6_4a1'

Multiplying this inequality by k, summing n3 from ns + 1 to ne + n1 and using
assumption (4.42), gives the conclusion (4.43) of the lemma. (]

We are now able to derive an upper bound on ||6"||, n > N. More precisely, we
have the following;:

Lemma 4.7. Let {vg, 00} € V and {v™, 0™} be the solution of the numerical scheme
(2.46)—~(2.47). Also, let T > 0 be arbitrarily fized and k be such that

(4.45) k < min {mz(llvoH, 160l), %} =: 13([lvoll; |6ol),
where ka(-,+) is given in Lemma 4.5. Then there exists My = Ma(||vol|, |60, T),
given in (4.48) below, such that
(4.46) 1071 < Ma([[voll; [6o], T), V> N := [T/k].
Proof. We apply Lemma 4.6 to (4.36), which we rewrite as
(1= s RZRER) 072 — 0712 + 07 — 07+ ok 407 P
(4.47) . %K%k

We set &, = [|6"(|2, nn = coKiK2, ¢ = 2K7, ng =1, n1 = N — 1 and for ko > 1

we compute:

ko+n1 ko+n1
kY =k Y KiK?<cKiK:T,
n=ko n=ko
ko+n1 k0+n1
kY =k Y Klg KlT
n=ko n=ko
ko+ni ko+mn1 K2
EY 6=k 3 10 <+ (2124 21T oy (332)
n=ko n=ko

Then Lemma 4.6 implies

2
(4.48) 1671 < 2 ( T KlT) gleaIRST
M3([Jvol, |90| T),Yn > N.

Thus, the lemma is proved. (I

Combining Lemma 4.5 and Lemma 4.7, we obtain that 6™ are uniformly bounded
in V, for all n > 0. More precisely, we have
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Proposition 4.2. Let {vg,00} € V and {v™,0"} be the solution of the numer-
ical scheme (2.46)—(2.47). Also, let T > 0 be arbitrarily fivzed and k be such
that k < k3(||vol|, |6o|), where k3(-,-) is given in Lemma 4.7. Then there exists
Mz = Ms([[voll, [|6ol]), such that

(4.49) 16" < Ms(llvoll, [16oll), ¥r = 0.
Proof. Taking

2 2 2
Ma(llvoll, [60]) = max{402K1K5T <||90|2 n ) Mool |oo|,T>},
cor K

Lemmas 4.5 and 4.7 give conclusion (4.49) of the proposition. ([

Corollary 4.1. Under the assumptions of Proposition 4.2, we also have

S Ollom = 0" <ME + e K KEM3k(m — n + 1)
(4.50) n=i

2
+ ZKk(m—n+1), VYi=1,---,m.
K

Proof. Taking the sum of (4.36) with n from ¢ to m and using (4.49) gives conclusion
(4.50) of the corollary right away. O

With the notation ||{vo, 8o }|| = ||vo|| + ||60o||, Proposition 4.1 and Proposition 4.2
can be combined to obtain the following theorem, which is one of our main results:

Theorem 4.1. Let {vg,0p} € V and {v",0"} be the solution of the numerical
scheme (2.46)—~(2.47). Then there exists a positive function k4(-), depending de-
creasingly of its argument, and a positive function Kg(-), depending increasingly of
its argument, such that if

(4.51) ke < ka([[{vo, 6o }I),
then
(4.52) [{v", 6" H| < Ke([[{vo, Oo}), Vn = 0.

5. Convergence of Attractors

In this section we address the issue of the convergence of the attractors generated
by the discrete system (2.45)—(2.47) to the attractor generated by the continuous
system (2.11)—(2.18). Whereas for the continuous system (2.11)—(2.18) one can
prove both the existence and uniqueness of the solution (see, e.g., [15])—and, there-
fore, define a global attractor—, for the discrete system (2.45)—(2.47) one can prove
(using Theorem 4.1) the uniqueness of the solution provided that k < x(||ug||), for
some K(|luol]) > 0. Since the time restriction depends on the initial data, one can-
not define a single-valued attractor in the classical sense, and this is why we need
to use the attractor theory for the so-called multi-valued mappings. Multi-valued
dynamical systems have been investigated by many authors (see, e.g., [1], [2], [4],
[11], [12], [13]), but in this article we use the tools developed in [5] to study the con-
vergence of the discrete (multi-valued) attractors to the continuous (single-valued)
attractor. For convenience, we recall those results in Subsection 5.1, and then we
apply them to the thermohydraulics equations in Subsection 5.2.
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5.1. Attractors for multi-valued mappings. Throughout this subsection, we
consider (H, |- |) to be a Hilbert space and T to be either RT = [0, o) or N.

Definition 5.1. A one-parameter family of set-valued maps S(t) : 2 — 2H s q
multi-valued semigroup (m-semigroup) if it satisfies the following properties:

(S.1) S(0) = Lyu (identity in 21);

(S.2) S(t+s)=S(t)S(s), for allt,s €T.

Moreover, the m-semigroup is said to be closed if S(t) is a closed map for every
t € T, meaning that if v, — x in H and y, € S(t)x, is such that y, — y in H,
then y € S(t)z. (To simplify the notation, hereafter we have written S(t)x in place
of S(t){x}.)
Definition 5.2. The positive orbit of B, starting at t € T, is the set

n(B) =] S(n)B
T>t

where

SHB= | St)x.

z€EB
Definition 5.3. For any B € 21 the set

w(B) = () 1(B)

teT
is called the w-limit set of B.
Definition 5.4. A nonempty set B € 2% is invariant for S(t) if
S(t)B =B, vt e T.

Definition 5.5. A set By € 27 is an absorbing set for the m-semigroup S(t) if
for every bounded set B € 28 there exists ty € T such that

SHBC By, V> ts.

Definition 5.6. A nonempty set C € 2 is attracting if for every bounded set B
we have

tlim dist(S(¢)B,C) =0,
where dist(-,-) is the Hausdorff semidistance, defined as

(5.1) dist(B,C) = sup inf |b —¢[,VB,C C H.
beB ceC

Definition 5.7. A nonempty compact set A € 2% is said to be the global attractor
of S(t) if A is an invariant attracting set.

Remark 5.1. The global attractor, if it exists, is necessarily unique. Moreover, it
enjoys the following mazimality and minimality properties:

(i) if A is a bounded invariant set, then A D A;

(ii) if A is a closed attracting set, then A C A.

Definition 5.8. Given a bounded set B € 29, the Kuratowski measure of
noncompactness a(B) of B is defined as

a(B) = inf {6 : B has a finite cover by balls of X of diameter less than 6}.
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We note that a(B) = 0 if and only if B is compact.

The following theorem, whose proof can be found in [5], gives conditions under
which a global attractor exists.

Theorem 5.1. Suppose that the closed m-semigroup S(t) possesses a bounded ab-
sorbing set By € 28 and

(5.2) Jim a(S(t)By) = 0.
Then w(By) is the global attractor of S(t).

For the purpose of this article, we need to introduce the notion of discrete m-
semigroups. More precisely, we have the following:

Definition 5.9. Given a set-valued map S : 28 — 2 we define a discrete
m-semigroupby

S(n)=.8", Vn € N,
and we will denote it by {S}nen (instead of {S™}nen).

Remark 5.2. Given two nonempty sets B,C € 28 | we write
B-C={b—c:beB,ce(} and |B] = sup |b|.
beB

In order to prove the convergence of the attractors generated by the discrete
system (2.45)—(2.47) to the attractor generated by the continuous system (2.11)—
(2.18) we will use the following result, whose proof can be found in [5]; see also [21],
[19].

Theorem 5.2. Let S(t) be a closed m-semigroup, possessing the global attractor A,
and for kg > 0, let {Sk, 0 < k < Ko }nen be a family of discrete closed m-semigroups,
with global attractor Ay. Assume the following:

(H1) [Uniform boundedness]: there exists k1 € (0, ko] such that the set

is bounded in H;
(H2) [Finite time uniform convergence]: there exists to > 0 such that for any
T > to,
lim sup |Spx — S(nk)z| = 0.
k=0 ze Ay, nkelto,T*]

Then
lim dist(Ag,.A4) = 0,
k—0

where dist denotes the Hausdorff semidistance defined in (5.1).

5.2. Application: The thermohydraulics equations. The system (2.11)—(2.18)
possesses a unique solution and thus generates a continuous single-valued dynam-
ical system S(t) : H — H, with global attractor A, bounded in V (see, e.g., [15]).
Using Theorem 4.1 one can prove that the discrete system (2.45)-(2.47) has a u-
nique solution provided that k < x(||uo||), for some &(||ug||) > 0. The dependence
of the time step k on the initial data prevents us from defining a single-valued at-
tractor in the classical sense, but this difficulty can be overcome by the theory of
the multi-valued attractors. More precisely, in this article we will prove that there
exists ko > 0 such that if 0 < k < ko, the system (2.45)—(2.47) generates a closed
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discrete m-semigroup {Si}nen, with global attractors Ay, that will converge to A
in the sense of Theorem 5.2.

In order to do that, we define, for k > 0, the multi-valued map Sy, : 2 — 27 as
follows: for every @ = {,0} € H,

Skt = {u={v,0} €V : u solves (5.3)—(5.4) below with time-step k} :

(5.3) (v,v") + vk((v,v")) + kb1 (v,v,0") — k(e20,0") = (0,0"), Vo' € V4,
(5A)  (0,6) + kk((6,8)) + kba(v,0,68) — k(vs,0') = (6,0), V8" € Vi,
We then have the following:

Theorem 5.3. The multi-valued map Sy, associated with the implicit Euler scheme
(2.45)—(2.47) generates a closed discrete m-semigroup {Sk}nen-

Proof. Since conditions (S.1) and (S.2) are satisfied by definition, we just need
to prove that for each n € N, S}! is a closed multi-valued map. For that, we
1et n € N be arbitrarily fixed and, as j — oo, we let u) — u® in H, where
ud = {02,609}, u® = {v°,0°}. Also let u}} € Sju) be such that v} — u™ in H, where
uf = {vf, 07}, u™ = {v", 9"} We need to show that u" GOSQIUO 1

n—

Indeed, smce uj € Spuj, there exists a sequence (uj,uj, e U

uj S Sku , such that
(5.5) (v v') + Vk:(( ,0)) + kbl(vj,vj,v) k(eﬁé—,v )= (v; L), W' e,

(5.6)  (01,0") + rk((0%,0')) + kba(vl, 02,0') — k((v))2,0") = (0:71,0), V6’ € Va.

3750

,uj), with

The sequence uo being convergent in H, it is also bounded in H and thus there
exists M > 0 such that

(5.7) su‘p|u‘?|2 < M.
j

Then Lemmas 3.2 and 3.3 imply that for every i = 1,...,n, the sequences ’U; and
9; are bounded in V; and V3, respectively. We therefore have that there exist
subsequences still denoted vj- and 9;-, such that as 7 — oo:

(5.8) v; — o', strongly in H; and weakly in V3,

(5.9) 9; — 6%, strongly in Hy and weakly in V.

Now, passing to the limit in (5.5)—(5.6), we obtain

(5.10)  (v', ") + vk((v", ") + kby (v*, 0", 0") — k(ex6",0") = (v 0), Vo' € Vi,
(5.11)  (6",0') + kk((6°,0")) + kba(v',0",0") — k((v')2,0") = (01, 0'), VO' € V.

We therefore obtain that u* € Spu*~!, for each i = 1,...,n, and hence, u” €
Spu"~t C SPul. This completes the proof of the theorem. O

In order to prove the existence of the discrete global attractors, we first prove
the existence of absorbing sets. More precisely, we have the following:

Proposition 5.1. There exists k5 > 0, independent of {vo, 6o}, n, k, such that if
k € (0, k5] the following holds: there exists a constant Ry > 0 such that for every
R >0 and |{vo,00}| < R, there exists N1 = N1(R, k) > 0 such that

(512) HS;?{U(),G()}H S Rl, Vn Z Nl.

Hence, the set
By = {{v,0} € V: [{v,0}]| < Ri}
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is a V-bounded absorbing set for {Sk}nen, for k € (0, ks).

Proof. Let k1 be as in Corollary 3.2 and let k¥ < min{1,x;}. Also, let R > 0 and
[{vo,00}| < R. Then, by Corollary 3.2, there exists Nyg = No(R, k) > 0 such that

(5.13) {v™, 0"} < po, Vn > No.
Let m := Nog + {%J Then equations (3.31) and (3.32) imply

(5.14) vk Y P <+ pf(m — Nok,
j=No+1
- , 1
(5.15) wk Y 180 < pf + —p§(m — Nok.
j=No+1

Adding the above relations we obtain

m

) . 1 1
616) k| 30 IR+ Rl | < g3 (24 S m - Nolk+ 2(m - No)k).
j=No+1

Assuming that for every j € {Ng+1,--- ,m}

) ) 2 1 1
712 iy > Po 2 — Zim —
W+ R1017) 2 s (2 L= g L= o),

we obtain
G17) k| 30 IR+ Rl | 2 g8 (2 Sm - Mok 2(m— o)k ).
j=No+1

which contradicts (5.16). Hence there exists [ € {Nyp + 1,--- ,m} such that

2 1 1
)2 12 < L _ _ - _
W)V |I* + l|6°]]7) < R — No) (2+ V(m No)k + H(m No)k)

(5.18)
) 11
1% K

We, therefore, have

1 1 1 1
5.19 Lo P <20i (24 -+—-)(-+~-) = R%.
(519) 1o 02 <268 (24 o+ 1) (5 + ) = B2

Applying Theorem 4.1 with initial data {v!, 8'} we obtain that there exists r4(||{v!, 6'}])
and Kg(|[{v',0'}]]) such that if & < rya(||{v",6'}]), then

(5.20) o™, 0"} I < Ko([[{v", 0}, ¥n > 1.

Recalling (5.19) and the fact that x4(-) and Kg(-) are, respectively, decreasing and
increasing functions of their arguments, (5.20) yields

(5.21) [{o™, 07} < Ko(Ry) =: Ri,¥n > Ny = N1 (R, k) := Ny + &J
provided that k < k5, where

(5.22) ks = min{1, k1, ka(Ry)}.

This completes the proof of Proposition 5.1. O

We are now in a position to prove the existence of the discrete global attractors.
More precisely, we have the following:
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Proposition 5.2. For every k € (0, k5], there exists the global attractor Ay of the
m-semigroup {Sk}nen-

Proof. Let By = By(0,pg) be the bounded absorbing set given in Corollary 3.2.
Then Proposition 5.1 implies that S;By is bounded in V, for all n > Ni(po, k).
Since V' is compactly embedded in H, we obtain that S By is relatively compact
in H and, thus, a(SpBy) = 0, for all n > Ni(po, k). Condition (5.2) of Theorem
5.1 is therefore satisfied and then the existence of the discrete global attractor Ay
follows right away. O

Remark 5.3. Since the global attractor Ay is the smallest closed attracting set of
H, Proposition 5.1 implies

(5.23) Ay, C By, Vk € (0, k5],

and thus

(5.24) U A cB.
k}E(O,Ns]

Let us recall that our goal is to prove, using Theorem 5.2, that the discrete
global attractors Ay converge to the continuous global attractor A. Thanks to
(5.24), condition (H1) of Theorem 5.2 holds true. There remains to prove the finite
time uniform convergence required by (H2). In order to do that, we define, for any
k > 0 and for any function %, the following:

(5.25) Yr(t) = 9", te[(n—1k,nk),

(5.26) e L (R )

With the above notations, equations (2.46) and (2.47) can be rewritten as follows;
for t € [(n — 1)k, nk):
(5.27)

(aﬁgt(t),v) + I/((f)k(t), ’U)) + by (’f)k(t),f)k(t),v) = (egék(t),v) + (fk(t),v), Yv e V1,

(5.28)

(aek(t),9> + 1((01(1),0)) + b2 (1 (2), 0 (1), ) — (k(t))2,0) = (91(1), ), VO € Va,

ot

where
(Fu(0):0) = V{(@(8) = 00(0),0)) + ba((8), 50, 0)
(5.29)
= b (vk(t), v (1), v) = (e2(0k(t) — Ox(2)), v),

(5.30) (gr(t),0) = K((Ok(t) — Ok(1),0)) + ba (T (¢), Ok (1), 0)

' — ba (v (1), 01 (t), 0) — ((0x(t) — vk(t))2,0)
Lemma 5.1. Let T* > 0 be arbitrarily fized and let k < ko, where
(5.31) ko = min{ks, ka(R1)},

with k5 being giwen in (5.22) and k4 being given in Theorem 4.1. Assume that
{vo,00} € Ay and let {v™,0™} be the solution of the numerical scheme (2.45)-
(2.47). Then there exist K7(T*) and Kg(T™*) such that

(5.32) 1Fill 220,757y < KE(T),
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and

(5.33) ”gk”%?(O,T*;Vz/) < kKs(T™).

Proof. Let us first note that for any ¢ € [(n — 1)k, nk) we have
~ t—nk _

(5-34) V() = () = —— (" =",

Also, since {vg, 00} € Aj, we have that [[{vo,00}|| < Ry (by (5.23)) and then
Theorem 4.1 implies that for k < ky,

(5.35) [[{v"™, 0"} < K¢(R1), ¥n > 0.

Now let v € V1 be such that |jv]| < 1, and let ¢ € [(n — 1)k, nk) be fixed. Using
property (2.31) of the trilinear form by, we have

|01 (0x(£), On(£), v) — b1 (vk(2), vk (£), V)]

= [b1(0k(t) — v (1), D (1), v) + b1 (vk(t), Dk (t) — vi(t), v)]
< e ([10(8) = ve O [Te O + lve @) [[v]]

<cllv™ = o™ (by (5.34), (5.35) and [jv] < 1).

(5.36)

We also have

(5.37) vI((Or(t) — vk (), v))] < VIl — 0",
(5.38) [(e2(0r(t) — Oi(t)), v)] < [|6" — "]\
Relations (5.36)—(5.38) imply

(5.39) Ife@llvy < e(llo™ = o™= + 10" — 6" H)),

and thus, setting N* = |T*/k| and recalling that ||{vo, fp}|| < Ry , we obtain
N*41
2 *. /) — /dt / /dt
sy Hlaran=[ 1RO S [ IR
< kK7(T")  (by (5-39)7 (4-18), (4-50))7

which proves (5.32).
Now let 8 € V5 be such that ||0]] < 1, and let ¢ € [(n — 1)k, nk) be fixed. Using
property (2.36) of the trilinear form b2, we have

[b2(Bk (£), O (1), 8) — ba(vi(2), Ok (¢), 6))
= [b2(T0(t) — vi(t), Ok (t), 0) + ba(vr(t), O (t) — Ok (t), 0)]

< e[| () = vk @10: (D) + o O110x(2) = xB)IDII6]
<c[fo™ — oY 4 10" — 0"7H)  (by (5.34),(5.35) and [0 < 1).

(5.41)

We also have

(5.42) KI((Gr(t) — 0(2),0))| < w67 — 6",

(5.43) (T () = ve(t))2,0)] < [Jo" — 0" 7.
Relations (5.41)—(5.43) imply
(5.44) lge(®)llvg < e(lo™ =" 7H[ + (6" — 0"~ H])),
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and thus setting N* = |T*/k] and recalling that ||{vo,8o}|| < R , we obtain

N*+1
P Z}Al|m 2
< kKs(T*) (by (5.44), (4.18), (4.50)),
which proves (5.33) and the proof of the lemma is complete. O

We are now able to prove that condition (H2) of Theorem 5.2 is satisfied. More
precisely, we have the following

Proposition 5.3 (Finite time uniform convergence). For any T* > 0 we have

(5.46) lim sup 157w, 00} — S(nk){vy, 80 }| = 0.
k=0 f49,60} € Ax, nke[0,7+]

Proof. Let
(5.47) u(t) = o(t) = o (t),  m(t) = O(t) — Ou(t).
Subtracting (5.27) and (5.28) from (2.11) and (2.12) written in their week form,

respectively, we obtain

(250, 0) + st o) + bt 0,0
Fha(Er(E), 6(8), 1) = (eme(8)) — (a0, 01), o € Vi,

(5.48)

(225,07 (0.0 + bales (06000,

+ ba (01 (1), Mk (1), 0) = ((&k ()2, 0") = —(gx(t),0"), V0" € V2.
Replacing v" by §k( ) in (5.48), we find

(5.50) 5 dt|§ k(O + V6O + br(&r(2), v(1), & (1))

= (eamr (1), &k (1)) — (f (1), &k (1)-

Using property (2.31) of the form by, we bound the nonlinear term as

by (& (1), (1), &k (1)) < col&r(B)][[Ek (D) [[v(@)]]
< Zlle @I + Sle® Pl
Using the Cauchy—Schwarz inequality, we also have

|(e2mk (1), €k (D)) < [ (B)]1€5 (2)]

(5.49)

(5.51)

(5.52) < |k () 1€x )]
< 2l + S lm (o),
[CRORAC) B FACT IO
(5.53) ¢

< Sl + S

Relations (5.50)—(5.53) imply

d

TG @OF + VIOl < || OI71€x (1)
+j%wﬁ+ﬂh®%p

(5.54)
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Now replacing 6’ by nx(t) in (5.49), we find

555 O + sl ()17 + ba(6(0),000), (1)

= ((€k(®)2, (1)) = =gk (2), 71 (1))-

Using property (2.36) of the form by, we bound the nonlinear term as
[b2(&x (1), 0(t), e ()] < el&r ()21 )M 210 1m0 e (8)]]
(5.56) < Zllg @I + Sl @)1
+ =101k (1) + =16 | i (1)

Using the Cauchy—Schwarz inequality, we also have the following bounds:

(€2 me(0)] < 6(0) I (1)

< Zlm @I + Zle®P,
(om0 < g (®)lvglme(0)]
SO + =g,

(5.57)

N

(5.58)

IN

Relations (5.55)—(5.58) imply
SO + sl Ol <S I + 160l
(5.59) + =IO 2k (O + = [81(8)
+ Zllgn(t) -
Adding equations (5.54) and (5.59), we obtain
LU + Im(0)P) + 2vIEDI? + sl

(@12 + 161 + = ) 6 (t)
se (34 H10017) o
e LGl s PG

As shown in [15], the solution {v, 8} of the continuous problem is uniformly bounded
in V for all ¢ > 0. More precisely, we have

(5.61) sup  sup ||S(#){vo, 00} < c.
>0 {vo,00}EB:

(5.60)

Thus, inequality (5.60) becomes
d 2
LGP + I OF) + 1€ + sl
c c
< (€O + @) + ~ £y + ~llan @17
By Gronwall’s lemma and using the fact that &, (0) = n(0) = 0, we obtain

(5.63) 1601 + Ine(OF < ™ (I fell 2o, vy + 19812 0,20v):
and recalling (5.32) and (5.33), we find
(5.64) €k () + k()] < ek,

(5.62)



534 B. EWALD AND F. TONE

for some constant ¢ = ¢(T*) > 0.
We therefore have,

(5.65)

lim sup |Sg{v0590} —S(”k){vovooﬂ

k=0 £44,00}€ Ay, nke[0,T]

= lim sup sup [{v™, 0"} — {v(nk),0(nk)}|
k=0 46,00} € Ax, nke[0,T*] {v™,07}€ST {vo,00}

= lim sup sup {ok(nk), Ok (nk)} — {v(nk), O(nk)}|
k=0 f14,00}€ Ay, nke[0,T*] {v™,07}€ST{v0,00}

= lim sup sup [{&k(nk), nk(nk)} =0,

k=0 {vg,00} €Ay, nke[0,T%] {v™,0m} ST {0,600}

which concludes the proof of the lemma. O

We have, therefore, proved that conditions (H1) and (H2) of Theorem 5.2 are
both satisfied and thus, the long-term behavior of the semigroup S(¢) generated by
the continuous thermohydraulics equations (2.11)—(2.12) is approximated by that
of the m-semigroups generated by the discrete system (2.45)—(2.47). More precisely,
we have the following result concerning the approximation of the attractor; this is
our second main result:

Theorem 5.4. The family of attractors {Ag}re(o,x,] converges, as k — 0, to A,
in the following sense:

lim dist(Ag, A) =0,

k—0

where dist denotes the Hausdorff semidistance in H, namely

dist(Ax, A) = sup inf |z — x|
rpEA, TEA
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