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ON FULLY DISCRETE FINITE ELEMENT SCHEMES FOR
EQUATIONS OF MOTION OF KELVIN-VOIGT FLUIDS

SAUMYA BAJPAI, NEELA NATARAJ AND AMIYA K. PANI

Abstract. In this paper, we study two fully discrete schemes for the equations of motion arising
in the Kelvin-Voigt model of viscoelastic fluids. Based on a backward Euler method in time and a
finite element method in spatial direction, optimal error estimates which exhibit the exponential
decay property in time are derived. In the later part of this article, a second order two step
backward difference scheme is applied for temporal discretization and again exponential decay in
time for the discrete solution is discussed. Finally, a priori error estimates are derived and results
on numerical experiments conforming theoretical results are established.
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1. Introduction

In this article, we discuss the convergence of the backward Euler method and
the second order backward difference scheme for the following system of equations
of motion arising in the Kelvin-Voigt fluids (see [18]):

(1.1) %—ltl+u~Vu—nAut—VAu—I—Vp:f(x,t), e t>0,

and incompressibility condition

(1.2) V-u=0, x€Q,t>0,
with initial and boundary conditions
(1.3) u(x,0)=uy inQ, u=0 ondQ, t>0,

where, Q is a bounded domain in R? (d = 2 or 3) with boundary 9. Here
u = u(x,t) represents the velocity vector, p = p(x,t) the pressure and v > 0,
the kinematic coefficient of viscosity. Moreover, the velocity of the fluid, after in-
stantaneous removal of the stress, does not vanish instantaneously but dies out
like exp(k~1t) (see [18]), where & is the retardation parameter. For details of the
physical background and its mathematical modeling, we refer to [6]-[7] and [9].
Throughout this paper, we assume that the right hand side function f = 0. In fact,
assuming conservative force, the function f can be absorbed in the pressure term.
Based on the analysis of Ladyzenskaya [16] for the solvability of the Navier Stokes
equations, Oskolkov [17, 18], has proved the global existence of a unique ‘almost’
classical solution in finite time interval for the initial and boundary value problem
(1.1)-(1.3). The investigations on solvability are further continued by him and his
collaborators, see [20] and [21] and they have discussed the existence and unique-
ness results on the entire semiaxis R™ in time.

For the related literature on the time discretization of equations of motion arising
in the viscoelastic model of Oldroyd type see [2], [12], [23] and [25]-[28]. Interest-
ingly, there is hardly any work devoted to the time discretization of (1.1)-(1.3). For
the earlier results on the numerical approximations to the solutions of the problem
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(1.1)-(1.3), we refer to [3] and [19]. Under the condition that the solution is asymp-
totically stable as t — oo, the authors of [19] have established the convergence of
spectral Galerkin approximations for the semi axis ¢ > 0. Recently, Bajpai et al. [3]
have applied finite element methods to discretize the spatial variables and derived
optimal error bounds for the velocity in L°°(L?) as well as L>°(H")-norms and for
the pressure in L>°(L?)- norm. In [3] and [19], only semidiscrete approximations
for (1.1)-(1.3) are discussed, keeping the time variable continuous. In this article,
we have discussed both backward Euler method and two step backward difference
scheme for the time discretization and have derived optimal error estimates. We
have also discussed briefly, the proof of linearized backward Euler method applied
to (1.1)-(1.3) for time discretization. More precisely, we have

u(t,) —U"||; < Ce™*"(h*7 +k) j=0,1,
and
[(p(tn) — P™)|| < Ce™ " (h + k),

where the pair (U", P") is the fully discrete solution of the backward Euler or
linearized backward Euler method.
In the later part of this article, we have proved the following result for a second
order backward difference scheme:

[u(t,) —U™|; < Ce (> +k?) j=0,1,
and
[(p(tn) — PM)|| < Ce™ " (h 4+ k*77),

where the pair (U™, P™) is the fully discrete solution of the second order backward
difference scheme and
0 ifn>2
’7 =

1 ifn=1.

The remaining part of this paper is organized as follows. In Section 2, we discuss the
preliminaries. In Section 3, we derive a priori bounds for the semidiscrete solutions
and present some spatial error estimates required for error analysis. In Section
4, we obtain a priori bounds for the discrete solution and prove the existence and
uniqueness of the discrete solution. In Section 5, we establish the error estimates for
the velocity and pressure of the backward Euler method. Section 6 deals with the
error estimates for velocity and pressure using the second order backward difference
scheme. In Section 7, we provide some numerical results to confirm our theoretical
results.

2. Preliminaries

For the mathematical formulation of (1.1)-(1.3), we denote R¢, (d = 2, 3)-valued
function spaces using boldface letters. That is,

Hj = (H; (), L* = (L*(Q))" and H™ = (H™(Q)),

where L?(2) is the space of square integrable functions defined in . The s-
pace L%(Q) is a Hilbert space endowed with the usual scalar product (¢,1) =

1/2
/¢(x)z/1(x) dx and the associated norm ||¢|| = (/ |p(2)]? dw) . Further, H™(Q)
Q Q
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is the standard Hilbert Sobolev space of order m € N* with norm ||@||,, =

1/2
Z / | D% p|? da: . Note that H} is equipped with a norm
laj<m”
d 1/2 d 1/2
Vvl = { > (90, 0;v:) = (Z(wi, vm) .
i,j=1 i=1
We also use the following spaces of the vector valued functions:
J, = {pcH}:V ¢ =0},
J={¢pecl?:V-¢p = 0in Q, ¢ nlsg =0 holds weakly},

where n is the unit outward normal to the boundary 992 and ¢ - n|sq = 0 should be
understood in the sense of trace in H=1/2(9Q), see [24]. Let H™ /IR be the quotient
space consisting of equivalence classes of elements of H™ differing by constants, with

norm ||| gm/m = infeer ||p + ¢|[m. Let P be the orthogonal projection of L? onto
J.

We need further assumptions, that is,

(A1). For g € L2, let {v € J1,q € L?/IR} be the unique pair of solution to the
steady state Stokes problem, see [24],

—Av+Vq =g,
V-v=0 in Q, v]jgo=0
satisfying the following regularity result:
(2.1) [vllz + llgll m/m < Cligll-
Setting
~A=-PA:J NnH*CJI =]
as the Stokes operator, (A1) implies
(2.2) Ivlls < CIAV]| v e 3y nH2.
It is easy to show that
(2:3) VI < ATHIVVI? Wy € Hy(9),
|Vv]? < ATYHAV|? v e I NnH2.

where )\1_1 is a positive constant depending on the domain 2. In fact, this is known
as Poincaré inequality with )\fl as the best possible positive constant.
(A2). There exists a positive constant M, such that the initial velocity ug satisfies

uy € H2NJ; with |Jugll2 < M.
Moreover, we define a bilinear form a(-,-) on H} x H} by
(2.4) a(v,¢) = (Vv,Ve) Vv, ¢ € Hy,

and a trilinear form b(-,-,-) on Hj x H{ x H} by

(v-Vw,p) — 1(v -V, w) Vv, w,¢ € H}.

(2.5) b(v,w,p) = 5

DN | =
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With the help of above notations, the variational formulation of problem (1.1)-(1.3)
with f = 0 is defined as follows: Find u(t) € J; such that

(2.6) (ug, @) + ka(ug, @) + va(u, @) +b(u,u,¢) =0 Vo €Jy t >0,
u(0) = uy.

3. Finite Element Approximation

Let h > 0 be a discretization parameter. Further, let H;, and Ly, 0 < h < 1 be
finite dimensional subspaces of H} and L2, respectively. Assume that the subspace
H; and L, satisfy the following approximation properties:

(B1). For each w € J; N H? and ¢ € H' /IR, there exist approximations i,w € Jp
and j,q € Ly such that

[w —inw| + h[|V(w — inw)|| < Koh?|wll2,  llg = jndllze/m < Kohllallm/m-
We define the subspace J;, of Hj, as follows:
Jp={vh €Hp: (xn, V-vn) =0 Vxp, € Ly}

Note that, the space Jj is not a subspace of J;. The discrete analogue of the
weak formulation (2.6) is as follows: find uy(t) € Hy, and pp(t) € Ly, such that
up,(0) = ugp, and for ¢ > 0,

(unt, @p,) + £ a(une, @) + va(un, @) + b(an, un, ¢y,)
(3.1) —(pn; V- ¢) =0 Vo, € Hy,

(V-un, xn) =0 Vxn € La.

Equivalently, find up(t) € J, such that up,(0) = ugp and for ¢ > 0,

(3.2) (une, dp) + K a(une, @) +va(uy, @p,) = —b(up, un, @) Ve, € Jp.

Once we compute uy(t) € Jy, the approximation pp(t) € Ly to the pressure p(t)
can be found out by solving the following system

(pr, V@) = (upt, dp) + ca(ups, @) + valup, dp)
(3.3) + b(uh,uh,th) Vo, € Hy,.

For solvability of the systems (3.2) and (3.3), see [3]. Uniqueness is obtained in the
quotient space Ly /Np, where

Nn={qn € Ly, : (qn,V - ¢),) =0 V¢, € Hp}.
The norm on Ly, /Ny, is given by

= inf .
llanllz2/n, XhlgNhHQthXhH

Furthermore, the pair (Hy,, Lj,/N},) satisfies a uniform inf-sup condition:
(B2). For every g, € Ly, there exist a non-trivial function ¢, € Hy, and a positive
constant K7, independent of h, such that,

[(an, V- @)l = KilIVeyllllanll 2/, -

As a consequence of conditions (B1), we have the following properties of the L2
projection Py, : L2 — Jy,. For ¢ € J1, we note that, see ([11], [13]),

(3.4) ¢ — Pro|| + h|[VPuo|| < Ch||[V ]|,
and for ¢ € J; N H?,
(3.5) ¢ — Pu|l + 1|V (¢ — Puo)| < Ch2||Ad].
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We now define the discrete operator A, : Hp — Hj through the bilinear form
a(-,-) as

(3.6) a(Vh, ) = (—Anvi, @)  Vvi, @), € Hp.

Set the discrete analogue of the Stokes operator A = PA as A, = P,Ay. Using

Sobolev embedding theorems with Sobolev inequalities, it is a routine calculation
to derive the following lemma, see page 360 of [14].

Lemma 3.1. The trilinear form b(-,-,-) satisfies the following estimates for all
¢7 éa X € Hh-'

(3.7) b(, €, )| < CIIV|I"2(| An|| "2 VE]| I,
(3.8) b(¢p. €, X)] < CIIVO|VEI2IAREN?]x],
(3.9) b(¢. €, X)| < Cll@l 2|V 2 [|VEI |V x]-

Note that, the operator b(-, -, -) preserves the antisymmetric properties of the orig-
inal nonlinear term, that is,

(3.10) b(Vh,Wh,Wh) =0 VVh,Wh € Hy,.

Examples of subspaces Hy, satisfying assumptions (B1) and (B2) can be found in
[4], [5] and [13].

Below, we derive some a priori estimates for the discrete solution uy, of (3.2) anal-
ogous to those known for continuous solution u of (2.6) (see [3]).

A
Lemma 3.2. Let0 < a < m and ugp, = Ppug, and the assumptions (A1)—
(A2) hold true. Then, the solution uy of (3.2) satisfies

lan ()11 + £l Vun(®)]® + sl Apun (6)]*
t
+ ﬁe_%‘t/ e (|[Vup(s)||? + |Anun(s)]|?) ds < C(k, v, o, A1, M)e™2%t >0,
0

where B =v —2a(A\[* + k) > 0.

Proof. Setting 1, (t) = e*'uy,(t) for some o > 0, we rewrite (3.2) as

(3.11) (Une, @p)—(@n, @p,) + 6(Vane, Vo) — ka(Van, V)
+v(Vay, Vo) +e “b(tp, tn, ¢,) =0 Vo, € Jp.

Choose ¢, = 11, in (3.11). Using (3.10), b(Qp, Gp, @) = 0 and from (2.3), we find
that

d . . . 1 N
(3.12) E(Huhw + k|| Va|?) + 2(v — ok + )\—1)) [V <o.
Integrate (3.12) with respect to time from 0 to ¢ to obtain
t
Junl? + [V 2+ 2820 [ e Ty 5) s
0
(3.13) < e 2 (Jluonll® + #| Vuon|)-
Using the discrete Stokes operator A, we rewrite (3.11) as
(3.14) (e, 1) = i, Bp,) = K(Bnline, ¢1) + v (Anian, by,)
— v(Apty, @) = =€~ **b(t, G, ).
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We note that —(tp, Aptiy) = 14||Vay, |2 With ¢, = —Apty, (3.14) becomes
d R X X

(3.15) T IVERI? + £l An %) + 2(v — k) || Antun |

= 204|‘Vf1h||2 + 2eiatb(ﬂh, uy, Ahﬂh).

To estimate the nonlinear term on the right hand side of (3.15), a use of (3.7) yields

(3.16) 1] = e (0, fn, Aptn)| < C|[ Va2 [ Aptun |2
Applying Young’s inequality ab < p/q + = ebq ,a,b>0,e>0withp=4andq= %,
we obtain
\Y 3e, «

(3.17) 1< L0 38,
Choosing € = =¥, we find that
(318) 1< S(2) 1wl + viBvaal?

. — — v .

ST\ h nUp

Substitute (3.18) in (3.15) to arrive at

d 1o R A ow
IV + £l Antn]*) + (v — 20m) || Aptun |
(3.19) < CW)IVan]® + 2o Van|*.

An integration of (3.19) with respect to time from 0 to ¢ yields
t
(3.20) IVan]* + & Apan|* + ﬂ/ [Antn(s)*ds < [|Vuaon]|?
0

t
+ k|| Apugn||® + C(v, a)/ (||Vf1h(s)||6d8 + HVﬂh(s)HQ)ds
0

Using (3.13), we bound

/ Vi (s)||%ds

/0 IV, (5) 4] Vun (s)]|ds

IN

t
C(r)(|luon|* + HHVuOhII2)2/O IV (s)|[*ds

(3.21) C(k,v, a, \1)(|[aon||* + &|| Vuon||?).

A

Substitute (3.21) and (3.13) in (3.20) and use stability properties of P}, to obtain

I+ B e [0 B )2 < (9
(3.22) + ]| Apuon||? + C(k, v, M) (o) + 5l Vuon||?)°
+ 01,00 (uonl* + [ Pon ) ) 2
< Ok, v, a, Ay, M)e™ 2%,

Combine (3.13) with (3.22) to complete the rest of the proof. O
In the following three lemmas, we derive a priori estimates involving time deriva-
tives of the semi-discrete solution.
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V/\1
2(1 + H)\l)
true. Then, there is a positive constant C = C(k,v,a, \1, M), such that for all
t>0,

Lemma 3.3. Let 0<a< and let the assumptions (A1)-(A2) hold

t
I ()] + Al Van O] + e / & (e (5)[12 + K[| Vg (s)[2)ds < Ce™>".
0

Proof. Substituting ¢, = up: in (3.2), we obtain
[apell® + ] Ve —v(Vup, Vupg) — b(up, up, upy)
(3.23) = ©L1 + I, say.

To estimate |I7|, we apply Cauchy-Schwarz’s inequality and Young’s inequality to
arrive at

v €
(3.24) 1] < S IVunll® + 5 Van*.

Choose € = k in (3.24) to obtain
(3.25) 1] < C RVl + 5 Va%
An application of (3.7) and Young’s inequality yields

1] < Cl[Fun | A [ Ve

. 1
(3.26) < C|Vup|P|Apun| + §||uht|\2-

A use of (3.25), (3.26) and Lemma 3.2 in (3.23) yields

(3.27) lunel|? + &||Vun|? < C(k, v, a, A1, M)e™ 2,

Next, substituting ¢, = e?*'uy, in (3.2), we arrive at

(3.28) 2 (|upe||? + K| Vune||?) = —ve*“a(un, ups) — e*b(up, up, up).

Using Cauchy-Schwarz’s inequality, (3.9), (2.3), Young’s inequality and integrating
from 0 to ¢t with respect to time, we obtain
t

[ e Ul + x| Vun(s) P)ds < Clnvrn) ([ (| Vuns))?
0 0

(3.29) + [ Vun(s)[*)ds).

A use of Lemma 3.2 to bound
t

¢
/ 2 || Vuy(s)||*ds < C(k, v, a, Al,M)e_Qo‘t/ 2% || Vuy (s) | %ds
0 0
(3.30) < C(k, vy, A\, M)e 2,
An application of (3.30) and Lemma 3.2 in (3.29) yields

t
(3.31) / e (|lune(s)I* + K[ Vane(s)l|*)ds < C(k, v, a, Ar, M).
0

A combination of (3.27) and (3.31) would lead us to the desired result. (]

A
Lemma 3.4. Let 0 < a< m and let the assumptions (A1)-(A2) hold

true. Then, there is a positive constant C = C(k,v,a, A1, M) such that for all
t>0,

t
ane (0| + £l Vare (8)]|* + efmt/ e (Jlupse (s)|1* + £l Vunee(s)[|*)ds < Ce "
0
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Proof. Differentiation of (3.2) with respect to time yields

(3.32) (Upse, @p) + ca(ne, @) + va(ane, @p,) + b(une, up, @y,)
+ b(uh,uht,qﬁh) =0Vo, €J, t>0.

Substitute ¢, = ups in (3.32) to obtain
[aneel|® + £l Vanel|* = —va(une, ape) — b(ane, up, apge)
(3.33) — b(Wp, Wnt, Whit)-

An application of Cauchy-Schwarz’s inequality, Young’s inequality, (3.9) and (2.3)
yields

[unee||* + £ Vune | < Ck, v, A (|| Vup||?

(3.34) + [V [ Vuge]?).
With the help of estimates obtained from Lemma 3.2 and 3.3, we write
(3.35) [wnee ()] + 6] Vane ()| < C(k, v, 0, Ay, M)e™ >

Multiply (3.34) by e2** and integrate with respect to time from 0 to ¢ to arrive at
t

t
[ e + sl Funa(o) s < Crman) [ (1 9uno)?
0 0

(3.36) + 992 T2 s )

Applying the estimates from Lemmas 3.2 and 3.3, we obtain the desired result, that
is,

¢
(3.37) / e (lunu()|1* + £ Vane (s)[*)ds < Cr, v, 0, A1, M).

0
A use of (3.35) and (3.37) completes the proof. O

Differentiating (3.32) with respect to time and proceeding as in the proofs of Lem-
mas 3.3 and 3.4, we arrive at following Lemma:

V/\1
2(1 + H)\l)
true. Then, there is a positive constant C = C(k,v,a, \1, M), such that for all
t>0,

Lemma 3.5. Let 0<a< and let the assumptions (A1)-(A2) hold

t
e (0|7 + 5| Vane (8)]|* + 672@/ e ([[apee (5)|I” + K[| Vun(s)]|?)ds < Ce™2.
0

Before proceeding to the error analysis for time discretization, we recall the follow-
ing bounds of the error (u — up,p — pp) (for a proof see [3]):

Theorem 3.1. Let assumptions (A1)-(A2) and (B1)-(B2) be satisfied and let
ugn, = Ppug. Then, there exists a positive constant C depending on A1, K, v, «

and M, such that, for allt > 0 and for 0 < a < Vi)\l
2(1+ Aik)

, the following estimate
holds true :
(= un) ()] + RV (a = ap) @)l + Al (0 = pn) (©)] 2/, < Ch?e™".

Remark. For similar semidiscrete error estimates of the viscoelastic model of
Oldroyd type, we refer [22].
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4. Backward Euler Method

In this section, we consider a backward Euler method for time discretization of
the finite element Galerkin approximation (3.1). Let {t,,})_, be a uniform parti-
tion of [0,7T], and ¢, = nk, with time step k& > 0. For smooth function ¢ defined

n n—1
on [0,T], set ¢" = ¢(t,) and 99" = @77]?)
Now, the backward Euler method applied to (3.1) determines a sequence of func-
tions {U"}, -, € Hy, and {P"}, ., € L; as solutions of the following recursive
nonlinear algebraic equations: B

(5tUn7 ¢h> + K’a’(gtUna ¢h) + Va(Una ¢h)

(4.1) +b(U™, U™, th) =(P", V- th) Vo, € Hy,
(V-U" xn) =0 VXn € L,
UO = Uph-

Equivalently, for ¢, € J5, we seek {U"}, -, € J), such that
(4.2) (gtUn, o) + ﬁa(étU", ¢y) +va(U”, @) + (U™, U™ ¢p),) =0 Yo, € I,
UO = Ugh-

Now, to study the issue of the existence and uniqueness of the discrete solutions
{U"},>1, we derive a priori bounds for the solution {U"},,>1.

Lemma 4.1. With0 < a < 2(%)\;), choose kg so that for 0 < k < kg
1K
Vk)\l k
4.3 1> e,
( ) kA + 1 tl>e
Then the discrete solution UN, N > 1 of (4.2) satisfies
N
(TON)? + & VUN|?) 28167200 kY e |[VU|? < e 2 (JU°)1° + 5| VU°|?),
n=1
where
1—e ok 1
—ak
(4.4) pr = (e y—z(T)(n+/\—l)> > 0.

Proof. Multiplying (4.2) by e®'» and setting U™ = e®» U™, we obtain

et ((@U", ¢p) + ka(0,U", ¢h)) +va(U™, ¢y,)

(4.5) + e~ p(U™, U, ¢,) =0 Vo, € I
Note that,

_ o eak —1 .
(4.6) e U = %9, U™ — < A >U”.

Using (4.6) in (4.5) and multiplying the resulting equation by e~**

~ N _ —ak R R
(A7) 007 ¢y) + wal00" ) — (1 ) (U760 + e ral07, )

, we obtain

1— —ak R R R
- K(%) a(Una d)h) + e_athrlb(Unv Unu ¢h) =0.
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Note that

AT TN 1 Fn Frn— 1o n
(4.8 @07, 0%) > L (O — 0711 = Laome
Substituting ¢, = U™ in (4.7) and using (2.3) along with (3.10) yields

L= v . Cu 1—e ok 1 .
(49) 0"+ VO + (ot - () e+ 1) ) IVOUE <o

Note that, the coefficient of the second term on the left hand side is greater than

A
8. With 0 < a < m choose ko > 0 such that for 0 < k < ko
Vk/\l k
1> ek,
14+ rM tl>e

Then, for 0 < k < kg, the coefficient (81 (see (4.4)) of the second term on the left
hand side of (4.9) becomes positive. Multiplying (4.9) by 2k and summing over
n =1 to N, we obtain

N
(4.10) TONP + sl VOY|? + 261k [VU"|* < [[U°)? + 5] VU 2.
n=1
Divide (4.10) by 2%~ to complete the rest of the proof. O

Theorem 4.1. (Brouwer’s fized point theorem)[15]. Let H be a finite dimensional
Hilbert space with inner product (-,-) and || -||. Let g : H — H be a continuous
function. If there exists R > 0 such that (9(z),z) > 0 Vz with ||z|| = R, then there
exists z* € H such that ||z|| < R and g(z*) = 0.

Now, we are ready to prove the following existence and uniqueness result.

Theorem 4.2. Given U™, the discrete problem (4.2) has a unique solution U™,
n>1.

Proof. Given U"!, define a function F : J;, — J;, for a fixed 'n’ by

(4.11) (F(v), @) = (v.dp,) + 6(VV, V) + kv(Vv, V)
+kb(v,v,¢p,) — (U1 @) — k(VU" 1, Vgy,).

Define a norm on J;, as

(4.12) IvIIl = (VI + &l Vv])=.

We can easily show that F is continuous. Now, after substituting ¢, = v in (4.11),
we use (3.10), (4.12), Cauchy-Schwarz’s inequality and Young’s inequality to arrive
at

(F),v) = (vl = T =D v
Choose R such that |||v]|| = R and R — ||[U""!||| > 0 and hence,
(F(v),v) > 0.

A use of Theorem 4.1 would provide us the existence of {U"},,>1.
Now, to prove uniqueness, set E™ = U} — U3, where U} and U% are the solutions
of (4.2).
Note that,
(afEnv ¢h) + ’ia(étEnv d)h) + Va’(Env ¢h)

(413) :b( 7215 7217(25}1) _b(U?vU?a(bh)
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Using ¢, = E" and proceeding as in the derivation of (4.9), we obtain

1. e . Cu 1—e ok 1 -
(410)  GOET R+ RVEP) + (b = (Fp) (et ) ) IVEP
< efozkeaci&nAflz(]g]n)7

where
A?(En) = _b( 7117 ?7]:3”) +b( 7217 ngn)
Note that,
(4.15) et NT(B") = ot p(U7, U7, B — b(07, U3, B7)|

=e "|b(E", U}, E") 4 b(U3,E", E")].
A use of (3.10), (3.9) and (2.3) in (4.15) yields
atn | AN (TN —at, [|Tn | L | CTn o
(4.16) e AT (B")| < Cem ' |[E"|[2||VE"||2 | VU ||| VE"||
< C(M)e VUL ||| VE"|*.
Using (4.16), E® = 0, Young’s inequality in (4.14), multiplying by 2k, summing
over n = 1 to N and applying the bounds of Lemma 4.1, we arrive at
N—-1
IEN]? + /IIVEN? < Clv, M)ke™®* Y~ e | VU |?|| VE"|?
n=1

+ C(v, A1) ke~ e 2 [ VUV |2 VEN |2

N-1
< Cv, ke ®F Y~ e 20| VU ||| VE"||?
n=0
(4.17) + C(, A1, 5, M)ke (| EN | + &||[VEN|[2).

Since, (1 — C(v, A\, &, M)ke~*F) can be made positive for small k, an application
of the discrete Gronwall’s Lemma and Lemma 4.1 in (4.17) yields

(4.18) 1BV + 5| VEY|? <0

and this provides the uniqueness of the solutions {U"},,>1. (]

5. Error Analysis for Backward Euler Method

In this section, we obtain the H! and L?- norm estimates for the error e” =
U" —uy(t,) = U —u} and the L2- norm estimate for the error p" = P"—py(t,,) =
P" —pp. The following theorem provides a bound on the error e™:

Theorem 5.1. Let 0 < a < — 2 and ko > 0 be such that for 0 < k < ko,
2(1 + H)\l)

(4.8) is satisfied. For some fivzed h > 0, let up(t) satisfy (3.2). Then, there exists

a positive constant C, independent of k, such that forn=1,2,--- /N

(5.1) "> + k[ Ve"||” + Brke 2"y "] Ve, |* < ChkPe 2"
i=1
and

(5.2) 15pe™||2 + (|8, Ver||? < Ck2e=20tn.
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Proof. Consider (3.2) at t = t,, and subtract it from (4.2) to obtain
(53) (5tena ¢h) + K’a’(gtenv ¢h> + Va(env ¢h>
= (01, &) + ka0, @) + An(@y) Yoy, € In,
where o} = ul, — dyul and Ay(¢,) = b(ul,ul, ¢,) — b(U", U, ¢;,). Multiplying
(5.3) by e* we arrive at
(5.4) (e Oe", ¢y,) + ra(e " dpe”, ¢p,) + va(€”, ¢),)
= (e"'"07, ¢y) + Ka(e* "ot @y,) + €™ An(¢py,)-
Note that,

_ ~ ek — 1. .
(5.5) e L : )e”.

Using (5.5) in (5.4) and dividing the resulting equation by e**, we obtain

1— e—ak

(5.6) (9:€", ¢y,) + ra(Dr&", ¢y,) — (T)(éna )

1 efak

- (_T) a(@”, ¢y,) +ve Fa(@", ¢,) = e (e at, by,)
+ efo‘kfia(eat"a?, ¢h) + eiakeat"Ah(d)h).
Substitute ¢, = €™ in (5.6). A use of (2.3) yields

e—ak

15 AT AT —a 1- 1 AT

(5.7) §8t(|\e ? + k|| Ve ||?) + (Ve b (T) (k+ /\—1)> [ver|?
= e (ol 8") + e N Ra(e o, &) + e e Ay (&M).

On multiplying (5.7) by 2k and summing over n = 1 to N, we observe that

. . Con Lok T P
(5.8) |eN||2—|—/£||VeN|2+2k<ue k_ (T)(H+A—l)>Z|Ve I|?
=1

< 2]6670‘]62 )+ 2ke” O‘kZ/{a nol,em)

n=1
+ 2ke*akzemmh(é") =N+ 1Y+ 1Y, sa
n=1

Using Cauchy-Schwarz’s inequality, (2.3) and Young’s inequality, we estimate I3V
as:

N
1Y) < 2ke Y || o 6

n=1
” N
—ak atn, 2 —ak AT (12
(5.9) (v, M)k E He ol +§k6 7?:1”59 I

Now, using the Taylor series expansion of up around t, in the interval (t,—1,t,),
we observe that

(.10 Jestna 2 < e (|

tn—1

<tn—s>|uhtt<s>||ds) |
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An application of Cauchy-Schwarz’s inequality in (5.10) yields

1 17 tn
et o] < ( / e2atn||uhtt<s)||2ds) ( [ - 8)2d8>
t7171 t

n—1
ko[t
(.11) —5 [t o)

tn—1
and hence, using (5.11) and Lemma 3.4, we write

N

N ]{52 tn
B e o P < 5 [ e )| s
n=1 n tn—1

=1

AN

k2 N tn
= gezakZ/ 2= [upe(s) || ds
n=1

tnfl

k2 k N tn
3620‘ Z/ €28 |lupse(s)||* ds
n=1

tn—1

IN

k2 L tN
= ?620‘ / g2as ||Uhtt(5)||2 ds
0

(5.12) < C(k,v, 0, A, M)k?e 20N -1,

Similarly, we obtain

N
(5.13) EY [le®Vop||* < C(k, v, 0 A, M)k2e 21,

n=1

Using (5.12) in (5.9), we find that

N
(5.14) 1IN < C(k, v, a, A, M)K? + %ke‘akZHVé"Hz.

n=1

Following the similar steps as for bounding |I{¥| and using (5.13), we obtain

N
(5.15) 1IN| < Ok, vy, A1, M)K? + %ke-a’fZHVé"H?.

n=1
To estimate I3¥, we note that
Ah(¢h) = b(u;117 U.Z, d)h) - b(Unv Unu ¢h)
= b(up, up, ¢p,) — b(U" —up, U, ¢p,) — b(uy, U™, )
(5.16) = —b(uy,e", ¢;,) — b(e", U", ¢}).
Hence, we find that

(5.17) e |Ap(8")] = e | — b(e”, U™, &)

493

The first term of (5.16) vanish because of (3.10). A use of the generalized Holder’s

inequality and Sobolev’s embedding theorems in (5.17) yields
e |AR(€")] < Cemm[l&n 2] Ve VO™ [[le"| | Ve
(5.18) < Cem VU [l ve"|.
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Using Young’s inequality, we arrive at

N-1
1] <C@) 3 ke ke 220 [VO 2 672 + Clw)heFe 20 [VOV 2 [

n=1

N
(5.19) +%ke“"k2||Vé"||2.

n=1
An application of Lemma 4.1 to estimate the second term on the right hand side
of (5.19) yields

N—
e Z ek 20t [TUN? 672 + Clo, Mhe ket N2

(5.20) ‘“’“ZIIVA"IF
A use of (5.14), (5.15) and (5.20) in (5.8) with €° = 0 yields
1eN]12 + k|| Vel |2 +61kZN:||Vé"||2 < C(k,v,, A1, M)K?
" N—-1
+C(v)ke kY "2 | VO 26"
n=0
(5.21) +C (v, M)ke= 2k (||&N||? + k|| Ve |?).

Now choose ko > 0 such that for 0 < k < ko, (1 — C(v, M)ke=**) > 0 and (4.3) is
satisfied. Then, an application of the discrete Gronwall’s Lemma yields

N
(5.22) 16V]12 + 5| VeN |2 + 8ik S IIVE? < Clr, v, o, A, MK x

n=1
N-1
exp <kZ ||VU"||2>.
n=0
With the help of Lemma 4.1, we bound
N-1
(5.23) EY VU < Cs, v, 0, M, M).
n=0
Using (5.23) in (5.22), we arrive at

N
(5:24) 6N+ VN2 + kS IVEn P < Oy, A, M)R?
n=1
For 0 < k < ko, the coefficient of the third term on the left-hand side of (5.24),
becomes positive. Dividing (5.24) by e>**¥ we obtain (5.1).
Next, we take ¢;, = 0;&™ in (5.6) and obtain

I _ o 1— —ak
(5.25) 10" |* + K0 Ve"||* = (————

——))a(e”,d&") + e~k (gl 9,e")
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Using (5.16), (3.7), (3.9) and (2.3), we observe that
eatn |Ah(¢h)| = e—atn |b(ﬁ7};7 énv ¢h) + b(énv ﬂn, ¢h)|

< C()eat <|w,; HIEE |vﬁ"||) Ve 1Vl

With the help of Lemmas 3.2 and 4.1, we bound
(5.26) e [An(¢n)| < Clw, v, 0, A, M) VE™ [V, .

A use of Cauchy-Schwarz’s inequality, Young’s inequality, (2.3) and (5.26) in (5.25)
yields

(5.27) 3" + K|8VE"? < Clr, 0,1, v, M) (||Vé"||2 + ||eafnw?||2>.

To estimate the second term in the right hand side of (5.27), we note from (5.11)
and Lemma 3.4 that

k t'Vl
et Vol |? < 5/ €2 ||V up (8)||* dt
tnfl

t'Vl
< C(k, v, 0, Ay, M) ket / e 2% (s

tn—1

(5.28) < Ok, v, a, Ay, M)k

for k* € (0, k). In view of (5.1) and (5.28), (5.27) implies (5.2). This completes the
rest of the proof. 0.
It remains to prove the error estimate for the pressure P". Consider (3.1) at t = ¢,
and subtract it from (4.1) to obtain

(P, V-¢,) = (0ie", b,)+ ra(Die", ¢y,) + va(e”, ¢y,)
— (o7, ¢y) — ka(oy, ¢p,) — An(y,)-

Using Cauchy-Schwarz’s inequality, (2.3) and (5.26), we obtain
(5.29) (p",V - ¢y,) < C(w, v, M) (|10:Ve" || + Ve | + [[VaT[]) [[Vell-

A use of Theorem 5.1 and (5.28) in (5.29) would lead us to the desired result, that
is

(5.30) "] < Ok, v, 0, Ay, M)k e=".

Remark 1. Note that in the estimate of IV, that is, the estimate (5.20), we have
used Lemma 4.1 to bound only |[UN|| for the second term on the right hand side of

(5.20). But we could have bounded |[U™||, n=1,--- , N—1 using again Lemma 4.1,
but that would have resulted in exponential dependence of C'T in the final estimate.

The backward Euler method applied to (3.1) gives rise to a nonlinear system
at t = t,. Here, we introduce a linearized version of this method which solves a
system of linear equations at each time step.

The linearized backward Euler method is as follows: find a sequence of functions
{U"},~1 € Hy and {P"}, ., € Ly, as solutions of the following recursive linear
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algebraic equations:

(0, U", ¢,) + £a(0,U", ¢y,) + va(U", ¢;,)

(5.31) +b(U" LU, ¢,) = (P",V - ¢;,) Vo, € Hy,
(V-U" xn) =0  Vxu€ Ly,
UO = Ugpp-

Equivalently, for ¢, € J5, we seek {U"}, .| € J), such that

(0,U", ¢y,) + ka(0,U", ¢y,) + va(U", ¢;,)
(5.32) FHUTL U, ¢,) = 0 Vb, € In,
UO = Uph-

The proof for the linearized backward Euler method proceeds along the same lines
as in the derivation of Theorem 5.1. Here, the equation in error e” is:

(533) (gtenv d)h) + 'kw“(gtenv ¢h) + Va(env ¢h) = (0?7 ¢h)

+ ka(of, @p,) + An(@y,) Vo, € I,
where o7 = up, — dul and Ay(¢),) = b(up,u}, ¢,) —b(U""1, U ¢,). Note that,
the difference here is only in the nonlinear term.

Again, with the help of similar applications as in the proof of Theorem 5.1, we
arrive at

X X Con Lok 1 N
||eN||2+f$|VeN||2+2(l/e k_ (T) (k+ A—l))kZHVe ||?
n=1

< 2ke_°‘kz atn +2ke‘akz.‘ia alngh &™)
n=1
(5.34) + le“"kZeo‘t"Ah(é") =IN 41V + 1V, sa
n=1

The first two terms in the right hand side of (5.34) are bounded by (5.14) and
(5.15). Hence, we need to estimate the third term. In this case, we write
e |An(gp)l = e lb(uf, uf, ¢,) —b(UT —upT! U, ¢y)
- b(uZ_lvUn7¢h)|

= e p(u —u} Tt up, ¢p,) — b(e" U ¢y)

+ b(up Tt up — U )|

= e —b(up —up ' e, ¢p,) + b(uy —up U, ¢y,)
(5.35) — b(e" U, ¢y) —b(up e, ).

A use of (3.10) along with (2.3) and (3.9) in (5.35) with ¢, = &" yields
e AR (&")] < e |b(uf —up ', U™, ") —b(e" !, U, &")
< C)e™ (IV(uy —up=H[[[IVU[[[ve"|
(5.36) +[verHvur|ver|).



FULLY DISCRETE SCHEMES FOR KELVIN-VOIGT FLUIDS 497

Hence, we observe that

N
1] < 2ke Ry e A(€M)] < C(A)k “kz (e [V (ujy — )| %

n=1

(5.37)  [[VU[[[[Ve"|| + e [VU"|[[[ Ve~ 1||||Ve"|\) = I+ 1], sa

Note that, a use of Taylor’s series expansion of u(t) at t,, in the interval (t,_1,t,)
yields

tn
(5.38) IV (uf; —up ™) = H/ Vuy(s)ds|.
tn—1

With the help of Lemma 3.3 and mean value theorem, we observe that

tn tn
[V(up —u} b < / (IVup(s)]| ds < C(k, V,a,)\l,M)/ e~ "ds
1 tn—1

th _

< C(k,v,a, A1, M)e
(5.39) < C(k, v, a, A1, M)ke®*”

where k* € (0, k).
Using Young’s inequality, (5.39) and Lemma 4.1, we bound |I}¥] as

(e 1)

AN

1 <y “’“Ze2at"IIVU"II IV (ujy — DI + 2 ke‘“’“ZHVA"H2

n=1

< O, vy, A0, MK ( kZ 20 VU ) + She —“’“vamnz

n=1 n=1

N
(5.40) < C(r v, Ay, M)K? + S ke ™R3 ||ve" 2.
6 n=1

A use of Young’s inequality yields

N
1] = CQn)ke™ My e VU™ [|| Ve[ Ve

n=1

< C(v, M)k akze*mtn VO Ve TP + < ke*akZHve"H?

n=1 n=1
N-1

(541) <O, ke kY e 2t vUH 2 HVA”H2+ ~ke ’“kZHVA”HQ
n=0 n=1

Substitute (5.14), (5.15), (5.40) and (5.41) in (5.34). As in the estimate of (5.21),
we now apply Gronwall’s Lemma to complete the rest of the proof. O

Now a use of Theorems 3.1, 5.1 and (5.30) completes the proof of the following
Theorem.

Theorem 5.2. Under the assumptions of Theorems 3.1 and 5.1, the following holds
true:

lu(t,) = U™||; < Ce (W7 +k) j=0,1
and

l(p(tn) — P™)|| < Ce™' (h + k).
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6. Second Order Backward Difference Scheme

Since the backward Euler method is only first order accurate, we now try to
obtain a second order accuracy by employing a second order backward difference
scheme. Setting

1
(6.1) pPun = Sp(BU" —4U" U,

we obtain the second order backward difference applied to (3.1) as follows: find
a sequence of functions {U"}, ., € Hj, and {P"} ., € L as solutions of the
following recursive nonlinear algebraic equations:

62) (DU, ¢,) + ka(DP U, ¢,) + va(U, ¢y) + b(U™, U, )
= (P",V-¢,) Yo, € Hy,
(0,U", ¢,) + £a(8,U", ¢,) + va(U', ¢,) + b(U', U, ¢;,)
= (P, V-¢,) Vo, € Hy,
(V- U™, xn) = 0V¥xn € Ln,
UO = Upp-
Equivalently, find {U"}, 5, € J; to be the solutions of
(6.3) (DPU™, ¢,) + ka(D{PU™, ¢,) + va(U", ¢y)
+b(U™, U™, ¢,) =0 VYn>2 Ve, €y,
(0, U, ¢),) + ka(0, U, ¢),) + va(U', ¢;,)
+b(U", U, ¢,) =0,
UO = Ugp-

The results of this section are based on the identity which is obtained by a modifi-
cation of a similar identity in [1]:

2¢* (a", 3a" — da"~" +a" %) = [la"|* — [|a" )
(6:4) + (1= e ®)(fla™|* + "~ HP®) + llo%am
2" — ekan TP — fl2an ! — etan

where
52@71—1 _ eakdn _ 2dn—1 + eakdn—2'

Next, we discuss the decay properties for the solution of (6.3).

A
Lemma 6.1. With0 < a < m, choose ko small so that for 0 < k < kg
1
Vk)\l 20k
6.5 1 o
( ) KA+ 1 tl>e

Then, the discrete solution UN, N > 1 of (6.3) satisfies the following a priori
bound:

N
(TON]? + K| VUN|?) + e72 kY e[ vU™ |
n=1

(6.6) < C(k, v, M)e” 2™ (U°)2 + [ VU?%).
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Proof. Multiply (6.3) by e®*» and substitute ¢, = U”. Then, using identity (6.4),
we obtain

n n F1n 1 _e2o¢k N FTn
0"+ RO 4 A2+ (20 ) (107 + sl 90

] =

5
(=) (1om1 2 + O R) + 20 4 L rareente
" 4k 1"
1 n akyrn—1\2 Frn—1 akfin—2)\2
<6m—k(<2u O - U ek 2)?)

+4'2 (VO™ — ek yUn-1)2 — (2vTn~! — eobym-2)2) =,

Note that, the fifth and sixth terms on the left hand side of (6.7) are non-negative.
Therefore, we have dropped these terms. Further, observe that

N
DT+ wIVO ) = (O + & VUL?) = (JOV]* + sl VOY?)
n=2
N A~ A~
(6.8) + Y (0P + RIVOP).
n=2

Multiplying (6.7) by 4ke=2°* summing over n = 2 to N, using (2.3) and (6.8), we
obtain

2 A~ B 1— —2ak 1 N .
HUNH2 + HHVUNHQ + k<41/6 20k _ 2(+) (,{ + )\_1)> ZHVUnH2
n=2

+||2e—ozkij _ Ij-N—1||2 +K||26_akVﬂN _ VUN_1H2 < (Hﬂle
(6.9) +&[|VUY?) + (20! — U°)2 + k(2e *FVU! — VUY)?).
To estimate the first term on the right hand side, we choose n = 1 in (4.9) to obtain

1, - o 1—e¢ ok 1 -
(6.10) SA(ITY* + 5| VO ) + (e e ()t A_1)> IVT'|? <o.

Since )\ + 1> e?* the coefficient of second term becomes positive. There-
+ K\

fore, we drop this term and obtain

(6.11) 102 + &l VO? < C(IU°|* + | VU°|?).

Now, we bound the second term on the right hand side of (6.9) by using Cauchy
Schwarz’s inequality, Young’s inequality and (6.11) as follows:

(6.12) (27U —U%)? + k(2 **VU! — VU")? < O(k)(|[U°)2 + |[VU°||?).
Using (6.11), (6.12) and (6.5) in (6.9), we complete the rest of the proof. O

Remark. Existence of solution to (6.3) can be proved using Theorem 4.1 and
Lemma 6.1.

As a consequence of Lemma 6.1, we have the following error estimates.

Theorem 6.1. Assume that 0 < o < Vi/\l and choose ky > 0 such that for
2(1 + H)\l)
0 < k < ko,
Vk/\l + 1 N ezak

1+:‘€)\1
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Let up(t) be a solution of (3.2) and €™ = U™ —uy(t,), forn=1,2,--- ,N. Then,
for some positive constant C = C(k,v,a, A1, M), there hold

n

(6.13) le”[|* + k[ Ve"||* + ke e < Cklem20tn
1=2

and form=2,--- N,

(6.14) | DZe™||? + k|| DZVe™||? < Cke 2.

Proof. The proof for error analysis is on the similar lines as that of Theorem 5.1.
This time the equation in €™ for n > 2 is

(6.15) (D,g?)e”, b)) + fia(D,gQ)e”, ¢p,) +va(e™, ¢y)
= (03, ¢p,) + ka(og, @y,) + An(dy),

where o and Ap(¢;,) are defined by

o3 = ujy — D uft, An(¢y) = blufl,ujl, ) — (U™, U™, ¢y).
Multiply (6.15) by 4ke®'= and substitute ¢, = €". Using identity (6.4), we arrive
at
(6.16) KDy (|6"|? + w|[VE"|2) + 626" 1|2 + x[52V&m 1|2 + 4kv]| Ve
(L= 2 F) (6" + sl Ve ) + (1 — e**F)([le"H|1* + w[ Ve %)
(28" — e?ken—1)2 _ (26" — e2kenT2)2 | (2Ve" — eFvenT1)?
—k(2VenT! — ek venT2)2 = 4k(e™n oy &") + 4k ka(e“m ol &™)
+4k e Ap(e™).

Summing (6.16) over n = 2 to N, using (6.8), ¢ = 0 and dividing by e2°*, we
obtain

HéNHQ—FHHVeNH2+€_2akZ H52An 1||2_|_HH52VA71 1” )+(2e—akéN_éN—l)2
n=2

W . N Con 1— 6720416 1 N o
+r(2e7FveN — velN—1)2 4 k(4ue 2k _ 2(7)(/“ )\—1));||Ve &

< ”élH2 +"$HVé1H2 ( —alwl _ 0)2 —I—Ii( —akvél _ Veo)2

N
+4ke—2ak Z atn )+ 4k I€€_2ak Z at"U;,én) + 4ke—2ak Z eat"Ah(én)
n=2

n=2 n=2

(6.17)< CO(||&*|? + s||VeH|?) + I} + I3 + I3, sa

Now, with the help of Cauchy-Schwarz’s inequality, (2.3) and Young’s inequality,
we bound |I]| as:

N
* —2a atn 5 1 An 1
15| < 4ke 2 * (Y e )2 ZII %)

n=2

M

N
(6.18) Cle, M)k 2ak2|\eafn PII? + eke 2R N | ver| .

n=2
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3
Using |lu}, — D§2)uz|\ < (’j/); Lo, llanaelldt ([1]), we note that

k3 tn

(6.19) le*™ a3 * < < e luneee (1)]* dt

tn72

and hence, using (6.19) and Lemma 3.5, we obtain

N k;4 N tn
DI R S O A Gl
n=2 n=2" tn-2
4 N L,
_ 4dak 2aty, — 2
. Z/t P (1)t
< 4ak2/ || wpere (t)||*dt

tN
S k4e4ak/ e2at||uhttt(t)”2dt
0

(6.20) < C(k, v, o, A1, M)k*eteke=20ty
Using (6.20) in (6.18), we arrive at
N
(6.21) I < Ck,v, 0, A1, M, e)k* + eke ™% > ™ || ven ||,
n=2

Similarly, with the help of Cauchy-Schwarz’s inequality, Young’s inequality and
Lemma 3.5, we bound
N

(6.22) |I3| < C(k, v, 0, A1, M, )k + eke2F Z INCH
n=2
Once again, a use of (5.18) yields
(6.23) 5] < C(E)i\f:ke_%me_zm“HVIAJ"|I2Hé"H2
n=2 N
+ eke 2Ry || ver 2.
n=2

To bound the first term in the right hand side of (6.17), we choose n = 1 in (5.7)
and obtain

1. . IS 1
621) SO + Ve ) + <I/e () et )) Vel
= e k(e gl el) + e P ra(eol, ) 4 e e Ay (eh).
On multiplying (6.24) by 2k, using Cauchy-Schwarz’s inequality, (2.3), Young’s
inequality appropriately with the estimates (5.20) (for n = 1 and € = v), we obtain
1— —ak

(6.25) |e'|]* + k|| Ve |* + 2k <I/€_ak - (%) (k+ )) [vel|?

< 2]{:670‘16( ozka_%7 Al) —|—2keiak (eako_%7 Al) —|—2keiak akA ( )

< Ck%e 2% (||le* o1 ||® + wlle**Vai?) + (||é1|\2 +x[Ver|?)

+ C(v)ke ke=20k| U 12| 1|2 + z/lce’o"“HVélH2
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and hence, a use of (5.28) with n =1 along with (2.3) yields

. . . 1—e ok 1 .
(6.26) lel||? + x| Vel ||* + k<ye k_ 2(7) (k+ A_l)) INCH

< C(k, v, 0, A1, M, )k* + C(v)ke “Fe=2%| VU |2 || &} 2.

Using (6.21), (6.22), (6.23) with e = 2, (6.26), €° = 0 and bounds from Lemma
6.1 in (6.17), we obtain

N
HéNH2 + HHVéNHQ + 672ak2(|‘52én71”2 + H|‘52Vén71”2) + (2efakéN _ éN71)2
n=2

—akoaN _ oaN—112 —2ak 1 — e 2k 1 > n||2
+r(2e7 Ve — Ve ) +2k<l/e ( Z )(m—l—)\l) ;HVe [

N
< C(r,v, 0, A, M)E* + C(U)Zke_mke_m“ VO™ |2 )&
n=2
+C(v)ke™ e 2K VU &2
N-1
< Ol v, A, MK+ C(0) 3 ke~ ke 2000 [T 262
n=0
FO(w)ke™ 2200 [TON 262
N-1 A
< C(k,v,, A\, M)E* + C(v) Z ke~ k=29 U™ |26
n=0

(6.27) +Cke 22k (||eN |2 + s||VeN|?).

Choose ko, so that (6.5) is satisfied and (1 — Cke=2%*) > 0 for 0 < k < ko. Then,
an application of the discrete Gronwall’s Lemma yields

N
16N + k|| VeN > + kY _[IVe"|* < Clr, vy, A, M)K* x
n=2
N-1

(6.28) exp(k Y _[|[VU"|?).

n=0

The bounds obtained from Lemma 6.1 in (6.28) would lead us to (6.13), that is,

N
(6.29) 8N + k|| VeN | + kD || Ve"|* < C(k, v, o, Ay, M)k

n=2

and this completes the proof of (6.13) for n > 2. For n = 1, we use (6.26) along
with the bounds in Lemma 4.1. Then, a choice of k such that (1 — Cke=**) > 0
would lead us to the desired result, that is,

(6.30) le!||? + k|| Vel ||? + k|| Vel||? < C(k, v, o, A, M)k2e 2,
To arrive at the estimates in (6.14), we choose ¢, = D§2)e" in (6.15) and obtain

(6:31) [DPe"|? +5|VDPe"|? = —va(e”, DY) + (03, Die")
+ ka(oy, D£2)e") + Ah(D§2)e”).
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It follows from (5.26) that

(6.32) IAL(DPe™)| < Clk,v, o, A, M)||Ve™ ||| DP Ve |.

Using Cauchy-Schwarz’s inequality, Young’s inequality, (2.3) and (6.32) in (6.31),
we arrive at

(6.33)  |DPe"||? + x| VDPem||? < Ok, waaAhM)(llVe"H? + ||VUSII2)'

For the second term on the right hand side of (6.33), we use (6.19), Lemma 3.5 and
obtain

kS [t
e Vor|? < D} 2 [Vt (1) dt

tn—2

tn
S C(Ii,l/,a,)\hM)k;?’ e?atn / e—2atdt

tan
(6.34) < Ok, v, a, Ay, M)k et
where k* € (0,k). Now with the help of (6.13) and (6.34), (6.33) implies (6.14).
This completes the rest of the proof. O

Finally, we obtain the error estimates for the pressure P". Consider (3.1) at t = ¢,
and subtract it from (6.2) to obtain

(P V-¢y) = (Die",¢y) + ra(Die", ¢)) + va(e", ¢,)
— (03, ¢p) — raloy, @) — An(ey,).
With the help of Cauchy-Schwarz’s inequality, (2.3) and (5.26), we obtain
(6.35) (p", V- ¢y,) < Clr,v, M) (|DFVe"| + Ve || + [[Voz ) [ Ve |-
A use of the Theorem 6.1 and (6.34) in (6.35) yields
(6.36) " < C(k,v,a, A1, M)k* e~ for n > 2.

For n = 1, we use estimates obtained from backward Euler method. Substitute
n=11n (5.29) to obtain

(6.37) (p", V- p) < Clr, v, M) ([10:Ve' | + [Ve' | + [ Vori ) [Vl

A use of (5.27) with n =1 in (6.37) yields

(6.38)  (p,V-¢,) < C(r,a,v, A0, M)([[Ve! || +[|Voi[])[[Vey].

Using bounds obtained from (5.28) (for n = 1) and (6.30) in (6.38), we arrive at
(6.39) P < Clk, o, v, A, M)k e

Theorem 6.2. Under the assumption of Theorems 3.1, 5.1 and 6.1, the following
holds true:

Ja(t,) — U"|; < C(R*7 +k*)e™ " j=0,1

and
[(p(tn) — P™)|| < Ce™ ' (h+k*>77),
where
0 ifn>2;
Y= .
1 ifn=1.

Proof of Theorem 6.2. A use of Theorems 3.1, 6.1, (6.30), (6.36) and (6.39)
would complete the proof. (|
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7. Numerical Experiments

In this section, we provide a few computational results to support our theoretical
estimates for the equations of motion arising in the Kelvin-Voigt fluid (1.1)-(1.3).
In example 1, for space discretization, P>-Py mixed finite element space (see [5]) is
used: the velocity space consists of continuous piecewise polynomials of degree less
than or equal to 2 and the pressure space consists of piecewise constants, that is,
we consider the finite dimensional subspaces V, and W}, of H} and L? respectively,
as:

=112
Vi ={veH)Q)N(C)) :v|k € (P(K))* K € 7},
Wi ={qe L*Q): qlx € P(K),K €1},

where 75, denotes the triangulation of the domain Q. Below, we discuss the fully
discrete finite element formulation of (1.1)-(1.3) using backward Euler method and
second order backward difference scheme.
Fully discrete finite element approximation: In this scheme, we discuss the
discretization of the time variable by replacing the time derivative by difference
quotient. Let At be the time step and U™ be the approximation of u(t) in V; at
t=1t, =nAt
The backward Euler approximation to (3.1) can be stated as: given U"~!, find the
pair (U™, P") satisfying:
(7.1) (U™, vpy) + (k + vAL) a(U"vp) + At (U™, U, vp) + At b(vp, P™)

= (U™ Y vp) + ka(U L vy) + At (£(t,), Vi) Vv € Vi,

b(U™, wp) =0 Ywy, € Wh.

Similarly, the second order backward difference approximation to (3.1) is as follows:
given U"~2 and U™~ !, find the pair (U", P") satisfying:
(7.2) (BU", vp) + (k + 2vAL) o(U",vp) + 2At (U™, U™, vp,)

+2At b(vp, P") = 4(U" 1 vy) + 4 ka(U 1 vy,) — (U2 vy,)

—k a(U"2 vy,) + At (£(t,),v) Yvi € Vi,

b(U",wh) =0 Ywy, € Wh,.

Now, we approximate the velocity and pressure by

ng ue ne

(3) v =Y (W) B P = Y

j=1 J j=1

where @' (x) and ¢ (x) form bases for V}, and W}, respectively with cardinality ng
and ne, respectively. Here, u’* and u}” represent the z and y component of the
approximate velocity field, respectively, at time ¢ = ¢,,.

Using (7.3), the basis functions for Vj and W3, in (7.1) (respectively (7.2)), we
obtain nonlinear systems which are solved using Newton’s method.

Example 1: In this example, we choose the right hand side function f in such a
way that the exact solution (u,p) = ((u1,uz),p) is

up = 10e 2% (z — 1)%y(y — 1)(2y — 1), w2 = —10e 7 '%*(y — 1)%z(z — 1)(2z — 1),
—t
p=ety.

We choose v = 1, kK = 1072 with © = (0,1) x (0,1) and time ¢ = [0,1]. Here,
) is subdivided into triangles with mesh size h. The theoretical analysis provides
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a convergence rate of O(h?) in L2-norm, of O(h) in H'-norm for velocity and of
O(h) in L2-norm for pressure. Table 1 gives the numerical errors and convergence
rates obtained on successively refined meshes for the first order backward Euler
method and Table 2 contains the errors and convergence rates of the second or-
der two step backward difference method. These results agree with the optimal
theoretical convergence rates obtained in Theorem 5.2 and 6.2.

TABLE 1. Errors and Convergence rates for backward Euler
method with k = Q(h?).

h lu(tn) — U2 | Rate [u(tn) — U[[g | Rate [lp(tn) — P™|| | Rate
1/2 0.0045761 0.056318 0.136225

1/4 0.0013220 1.791328 | 0.024171 1.220311 | 0.072946 0.901096
1/8 0.0003651 1.856036 | 0.010997 1.136107 | 0.037920 0.943847
1/16 | 0.0000970 1.911519 | 0.005371 1.033759 | 0.019201 0.981790

TABLE 2. Errors and Convergence rates for backward difference
scheme with k = O(h).

h lu(tn) — U™[|L2 | Rate [u(tn) — U[[g | Rate [lp(tn) — P™|| | Rate
1/2 0.0047034 0.043623 0.135666

1/4 0.0013240 1.828747 | 0.019412 1.168111 | 0.073007 0.893959
1/8 0.0003653 1.857587 | 0.009233 1.072039 | 0.037925 0.944881
1/16 | 0.0000970 1.912022 | 0.004602 1.004511 | 0.019201 0.981941

Remark 2. Note that, under extra reqularity assumptions on the exact solution
pair, one can obtain better rates of convergence by using higher order finite element
space.

We illustrate this in example 2, by choosing an appropriate right hand side function
f. Example 2: In this example, we choose the right hand side function f in such
a way that the exact solution (u,p) = ((u1, u2),p) is:

(7.4) up = te_t2sm2(37mc) sin(6my), ug = —te_t2sin2(37ry) sin(6mz),

p=te " sin(2mx) sin(27y).

We assume that the viscosity of the fluid(v) is 1072 and the retardation « is 10~
with Q = (0,1) % (0,1) and time ¢ = [0, 1]. Here again, {2 is subdivided into triangles
with mesh size h. For the problem defined in example 2, we have conducted numer-
ical experiments using P»-P; mixed finite element spaces for space discretization,

that is, if we choose

Vi, ={ve (H{Q))2N (C(Q)*: v|k € (P(K))*, K € 70},

Wi ={q€ L*(Q)NC(Q) :q|x € A(K),K € 1},
we obtain [[u(t,) — U™||; < O(h*77), j = 0,1 and ||(p(t,) — P™)|| < O(h?). Since
the solution (7.4) has extra regularity, we obtained better order of convergence
for velocity and pressure as expected [5]. In Tables 3 and 4, we have shown the
convergence rates for backward Euler method and backward difference scheme re-

spectively for L2 and H'-norms in velocity and L2-norm in pressure. In case, we
choose k = O(h%/?) for backward Euler method, we observe that convergence rate
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in comparison with that of the backward difference scheme is lower. Table 5 rep-
resents the comparison between the errors obtained from backward Euler method
and backward difference scheme with k = O(h%/?).

TABLE 3. Errors and Convergence rates for backward Euler
method with k = Q(h?).

h [u(tn) — U2 | Rate [u(tn) — Ui | Rate [lp(tn) — P™|| | Rate
1/4 0.480585 13.147142 0.088453

1/8 0.085185 2.496114 | 4.135230 1.668709 | 0.015389 2.522972
1/16 | 0.007371 3.5630504 | 0.849642 2.283040 | 0.002566 2.584331
1/32 | 0.000709 3.377407 | 0.163177 2.380417 | 0.000610 2.072467

TABLE 4. Errors and Convergence rates for backward difference
scheme with k& = Q(h%/?).

h [u(tn) — U"||L2 | Rate [u(tn) — U"||gr | Rate llp(tn) — P"|| | Rate
1/4 0.466215 12.744857 0.085101

1/8 0.083276 2.485017 | 4.111723 1.63210 0.015361 2.469883
1/16 | 0.007224 3.526926 | 0.850460 2.273426 | 0.002504 2.616902
1/32 | 0.000609 3.568176 | 0.163161 2.381940 | 0.000596 2.068971

TABLE 5. Comparison of errors with k = O(h*/?) between the two schemes.

h BE velocity | Bd velocity | BE pressure | Bd pressure
in L%-norm | in L%-norm | in L2-norm in LZ-norm

1/4 0.514184 0.466215 0.102280 0.085101

1/8 0.084014 0.083276 0.015499 0.015361

1/16 | 0.008783 0.007224 0.003010 0.002504

1/32 | 0.001991 0.000609 0.000880 0.000596

Here BE = Backward Euler, Bd = Backward difference.
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