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UNCONDITIONAL CONVERGENCE OF HIGH-ORDER
EXTRAPOLATIONS OF THE CRANK-NICOLSON, FINITE
ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS

ROSS INGRAM

Abstract. Error estimates for the Crank-Nicolson in time, Finite Element in space (CNFE) dis-
cretization of the Navier-Stokes equations require application of the discrete Gronwall inequality,
which leads to a time-step (At) restriction. All known convergence analyses of the fully dis-
crete CNFE with linear extrapolation rely on a similar At-restriction. We show that CNFE with
arbitrary-order extrapolation (denoted CNLE) is convergences optimally in the energy norm with-
out any At-restriction. We prove that CNLE velocity and corresponding discrete time-derivative
converge optimally in [°°(H!) and [2(L?) respectively under the mild condition At < Mh/4 for
any arbitrary M > 0 (e.g. independent of problem data, h, and At) where h > 0 is the maximum
mesh element diameter. Convergence in these higher order norms is needed to prove convergence
estimates for pressure and the drag/lift force a fluid exerts on an obstacle. Our analysis exploits
the extrapolated convective velocity to avoid any At-restriction for convergence in the energy
norm. However, the coupling between the extrapolated convecting velocity of usual CNLE and
the a priori control of average velocities (characteristic of CN methods) rather than pointwise
velocities (e.g. backward-Euler methods) in I2(H?') is precisely the source of At-restriction for
convergence in higher-order norms.

Key words. Navier-Stokes, Crank-Nicolson, finite element, extrapolation, linearization, error,
convergence, linearization

1. Introduction

The usual Crank-Nicolson (CN) in time Finite Element (FE) in space discretiza-
tion of the Navier-Stokes (NS) Equations (NSE) denoted by CNFE is well-known to
be unconditionally (energetically) stable. The error analysis of the CNFE method
is based on a discrete Gronwall inequality which introduces a time-step (At > 0)
restriction (for convergence, not for stability) of the form

At < C(Re, h), e.g. At < O(Re™®) (1)

(see Appendix A for a derivation, Theorem A.1 with e.g. (157)). Here h > 0 is the
maximum mesh element diameter and Re > 0 is the Reynolds number. Condition
(1)(a) implies conditional convergence whereas (1)(b) is a robustness condition and
both are prohibitively restrictive in practice; for example, (1)(b) suggests

Re = 100 (low-to-moderate value) = At < O(107%).

Consequently, an important open question regards whether condition (1) is

e an artifact of imperfect mathematical technique, or
e a special feature of the CN time discretization.
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We consider the necessity of a At-restriction in a linear, fully implicit variant of
CNFE obtained by extrapolation of the convecting velocity u: for example, sup-
pressing spatial discretization, given u®, u', and p!, for each n = 1,2,... find
velocity u"*! and pressure p"*! satisfying

711”4_1 —u” + (%un _ lun—l) . Viun—i_l +u”
At 2 2
n+1 n n+1 n fn+1 fr 2
—Reiat T 9l P L F @)
V-u"tt =o0.

Here f is body-force term, and z° := z(z,t!) and t* = iAt. This method is often
called CNLE and was first studied by Baker [3]. CNLE is linearly implicit, uncon-
ditionally (energetically) stable, and second-order accurate. In this report, we show
that no At-restriction is required for the convergence of CNLE (Proposition 3.1,
Theorem 3.5). In particular,

\lerror(CNLE)|[j (£2)niz a1y < C(RF + At?), k = degree of FE space

(Theorem 3.5). This result was proved for the semi-discrete case as At — 0 in [10]
and the fully discrete Backward Euler (BE) scheme with Constant Extrapolation
(BECE) in [32]. The analysis depends on

e Gronwall inequality - exploit time-lagged convecting velocity (Section 1.1)
e Estimate (74) - bound convecting velocity in L? (Section 1.1.1)

Indeed, for extrapolated CN, we apply a discrete Gronwall Lemma without any At-
restriction; for general extrapolations we derive and apply the estimate (74)(b) of
the explicitly skew-symmetric convective term. We explain our strategy for proving
the CNLE error estimate and corresponding difficulties in detail in Section 1.1.
We also prove convergence estimates in higher-order norms. We show that the
CNLE velocity approximation converges optimally in the {°°(H!)-norm and the
corresponding discrete time-derivative of the velocity approximation converges op-
timally in the {?(L?)-norm (Theorems 3.8, 3.10) under a modest At-restriction

At < MhM*,  for any M >0 (no Re-dependence). (3)

Note that M is completely arbitrary so that (3) only governs the rate at which
At — 0 and not the size of A¢. In particular, restriction (3) is not a typical artifact
of the discrete Gronwall inequality since it does not depend problem data. The
error estimate is obtained by a bootstrap argument that utilizes the error in the
energy norm. Although such estimates have been proved for BECE in [32], the
analysis of CNLE is distinctly different because CN methods only give a priori
control of average velocities u"+'/2 rather than pointwise velocities u"*! (e.g. BE
methods) in [*(H'). Our analysis depends on

e Estimate (75) - bound test-function of convective term in L? (Section 1.1.1)
e CN a priori estimates - introduce At-restriction (3) (Section 1.1.2)
e Stokes projection - preserve optimal convergence rate (Section 1.1.3).

Indeed, we derive and apply estimate (75)(b) of the explicitly skew-symmetric con-
vective term; we obtain intermediate estimates in the convergence analysis of CNLE
with limited options corresponding to limited control of average velocities (charac-
teristic of CN methods) in [2(H'); and we exploit the Stokes projection to preserve
the optimal convergence rate for the FE and CN discretization.
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It is a source of current research to determine whether (3) is strictly necessary
and to develop linear, implicit variants of usual CNLE (2)(a) that are guaranteed to
avoid (3). Indeed, the extrapolated convecting velocity in (2)(a) is the source of At-
restriction for convergence in [*°(H?'). Moreover, higher-order extrapolations reduce
the modeling error of extrapolation. Consequently, we investigate the arbitrary-
order extrapolation herein: for some ng > 0 and a; > 0 for 0 < i < ng, consider

un+1 un un+1 un un+1 un
/ 2+ -V 2+ ~Vz/(a0un+...+an0u"*”0)~V7+~v.

2

We consider the important case when the nonlocal compatibility condition is not
satisfied (addressed by Heywood and Rannacher in [19,20] and more recently, e.g.,
by He in [12,14] and He and Li in [15,16]). Suppose, for example, that p° be the
solution of (well-posed) Neumann problem

Ap® =V - (fO —u® - Vu), in Q, )
Vpo . fllaQ = (Auo + fO — uO . Vuo) . fl|aQ.

In order to avoid the accompanying factor min {t‘l, 1} in the estimates presented in
Section 3, the following compatibility condition is necessarily required (e.g. see [19],
Corollary 2.1):

Vllaa = (Au® + Y —u® - Vu)|sq. (5)
Replacing (4) with (4)(a), (5) defines an overdetermined Neumann-type problem.
Condition (5) is a nonlocal condition relating u® and f°. Condition (5) is satisfied
for several practical applications including startup from rest with zero force, u® = 0,
fO = 0. In general, however, condition (5) cannot be verified. In this case, it is
shown that, e.g., (-, )|1, [Ju(-,t)||3 = cc as t — 0.

In Section 1.1, we provide an overview of CN time-stepping schemes for NSE
approximation and explain our methodology for CNLE convergence analysis and
corresponding improved estimates. We provide the mathematical setting for CNLE
in Section 2 for both the continuous and discrete function spaces (Section 2.1). In
Section 2.2, we compile the fundamental estimates and assumptions of the FE space
and extrapolated convecting velocity. Section 3 contains the main results of our
report. Section 4 contains the proofs of these results. In Section 3.2, we compile the
fundamental approximations and identities required for our error analysis. Section
3.3 is devoted to analysis of the trilinear convective term and the explicitly skew-
symmetric convective term used in CNLE. In Section 3.4, we present the elliptic
and Stokes projections.

1.1. Remark on improved estimate. The key difference between our conver-
gence proof for CNLE and that of CNFE is the resulting intermediate estimate: for
approximations U} and constants ™ > 0,

N

CNFE = [[UY|P +... <) _s"|UR[I* + ... (6)
n=0
N-1

CNLE = |[UY[]> +...< > s"|[URIP+.... (7)
n=0

Notice that the term ||U2||? is included in the right-hand-side of (6), but not of (7).
Estimates of the form (6) require a discrete Gronwall inequality (Lemma 3.14) to
proceed, which is the source of a At-restriction. Conversely, estimates of the form
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(7) allow application of an alternate discrete Gronwall inequality (Lemma 3.15),
which does not require a At-restriction.

1.1.1. Key estimate for CNLE error analysis. The key difficulty resolved in
our CNLE proof (resulting in suboptimal results reported in previous error analyses)
is associated with the extrapolated convecting velocity gu” — %u”_l. Once again

consider the error equation for CNLE:

Ut L un
IUNIP + Re ' ALY ||V——m—t 5 LP 4+
n

3 1oy Uyt + Uy
:Aﬁzn:/(5 R U Ve (8)

To derive an a priori estimate from (8), each U} from the right-hand side must be
absorbed into the left-hand side. However, %Uz — éUZ_l cannot be written as a

n _ n+1 U7+1+UZ —
sum of averages. Indeed, suppose that Uy = —U;™" # 0 so that ||Vf =0
whereas ||[VU} || > 0. Then, in this case, it is impossible to absorb any factor
of ¥, [[VEUP — LUT|12 > 0 into Y, ||V i _+Yi
(8) requires care so that only L2-norms of 2U” 2U" ! are introduced when ma-

jorizing the right-hand side. Indeed Y £, ||U7||? can be absorbed via the discrete
Gronwall Lemma. Assuming that u € H2, the key estimate to prove is

= 0. To proceed from

len(u, v, w)| < C||ul v||m2||W||gi-r Yu€ H", ve H*, we H'™"

H"

for some C' > 0 and 7 = 0 and 1 where ¢, (u,v,w) = 3(u-Vv,w) — (u- Vw,v)
is the explicitly skew-symmetric convective term (see estimates (74)(b), (75)(b)).

1.1.2. Introduction of At-restriction (3). It is illuminating to introduce the
BE scheme to highlight the difficulty in convergence estimates for CN schemes in
higher order norms. Let i = 1 for BE and i = 2 for CN. Write 2" T1/2 = %(Z"Jrl—i—z")
and

/u”+1/i~Vu”+1/i~v R~ /5”(u)~Vu”+1/i~v, " (u) :=aou”+. .. Faz,u" "0, (9)

Note that £"(u) = u” and £"(u) = 3u” — 1u"~! in (9) for BECE and CNLE
respectively. The energy difference due to the numerical extrapolation (9) is the
source of the At-restriction (3) for CNLE. Indeed, BECE velocities are shown to
converge unconditionally in [*°(H?') (see e.g. [32]). Let e represent the fully discrete
velocity error for CNLE or BECE. We show herein for CNLE (and it is known for

BECE) that

max [[e"[| + (Re'At Y ||Ve™ 1|22 < C(hF + At (10)

for some C' > 0 without any At-restriction. The key difference between our con-
vergence proof for CNLE and that for BECE is the resulting error equation: for
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approximations U},

R —1 VUN 2 At UZ+1_UZ 2
e |[VURII" + ZHiAt I° +

Ut —uy
AtZ/e"~Ve"+1~hTth+... BECE
_ n 11)
1 n+1 n Un+17Un (
AtZ/(;e"fge"_lyve ;e b=t 4. ONLE
n

Estimate (10) gives us a priori control in [2(H') of two terms e”, e"*! in (11)(a).
However, we only have a priori control of +(e"*!+e") in (11)(b) since 3e" —1em~!
cannot be written as a sum of averages. Indeed, suppose that e” = —e™t! £ 0.
Then ||Ven+12+e" = 0 whereas ||[Ve"*!|| > 0. In this case it is impossible to bound
> lIV(Ze™ — 2e" 1)[|> > 0 above by any factor of >, ||V% 2 = 0. The
remaining term in (11)(a) and 2 terms in (11)(b) must be absorbed to the left-hand
side of the estimate or with the Gron\gﬂl Lemma. The limited control of the CNLE
term [(3e" — 1en71). Venﬂje" e A;U’i leads to the restriction (3).

1.1.3. Preserving optimal convergence rate in [*°(H'). We utilize the Stokes
projections (79) in the convergence analysis of Theorems 3.8, 3.10. The Stokes pro-
jection requires additional regularity of the pressure p, but is necessary to establish
the optimal convergence rate for velocity in [°°(H?!) reported in Theorem 3.10. The
crucial estimate involves the error in the pressure: for each n > 0, fix q”'|r1 pntl

and UPt! € H} so that

n+1 n
upt oy, [ bt gy
n+l ~n—+1 v X h h < 12
(p an > At ) = Un+1 ur ( )
n+1 n+1 h
[ L AL

The ﬁrst option in (12) must be avoided, because we have no a priori control of

||V - —Yi||. The second option (12) is applicable, but ultimately leads to a
suboptlmal error estimate. Indeed, approximation theory for FE functions suggests

for some C' > 0 so that a factor of h is lost in the case m = 1. Alternatively, let
(Vi gty & (w1 ptl) be the Stokes projection. Then

ol ~n+1||m < Ohsti-m, s = degree of FE space (13)

UZJrl o UZ U;LLJrl o UZL
At At

Identity (14) eliminates the need to bound (12). Instead, the error is shifted to the
time derivative of the Stokes projection and requires

Re™{(V(u"*! = v,V )= " =gV

) =0. (14)

n+1 ~n+1)

- q ("
At

||(p _qh)H Scherl (15)

for some C' > 0.
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1.2. Overview of CN schemes. There are many analyses of CN time-stepping
methods for the NSE. Heywood and Rannacher [20] provide a well-cited and com-
prehensive analysis of CNFE. The 2nd and 3rd order CNLE methods are intro-
duced and analyzed in [3,4]. Numerous error analyses of CNLE have been provided
since: e.g. multilevel based CNLE [18,21], LES turbulence modeling [6], stochastic
CNLE [7], and a stabilized CNLE method [24]. Each of these analyses requires,
explicitly stated or implicitly, a At-restriction of the form (1) to guarantee con-
vergence. For instance, in [6], the first Gronwall Lemma 3.14 must be applied
with At-restriction (p. 223) since Equation (4.11) includes the pertinent term up
to and including the current time-step (see 4th-term on RHS of Equation (4.11)).
The convergence analysis in [12-17] requires At < ¢ or At < cr|logh|™t. Con-
vergence estimates for fully-discrete BECE is derived and family of semi-discrete
multi-step CNLE-type methods are derived in [32] and [10] respectively. Concur-
rent to our work, the authors of [26] correctly perform the convergence analysis in
energy norm, but not in higher-orders and do not consider general case when the
nonlocal compatibility condition (4), (5) is not satisfied.

Applications of CNLE are also widespread: e.g. stability analysis of NSE and
MHD equations with CNLE in [2], a 1st order CNLE applied in conjunction with a
coupled multigrid and pressure Schur complement scheme for the NSE is proposed
in [23], a velocity-vorticity formulation of CNLE analyzed in [29], and the NS-a//NS-
w regularization method with CNLE [25]. The CN method is also applied, for exam-
ple, to a general class of non-stationary partial differential equations encompassing
reaction-diffusion type equations including the nonlinear Sobolev equations [28] and
the Ginzburg-Landau model [22]. Time-step restrictions of type (1)(b) (where Re
has a different meaning) are implicitly required in the convergence analyses of these
discrete models.

A CN/Adams-Bashforth (CN-AB) time-stepping, scheme is another linear vari-
ant of CNFE. Unlike CNLE, CN-AB is explicit in the nonlinearity and only con-
ditionally stable [17] (i.e. a At-restriction of form (1)(a) is required for stability).
CN-AB is a popular method for approximating NS flows because it is fast and easy
to implement. Each time-step requires only one discrete Stokes system and linear
solve. For example, CN-AB is used to model turbulent flows induced by wind tur-
bine motion [31], turbulent flows transporting particles [27], and reacting flows in
complex geometries (e.g. gas turbine combustors) [1].

Lastly, the compatibility condition (4), (5) is not satisfied in general, see [20] for
an overview of this problem. When the (4), (5) is not satisfied, we have limited
regularity that greatly restricts convergence analysis of high-order methods (both
in time and space), e.g. 8,5(2)u ¢ L?(H'). Corresponding regularity in the case that
(4), (5) is satisfied is assumed the analyses of [3,4,6,7,10,24,26,32]. See [12,14—
16,19, 20, 30] for a rigorous treatment of the general case when the compatibility
condition is not satisfied. We also provide details herein.

2. Problem formulation

Let a := (ag,a1,...,a,,) € R™*! for some ng € {0} UN be equipped with the
standard [ norm denoted by |alq for 1 < ¢ < co. Fix p > 1. Let LP(2) denote
the linear space of all real Lebesgue-measurable functions u and bounded in the
usual norm denoted by |[ul|zs(q). Let (+,-)o and || - [|o be the standard L?(Q)-
inner product and norm. Fix k € R. The Sobolev space W¥*P(Q) is equipped
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with the usual norm denoted by |[ul[yyk.r(q). Identify || - [[rpa = || - [lwreq),
H*(Q) == WE2(Q), || - |lk,0 == || - [lwr2q) with | - [rq the corresponding semi-
norm. Let the context determine whether W*P?(Q) denotes a scalar, vector, or

tensor function space. For example let v :  — R Then, v € H(Q) implies that
v e HY Q)% and Vv € HY(Q) implies that Vv € H'(Q)4%4, Define

Hy(Q):={veH(Q) : v[opo =0}, V(Q):={veH)) : V-v=0}.

The dual space of H}(2) is denoted W—12(Q) := (H}(Q))" and equipped with the
norm
<E, v >woiz)xHi(Q)

[fll-1,0:= sup
0Ave H1(Q) v]1,0

Define
L§(Q) = {q € L*(Q) : (¢,1)a = 0}.
For brevity, omit  in the definitions above. For example, (-,-) = (-,-)q, H' =
HY(Q), and V = V().
Fix time 7' > 0 and m > 1. Let W™4(0,T; W*P(€2)) denote the linear space

of all Lebesgue measurable functions from (0,7") onto W*? equipped with and
bounded in the norm

T m )
[[allwm.ago,rwer) = (/0 S0 al O, ).
i=0

Write W4 (WhP) = Wma(0, T; WFP(Q)) and C™ (WH») = C™ ([0, T]; WhP(Q)).

2.1. Discrete function setting. Fix h > 0. Let 7} be a family of subdivisions
(e.g. triangulation) of Q C R? satisfying Q = UEeTh E so that diameter(E) < h
and any two closed elements E71, Ey € 7T, are either disjoint or share exactly one
face, side, or vertex. Suppose further that 7 is quasi-uniformly regular as h — 0.
See [5] (Definition 4.4.13) for a precise definition and treatment of the inherited
properties of such a space (see Appendix II.A in [11] for more on this subject in
context of Stokes problem). For example, 7T} consists of triangles for d = 2 or
tetrahedra for d = 3 that are nondegenerate as h — 0.

Let X3,. C (H')? and Qn,. C L? be a FE space. For example, let Xj,_. and Q.. be
continuous, piecewise (on each E € T) polynomial spaces. Define X}, := X}, .NH},
Qn = Qpn.. N LE. The discretely divergence-free space is given by

Vi={vh € Xp: (qn,V-vp) =0 Vg € Qh,~}-

Note that in general Vj, ¢ V' (e.g. Taylor-Hood elements).
Set 0 =1 <! <...<t" =T < oo with At = " — "~ 1. Write 2" := z(t")
and 2"t1/2 = 1(z(t"*1) 4 z(t")). Define

AL lan||g Y1 €ll,00
||u||lq(m1,m2;Wk’p) = { ( Zn—ml || |Lk,p) 9 q 7[ 9 )
MaXm, <n<ms || U™ k,ps q=0

forany 0 <n =my,mi+1,...,mg < N. Write |[u|[ja(wrry = [[0][ja0,n;wrp). We
say that u € 19(my, mg; W¥P) if the associated norm defined above stays finite as
At — 0. Define the discrete time-derivative

Vn+1 _ Vn

At

n+l. .
Ony V=
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Explicit skew-symmetrization of the convective term in NS-type equations en-
sures stability of the corresponding numerical approximation:

1 1
cp(u, v, w) = §(u -Vv,w) — §(u Vw,v). (16)
Fix a; e Rfori=-1,0,1,...,n0 > —1 and n € {0} UN. Define £"(u) so that
en(u, v, w) = cp(§"(u), v, w), ") == a_1u"™ Fagu” + ...+ ap,u" .

To summarize,

No linearization = a_1=1, a;=0foralli>0
Linearization = a_-1=0, a;#0 for somei>0
For example,
{"(u) =u" = ") = u(-, "/2) + O(At)
£"(u) = 3(3u™ —ut) = &"(u) = u(, "2) + O(A#?)

¢'(u) = 2(15u™ —10u"" ' +3u"2) = ¢"(u) =u(,t"t/2) + O(AL)
CNLE is a particularly attractive method because it is At?-accurate, implicit in the
nonlinearity (a source of stiffness), and linearized which avoids issues of nonlinear

solvers converging and greatly reduces the computational cost. Fix the kinematical
viscosity v > 0. Note that v oc Re™!.

Problem 2.1 (CNLE). Suppose that uj € Vj, for i =0,1,...,n9 and PR € Qh.
For each n =ng,no+1,...,N — 1, find (uZ“,sz) € X, X Qp, satisfying

urtt —up "
(hTthNh) +on (€ (up), up 2 vy)
F (Va2 wvy) — (T2 V) = (B2 v, v e X, (1)
(qh7 A un+1) = 07 vqh € Qh- (18)

Remark 2.2. Note that £"(up) = uZ-H/Q defines the CNFE method analyzed in
e.g. [20], £*(up) = $(3u} —u} ") defines the CNLE method of e.g. [3,13,24], and
€"(up) = u"" Y2 the O(At) CNLE method of e.g. [6].
2.2. Assumptions and approximations. Let C' > 0 be a generic data-independent
constant throughout; specifically, C' is independent of h, At, v — 0. Error esti-
mates for the elliptic projection (78) and Stokes projection (80) in L? and W12
require regularity of solutions to the following auxiliary problem.
Assumption 2.3. Given § € W12, find (wg,r9) € H} x L% satisfying
(Vwg, Vv) = (19, V- v) = (¢, V- w) = (0,v), V¥(v,q) € Hj x L*.

This problem is well-known to be well-posed. Suppose further that (wg,rg) €
(H™2NV) x (H™ N L3) satisfy

1Wollmi2 + 7ol lms1 < Cll0]|m (19)
when m =0, 1 and 0 € HJ* (with H) = L?).
Indeed, (19) is true if © is smooth enough.

Preserving an abstract framework for the FE spaces, we assume that X, . x Qp,.
inherit several fundamental approximation properties.

Assumption 2.4. The FE spaces Xp X Qp satisfy:
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Uniform inf-sup (LBB) condition:

V-
mf sup VYR S oo g (20)
aEQR v, eXp, |Vh|1 ||q||

FE-approximation:

inf |[u—wvplli < CR¥||ullps1
V}.LeXh (21)
inf ||p — qnl| < Ch*HH|pllssa

g €EQn

ork >0, and s > —1 when u € H*! 1H1,p€H5 NL2
0 0
Inverse-estimate:

|Vh|1 §0h71||vh||a Vv, € Xp (22)

The well-known Taylor-Hood mixed FE is one such example satisfying Assumption
2.4. Estimates in (23), (24), (25), (28) stated below are used in proving error
estimates for time-dependent problems. First define

o(t) == min{1,t}.
Then for any n = ng,ng+1,...,N —1, k> —1,
tn+1

05 bl 2 < At / Beu(-,1)| 2t (23)
tW,

tn+1

a2 — (-, 2|2 < CARo (i) 72 / o210 u(-,t)]|2dt  (24)
tn
tn+1

104 u = (Br)"™ 2|} < CAPo(£H1/7) / o (0?10 u(, )l 7t (25)
tW,
when dyu € L2(HF), 12 0P u(-,t) € L2(H*), t2 0P)u(-,t) € L2(H*). Derivation of
these estimates follows from application of an appropriate Taylor expansion with
integral remainder, see Appendix B. Moreover, (24) and (25) are replaced by

tn+1

a2 —u(-, 7 2))12 < CA / 1052 u(-, t)|[2dt (26)
n+1
9% — (Bru)™H1/2)2 < OAF / 0P (- 1) 2dt (27)

if 8,5(2)u € L2(HF%), 0t(3)u € L?(HF) respectively. The operator £"(u) should be
chosen to preserve the At2-convergence rate of the fully-nonlinear CN scheme. This
is made precise by assuming (28) holds.

Assumption 2.5. Suppose that t* 0t(2)u € L2(H*) for some k > 0. Then for each
n=mng,no+1,...., N—1,

tn+1

€70 — (. < OaPo )2 [ Pl (29)
nno
Note that if 92 u € L2(H*), then (28) becomes
t7L+1
167 () = u(-, " T2)[7 < CAtB/ [la(, o)l[7dt (29)
o
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We summarize the continuous-in-space and discrete-in-time counterparts to the
regularity results of Theorems 2.2, 2.3., 2.4 reported in [19] when the nonlocal
compatibility condition (4), (5) is not satisfied. The same results (with extensions)
are also reported and applied in [12,14-16]). We summarize the results here as
an assumption. The results follow if u € L>°(H') and 9Q and problem data are
smooth enough.

Assumption 2.6. Suppose that for any i > 0, k> —1, and 2i + k > 0 that

T B
/ o ()30 u(-, 1)t < oo
t

n0o

and
N .
ALY ()2 o a7
n=1

N
+ max o(")F [ Ay o (#)* 205" [ < oo
- k=1
3. Convergence estimate for CNLE

We state the main results in this section. A list of the constants found in these
theorems (referenced throughout this section) are compiled in Section 3.1. The error
equation required for the convergence proofs is derived in Section 4. Throughout,
require that the continuous problem data minimally satisfies u® € H?2 NV and
f € WHo°(L?). In this setting, we state the NSE: find u € L>(L?) N L?(H}) and
p € WL (L2) satisfying

i(u, v) + (u-Vu,v) +v(Vu,Vv) — (p,V-v) = (f,v), Vv H,; (30)

dt
V-u(x,t) =0 ae. (x,t) €Qx(0,7T) (31)
u(x,0) =u’(x), ae x€Q. (32)

See e.g. [9] and references therein for NSE existence and regularity results. De-
fine € := u — uy,. Proposition 3.1 provides sufficient conditions to conclude that
e € [°°(L*)NI?(H'). Indeed, Proposition 3.1 holds for u € CO([t", T]; H') without
a Gronwall exponential factor (use a priori estimate derivable for u}*'). Alterna-
tively, the proof of Proposition 3.1 herein is obtained as an intermediate step in the
proof of Theorem 3.5. We gain insight to the basic regularity requirements in our
method of proof for the error estimate (34).

Proposition 3.1. Suppose that the FE space satisfies Assumption 2.4. Suppose
further that Assumption 2.3 is satisfied along with

uclP(H*)NI®(WV) o€ ?(ng, N;W2),  pei?(ng, N;L2).
and Opa € L2(t™  T; HY). Then

N—-1
llellie (nos1,3:2) + /2 (AL Y [e"T2)Y2 < C(|[aM || + 112Vl (np,vi22))
n=ngo
+ exp(Crv [l (g v m2)) (Bol €]l (0,n0:12) + K1 + K2) (33)
(no,N;H?)

The constants Ko, K1, Ko > 0 are given in (41), (42), (43) respectively so that the
right hand side of (33) remains bounded as h, At — 0.
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Proof. See Section 4.1. O

Remark 3.2. The regularity O;u € L?(t™,T; H) assumption in Proposition 3.1
is more than necessary. Indeed, we can replace the elliptic projection with the
L2-projection to eliminate the time-derivative term (8&'[17),UZ+1/2) (the source
of the resulting reqularity restriction) in the proof of Proposition 3.1. However,
incorporation of the L*-projection from V into Vj, requires additional (technical)

development and does not benefit the main error estimate in Theorem 3.5 for k > 2.

Remark 3.3. The exponential Gronwall factor exp(C’l/*l||u||l22(n07N;H2)) in K
above typically takes the form exp(CV_B||Vu||?4(n0’N;L2)). However, a factor of
S 1IVun| 2 must be absorbed into Y, ||Vu /2|2 to proceed with the latter es-
timate. As discussed in Section 1.1.1, this is not possible in general for the usual
CNLE (without a great restriction on time interval length T ). In particular, since
the dissipative term for CN schemes has the form vy, ||[Vu™*1/2||2 and the usual

extrapolation for CNLE is £*(u) = %u” — %u”fl (which is not a sum of aver-

age velocities), errors manifested from the extrapolated velocity cannot be absorbed
(as usual) into the dissipative term. Consequently all errors propagated from the

extrapolated convecting velocity must be absorbed via the discrete Gronwall Lemma.

The optimal convergence rate proved in Theorem 3.5 requires that initial iterates
{u}l}zo are accurate enough. We make this precise in the following assumption.

Assumption 3.4. Fiz k>0, s > —1 and o > 0. Suppose {u}ll}zo satisfy
Kollel i (0.npi22) < oK + K h™ + KAL)

where Ko, Ky, K,, Ky > 0 are given in (41), (44), (45), (46) respectively and
remain bounded as h, At — 0.

Note that Assumption 3.4 reduces to, when s = k — 1,
el (0,n0:22) < (R + AL?).

The following theorem provides sufficient conditions to ensure CNLE converges
optimally in the energy norm: e.g. under usual regularity conditions and s = k — 1
N—-1
[elli o 1,3:02) + v 2(AE D (e TR < C(RE + A7)
n=ng

without any At-restriction!

Theorem 3.5. Fizx k > 0, s > —1. Under the assumptions of Proposition 3.1,
suppose further that Assumptions 2.5, 3.4 are satisfied along with u € 1°°(H"* N

H?) N I2(HFY), gy € L2(t", T; HF=1 n HY) N 1% (no, Ny HY), 0Pu € L2(L?),
o a e L2(t0, T;W=12), and p € 12(no, N; H*+Y). Then
N—-1
lellie o 1,3:02) + 1 A(AE D (e R < GY KB

n=no

+ (C[aN |k + Cv2(|ul]i2 (ng vomrr1y + GV K )RF + GN KA (34)

where GN = eXp(C’V_1||u||122(n0 Niar2y)- The constants Ko, Ky, Ky > 0 are given
in (44), (45), (46) respectively and remain bounded as h, At — 0.
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Proof. See Section 4.1. O

In the general case that the compatibility condition (4), (5) is not satisfied, the
result of Theorem 3.5 holds under a reduced convergent rate: e.g. under usual
regularity conditions and s =k — 1

N—1
el o+ 1,85:02) + V2 (AL Y [T < Co(th) o (th) "B 2Rk 1+ Ar)

n=no

Theorem 3.6. Fiz k > 0, s > —1. Under the assumptions of Proposition 3.1,
suppose further that Assumptions 2.5, 8.4, and 2.6 are satisfied. Then (34) holds
with K, K,, K; replaced by o(t")~F="D/2K, o)~ F=2D/2K, and o(t') 'K,
respectively where the constants K., K,, K; > 0 are given in (47), (48), (49)
respectively and remain bounded as h, At — 0.

Remark 3.7. If we use the L?-projection rather than elliptic projection in proving
Theorem 3.6, the result is improvable so that K, is replaced by a(tl)’(’“’Q)/QKu.

Proof. See Section 4.1. O

An estimate for AtY |[(e"*! — e™)/At||? is needed in the error analysis for
pressure and the drag/lift forces by the fluid on embedded obstacles. Theorem
3.8 provides sufficient regularity of (u,p) solving (81), (82), (83) to ensure uy, €
[*®(H') and dauy, € [2(L?). Note that the regularity dyu € L2(t",T;HY),
Oyp € L?(t"™,T;L?) in Theorem 3.8 is a result of using the Stokes projection in
corresponding proof herein and can be relaxed. The proof of Theorem 3.8 is ob-
tained as an intermediate step in the proof of Theorem 3.10. Relaxing the regularity
assumption (by using the L?-projection or elliptic instead) leads to a suboptimal es-
timate. The additional regularity required here gives insight to the extra regularity
required for the optimal error estimate (38).

Theorem 3.8. Under the assumptions of Proposition 3.1, suppose further that u €
I®(H?), p € I®(H'), Opu € 12(ng, N; L)NL2(t", T; H'), and Oyp € L2(t™,T; L?)

so that
N-1

h'AE Y e T2} < oo, ash, At—0. (35)
n=ngo

Then
||3Ate||12(no+1,N;L2) + V1/2||Ve||l°°(no+1,N;L2)
< GN(Fol|Vellie0mpi2) + F1 + Fo) + Cv /2 |pN||
-+ CV1/2|UN|1 -+ Chl/_l||atp||L2(tn07T;L2) —+ Ch||8tu||L2(tn07T;H1) (36)

where GN = exp(Cv— 1At Zg;nlo(||u”+1/2||% + h~e"t1/2|2)). The constants Fy,

F1, F» are given in (50), (51), (52) respectively so that the right hand side of (36)
remains bounded as h, At — 0.

Proof. See Section 4.2. O

The optimal convergence result proved in Theorem 3.10 requires that the initial
iterates {u}l}?zoo must be accurate enough. We make this precise in the following
assumption.



UNCONDITIONAL CONVERGENCE OF CNLE 269

Assumption 3.9. Fix k>0, s > —1 and o > 0. Suppose {uz}jo satisfy
Fo|IVe||i(0,n0:22) < (FuhF + F,h* T + FA)
where Fy, Fy,, Fy,, Fy > 0 are given in (50), (53), (54), (56) respectively.
Note that Assumption 3.9 reduces to, when s = k — 1,
Vel (0,m0iL2) < a(h* + A?),
Therefore, under usual regularity conditions we show in Theorem 3.10 that
10acelliz(no1.8:12) + [[Vellioe (ng11,n:L2) < C(R* + AL?)
as long as At < Mh'/* for any arbitrary M > 0 (i.e. no v-dependence).

Theorem 3.10. Fiz k >0, s > —1. Under the reqularity of Theorem 3.8, suppose
further that Assumptions 2.5, 3.9 are satisfied along with u € [*°(H**1), gu €
L2(tm0, Ty HE N H3) NI (ng, N; L2), 0P u € L2(t™, T; HY), (Y u € L2(¢, T L?),
p € I°(HMY), 0yp € L2(t"™,T; H®), and

At < MhY*,  for any constant M > 0 (no v-dependence). (37)
Then
10acelliz(no-+1,3:22) + /([ Vellix (no-+1,5;12)
N-1
< GN(F,hF + BT + AL + Fy(At Y e T1/2[7)1/2) (38)
n=no
where GV 1= exp(Cv~ At Zg:_nlo(||u”+1/2||% + h=Ye" 1 /2|3)). The constants F,,

F,, F5, Fy > 0 are given in (53), (54), (55), (56) respectively and remain finite as
h, At — 0.

Proof. See Section 4.2. O

In the general case that the compatibility condition (4), (5) is not satisfied, the
result of Theorem 3.10 holds under a reduced convergent rate: e.g. under usual
regularity conditions and s =k — 1

10arelliz(no+1,85:22) + 02 IVel 1o (o +1,3:22) < Co(th) 32 (o (th)~F=/20F + A#?)

Theorem 3.11. Fizx k > 0, s > —1. Under the assumptions of Theorem 3.8,
suppose further that Assumptions 2.5, 3.4, and 2.6 are satisfied. Then (38) holds
with F,, F,, F; replaced by o(t*)~F=V/2F, o)~ =V/2F, and o(t')3/?F,
respectively where the constants F,, F,, Fy > 0 are given in (57), (58), (59)
respectively and remain bounded as h, At — 0.

Proof. See Section 4.2. O

Remark 3.12. It is common to assume that u € L>® (W) in the convergence
analysis of NSE approzimations (see e.g. [3,24]). The conclusions of Proposition
3.1 3.1, Theorem 8.5, in addition to those of Theorems 3.8, 3.10 are preserved
with the regularity condition u(-,t) € H? replaced by u(-,t) € WbH*. Regard-
less, the analysis of [24] suggests an h, At-restriction for optimal convergence in
I°(L?) N I2(HY) (Theorem 8.1 in [24]) and a sub-optimal convergence estimate
[u — upllie () < O(RF + B+ + K=3/2At4 + At3/2) (Theorem 4.1 in [24]). The
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1°(H")-estimate in [24] requires, for instance, At < h(3+2R)/8 for optimal conver-
gence rate as h — 0, but still predicts suboptimal convergence rate with respect to
At — 0.

The error estimates of Proposition 3.1, Theorem 3.5, 3.8, 3.10 give conditions
in which pp,(avg) € 1?(ng, N; L?), up € 1*®°(ng, N; H'), and dauy, € 12(L?). In
particular, as a direct consequence of (36) and the conditions of Theorem 3.8, we
have

||8Atuh||l2(no7N;L2) + V||Vuh||l°°(no,N;L2) < C < .
Estimates for pressure follow as well and are summarized in the next Corollary.

Corollary 3.13. Under the conditions and conclusions of Theorem 3.8,

N1
At Z ||pZ+1/2||§C<oo, as h, At — 0. (39)

n=no

Under the conditions and conclusions of Theorem 8.10, for s =k — 1,

N—-1
AL ([ R < CnF o+ AR, (40)

n=no

Proof. See Section 4.3. 0

3.1. Constant factors in convergence estimates. For Proposition 3.1, define
the spatial-modeling error in X, x @y, by K7, time modeling-error by K», and initial
condition modeling error by Ky so that

= Cv 2|Vl 22|Vl 12 (12) + Kol [l (0,n0:22)+
o OVl 2 (g, vs2) + Cv T 2R2 00| L2 im0 i (42)
Ky = Cv™ 2 (||Vu e (22) [V |2 g v:22) + -
ot ||atu||2L2(t"0,T;W*1a2) + ||3t11||522(n0,N;W7112))- (43)
For Theorem 3.5 fix k > 0, s > —1, kx = k (with kx = 2 if k = 1) and define the
weight of spatial modeling error in X}, by K, spatial modeling error in Qp by K,
and time modeling error by K; so that
Ky = C 2Vl 2yl gy + v 2000l | Lageno g —1) + - -
oo+ Kollullsse (0,0; 7)) (44)
Ky 2 = Cv 2 |plliz ng ey (45)
Ky o = Cv (10 ullzemo row -12) + ullie o 10wl 2 22) + -
- [0nalfio0 (ng, N 22) |00l L2 (170 7, 12)) (46)
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Byt = CA (1) B D720 12 Gl g [0 1 + Koor (1) 6 D/2] [
N
+ Cvm 2o (t) V2|Vl (22 (ALY o (t™)F 2 [u"|[74,) "/
n=1
T
r e ([ o) ol ot de)
tmo
+ Ca(tl)l/Q(Ko max a(t")(k72)/2||u"||k) (47)
1<n<ng
N
Kp:=Cv 2(At Y o(t™)F2]p"|[7)"/? (48)
n=ngo

T
Ros=Co ([ o0 o ut. o)1)
tno

T
+CV—1/20_(tn0)1/2||u||loo(H2)(/t a(t) |8 a(-, 6)||dt)"/?
no
T

+Cfl/QU(t”O)l/QAtIIatullzoo<no,N;L2>(/ o(t) locu(, t)|lzdt)' /2. (49)
t

o
Analogous to K1, Ky, Ky, for Theorem 3.8 define the spatial-modeling error in
Xp X Qp by Fi, time modeling-error by Fb5, and initial condition modeling error by
Fy so that
2no—1

(At ST (™23 4+ a e 222 i ng > 1,

Fy:=cv? 4+ C (50)

n=0
0 otherwise

Fy o= CvH[ulliee (mg, v P12 2) + v Fol[pllioe (0.m0:2)
+ Cllulliee (ng,v; 2 [[Vlf12(12) + Fol[Vuliee 0,n;2)
+ CV_thatpHL?(t”O,T;L?) + Ch||8tu||L2(tn07T;H1)
N—1
+ Cw 02 pl ey + [l o) (A Y e TH2[7)12 (51)
n=no
Fy : = C(|[ulli (21000 12 em0 ) + 11020 L2 (gm0 p2) + - - -
oot V||8tu||L2(tn07T;H2) + ||8tp||L2(tn0’T;Hl) + ||8tf||L2(t"0,T;L2))- (52)
For Theorem 3.10, fix £ > 0, s > —1 and define the weight of spatial modeling error

in X, by F,, spatial modeling error in @}, by Fj,, the bootstrapped modeling error
of velocity in the energy norm by F3, and time modeling error by F; so that

Fy o= C([lulliee a2y [[alli2 ey + 1000l | L2 emo 7ime) + - -

oo Follulfie 0,n0;m4+1)) (53)
Fy:= CV_1(||u||l°°(H2)||p||l2(H5+1) + 110l L2 eno 7imre) + - -

oo+ Follpllise 0,np;r+1)) (54)
Fy = Clulfpe 2y (|l (222 + v~ B2 [pl 1o (1119) (55)
Fy 2 = C(10ful 2o i) + [10lli (g, w32 10 0l 2 0m0 sy + -

e ||8tu||loo(n0,N;L2)||8tu||L2(tn0,T;Ha)) (56)
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and

|
g

= () DLy + AL [ullim (i) [0 41
+ FO 135%);0 O_(tn)(kfl)/2||un||k+1hk:
N
+ Co ()21 l1e (ng, vz (A Y o ()2 ([0 [4) "/ 2RF

n=1

T
+ / o) Dl 1) 200 (57)

p 1= o(th) V(R + CA 20 [ul i (g, v, PP 1"

Foo—t ny (k—=1)/21|,,n
+ Fov lg%);oa( ) [p" [k

el

N
+ Cv o (t) 2 [l (g sy (AL Y o (E) 72| [[7) /2 1F
n=1

T
FC ([ o) ot ol (53)
t

nQ

T
o= / o(t)* ||0;u(-, 1)]|dt)/2
tno

T
o) Al o7 100l
tro

T

+CU(t"O)l/QAtllatulIzw(no,N;N)(/ a(t)* |0l t)[lsd) /. (59)
4n

3.2. Fundamentals of estimation. Standard error analysis for CNLE relies on

the discrete Gronwall Lemma 3.14 which leads to a At-restriction of the form

Atr™ < 1 for convergence. On the other hand, we show that this At-restriction

is avoidable for CNLE because the second Gronwall Lemma 3.15 can be applied

instead.

Lemma 3.14 (Gronwall, At-restriction). Let D > 0 and k™, A™, B™, C™ >0 for
any integer n > 0 and satisfy

N N N
AN 4 ALY BT <AtY K'A"+AtY C"+D, VN >0.
n=0 n=0 n=0

Suppose that for all n

At™ < 1
and set \™ = (1 — Ats™)~1. Then,
N N N
AN 4 ALY " B" <exp(At Y A'K")(AtY C"+ D), VN >0.
n=0 n=0 n=0

Lemma 3.15 (Gronwall, no A¢-restriction). Let D > 0 and k", A™, B", C™ >0
for any integer n > 0 and satisfy

N N—1 N
AN L ALY BT <AtY KTA"+AtY C"+D, VN >0.

n=0 n=0 n=0
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Then
N N-1 N
AN £ ALY T B" <exp(At Y K")(AtY C™+ D), VN >0.
n=0 n=0 n=0

Lemma 3.14 is proved in Lemma 5.1 of [20] with the proof of Lemma 3.15 ex-
plained in a subsequent remark. The following change of indices formula is required
to resolve double sums that arise in the error analysis of CNLE.

Lemma 3.16. Let ", \" €R foralln €N, o €R for alli=0,1,...,n9. Then,
N-1 N-1 ii(n)

Z K"(zo: ai)\n—i) _ Z( Z aimn-i-i))\n (60)
=0 )

n=no n=0 i:io(n
where
. 0 n > ng . ng n<N-1-ng
io(n) == ' -y di(n) = ’ .
ng —n, otherwise N —n, otherwise

We use the fact that ||V - v|| < V/d|v|; throughout without further reference.
Fix q, ¢ > 1 so that 1/¢+ (1/¢') = 1. The following estimates are used frequently
in the analysis herein (for proofs see e.g. [8], Chapter II, and references therein):

e (Young) For any a > 0, b >0, and 6 > 0
)
7

ab < al + —b? (61)

qde/¢
e (Holder) For any v € L, w € LY
(v, W)l < [[v]]o,ql[Wllo,¢ (62)

e (Ladyzhenskaya) For any v € H?!,

Ivllos < ClIvIIV2v]2
Vil < Cllv|/4]v] ({97 (63)
Ivllos < ClIvi.
e (Sobolev) H? < L*> W13 so that for any v € H?,
Vllose < Clivllz,  IIvlhs < COllv]l2. (64)

3.3. Estimating [u- Vv - w. Formulation of a stable FE discretization of NS
and NS-type problems is subtle. We introduced the explicitly skew-symmetric
convective term in (16) so that cp(u,v,w) = (u- Vv, w) and

cp(u,v,v) =0. (65)

In fact, ¢p(u,v,w) = (u- Vv,w) only if V-u =0 when v, w # 0; i.e. in general,
cp(u,v,w) # (u-Vv,w) when V-u # 0. Consequently, it is worthwhile to carefully
derive identities and estimates associated with both the convective and explicitly
skew-symmetric forms.

Lemma 3.17. Fizu, v, w € H'. Then

a1 [vh[wl

[[af| [[vl2l[wll Vv e H?
lall2[vhIIw]]  vVue H?
[laf| [[vlsl[wl]l Vo e H?

[(u-Vv,w)| <C
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Proof. First, application of Holder’s inequality (62) with 1/p+1/¢+ 1/r =1 and
P, q, 7 > 1 gives

[(u- Vv, w)| < |ullopl[VVllogllwllor, YueLP, veWh, welL

For (66)(a), pick p = r = 4, ¢ = 2 and apply (63)(b). For (66)(b), pick p = 2,
g =3, r =6 and apply (63)(c), (64)(b). For (66)(c), pick p =00, ¢ =2, r =2 and

apply (64)(a). For (66)(d), pick p =2, ¢ = co, r = 2 and apply (64)(a). O
Application of integration by parts and the divergence theorem give:
(u-Vv,w) =—(u-Vw,v) — ((V-u)v,w) + / (u-n)v-w. (67)
a0

We conclude the following from (67).

Lemma 3.18. Fizu, v, w € H'. Suppose that (u-n)v - w|sq = 0. Then
(u-Vv,w)=—(u-Vw,v) — (V- -u)v,w). (68)
Additionally,
V-u=0 = (u-Vv,w)=—(u-Vw,v). (69)
It follows immediately from (67) and (66) that
|(u-Vv,w)| < Cllullg V]| [|W]i Yue H*NV, (u-d)v-wlsg =0 (70)
Next, substitute (67) into (16) to obtain an additional (equivalent) formulation of
Ch('; “ )

cp(u,viw) = (u- Vv, w) + %((V ‘u)v,w) — % /m(u D)V W (71)

The following is an immediate consequence of (71).

Lemma 3.19. Fizu, v, w € H'. Suppose that (u-n)v - w|sq = 0. Then

1
cp(u,v,w) = (u-Vv,w) + 5((V ‘u)v,w) (72)
Additionally,
V-u=0 = c¢(u,v,w)=(u-Vv,w). (73)
Similar to the continuous case, we derive several important majorizations of the
discrete trilinear form ¢ (u, v, w) required in the analysis CNLE.

Lemma 3.20. Fizu, v, w € H'. Then

172y f|w]|
oty < ¢4 (Il 12wl o
fen(u, v, Wil < {||u|| vl 2wl Vv € H? (74)
Additionally, when (u-R)v - w|sq =0,
vl lwl] [fw]]) /2
<
len(u, v, w)l —C{ ][IV ]2 ] Vv € H? (75)

Proof. First, application of Holder’s inequality (62) to (16) with 1/p+1/g+1/r=1
andp, ¢, r>1land 1/p'+1/¢ +1/r' =1 and p’, ¢, ' > 1 gives

1 1
len(u, v, w)l < S[ullopl[VVlloglwllor + S lallop [[Vwllo.q lvio.
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For (74)(a), pick p=3,g=2,r =6 and p’ = 3, ¢ = 2, ' = 6 and apply (63)(a)(c).
For (74)(b), pick p=2,¢g=3,r=6and p' =2, ¢ =2, ' = 0o and apply (63)(c),
and (64)(a)(b). Next apply Holder’s inequality (62) to (72) to get

(

o

1
len(u, v, W)l < ullopl[VVlogliwllo,r + 11V - ullop[[vllo.q [wllo

For (75)(a), pick p=6,¢g=2,r =3 and p’ = 2, ¢’ = 6, ' = 3 and apply (63)(a)(c).
For (75)(b), pick p=6,¢=3,r=2and p’ =2, ¢ = oo, v =2 and apply (63)(c)
and (64)(a)(b). O

3.4. Elliptic and Stokes projections. We define the elliptic and Stokes pro-
jections for approximating H'-functions in Xj, .. Estimate (76) is necessary since
the discrete pressure is eliminated from the error analysis for velocity by testing
with functions in the discretely divergence free space Vj, (proved e.g. in [11], see
intermediate estimate (1.16) in Theorem II.1.1).

Lemma 3.21. Suppose that the FE space satisfies Assumption 2.4. Then, for any
u €V, there exists a constant 0 < C' < oo depending on (20) so that

inf - < (C inf - . 76
v;reth, |u Vh|1 - W}irEIXh |u Wh'l ( )

Define the elliptic projection P.: fix u € V so that

PV =V, (V(u— P.(u)),Vv) =0, Vv € V. (77)
We present an error estimate for P, in Hg below as well as L2, W12 for a suffi-
ciently regular domain Q. Let |- |p = || || and |- |=1 = || - ||=1 throughout.

Lemma 3.22. Fizu € H}. Suppose that FE space satisfies Assumption 2.4. Then
P. given by (77) is well-defined and satisfies
[[u—P.(0)||_m < CA™! inf |u—wvu|y (78)
vhEXh
form = —1. Suppose further that Assumption 2.3 is satisfied. Then (78) also holds
form=0, 1.

Proof. For m = —1, apply Céa’s Lemma to get |[u — vi|1 < 2infy, cv, [u — vil1.
To recover infimum over all vy, € X}, apply estimate (76). To recover estimate for
m =0 and 1, follow the procedure in [11] (e.g. Theorem II.1.9). O

Define the Stokes projection: let Ps : (V,L3) — (Vi,Qp) so that (Vp,qn) =
P, (u,p) satisfies
Vv e Xy, v(Viu—vy),Vv)—(p—q,,V-v)=0
VQEQ}H (qav‘?h) = 0.

Write vy, := Ps(l)(u,p). We prove an error estimate for Ps(l) in H} below as well as
L?, W—12 for a sufficiently regular domain €.

(79)

Lemma 3.23. Fizu € Hg, p € L3. Suppose that FE space satisfies 2.4. Then P;
given by (79) is well-defined so that

_Pgl) < m+1l, —1 f _ inf _
= PO £ ORI inf a4 inl ja-val)  (50)

form = —1. Suppose further that Assumption 2.3 is satisfied. Then (80) also holds
form=0, 1.
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Proof. For m = —1, a similar (but simpler) proof for the error estimate of the (non-
linear) NSE in Section 4.1 proves [u—vy|1 < 2infy, ev;, [u—vp|i+v 1 infy, co, [Ip—
gn||. Take the infimum over all v, € V}, and all ¢, € Qp, and apply (76) to prove
(80) for m = —1. To recover estimate for m = 0, 1, follow the procedure in [11]
(e.g. Theorem I1.1.9). O

4. Proof of CNLE convergence estimates

For the numerical analysis that follows, we require, as is assuredly a fact for
many pertinent flows, strong solutions of (30), (31), (32) that satisfy u € C°(V),
Opu € CO([tm, T); W=12) and p € CO([t",T)]; L3) and hence, for each n = nyg,
no+1,..., N—1,

(G /2,3) + Lt Tt ) ¢ L vw )

+u(Vut/2 Vv) — (Y2 v ov) = (T2 v), Vv e H} (81)
V-u=0 (82)
u(-,0) = u’. (83)

The consistency error for the time-discretization is given by, for any v € H},
R (v) = (0 a — (9p0)" V2 v) + R (v) (84)
. 1 1
R™(v) : = ¢p(€™(u),u" /2 v) — §(u”'|r1 SVu'tv) — §(u" -Vu",v). (85)

Recall (73). Then (81), (84) give

(OAT w,v) + e (€7 (), w2 v) = (p" 2V )

+v(Vu"t/2 vv) = (f"Y/2 v) + R"Y(v), Vv e Hl. (86)

Decompose the velocity error, for some v} € V},,

e = uy—-u"=Up—-n"
Uy = up—-vpeV, (87)
n" = u"—vy.
Write
RZ—H(V) = Ch (gn (uh)7 UZH/Qa V) —Ch (gn (u)a un+1/27 V)' (88)

Fix ¢ € Qn. Note that (ps, V- v) =0 for any v € Vj,. Subtract (86) from (17) to
get the error equation, for any v € Vj,

(O U, v) + (VU2 Wv) = =R (v) — Ri+ (v)
+ (O, V) + (VY2 V) — (Y2 - TR v ). (89)
Specifying different v in (89) results in error estimates in different norms:

v = UZH/Q €V, = Theorems 3.1, 3.5
v = 8ZJ[1U;L €V, = Theorems 3.8, 3.10
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4.1. Proof of uj, — u in I2(H) NI>=(L3?).

Proof. (Theorems 3.1, 3.5)

Fix n = ng, no +1,...,N — 1. Set v} = P.(u”) defined by (77) in (87). Set

v = Unﬂ/2 €V in (89) Fix ¢! € Qp so that (g, V- U}™') = 0. Then

1

2At(|
~ RN UL (0, U TR < (V2 - gt 2 v up ) (90)

Apply the duality estimate on W12 x H} and Cauchy-Schwarz (62) to get
(0K 0% < Nl0RE nl |41 U 2 (91)
(2 = YU < V= O L (92)

The remaining terms in (90) are bounded in the next 2 lemmas.

(U2 — [[UR)2) + | U2 2 = —Rrtt(up )

Lemma 4.1. Suppose that the FE space satisfies Assumption 2.4. Suppose further
that u(-,t) € V for any t € [0,T] and u(-,t) € H? for any t € [t",T]. Then, for
eachn =ng,ng+1,...,N —1,

no
1/2 n —i
Ry (U YA) < o 2R S0 +

1=0
no no )
S T Y2 2 S ) U2 (93)
1=0 =0

Proof. Add/subtract cj, (£ (up,), u" /2, UZ-H/Q) and apply (87), (65) to (88) to get
RZ+1(UZ+1/2) _ Ch(gn(Uh)7 un—i—l/Q7 UZ+1/2)
_ Ch(gn(uh), nn+1/2, UZ+1/2) _ Ch(«fn(n% un+1/2, UZ+1/2)
Apply || >0 aivil| < >0 las| ||vs|| throughout. Absorb |a;| into C. Apply
(74)(b) to get
no
len(€" (Un), w2 U2 < a2, 3 (Jun | U2 (99)
=0
Apply (74)(a) along with u € [°°(H!) and UZH/Q € H} to get
no
e (€ (), w2, U2 < Clan 20y W UR T2 (95)
=0

Apply (73) along with £"(u) € V and UZH/Q € H} to rewrite the remaining
trilinear term:

cn (€7 (up), p™ /2, UTTH2Y = (¢ (u) - w2 U
— (€7 (), "2 U ey (€7(U), V2 U,
Estimate (66)(a) gives

(€7 (u) - Vi 1/ U”*1/2|<02|u"% g2 Ot AL (96)
1=0
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Recall that (78), (21)(a) give |91 < Ch*||u|[k4+1. Then (74)(a) and (78), (21)(a)
with k£ = 0 gives

no
len(€" (), "2 U2 < O T 2 (Ut (97)

=0
Similarly (74)(a) and (78), (21)(a) with k¥ = 1 and inverse estimate (22) give

no
len (€™(UR), " /2, Up 2 < Ont [ 12, ST [on T U 2L (98)

=0
Estimates (94), (95), (96), (97), (98) imply (93). O

Lemma 4.2. Suppose that u(-,t) € H'NV for any t € [0,T] and dpu(-,t) € W12
for any t € [t"™,T]. Then, for eachn =ng,no+1,...,N —1,

BT < (ot RO (99)
where
Ot o= CJl0RT u = (On)™ 122,

IVl oy (0™ + [u[3),  or
2 n 2 n 2 n n 2
1l (g sy ([0 2 = (- " T2 2 4 (€7 (w) — u(, 7F2)] )

At3 tn+1
2
Rk SR 1 A IR
3 tn+1

At
oot ezl ey [t 190

tn

(100)

Remark 4.3. If 0,5(2)u € L2(t™,tN; L?) and Opu € L2(t",tN; H?) then (100) is
replaced by

Ot = CllogH u — ()" 212,

+ Ol f (g 1z (02 = e FY2)| 2 4 (1€ () — a6 H2)[)

tn+1

2
CAP ey [ 110700
t‘n.+1
+ CAPIO sy [ 1900 B (101)
t'IL

Proof. Duality estimate on W~12 x H} gives
|(O&F 0 = (2e)™ 2 U2 < [[9R1 0 = (@)™ 2| U (102)

Taylor-expansion about ¢"*1/2 with integral remainder gives

1 1
§(un+1 ) Vun+1a V) + §(un ) vun, V) = (u('7tn+1/2) : Vu(') tn+1/2)a V)
tn+1 d2
g [ ) Vut ) e
fnt1/2

1

2

1 gnt1/2 d2

+ 5/ (t = ") 25 (u(t) - Vul, 1), v)dt. (103)
tn
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Add/subtract (£™(u) - Vu(-,#"*1/2),v) and apply (103) to (85) to get
RMH U = (€7 (w) - V("2 —u(, ¢"+/2)), Uupt)
+((€"(w) —u(, ¢"+72)) - V(- ¢"F2), URt

n+1
1 t

~3 / ("t —t) /(0,5(2)u -Vu+u- Vé?t@u +20pu - Voyu) - Uptdt
$n+1/2

n41/2
1 t

- 5/ (t—t")/(é?t(Q)u-Vu—l—u-V@t@)u—i—%)tu-vatu)-UZHdt (104)
t’IL

Then we majorize (85) either directly with (66)(a) to get
|RMH U] < Ol Vi (22 (0" + [u"]0) UG+ (105)
or with (66)(b), (70) and Holder’s inequality (in time) applied to (104) to get
[R"FH (U] < Cllalise (12) X -

o ([T a2 (€7 (a) — a2 DO

tn+1

CAL? 2 21

—_= . /2|7Tn+1
el oy ([ ¢ 07t 210
CAL3/? ¢

+ W||atu||l°"([n,n+l];L2)( . t [|ou(-,t)|[3dt)' /2Ot (106)

See Appendix B for more details on the derivation. Estimates (102), (103), (105)/(106)
imply (99). d

Bound each term on the RHS of (90) with (91), (92), (93), (99). Successive
application of Young (61) gives

n n+1/2
U2 — U2 + vaduy 22

< vTIAKCET + O Ol T3 i U5 )1%) (107)
=0
where
Oyt = O([Vl e (i) Z 2 4
=0
-t Z R 2R 4 JoR l2 (TR = g ). (108)
i=0

Lemma 4.4. Suppose that the FE space satisfies Assumption 2.4. Fix k >0, kx >
0, s > —1. Suppose further that Assumption 2.3 is satisfied and u € I*°(H*NV)N
PP(H1 N H?), Ou € L2(t", T; H**+1) N 12(ng, N;W—52), p € 12(ng, N; H5t1).
Then,

N—1
n+1/2
IOV +vat S [URT2R < K2Jlelle gnge) + K3
n=no
N—1 i1(n)
+AE DT ept + erT[URR Y (a2 ) (109)

n=ng =0
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where

= —1/2 ||u||l2(072n0;H2) Zf ng > 1,
Roi=cay { 0 otherwise

K1 = (Cv Y 2(|Vulfje 12y [u] iz (1) + Kol [u] i< (0.ng: 209 ) AF
+ Cv 2Pl (g, v ey R+ CUT Y2000 | L2 gm0 g1y BET2L(110)

Proof. Recall that (78), (21)(a) give |n|1 < Ch*||ul[r4+1. Fix k* > 0. Then (78),
(21)(a) along with (23) gives

tn+1
oz 'ali?, < or At [ ol o)t (111)
t?L
Estimate (21)(b) gives
Jnf ([P = Gal| < OB L, (12)
Write
no
R = OVl S T2 b2 4
i=—1

.ot At71||a‘[;u||i2(tn7tn+l;Hk*+l)h2k*+4 + ||pn+1/2||§+1h2s+2)' (113)

Application of (78), (21)(a), (111), (112) to (107), (108) proves C5™ < &7 so
that
1O 12 = (U2 + vt Uyt
no
<vTIAHETT 4 O 4 Ol T2 [0 ). (114)
1=0
Sum from n =ng ton =N — 1 to get

N—-1
n 2
IOV +vat - [uptt/?p

n=no
N-1 n0o
< ORI + o AE S (R Pt Ol RS U ).
n=ng =0

Apply the change of indices (60) to get

N—-1
+1/2
IONI2 +vAt Y [URTY2R < |JUpe |+

n=no

N-1 i1(n)

FUTAL Y (5 OP A CIURE Y (3
n=ng =0
where
2n071
-1 n+1/2(12 2 . >
V1= Cv At 7;) ||ll ||2||Uh||l°°(0,n0—1;L2) if ng > 1, (115)

0 otherwise
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Suppose that ng > 1. Then the triangle inequality |[Un|| < |le|| + [|n]| and (78),
(21)(a) give

2710—1
ORI 1 < [l P+ Cvmtae Y (™ 2|l ell 0,00 -1:22)
n=0
27’7,071
+ Clu|ER* + Com AL Y [l g 1,y B
n=0
Combine this estimate with x; defined in (113) to prove (109). O
Write
GV = eXP(lel||11||522(n0,N;H2))~ (116)

Gronwall Lemma 3.15 applied to (109) gives

N—-1
IUNI2 +vAt Y [Urt2R

n=no
N-1
< GV(Klellf o moizey + KT +v AL Y O (117)
n=ngo

Application of the triangle inequality ||e|| < ||U|| + ||n|| along with (78), (21)(a),
and (117) gives
N-1
[N+ 12 (At Y e TR
n=ng
< (™l + #1212, s B
N-1
+ GN (Ko lel[1 (0.ng:2) + K1 + v 2(AE Y CpthY?) (118)

n=ngo

Consider 3 cases: the first with minimal regularity (boundedness - Proposition 3.1),
the second for optimal convergence rate (regularity matching the FE and CN ap-
proximation degree - Theorem 3.5), and the third with then compatibility condition
is not satisfied.

(Proposition 3.1): Suppose that the regularity of Lemma 4.4 is satisfied for k£ = 0,
kx =0, and s = —1. Then

Clla™] + Cv' 2 a2 g, 1)
+ GN(K0||e||loo(0,n0;L2) +Ki)<oo, ash, At—0 (119)

where K7 = Ki1(k = 0,kx = 0,s = —1) is defined in (110). Suppose further that
Opu € L2(t™ , T;W=12) N i%(ng, N; W—12). The triangle inequality and (23) gives

N-1
At Y ([0 e = @) 212 < CUI0I a0 1.2 F 10y v -1.2)-
n=no

Write
Ky 1 = Cv2([|Vul|i (22| V|12 (no 3 22) + - - -

RN ||atu||%2(t"07T;W*1a2) + ||atu||l22(n0,N;W*112))'
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Then, recalling C7* > 0 given in (100),
N-1
v2(AL Y Ot < Ky < oo, ash, At —0. (120)

n=no

Estimate (33) follows from (118) with boundedness as h, At — 0.

(Theorem 3.5): Suppose that the regularity of Lemma 4.4 is satisfied for & > 0,
s> —1, kx = k—2 (with k* = k—1 when k = 1). Suppose that u € [°°(H?), d;u €
1°(ng, N; HY) 0 L2, T HY), 8{7u € L*(L?), and 8, u € L2(t",T; W~ 12).
Write
Ky = Co (10| L2 o raw—12) + (10l l10e (o v:22) |00 | 2 12) + - - -
- [0nallie (ng, v 1001l [ L2 (tm0 1 12) )
Then, (26), (27), and (28) (by Assumption 2.5) gives

N-1
v2(AL Y oTthY? < KA
n=ng
Apply above to (118) to get
N-1
N[l + 2 (At D (e 2R < Ok + v a2 (ng, i) B
n=ng

+ GN(K0||e||l°°(0,ng;L2) —+ K1 —+ KtAtQ)

Estimate (34) follows with optimal convergence rate as h, At — 0 under the as-
sumed regularity. Note that K, and K, in the estimate are derived from K in
(110).

(Theorem 3.6): Suppose now that the compatibility condition (5) is not satisfied.
Suppose further that ng > 0. Starting with (100), bound C; via (24), (25) (28)
instead of (26), (27) (29). Then we can replace K; with o(¢t"0) 1K in Theorem 3.5
where K is given in (49). Apply estimates in Assumption 2.6. Then we can replace
K, K, in Theorem 3.5 with a(tl)f(’“l)ﬂfu, a(tl)f(kd)/pr respectively where
K., K, are given in (47), (48).

O

4.2. Proof of u, — u in [*°(H?'), Oa¢(up — u) — 0 in 1?(L?).

Proof. Theorems 3.8, 3.10
Fix n = ng, no +1,...,N — 1. Set (V},Gy) = Ps(u™,p”) in (87). Set v =
At~L (U —UP) € V, in (89). Then

14
1O UM + 5 (UR 1 — [UR1R)
= RNOUL) - BT ORPUL) + 0k 04T U, (121)

Cauchy-Schwarz (62) gives
(07 'n, Oa Un) < 1O 0l] 10AT Unll- (122)

The remaining terms in (121) are bounded in the next 2 lemmas.
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Lemma 4.5. Suppose that the FE space satisfies Assumption 2.4 and u € 1>°(H?*N
V), p €1°°(H"Y). Then for each n =ng,ng +1,...,N —1,

no
Ry ORTUR < CU™ 22 I o+

=0
cot TR Il ([l [roe (ar2)) |2 4
no
o (PR ([ 2 0) Y U )0 ULl (123)
=0

Proof. Add/subtract (£ (u) - Vu(-,t"*+/2),v) and apply (87), (65) to (88) to get
RZ+1(UZ+1/2) _ Ch(gn(e), un+1/2’ UZ+1/2)
— el (), "2 URTE) — o (€7 (e), e T2, UL

Apply || Y70 aivi|| < 320 |as| ||vs|| throughout. Absorb |a;| into C. Decompose

7

e =U, —n to get
cn(€(e), u" /2 gntiuy,)
= cp (€M (Un), u™ V2, 0871 Us) — cn(€" (n), w2, 037 1U,).
Estimates (66)(c), (75)(b) with u € [*°(H?) give

(€7 (w), " 172, 81U + en(€" (o), w12, 011U

no
< C(ullise ) "2+ (0" A+ O )2 ]2) | [0X Ul (124)
i=0
Decompose e = U, — n again to get
cn(€M(e),e" /2 antiuy,)
= cn(§"(Up),e" /2, 0% UL) — (€7 (n), €™ /2, 08 UR).

Recall that (80), (21) gives |n|1 < Ch(v~Y|p|l1 +||ul]2). Then (75)(a) with inverse
estimate (22) and (80), (21) gives

no
len(€"(e), " T1/2, 0K UL)| < CHTY2 Y UL ule” 210K UL

1=0
no
+CRMY2 S " 4 [ )l |05 UL (125)
1=0
Estimates (124), (125) prove (123). O

Lemma 4.6. Suppose that u(-,t) € I°(H?> NV) and dpu(-,t) € L? for any t €
[t",T]. Then, for each n =ng,ng+1,...,N—1,

|RHHOXTUR)| < (7)) 210%7 Ul (126)
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where
Oyt = CljoaT = (G722
[l [F g2y (0T 4 [u[7),  or
[ s 1oy (T2 = £ F2) R 4 (€7 () — u(, ¢7T2) )

Af? o

2
+C -+ WH“HMM n+1;H?2) t? ||8t( )u(-,t)||1dt

tn+1

At?
- mllatullfm,nﬂ;m/t £ [[9u(-,t)|3dt.

(127)

Remark 4.7. If 8,5(2)u € L2(t™tN; HY) and dyu € L2(t™,tN; H3) then (127)
gives

CPH = Clloxt u — ()™ /2|2
+ Ol gz (02 = )R 4 €0 () — a2

tn+1

2
TN — / 10 u(-, 1)) 2dt
t‘n.+l
+ CAR|0 2 (s, / Bru(-, )| 2dt. (128)

Proof. Application of Cauchy-Schwarz (62) gives
(0K} = (@pw)" 2, 0K UR)| < (10X a — ()" 2 [JOX Ul (129)
Then we majorize (85) either directly with (66)(a) to get
[R"HOXTUR)| < Cllalliss (a2 (la™ |1+ [u”1)[|OK7 U (130)

or with (70), (66)(a)(b)(d), and Hélder’s inequality (in time) applied to (104) (with
U”'|r1 replaced by 8"+1Uh) to get

R (onHUy)| < Cllal|zee g2y x
X (Va2 —a(, " 2) ) 4 |[V(E (@) — a2 D]OAT ULl

CA/? 2
+ e Il e ([ [0t o)) 2051 Ul

tn

tn+1

tn+1

L OBl o[ o nI2d 2 om ULl (18D)
fnt1/2 tUlio° ([n,n+1];L?) i tu 3 h

See Appendix B for more details on the derivation. Estimates (129), (130)/(131)
give (126). O
Bound each term on the RHS of (121) with (122), (123), (126). Apply Young
(61) to get
AH|OxTUL|P + v(URE = [URR)
no
< AHCHF - CFF O R+ a T e 2R YU (132)
=0
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where

no
Cytt = O™ 21BN T+ 10AT Il + -
=0

o 2 RIpl e gy + Nl o))l 2R). (133)

Lemma 4.8. Suppose that the FE space together satisfies Assumptions 2.4. Fixk >
0, kx >0, s > —1, sx > —1. Suppose further that Assumption 2.3 is satisfied and
u e (I2NI=°)(H*'NH?), pu € L2(t", T; HM*11), p € I°°(H PPN HY) NI (HTY),
Owp € L2(t™,T; H**TY). Then

N-1
At Y 0% UM + O B < FEIVellfe o i) + FE

n=ngqo
N-1 i1(n) _ _
+ ALY (CPT HCIURR Y (RS h e R ) (134)
n=ng =0
where
2710—1
Boim ootz o (B8 DD (B A e )2 g > 1,
n=0
0 otherwise

Fy s = Cv ([l gug 522 Bl 53y + Fol Pl 0,541 1°

(Ol g 3022 [l 51 + Fol i 05741 )

+ CV_I||8tp||L2(tn0,T;H5*+l)h8*+2 + C||8tu||L2(tn0’T;Hm+1)hk*+1
N-1

+ Cw B2 |plliee rrry + [allie (ar2)) (A D [ T2, (135)
n=no

Proof. Recall that (80), (21) gives ||n|| < C(v h**2||p||ss1 + ¥ ||ul|rs1). Fix
k% >0, sx > —1. Then (80), (21) with (23) gives
t7L+1

ol < CAr! / (2110 (-, 1) P 2
tW,

oo+ ||0pu(, t)||i*+1h2k*+2)dt. (136)
Write
no
R = O 2 S 2 b2 [ 1)+
i=0

tn+1

SRR Afl/t (210 (s )| |2 h2 A+ [[Opa (e, )[Ry A2t

o 2RIl Nl g2y T2 ). (137)
Application of (80), (21), (136), to (132), (133) proves Cy ™' < k7™ so that
AH|OxT U2 + v(URHE = [URR)

no
< AR CTT O TRF R e TR Y ORI, (138)
=0
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Sum from n =ng ton = N — 1 in (138). Apply the change of indices (60), group
terms, and simplify to get

N-1
At Y JORFURIP + U < v[UR [+

n=ngo
N-—1 i1(n)
+AE Y (BT O CIURE D (T2 4 h e T2 ) (139)
n=ng 1=0
where
2np—1
At YT (R e 2R) x
v :=C n=0 ) (140)
o X |IVUR| [P (0m - 1:22) if ng > 1,
0 otherwise

Suppose that ng > 1. The triangle inequality |[Up|; < |e|1 + |n|1 and (80), (21) give

2710—1
U+ S viemf+CAt Y (25 + ht e 2R Vel[fe - 1:22)
n=0
+ O (2" |2, h 2 + [[u"[[f 4, h*")
2n071
+OAL YT ([l e )
n=0
- X (V72||p||l2°°(07n0—1;H5+1)h25+2 + ||u||l2°°(0,n071;H’“+1)h2k)' (141)
Combine this result with 1 defined in (137) to prove (134). O
Write
N-1
GN = exp(Cv AL Y (|[a™/2]3 + Bt e T2)D). (142)
n=ngqo

The Gronwall Lemma 3.15 applied to (134) gives

N-1
At Y ORI + v |UR

n=ngo
N-1

< GN(BR(IVen| P onpirey + 2+ AL S OFFY). (143)
n=no

Application of the triangle inequality ||le|| < |[|[Ug|| + ||n|| and (143), (80), (21),
(136) give

N-1
(At Y 101 el + v 2™y
n=no
< C(V_lnatp'|L2(t"0,T;H5*+1)h8*+2 + ||8tu||L2(tn0’T;Hk*+l)hk*+1 +...
e 2N [ b 20 [ F)
N-1

+ GV (Fo[Venllise 0,no2) + Fi + (A Y CFHH)Y2). (144)

n=no
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Consider 3 cases: first with minimal regularity (boundedness - Theorem 3.8), sec-
ond for optimal convergence rate (regularity to match FE and CN approximation
degree - Theorem 3.10), and the third with then compatibility condition is not sat-
isfied.

(Theorem 3.8): Suppose that the regularity of Lemma 4.8 is satisfied for k = 0,
kx=0,and s = —1, sx = —1. Then

C(V_l||8tp||L2(tn07T;Hs*+l)h8*+2 + ||atu||L2(tn07T;Hk*+1)hk*+1 + ...

A 2V B 2 N g )

+ GN(Fo||Ven||i=(0n0:12) + F1) <00, ash, At—0 (145)
as long as
N-1
At Z le"TV22 < 00, ash, At =0
n=ngo

where Fy = Fi(k = 0,kx = 0,s = —1,sx = —1) in (135). Suppose that d;u €
12(no, N; L?) N L2(t", T; L?). The triangle inequality and (23) gives

At Z ||an+1u — (O ‘1)n+1/2||2 < C(”atu”L? o, 7;22) T ||6tu||z2 (no,N; L2))

n=no

Write
Fy i= C(||0sul[Z2 (gm0 112y + 1000l 2 (g w22y + [0l g2y ([0 + [0 3)).

Then
N-1
At Y CPtN < Fy<oo, ash, At — 0. (146)
n=ngqo
Estimate (36) follows from (144) with boundedness as h, At — 0 under the assumed
regularity.

(Theorem 3.10): Suppose that the regularity of Lemma 4.8 is satisfied for & > 0,
kx >0, s > —1, and sx > —1. Then as long as At < Mh!/* (for any arbitrary
M > 0, i.e. no v-dependence), the result of Theorem 3.5 ensures

N-1
hAE Y e T2 < O+ B2 4 T AR < oo
n=no
as h, At — 0. Suppose that u € I*°(H?), d;u € [*°(ng, N; L?) N L2(t",T; H3),
8,5(2)u € L2(t™,T; H'), and 0t(3)u € L2(t"0, T; L?). Write
Fy = C(10% | L2 mo iy + - - -
+ |1l o 222 1070l 2 om0 sy + 11050l (g v, |00 | 200 7183 )-
Then, (26), (27), and (29) (by Assumption 2.5) gives

N-1
(At > CpthYE < RAE

n=ngo
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Apply the above to (144) so that estimate (38) follows with optimal convergence
rate as h, At — 0 under the assumed regularity. Note that F, and F), in the
estimate are derived from Fy in (135). O

(Theorem 3.11): Suppose now that the compatibility condition (5) is not satisfied.
Suppose further that ny > 0. Starting with (127), bound C; via (24), (25) (28) in-
stead of (26), (27) (29). Then we can replace F; in Theorem 3.10 with o (") ~%/2F,
where F; is given in (59). Apply estimates in Assumption 2.6. Then we can replace
Fy, Fp in Theorem 3.10 with o(th)y~(k=D/2F, a(tl)_(k_l)mfp respectively where

F., F, are given in (57), (58).
4.3. Proof of p, — p in [2(L?).

Proof. Fixn=mng, ng+1,...,N — 1. Write

Ryt (v) = cn(€"(e), 0"/ v) 4+ (£"(u) - Ve /2 v) — ¢, (€7 (e) - Ve"wg(’ v) )
147

so that Ry (v) = cx (€7 (up), uzﬂ/ V) — cp(€7(n),u" /2 v). Let g, € Qp be
the L2-projection of p. Solve for pressure in (89) to get, for any v € Xj,

@ =gV ) = @ TRV )+ (03] e )

+v(Ve"t/2 vv) — R (v) — RM T (v). (148)

Application of Hélder’s inequality (62) and the duality estimate on W~%2 x H{J
gives

(@ = p )l

~n+1/2
VI = ﬁnq:z“ |

+10x7 el -1 + vle™ 2y — [R™ (V) + By (V). (149)

v |
Supposing that u € [°°(H?'), apply (74)(a) to majorize each term in (149) to get
R < ClEm @] 1€ () ) 212 + ..

+ ([€™ )] €™ @)[1)21e™ 2]+ ([€™ ()] [€7(e)1) 2 le™ 2 vy
(150)

Apply (99) to get
R"™(v) < (G 2wy (151)
where C; > 0 is given in (100 Apply estimates (150), (151) to (149). Apply the
discrete inf-sup condition (20) (by Assumption 2.4) to get
It = 2] < O sk 105 el + wle™ 2],
+ (@Il €™ (@) [) 2™ 2]+ (e )] (€ ()]a) 2 le" 2] + ..
+ (1€ @)l € (e)[1)!/2[e" /2]y + (C7H)2). (152)

~n+1/2 n+1/2

. . . n+1/2
Apply the triangle inequality |[p™+1/2 — pp */?|| < [jpnt1/2 — [+ [Py,
q}j“”n and (152), (21)(b). Square each side of (152), multlply by At, and sum



UNCONDITIONAL CONVERGENCE OF CNLE 289

from n =ng to N — 1 to get

N-1
1/2
At Z ||pn+1/2 *PZJF / ||2

n=ngo
N-1 N—-1
<CAL Y "R R ALY (o el +
n=ng n=ngo
N—-1 N—-1
VALY [T 4 e (12| Vel 2y At Y T2 4+
n=ng n=ng
N—-1
o e ) [Vl g2y At Y "2 4
n=no
N-1 N-1
ot el 2 [ Velle 2y At Y e 2R+ A Y o). (153)
n=ngo n=no

For estimate (39): bound AtY", C;' < F, through (146), Theorem 3.8. Bound
terms At [e€""1/2|2 and ||e||;(z2) via Proposition 3.1 in (153). Bound terms
At ||0xF e|[? and ||Vel|je 12y via Theorem 3.8 in (153). Then u € (I2NI>)(H?!)
proves (39).

For estimate (40): bound AtY_, C}*! < F, through (??), Theorem 3.10. Bound
terms AtY" |e" /2|2 and ||e||;~(2) via Theorem 3.5 in (153). Bound terms
Aty ||oxTel[? and ||Ve|[j=(z2) via Theorem 3.10 in (153). Then u € (12N
[>°)(H') proves (40). O

5. Conclusions

The analysis in this report was performed for a linearized, fully implicit Crank-
Nicolson/finite element method (CNLE) for approximating the NSE. Our analysis
includes the general case of arbitrary arbitrary-order extrapolations:

u” + unfl

2 )
We proved a long-outstanding problem: i.e. CNLE converges in the energy norm
without any At-restriction. We also proved that the approximating velocity and cor-
responding discrete time-derivative both converge optimally in [°°(H!) and ?(L?)
respectively under the mild At-restriction At < Mh'/* for any arbitrary M > 0
(e.g. no v-dependence). Convergence in these norms is required to derive conver-
gence rates for pressure and drag/lift forces the fluid exerts on embedded obstacles.
We prove convergence of pressure in [2(L?) under similar conditions.

The full CN method is believed to be more accurate than CNLE. However, the
accuracy of CNLE is easily improvable by increasing the order of extrapolation.
Moreover, CNLE methods are linearly implicit (simple to implement and fast to
solve). The additional guarantee that CNLE approximations converge uncondition-
ally is another important property not proved for full CN methods. Consequently,
CNLE methods are of great interest in practical computations in which speed,
robustness, ease of implementation, and accuracy are required. We are currently
analyzing a new extrapolation £"(u) = 2u” /2 —u"~3/2 that avoids At-restriction

u-Vum(u)-V £"(n) = aou" t + au" 2 . F ay,u e,
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for convergence completely even in [°°(H!) (and hence, corresponding estimates for
drag/lift and pressure all without At-restrictions)! It is an important open question
whether the At-restriction for convergence in the energy-norm for fully nonlinear
CN and convergence in [*°(H?!) for CNLE is strictly necessary (current methods of
proof fail). Tt is equally important to formally compare the closely related family
of nonlinear and linear CN-variants in practice. Accordingly, we are currently ini-
tiating a comparative study of CNLE (e.g. for linear and quadratic extrapolation
as well as the new extrapolation of average velocities) against fully nonlinear CN
methods and other CN-variants (e.g. Adams-Bashforth linearizations) to determine
a baseline for the robustness and accuracy of CNLE.

Appendix A. Derivation of Condition (1)
In this section, we derive (1) for CNFE. Write
3-2r . 4
b, _ | Oy R 0<r <3/2, we Ly (HY)

1—7r 27 — 2
Cy~trh™ 1 |[u" ;7 0<r <1, uec L+ (H?)
Theorem A.1. Let £*(u) = u"t'/2. Fizk > 0, s > —1. Suppose that the FE space
satisfies Assumption 2.4. Suppose further that Assumptions 2.3, 2.5, and 3.4 (with
no = 0) are satisfied along with O,f € CO(W~12), u € P(HMYH) N CO(HF NV),
dru € CO(L3), 6t(2)u € COW=L2), pel?2(H*TY), Oyp € CO(L3) are satisfied. If

Ats™Y2 <1, vn=0,1,...,N—1 (155)

(154)

then
N—-1
el + v 2(AE Y (e T2 < GYK T
n=0

N—1
+ (CluN ||+ CV 2 (AL > (w21 )2 + GV KL )R + GV KA (156)
n=0
where GV = exp(At ij;ol k"1/2). The constants K,, Ky, Ki > 0 are given in
(44), (45), (46) respectively (with ng := 0) and remain bounded as h, At — 0.

Remark A.2. The time-step restriction (155) from the discrete Gronwall Lemma
3.14, exactly leads to condition (1). For example,

r=20:
3|,,n+1|—4 4 1
VTt when w e LY(HY)
<
e (157)
r=3/2, 1 respectively:
h% |un+1|71 when u € Ll(Hl)
At < C 1 158
B { h|lu" |3, when u € LY(H?) (158)
r=1/4, 1/2 respectively:
242 ntl *% 8 1
At <C th:hl |17,é whenueLz(H ) (159)
vshs|[u" ||, ®  when u € L3 (H?)

CNFE is reported to converge with At < F in [20] (Theorem 4.1 and following
remarks) where F' > 0 depends on problem data including v, but not necessarily h. It
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is not clear, however, whether (157), (158), (159) is the best choice for At < F(h,v)
since we do not have a priori estimates for u beyond L>(L?) N L*(H").

Proof. Fix n =0, 1,...,N — 1. Set v}/ = P.(u") defined by (77) in (87). Set

v = UZ+1/2 €V in (89). Fix (jﬁ“ € @y, so that ((jﬁ“, V- UZ+1/2) = 0 and recall
(65). Then

1

2At

+ (624{1777UZ+1/2) _ (pn+1/2 _ derl/Q,V ] UZH/Q)- (160)

n 172 n 1/2 1/2
UURIP = URIP) + o[ UR 2 = =R (U %) — Ry (U2

Lemma A.3. Suppose that the FE space satisfies Assumption 2.4. Fiz either s =0
or 1. Suppose further that u(-,t) € V for any t € [0,T] and u(-,t) € H® and for
any t € [0,T). Then, for eachn=0,1,...,N — 1,

[REFH U2 < O(u 2| 2] a2 gt

2—s

o RO o o (161)

Proof. Apply (74)(a) along with u € [*°(H') and UZ+1/2 € Hi to get
|ch(77n+1/27 un+1/27 U'Z+1/2)| < C|un+1/2|1|’I7n+1/2|1|UZ+1/2|1. (162)
Apply (74) to get

+1/2 +1/2
a1 2] [Up 2 Uty

n +1/2 +1/2,3/2 (163)
a2 U

|Ch(UZ+1/2;un+1/27UZ+1/2)| S C{

Apply (73) along with u € V' and UZH/ 2 e H} to rewrite the remaining trilinear
term:

Ch(uz+1/2,77"+1/27UZ+1/2) _ (un+1/2 ) V77H+1/2,UZ+1/2)
_ Ch(nn+1/27 nn+1/2, UZ+1/2) + Ch(UZ+1/2, 77n+1/27 UZ+1/2)-
Estimate (66)(a) gives
(2w R U < R O (16d)

Recall that (78), (21)(a) give |91 < Ch*||u|[k4+1. Then (74)(a) and (78), (21)(a)
with k£ = 0 gives

|Ch(77n+1/2777n+1/2,UZ+1/2)| < Clun+1/2|1|77n+1/2|1 |UZ+1/2|1- (165)

Similarly (74)(a) and (78), (21)(a) with & = 1, 0, and inverse estimate (22) give

B2 a2 U7 O
e (U522 Oyt <o 1/2] o - (166)
[ 2 OO
Estimates (162), (163), (164), (165), (166) imply (161). O

We focus now on majorizing the 3rd term on the RHS of (161). Fix € > 0.
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Case 1: Fix 0 < 7 < 3/2. Suppose that u € L*+27)(H'). Fix p = 4/(3 — 2r) and
1/p+1/q =1 so that ¢ = 4/(1 + 2r). First apply the inverse estimate (22) to get

|UZ+1/2|?/2 < Ch_’“||UZ+1/2||’“|UZ+1/2|?/27T. Then apply Young (61) to get

3 v
[ 2 U T < ot
+ CV—(3—2r)/(1+2r)h—4r/(1+2r)|un+1/2|411/(1+27“)||UZ+1/2||2 (167)
Case 2: Fix 0 < r < 1. Suppose that u ¢ LY+ (H?). Fix p = 2/(1 —r) and
1/p+1/q =1 so that ¢ = 2/(1 + r). First apply the inverse estimate (22) to get
|Un+1/2||1 < Ch~ T||Un+1/2|| |Un+1/2 ~". Then apply Young (61) to get
a2 o] [ 2O 2 < S U

+ Cyf(lfr)/(1+r)h72r/(1+r)||un+1/2||§/(1+7“) | |UZ+1/2||2 (168)

Bound each term on the RHS of (160) with (91), (92), (161), (99). Then, successive
application of Young (61) with either (167) or (168) gives

U2 — [[UR ]2 + vAL U2

S UTIAHCET  OpF 4 kT2 U 2) (169)
where
Cyt1 s = OVl gy ™27 4+ [ 22 4
ORIy + (2 = g ) (170)
L O y—(3=2r)/(142r) p —dr/(1+2r) |un+1|‘11/(1+2'r) 0<r<3/2
: V_(l—r)/(1+r)h—2r/(1+r)||un+1||§/(1+a~) 0<r<i1

Lemma A.4. Suppose that the FE space satisfies Assumption 2.4. Fiz k > 0,
kx>0, s > —1. Suppose further that Assumption 2.3 is satisfied and u € 1>°(H*)N
P(HM N H?), Opa € L2(HMTH) N 12(W—12), and p € 12(H**Y). Then,

N—1
IUNI12 +vAt Y [URTY2R < Offe|]? + K2

n=0
N-—-1
+AEY D (rrOpt 4 R UE )12 (171)
n=0

where
K= (CV—1/2||VU||l°°(L2)||u||12(Hk+1) + C[[u||x)n"
+ OV Ipl i eyt 4 CvT 2|0l ey PR (172)

Proof. Recall that (78), (21)(a) give |n|1 < Ch*||ul[r41. Fix k* > 0. Then (78),
(21)(a) along with (23) gives
t‘n.+1

10212, < CRP*H A / ||0pu(-, t)||pq dt (173)

tn
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Estimate (21)(b) gives

Jnf [Jp 2 = @] < ORI, (174)
h h

Write
KL= C (|| V[ g2y [[u™ 2R 2R+
oA A0 2 g ey PP |22 B2 (175)

Application of (78), (21)(a), (173), (174) to (169), (170) proves C5™! < ™! s0
that

+1/2
[URHY12 = |[UR |2 + vatuy 2R

< UTIALEPT 4 O RV U2 ), (176)
Sum from n =0 to n =N — 1 to prove (171). O
Write
N-1
GN = exp(At Y "), (177)
n=0

Suppose that
Ats"V2 <1, VYn=0,1,...,N —1.
Then Gronwall Lemma 3.14 applied to (171) gives

N—1 N—-1
[UNIP +vAt ST U2 < aN(elel]? + K7+ v lar Y optty (1)
n=0 n=0

Application of the triangle inequality ||e|| < ||U|| + ||n|| along with (78), (21)(a),
and (178) gives
N-1
eVl + (A Y e )2

n=0
N-1
< C(|[uN[[y +v"2(AL D[RR YE)RY
n=0
N-1
+GN(Cle°)| + Ky + v 2(At Y cpth?) (179)
n=0
The rest of the proof follows the proof of Theorem 3.5 as presented in Section
4.1. O

Appendix B. Detailed derivation of intermediate estimates

Proof of Estimate (23). Fix n > ng. Then, for k > 0
2
sl — |
t7L+1

tntt i 2
< At—2/< dt/ | DR d,u(-, )| dt> < At‘l/ [Oa(:, )] dt.
| atf "

Similar proof for k = —1 applied to definition of W~12-norm. O

tn+1

At / DFopu(-, t)dt
t'n.
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Proof of Estimate (24). Fix n > ng and k > 0. A Taylor-expansion with integral
remainder gives

gnt1/2 2

"2 ()R < / (t —t) Do -, t)dt

e

tn
tn+1

/ " DR u( de|  (180)
tn+1/2

¢+l 2

where, for any r € R,
/t +1/2 (thrl - t)Dkat(2)u('a t)dt

gt gt

<c [ @ npar / 10 u(-, )2t

tn+1/2 tn+1/2

tn+1

1 /.,
caes ottt
< (tn+1/2)r /t 1) t' ||at( )U(-,t)||idt. (181)

and similarly on the time interval (¢,¢"+1/2) when n > 0. If n = ng = 0, then

At)2 2 At/2 At)2
/ / t Diu(t)dt| <C / dt / 2 (0P (- )2t
0 0 0

At/2
< cm/ 2|0 u(-, t)| 2 dt. (182)
0

Note that V#n+1/2 = | /At/2 when n = 0. Then estimates (181), (182) applied to
(180) give

car [ttt
< s [ Rt ol (s

O

Proof of Estimate (25). Fix n > ng. First add/subtract dyu(-,t"*/2) and apply
the triangle inequality to get
[0XF u — (Bew)" 127

< O a = Beu(, " 2[R+ [|Beul, t72) — () IR (184)

Following a similar method used to derive (180), we get

n+

oAt
|0 (-, ¢7+1/2) — (Bpu)"+1/2|2 < Ty / 2 |0 ul-, 6)|2dt.  (185)
t‘n

(tn+1/2
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Additionally,
10A7 a = dpu(-, " FV2)| 7
tn+1/2 tn+1 2
= / (t — tM)0Pu(-, t)dt + / " =)o u(-, t)dt
tn tn+1/2 &
CAE? e (3) 9
< m ) t ||0t u(-,t)”kdt. (186)
Apply (185) and (186) to (187) to get
caes 5
08¢ = @RI < oo [ R uc ol (s)

O

Proof of Estimate (28) for particular £"(-). Let £™(u) = %u”f%unfl so that Taylor-
expansion with integral remainder gives
1 fnt1/2

€"(u) = u(-, "2 1+ :/ (t — Y0P (-, t)dt.
i—0 tnfi
Fix n > ng. Then

1
€ - ut e <ey |
=0

Following a similar method used to derive (180) we get

gnt1/2 2

/ (t — ") D*oPu(-, t)dt
t

n—i

. . N
€7 (u) — u(-, £"+172)|2 < m/t 210 u( t)Fde (188)

O

Proof of Estimate (106) and (131). Fix n > ng. Then, for any r € R, and for
either i =0 or 1,
t‘n.+l t7L+1
[ et 0@Pe-vavde<e [ @ - jullof v
tn+1/2 tn+1/2
gl gl

(et e [ ol el

tn+1/2

< Cllall e (o g /

tn+1/2
tn+1

CAE/? r119(2) 1112 1/2
< el e ([ 0 10wl el (19)

A similar estimate holds when time interval is shifted to (¢*,#"!) except when
n =ng = 0 (note that for At? extrapolations, ng > 0). In this case

a2 At/2 ,
/ 10Pu - Vu, v)dt < C / 1] 2110 a1 vl
0 0

At/2 At/2
< Cl[ul|zo(0,a617)( / dt)'/*( / 2 (|05l 2_dt)"/2|v];
0 0

At/2
< OAY2|[ul| o (0,612 / 12 110/l _,dt)|v ;. (190)
0
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Note that vt"+1/2 = | /At/2 when n = 0. Therefore, (189), (190) combine to give,
forn>0

gl fnt1/2
/ ("t — t)(8t(2)u -Vu,v)dt + / (t— t")(@t(2)u -Vu,v)dt
tn+1/2 tn
CA3/2 et 2 1a@) 12 o
< W||u||L°°(t",t"+1;H2)(/t £ 110, u|[F_idt) "/ |v];. (191)

Now recall that (u - V@t@)u, v) = —(u- Vv, 8,5(2)u) since V-u =0 and v = 0.
Then again a similar argument used to derive (190) proves

gt gnt1/2
/ " —t)(u- Vat(Q)u, v)dt + / (t—t")(u- Vat(Q)u, v)dt
tn+1/2 tn
CA3/2 et 2 1a@) 12 o
< W||u||L°°(t",t"+1;H2)(/t t2 110, u|[F_idt) "/ |v];. (192)

Once again, following a similar argument used to derive (190) proves, for n > ny,

g1 pnt1/2

/ (" 1) (B - VOyu, v)dt + / (t — ") (Dpu - Voru, v)dt
tn+1/2 tn
CAL3/? e
< Wllatullmtn,tw;m)(/t £ ||0pul|3_,dt)'?|v];. (193)
0
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