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CONVERGENCE AND STABILITY OF EXPLICIT/IMPLICIT
SCHEMES FOR PARABOLIC EQUATIONS WITH
DISCONTINUOUS COEFFICIENTS

SHAOHONG ZHU, GUANGWEI YUAN, AND WEIWEI SUN

Abstract. In this paper an explicit/implicit schemes for parabolic equations
with discontinuous coefficients is analyzed. We show that the error of the
solution in L norm and the error of the discrete flux in L? norm are in order
O(r + h?) and O(7 + h%), respectively and the scheme is stable under some
weaker conditions, while the difference scheme has the truncation error O(1)
at the neighboring points of the discontinuity of the coefficient. Numerical
experiments, which are given for both linear and nonlinear problems, show
that our theoretical estimates are optimal in some sense. The comparison with

some classical scheme is presented.
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efficient, parallel difference schemes, convergence.

1. Introduction

Multi-material systems are considered in many physical applications, e.g., the
heat conduction procedure. When there are several materials in contact with each
other, the conductivity coefficient can be varying, and discontinuous on the interface
of the contact. Sometimes the conductivity coefficients differ in quantity order very
much from one another.

Consider the initial-boundary value problem

(1) ?::i(a(x)gz>+f(x7t), O<az<l, 0<t<T,
(2) U(O,t) = ﬂl(t)’ u(lat) = ﬂZ(ﬂ? 0<t<T,
(3) u(z,0) =az), 0<z <1,

where the positive function a(z) is the conductive coefficient, and f(x,t) is the
source term. We suppose that the functions are piecewise—smooth with disconti-
nuity of first kind at « = &, where £ € (0,1) be a fixed point. Denote O~ = {0 <
r<&E0LSELSTH QT ={(<2<1,0<t<T}and I = Q" NQT. The value of
a function at x = £ is denoted by subscript £, and the left and right limit at £ are
denoted by subscript L and R respectively. For example, define

uglt) = u(€.0). ur(t) = lim u(e.t), ua(t) = lim u(e.t).
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Assume the following conditions hold.

(I) There are positive constants o,0p,0r and C such that

a(xz) > o, Yz €]0,1],
sup a(zx) =05, sup a(x)=og, sup |f(z,t)] < C.
0<a<e¢ £<a<1 (z,t)€Q-UQ+

(I1) a(z), a(z) and f(x,t) are smooth on Q~ and Q* respectively, but have
discontinuity of the first kind on I. And there holds a %L = ap %9k,

(III) Let (31 (¢) and B2(t) be smooth functions for ¢ € [0, 7], and the consistent
conditions hold, e.g., a(0) = £1(0), a(1) = (2(0).

Then, it is well known (e.g., see [7,8]) that (1)—(3) has an unique weak solution
u = u(w,t), which is smooth on Q= and Q% respectively, and satisfy the joint
condition v¢g = ur = ugr and K = K = Kg, where K is the flux defined by
K = K(z,t) = a(x)%.

There has been numerous work on numerical solution of the initial-boundary
problem (1)—(3). The difficulty lies on the discontinuity of material coefficient. It
has been proved in [11,12] that truncation errors for many finite difference schemes
are the order O(1) for such discontinuous problems. Samarskii [12,13] studied the
classical #-scheme

QUT = d,(a;_

n+0 -
] %%Uj ), j=1,---,J—1,
where U;H'e = HUJTH'1 + (1 —0)UJ". By an energy method, he proved for 5 <6 <1
that
C(r+h), if 9 =1,
U™ ="l < {8 C(r+h3), if L<o<1,
C(r2 + hz), if g1 '
For % > 6 > 0, no similar convergence result for the #-scheme was obtained. To
attain a higher rate of convergence, a modified scheme was proposed in [12,13] by us-

1 -1
ing the harmonic mean over intervals of length h, ap(z) = (ff; alx + sh)_lds) )
2
and replacing a by ap, in the #—scheme to obtain
QU = u(ap ;1 0:U7), j=1,-- T - 1.
For this modified scheme it was proved that
C(r+hn?), ifo=1,
U™ — oo < {8 C(r+h2), if <<,
C(r2 +h2), if =1

An alternative approach is the so-called immersed method, which has been de-
veloped for solving elliptic interface problems with finite difference approximations
[6] and with finite element approximations [4,10]. The main idea in the immersed
type methods is to use the interface conditions in those interface elements. In the
recent work [10], an immersed finite element space is introduced. The IFE space is
nonconforming and its partition is independent of the interface.

There are two types of schemes for time-dependent problems in general, implicit
and explicit schemes. The former has no restriction on its time stepping. But in
each time step one has to solve a global system of equations. The implementation
on parallel computers is not straightforward due to its global nature. The latter
is easy to program and implement on parallel computers. However, it suffers the
severely restricted time stepsize from stability requirement. The classical 6-scheme
is explicit for 0 < 6 < 1/2 and implicit for 1/2 < § < 1. Recently, a so-called
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explicit/implicit scheme has been studied by many authors, which is based on the
concept of domain decomposition and a combination of implicit scheme and explicit
scheme [1-3, 14, 16-18]. In these approaches, a physical domain is divided into sev-
eral subdomains. The problem is solved in some subdomains implicitly and others
explicitly. The main advantage of explicit/implicit scheme is its parallelism. The
scheme still give rise to a restriction involving the time step, conductive coefficient
and discretization parameter; however, this restriction is much less severe than for
a fully explicit scheme, particularly for problems involving in multi-medium with
significantly different conductivities. An explicit/implicit scheme based on a block
finite difference was proposed in [3] for a heat equation. In this procedure, inter-
face values or fluxes at the subdomain interface are calculated by explicit formulas
with space stepsize H, and then interior values are determined by implicit differ-
encing with space stepsize h, where H = kh and k is an integer. It is proved both
theoretically and numerically that the error of this scheme is O(r + h% + H?) in
one-dimensional case. Amitai, et al [1] proposed a new algorithm in which a high
order asynchronous explicit scheme is applied only at subdomains’ boundary, and
then any known higher—order implicit finite difference scheme can be applied with
each subdomain. The high order asynchronous explicit scheme is derived based on
Green’s function. The scheme is specifically suitable for parallel computer. A block
hopscotch scheme was presented in [5] for solving linear parabolic PDEs. It has
been noted that all these works focus on the problems with smooth conductivity.
It is more natural and more convenience to apply the technique for multi-medium
problems in which one can solve a sub-problem with a continuous conductivity on
each process. However, theoretical analysis on convergence and stability for the
explicit /implicit schemes with discontinuous conductivity is unknown.

For positive integers J and N, let h = 1/J and 7 = T/N be space and time
step sizes. Let D = {(z;,t")|z; = jh,j =0,1,--- ,J,t" =nr,n =0,1,--- ,N}
be the set of net points. Denote Tjp1 = %(LZJJ +2j41),j=0,1,---,J — 1. Let the
discontinuity point © = £ = z; + kh, (0 < &k < 1).

For a function g(z,t), let g = g(=;,t"). For the discrete function U(z,t) on D,
define the difference quotients
1
h

and the maximum norm

1 1
U} = Uy, 0:U7 =+ (U, = UF), QU == (U = U7)

8&(]?): - —
J h T

U™ |loo = max |U}].
0<j<J
In this paper, we study the following explicit/implicit difference scheme

(4) U} = Oala;_y 05U ) + FH j =1 s+ 5m=0,1,000 N =1

J—3 )

(5)  OUP =0u(a; 10:U)+ FJ, j=s5+2,J=1;n=01 ,N-1,
(6) Uf:a(:vj), j=0,1,---,J
(7) Ul = Bi(t"), U = Ba(t"), n=0,1,--- N,
where
aj_%:a(xj_%), ]:1, ,S,S—|—2, ,J’
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1 [“i+3 .
F.”zf/ f(z,t")dz, j=1,---,J—1.
Ti-%
The convergence of above scheme was analyzed in [9], in which they derived the

error estimate of order O(r + h2) in L>®-norm for solution of (1)-(3) and order
O(7 + h) in L? norm for flux. No numerical results were given there.

The primary purpose of this paper is to present an optimal error estimate of the
explicit /implicit scheme for problems in one-dimensional space with discontinuous
conductivity. We prove that the error for the solution of problem is the order
O(7+h?) in L* norm and the error for the flux is the order O(7 +h?) in L2 norm,
while the truncation error of the scheme is the order O(1). The stability condition
of this scheme is much better than for a fully explicit scheme, when the explicit
scheme is applied for subdomains with smaller conductive coefficients. Numerical
experiments, including on a nonlinear problem and a problem in multi-dimensional
space, illustrate that our theoretical estimates are optimal and this method can be
applied for a wider range of physical problems.

2. Truncation error.
It is easy to show that, for j=1,--- ;s —1,s+2,--- ,J —1,
m _ 2 _
Fjl—f]”—O(h ), n=0,1,---,N.
When k = %, the above equality is also true for j = s and s + 1. When & € (0, %),

there holds
/6

o1

(;+n)fg+<;—ﬁ>fg_fg+0(h)
:(;_K) (fs = 1) + O(h).

Since £ is not in (z,,.1,7,43) for x € (0, 5), we have F4y — Iy = O(h?).
Similarly, when & € (%, 1), there hold

1
2= 00R), P = £ = (5 - %) U 7D + OB,
For (z,t) € D, set e(x
®) O} = Bula;_

S| =

—fr= f(x,t”)dﬁjjs+é Flz,tM)da | — flas, t™)

(z,t) = U(z,t) — u(w,t). Then e} = e(z;,t") satisfies
Opef T+ GITY =1, s+ 1 n=0,1,--- N1

Ozef) + G j=s+2, J-Ln=01- ,N-1

(9) O} =0u(a;_1
(]‘0) 62:07 ]:07177J7
(11) eg =0, =0, n=0,1,---,N,

where G?H is the truncation error, i.e.,

Gﬂ+1:—8tun—|—8m( 10z u""'l)—l—l*m""l7 j=1--,s+1n=0,1,--- N —1;

aj_1
G = =0l + 0p(a;_10puf) + FJ, j=s+2,---,J—Lin=0,1,--- ,N - L
By direct calculation we get

G =0(r+h?), j=1,-+,s—1,54+2,-,J—1n=0,1,--- ,N.
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Let
‘ %as+%(m2u'L’ -~ (1=r)?2uf) + (3 —K) Ky, re(0,3]
o(t) = %CLS%(K%Z — (1= r)*up) + (3 — k) Kj
+(3 =) (fr = f1), re[31).

Truncation errors at j = s and s + 1 are given by
Gl = —¢"" +0(r+h), G =¢" T +O(r +h),n=0,1,--- ,N -1,

respectively, where ¢"T! = ¢(¢"*1). It follows that the truncation error can be
rewritten as

Gyt =gt gt et =12, T L =0,1,-

where

7N717

pitt =00 +h%), j=1,2,--,J—1;
q;L+17T;L+1:07j:1727"' s—Lis+2,-- J=1;
and
anrl ¢n+1 an—:ll ¢n+1,
S ) s I

it =0(h), M =0(h).

3. Convergence and Stability. The following lemma will be used later.
Lemma 1 (Discrete Green Formula, see [15]) Let y(z) and z(x) be discrete
functions on {z;|j =0,1,---,J}. Then
q q+1
D yilezih == Y 9ayizih = Ypzp + Ygr17gr1-
' Jj=p+1
Lemma 2 (Discrete Gronwall inequality, see [15]) Let w™ be a discrete function
on {t"|n=0,1,---, N} satistying

n
w" §C1Zwk7+02, n=0,1,---,N.
k=0
Then
w" < Coe?C n=0,1,---
where 7 is sufficiently small such that Ci7 < %
Lemma 3 (Discrete maximum principle) Suppose that the discrete function wy
on D satisfies

N

) )

(12) Q) —Ou(a;_ 10wl t) <0, j=1,,s+Ln=01,-- N -1
(13) 8tw?—ax(aj7%8jw;})§0, j=s+2,---,J—-1;n=0,1,--- ,N —1;
(14) wi <0, j=0,1,---,J;
(15) wy <0, wh<0, n=1,2,---,N.
Assume that
(16) hz(]+1+aj_,)<1 j=s+2,---,J—1
Then there holds w} <0 for j =0,1,---,J;n=0,1,---, N.
Proof. We prove the lemma by induction on n. Let w} <0 for j =0,1,---,J.

From (13) it follows that

1 T
;L+ Sﬁ(afr%w?ﬂ""a 1wj 1)+(1—ﬁ(aj+%+aj7%))w;?§0,
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for j = s+2,---,J — 1, provided that (16) holds. Let 0 < j; < s+ 2 such that

w?fl = OSIJng;cﬁm?“. If j5 =0or j; = s+ 2, then w?“ <OQ0forj=1,---,s+1.

If 1 <j; <s+1, then from (12)
T

n+l _  nt+ly n+l _  n+l n
2 (“j1+%(wj1+1 wi) — a4y, g (w v )> < wj, <0,

n+1 n
Wy = wy, + J1 Jji—1

J1
for j=1,---,s+ 1. The lemma 3 is proved. m
We denote the discrete flux by
V'=ua, 1893UJ" .

J J—3

Its error in a discrete Lo norm is defined by
J
ni2 __ n|2
112 = 3 a, s 10ecy P
j=1

Our main result is as follows.
Theorem 1 Suppose the conditions (I)—(III) are fulfilled. Then

(4) le"lloo < O(7 + h?)
and

(i) lezlla < O(r +1*?)
if the condition (16) is satisfied.

Remarks In the scheme (4)—(7) only two subdomains are used for simplicity;
however, the arguments employed in this paper can be easily extended to the case
of multiple subdomains.

The restriction condition (16) obtained here for the discontinuous problem is
similar to those conditions in classical work for smooth problems. It is worth to
emphasize in the discontinuous case that, for the consideration of stability, we
should use explicit scheme only in those subdomains on which the coefficient a(z)
is small, and implicit scheme in those subdomains on which a(z) is large.

Let f(z,t), a(z), Bi(t) and By(t) satisfy (I) and (II). Let Uj" be the solution
of (4)~(7) with the corresponding initial and boundary data & and 3; (i = 1,2).
Denote

— N A n\ _ 3 (40 nY _ 3 (4N
B = ma { g o) — el s [6:67) ~ Bu(00), mas 16a(e7) — (e |
We have the following result.

Theorem 2 Under the same conditions of Theorem 1, the difference scheme
(4)—(7) is L*° stable, i.e., there holds

max [U' — U] < T'max |F} — FP'| + B.
Jn 7m

4. Proof of Theorem 1 and 2. First we prove Theorem 1. Denote xs =
X{j=s,s+1} De the characteristic function of the discrete point set {j = s,s + 1}.

Let P;, Q7 and R; be the solutions of the following difference systems respec-
tively

J

—Oula; 10:P) =1, j=1,2,--,J—1,
(17 {%&2a
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(18) { _ax(aj—%an?):q% j=L2,J-1
Qi =Q1 =0,
Ry=R;=0
A straightforward calculation yields explicit expressions of P;, Q7 and R; as follows
J k—1
P i Zk‘:Q ak_% h2
1 a1 Z] 1 )
2 k=1 a,_1
2
,}I k=l J
=2 a 1 1 k —
P=ler— s Wj=2e
bl oy ko b hDp k-l

k 1
Zm:lam_% J 1 1 9
e e D M e LSSt

a 1 a 1
m=1 a 1 m=s+2 M—3 s+5
m—g

ZJ =k+1 P il
m a1 1 1
s
Zm:l aml_l m=
Then we can get
Pj=0(1), Q) =0(h?), 8:Q} =O0(h*), R; =0(h).

Set B} = e} — CPj(t + h?) — Q7 — C2Rjh, where C; and Oy are constants to be
determined. Note that

OE}—0y(a;_10:E7 1) = pi 1 =0,Q) —Ch (74141 T =Cohys, G =1, s+1;

)hQ, k=s+1,---,J—1.

amf% aSJr%

8tE.'7n_6$(a]_% jE]]n) = p?—‘rl_atQ?_Cl (T+h2)+’r;l+l_02hx.97 .] = S+27 Ty J-1
By choosing C7 and C; sufficiently large, we obtain
OB} —0p(a;_10:E7) <0, j=1,--- s +1;
O E? —am(aJ;% E7) <0, j=s+2,---,J -1
ObviouslythereareE;) <0(j=0,1,---,J)and B} <0,E}7 <0(n=0,1,--- ,N).
By using lemma 3 we get

E? <0, j=0,1,---,J;mn=0,1,--- ,N.
Then
e} <C1P(r+h*) + Q) + Ca2Rjh, j=0,1,--- ,Jin=0,1,--- ,N.
Similarly we can obtain

ef > —(CiPi(t+1*) + Q) + CoR;h), j=0,1,---,J;n=0,1,--- ,N.
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The part (i) of Theorem 1 is proved.

Now we prove (ii) of theorem 1. Multiplying (8)-(9) by d;e’h and summing up
themoverj:1 2,---,J —1, we have

J-1
Z |3te"|2h 26 (a;_10z ”H)ate;-‘h -7 Z 010z (a;_ 1 0z€7)0sel h
Jj=s+2
J-1
(20) +> G ol =1+ 11+ 111
j=1

(From lemma 1 and the boundary conditions (11), it follows that

n 1 n n n
Zaj,l " 00z h = — > (lemtt)12 — [len|f? —fzaj,,wta e’ [?h,

where the following elementary identity is used,

gy gt =g = (Ig"“\2 g7 1> + 197 — g} 1) -

By lemma 1 there holds

J
IT=7( > a; 110:00}h+ gy 30,05¢7, 00l
j=s+3
It follows that
1 T 2
T+ 11 < (lem )2 = flen]2) — 3 > a;_110:0i€) *h
j=1

J
T n 1 n 1 n
—|—§ Z aj_%|8i(9tej |2h+7'as+% (Wﬁtes+2|2 + 2|axat€s+2|2> h

Jj=s+3
Note that
s J—1 -
3 > a;_1]0:0i€7*h < h2 (aj41 +a;_1)[0€} *h+ ﬁa3+%|6teg+2|2h.
j=s+3 j=s+3
Then
J—1
1 n n T n
(21) I+1II< 5 (||€m+1||§ _ ||ex||i) + 72 Z (aﬁ% +aj,%)\8tej |2h.
j=s+2

It remains to estimate the last term 777 in (20). We have

J—1 J—1
(22) 11T = an+13 emh+ Z @ oeph+ Z 0l h = I11, + 111, + 1115
j=1 Jj=1

For any € > 0, |ab| < ¢la|? + £ |b*>. Then

J 1
(23)  III < - the %h+ = Z\ Ry = S Z|8te"| h+0(r% +hY),

and
IIT, = —¢" T Opelh + ¢" 10, b
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1
= et — et — g (el — )] b — 6" Ouel

T

1
n+l/ n+l1 __ n+ly __ n/n _ _n n|2 3
(24) S ; [¢ (es+1 es ) ¢ (es+1 es ):I h + a57%|al’es| h + O(h ) .
Moreover,

(25) I3 =r0t'0elh+ vt opel, (b < = (10wl ” + [0rely 1 [?) b+ O(R%).

<
8
Combining (20)—(25) yields

1 n n ]‘ T n n n n n
7 (llep*t)2 - IIezHi)—;[sb et — ety — g™ (el —el)] h
s+1
+(1-¢ Z|8te"| h+ Z [1—5— (@ +aj,%)} |Brel 2R
Jj=s+2
(26) < Clle™|? + O(r* + ).

Notice the initial data (10). It follows from (26) that, for n =0,1,--- | N — 1,

n+1
1
(27) lerttls < o oseiltin® + C Y llesllir +O(7 + h?).
k=1

Obviously there holds

—_

‘¢n+lafe?ill} h2 < ~a,, | ;Lill|2h_’_0(h3)

1
2

o~

Substituting the above inequality into (27), we get

n+1
(28) lext 2 < C Y flekll2r + O(r® + ).
k=1

Therefore, by lemma 2, it follows that
(29) extt)2 < O(r* + k%), n=0,1,--- ,N — 1.
The proof of Theorem 1 is completed.m

For the proof of theorem 2, we set v} = U}‘—ﬁ}‘, g7 = F}‘—F;’, and g = rIJ;:;mLX 971

Introduce an auxiliary function wf? = v — (gt™+B). It is easy to see that w} satisfy
the condition of lemma 3. Then w} <0 for j =0,1,---,J and n = 0,1,---, N.
Again, let w} = v} +(gt" + B), then w} > 0 for j = 0,1,--- ,Jandn =0,1,--- , N.
So it follows that

max U — UF'| < Tmax |F} — F}'| + B.
J,n J,n

Theorem 2 is proved. m
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3. More general cases.

In this section, we extend the explicit/implicit scheme (4)-(7) to the following
nonlinear parabolic PDEs in two-dimensional space.

ou 0 ou 0 ou

(30) E - % (a(x7y)am) + aiy (a(xvy)ay) + f(ux,uy’%ﬂ?yy,t),
(r,y) €Q, 0<t<T,

(31) u(z,y,0) = a(x,y), (x,y) €,

(32) u(z,y,t) = Bz, y,t), (x,y,t) € 00 x[0,T)

where Q = (0,1) x (0,1). Denote Q= = {(z,9,1)|[0 <2 <0<y <1,0<t< T},
Ot ={(z,5,)|{ < <1,0<y <1,0<t < T},

Ug (yv t) = u(f? Y, t)a ur, (ya t) = xligl— 'LL((E, Y, t)a UR(yv t) her u(mv Y, t)

- z—E€
Analogous to the one-dimensional problem, we assume that the known data are
smooth on 2~ and Q7T respectively, but have discontinuity of first kind on z = &.
Also assume the initial flux is continuous at x = £. It follows that there holds

ou ou

li ) o\ 7t =1l ) a4 7t .

i a(z,y) 5 (2,9,1) i, a(z,y) 5 (2,9, 1)
Denote x; = ih1,y; = jhg, where i =0,1,--- ,I; j=0,1,--- ,J; Thy =1, Jhy = 1.
Let z;,1 = (@i + i), Yiry = 2(y; + yj+1). The discontinuous point z = £ =
s+ kh,0<k<l,1<s<J—1.

For a function f(xay) on Qa let fij = f(xivyj)a fiJr%,j = f(miJr%ayj)v fi,jJr% =

£z, yj+%). Define the difference operator
1 1

ho (UZ} - Z}'_l), 3yUZ} = —( inj+1 - Uir;‘)’

1
(-jn (fn-‘rl lfn [771
8t iy ;( i - ij)? 6@7 iy hg

and 0zUj; and 0, U]} similarly.
Construct an explicit/implicit scheme for (30)—(32) as follows:

(33) QUTy = 9y (a;_1 ;0:U5) + 8y (a; ;1 05U + Fij,
i=1,2,--,54+1;5=1,2,---,J-1;n=0,1,--- ,N -1

(34) QUG = 0x(a;_1 ;0:U[;) + 0y(a; ;1 05U) + Fij,
i=s+2,-,J-1,j=1,2,--,J—1n=0,1,--- ,N—1

with the discrete version of the initial-boundary condition (31)—(32), where

17—

a;,_1; =a(x;_1,y;) i=1,---,8s+2,--- L;j=1,---,J—1;

=2 =3

K 1—k

-1
“s+%,j:(ﬁj+aaj) ,ar; =ar(y;), arj =ar(y;), j=1,--,J—1,
L= a(zi, y;-1) i=1,---,I-15=1,---,J -1,

5%

and 1 Yi+3 [Tit+d
F = —/ / fwl ul u™ x,y, t")dady .
7 hihg y,_1 Jo, 1 (v Y )
2 T2

By the same method as mentioned in section 2, the truncation error G%‘H of the
difference scheme (33)—(34) can be given by

Gl =0(r+hi+h3), i=1,---,s—1Ls+2,-- , [—-1Lj=1,---,J-1;
Gl = =GUH +O(T+ b+ hy) =0(1), j=1,---,J—1
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TABLE 1. Numerical results at T = 1 with » = 7/h?, h = 1/J
(example 1)

r=1.0 r = 20.0
J | Mt [ Te™oe/(m+R%) | el | lle™floc/ (T + R7)
25 | 6.905D-3 2.2 1.181D-2 0.35
50 | 1.883D-3 2.4 3.313D-3 0.39
100 | 4.298D-4 2.1 6.960D-4 0.33
200 | 1.225D-4 2.4 2.061D-4 0.39

However, it seems difficult to present the optimal error estimates for the nonlinear
case. We shall present some numerical examples in next section.

4. Numerical experiments

In this section, we apply the explicit/implicit scheme to three examples. All nu-
merical computations were done on a SUN SPARC station 1 with double precision.

Ezample 6.1 (linear equation). First, we consider a simple linear problem defined
in (1)-(3) with
_f 01-0.09z, z€(0,2]
a(z) = { 0.01, ze (1)

Flot) = 0.097 exp(—0.17%t)(cos 7z — mxsinwz), = € (0
L= 0.0672 exp(—0.17%t) sin 47z, ze (2,

_ [ sinwz, x€(0,2]
ofz) = { sindrz, x€(3,1) 7

and (1(t) = B2(t) = 0. The exact solution of the problem is

_f exp(=0.17%*)sinmz, w € (0,3]
u(,t) = { exp(—0.17%t) sin4rx, x € (g’ 1)

We set » = 7/h?. The scheme is tested with 7 = 1.0 and 7 = 20.0, respectively.
Numerical results for different values of h (or J) and T' = 1 are presented in Table
1. The scheme is stable for both » = 1.0 and r = 20.0. It can be observed from
Table 1 that ||e"||/(7 + h?) approximately is a constant in different stepsizes,
which confirm our theoretical analysis in Theorem 1. To test the error on flux, we
have to take a different way due to the restriction (16). We solve the problem with
a very small 7 such that the error on the discretization of time direction can be
ignored. Numerical results with 7 = 10~ are presented in Table 2.

We also solve the linear problem by using the 6-scheme given in [12,13]. The
comparison with the 6-scheme with 8 = 0 and 6 = 1 is given in Tables 3-4. Theoret-
ically, all three schemes are of first-order accuracy in time discretization. Compared
with the classical -scheme the explicit/implicit scheme gives better accuracy for all
the values of r and h. When r = 10, the forward Euler scheme (0 = 0) is unstable.
We present in Figure 1 numerical results with different values of r to examine the
stability of scheme. It is obvious that in this case, the scheme is stable until r = 50.

Ezample 6.2 (nonlinear problem). The second example is a nonlinear parabolic
PDE defined by

Uy = (a(x)ux)x + vy + f(ﬂ?, t)
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TABLE 2. Numerical results at 7 = 1 with 7 = 107, h = 1/J
(example 1)

T | letlla | leglla/(r+R2)
25 | 4.982D-3 0.62
50 | 1.781D-3 0.63
100 | 4.563D-4 0.45
TABLE 3. The comparison of the error ||e"||o at T’ = 1 for h = 0.01
(example 1).
0-scheme(Samarskii) | explicit/implicit
r 0=0 =1 scheme
1 | 4.440D-3 | 4.477D-3 4.298D-4
5 | 4.365D-3 | 4.552D-3 4.264D-4
10 | blow-up | 4.646D-3 5.163D-4
TABLE 4. The comparison of ||€”|e at T' =1 for h = 0.005 (ex-
ample 1)
0-scheme(Samarskii) | explicit/implicit
T 0=0 =1 scheme
1 | 1.988D-3 | 1.979D-3 1.225D-4
5 | 2.005D-3 | 1.962D-3 1.401D-4
10 | blow-up | 1.941D-3 1.621D-4
40 T T T T T
30 | ‘logllel’ -
20 | .
10 | .
0 F -
10 b=—dd—= 1 | T
0 10 20 30 40 50
FIGURE 1. The plot of log||e™||oo with T'=1 and h = 0.01 versus
r (example 1)
where
_ [ 004, z€(0,2]
“(‘”)_{ 0.01, ze(2,1) "

Flot) = —7Z exp(—0.087?t) sin 27,

") 0.1272 exp(—0.047%¢t) sin 4rx — 27 exp(—0.087%t) sin 87,

sina,

T € (0,%]

o(z) = { sindrz, x€(3,1) 7



CONVERGENCE AND STABILITY OF EXPLICIT/IMPLICIT SCHEMES 143

TABLE 5. Numerical results at T = 1 with » = 7/h?, h = 1/J
(example 2)

r=1.0 r =10.0
J | el [ le™oe/(m+ %) | Te™loe | €™ [loo/ (T + A7)
25 | 3.158D-2 9.9 2.926D-2 1.7
50 | 8.259D-3 10.3 7.707D-3 1.8
100 | 2.002D-3 10.0 1.843D-3 1.7
200 | 5.119D-4 10.2 4.709D-4 1.7

and (1(t) = B2(t) = 0. The exact solution of the problem is

_J exp(—0.047%)sinwz, € (0,3
@) = { exp(—0.0472t) sindrz, z € (3,1)

The scheme used here for the nonlinear problem is obtained from (4)-(7) with the
lower order term " "

j+1 — Uj—1 n
which is similar to the approximation in (33)-(34).

We present the error of solution in Table 5. It seems that our error estimates
in Theorem 1 are also true for nonlinear problems, although theoretical analysis is
only given for linear cases.

Ezample 6.3 (2-D problem). Finally, we consider the two-dimensional problem
(30)—(32) with

0.1, (z,y)€(0,%)
a(zy) = { 001, (z,y) e (L1

o= [0 (w.0.1) € (0,3 % (0.1) x (0.7
Y —0.817% exp(—0.27%t) sin 107z sinwy, (z,y,t) € (5,1) x (0,1) x (0,7)
[ sinmzsinmy, (z,y) € (0,3] x (0,1)
o(z,y) = { sin 10rz sinwy, (z,y) € (3,1) x (0,1) ~

and ((z,y,t) = 0. The exact solution of the problem is

() = exp(—0.27%t) sin wa sin 7z, (z,y,t) € (0, 5] x
Wt = exp(—0.27%t) sin 107z sinwy, (,y,t) € (3,1) x (0,1) x (0,T)

The error measure used here is
il

e"lo = ma,X\eij
i,

J
le™]la =

I
Z [aifé,j(aie?j)Q taij1 (8@6%)2} hihg.

1i=1

J

We present numerical results in Table 6 where we take h = h; = hy. Some features
can be observed from Table 6 which are similar to those in Example 1.

5. Conclusions

We have proved convergence and stability of the explicit/implicit scheme for
parabolic equations with discontinuous coefficients. The convergent rates are proved
to be sharp. Numerical experiments indicate that the explicit/implicit scheme
indeed is of the convergence rates given in theorem 1, and can be extended to
apply for nonlinear parabolic equations and two dimensional parabolic problems.
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TABLE 6. Numerical results at T = 0.1 with r = 7/h?, h = 1/J
(example 3)

r=1.0 r=10.0
J | lletloo | Me™oo/(r+207) | Tle™loo | le™oo/(7 + 2R7)
25 | 8.191D-2 17.1 7.815D-2 4.1
50 | 1.721D-2 14.3 1.746D-2 3.6
100 | 5.404D-3 18.0 5.459D-3 4.5
200 | 1.380D-3 18.4 1.426D-3 4.8

(From the restriction condition (16) of the meshstep for the explicit/implicit scheme
we can see that if one uses implicit schemes in the domain where the conductive
coeflicient is large, and uses explicit schemes in the domain where the conductive
coefficient is small, then the stability condition of the explicit/implicit scheme is
less restrictive than that of the fully explicit scheme. Moreover, in principle we can
construct parallel schemes with several explicit/implicit blocks such as (4)—(5). The
convergence and stability results can be obtained in the same way as the discussion
above.
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