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Abstract. An H'- Galerkin mixed finite element method is discussed for
a class of second order hyperbolic problems. It is proved that the Galerkin
approximations have the same rates of convergence as in the classical mixed
method, but without LBB stability condition and quasi-uniformity require-
ment on the finite element mesh. Compared to the results proved for one space
variable, the L°°(L?)-estimate of the stress is not optimal with respect to the
approximation property for the problems in two and three space dimensions.
It is further noted that if the Raviart- Thomas spaces are used for approximat-
ing the stress, then optimal estimate in L% (L?)-norm is achieved using the
new formulation. Finally, without restricting the approximating spaces for the
stress, a modification of the method is proposed and analyzed. This confirms
the findings in a single space variable and also improves upon the order of con-
vergence of the classical mixed procedure under an extra regularity assumption

on the exact solution.
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1. Introduction

In this paper, we discuss a new mixed finite element method for the following
second order hyperbolic initial and boundary value problem

(1.1) uy — V- (a(z)Vu) + c(z)u = f(z,t), (x,t) € QxJ,
u=0, (z,t)€ 0N xJ,
u(z,0) =ug, ue(x,0)=uy, v €€,

where  is a bounded domain in IR?, d = 2,3 with boundary 02, uy = % and
J = (0,T] with T < co. Assume that the coefficients a, ¢, initial functions wug, 14
and the forcing function f are sufficiently smooth with a > ag for some positive
constant ag, and ¢ > 0 Va € Q.

When our primary concern is to obtain both displacement, i.e., u and the stress
that is, 0 = aVu, we first split (1.1) into a system of two equations and then
apply classical mixed methods, see [5], [8] and [9]. However, this procedure has
to satisfy the LBB-stability condition on the approximating subspaces and this
restricts the choice of finite element spaces. For example, the Raviart-Thomas
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spaces of index r > 1 are usually used for the standard mixed methods. In order
to avoid using LBB-stability condition, we introduce, in this paper, an alternate
mixed finite element procedure. The proposed method is a non-symmetric version
of least square method and we shall call it as H'- Galerkin mixed finite element
procedure. It takes advantage of the least-square method and yields a better rate
of convergence for the stress than the conventional use of linear elements.

In recent years, substantial progress has been made in the least-square mixed
methods applied mainly to the elliptic equations, see [4], [7], [L0]-[11], [15]-]18], and
references, there in. These procedures that circumvent the LBB stability conditions
are considered as alternatives to the classical mixed formulations. So far, there
has been hardly any analysis for the least square methods applied to parabolic
and second order hyperbolic initial and boundary value problems. In an attempt
to extend least-square mixed methods to parabolic equations, one of the authors
[12] has introduced an H!-Galerkin mixed procedure ,i.e., a non-symmetric version
of least square method and has derived optimal error estimates in L°°(L?) and
L% (H')-norms. For more applications of this alternate mixed formulation, see
[13]-[14].

In the present article, the proposed mixed method is applied to a system con-
sisting of displacement u and stress o. The approximating finite element spaces V;,
and Wy, are allowed to be of differing polynomial degrees. Hence, estimations have
been obtained which distinguish the better approximation properties of Vj, and Wy,.
Compared to classical mixed methods, the present method is not subject to LBB
stability condition. While in classical method, the L°(L?)-estimate of the stress
is suboptimal, optimal estimate is derived for the problems in one space dimension
using this new mixed formulation. It is noted that if the finite element spaces for
approximating the stress are of Raviart-Thomas type, then optimal estimates are
achieved for the stress. Finally, without restricting the finite dimensional spaces,
a modification of the H'-Galerkin method is proposed and analyzed. Although an
extra regularity condition is required on the exact solution, yet an optimal order of
convergence with respect to the approximation property for the stress in L°°(L?)-
norm is established (see, Remarks 2.1, 3.1 and Section 4 below). Moreover, it is
noted that the quasi-uniformity condition is not imposed on the finite element mesh
for the error estimates in L? and H!'-norms.

The layout of the paper is as follows. In Section 2, a second order hyperbolic
equation in a single space variable is considered and optimal error estimates are
discussed for the semidiscrete case. In two- and three space dimensions, a similar
analysis is carried out in Section 3. Moreover, the rates of convergence obtained
coincide with those in [5], [8] using classical mixed method. But compared to
one dimensional case, the L>(L?)- estimate of the stress in this section is not
optimal. It is, further, noted that if the Raviart-Thomas finite element spaces are
used for approximating the stress, then we obtain optimal estimate. In Section 4,
a modification of H'- Galerkin mixed finite element method is examined without
resricting the approximating spaces for the stress and semidiscrete error estimates
are established. In Section 5, a completely discrete scheme is briefly described and
a priori error bounds are derived only for the modified H'- Galerkin mixed method.

Throughout this paper, C' will denote a generic positive constant which does not
depend on the spatial mesh parameter h and time discretization parameter At.
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2. Hyperbolic Equation in One Space Dimension

In this Section, we consider the following one dimensional second order hyper-
bolic equation

(2.1a) upr — (Qug)y + cu = f(x,t), (z,t) € (0,1) x J,

with Dirichlet boundary conditions

(2.1b) u(0,t) =u(l,t) =0, teJ,

and initial conditions

(2.1¢) u(z,0) = ug, ut(x,0) =uy, x €1 =(0,1),

where u;; = %,ux = % and J = (0,7] with T' < co. The coefficients a, ¢

are smooth functions of x and a is bounded below by a positive constant say ag.
Moreover, f is a given smooth function which is defined on (0,1) x J.

For H'-Galerkin mixed finite element procedure, we first split (2.1a) into the
following system of two equations

(2.2) Uy = a(x)o, Uy — oy +cu = f,
1
a(xz)*
Denoting by (+,-) the natural inner product on L2(I), let H} = {v € H(I) :
v(0) = v(1) = 0}. Further, we use the classical Sobolev spaces W™P(I), 1 < p < o0

where a(x) =

and call them WP with norm || - ||, . Now the weak form of equation (2.2) is to
determine a pair {u,c} : [0,T] — H} x H' such that

(2.3a) (Ug, v;) = (a(z)0, v.), vE Hp,

(2.30) (o, w) + (04, we) = (cu, wy) — (f, wy), we H.

For the first term in (2.3b), we have used integration by parts, the Dirichlet bound-
ary conditions and u(0,t) = ug(1,t) = 0.
Let V3, and W), be finite dimensional subspaces of H} and H', respectively, with
the following approximation properties: For 1 < p < oo, and k > 0 integer
ing {lv = vnllze + hllv —vallwie} < CRF Y|l whire, ve HE nWHHLP,

VpEVh
The above approximation property is also valid for the finite element space W,
with replacing k by 7 and only requiring v € WP,

The semidiscrete H!-Galerkin mixed finite element approximations to (2.3) are
defined as {up,op} : [0,T] — Vi, x W}, satisfying

(2.4a) (Unz, Vha) = (@(2)oh, Vhe), v € Vi,

(2.4b) (onit, wp) + (Ohz, Wha) = (ctp, Whe) — (f, Wha), we W,

with given (03,(0),014(0)). Note that (2.4) yields a system of differential algebraic
equations (DAEs). Since the stiffness matrix associated with (up.,vps) is positve
definite, the system of DAEs is of index one. Therefore, the system (2.4a)—(2.4b)
is uniquely solvable for a consistent initial condition, see [3].

Following Wheeler [21], we define elliptic projections {&,, U} € Wy, x V}, as

(250,) A(O’ — 5h,wh) =0 VYw,€ W}“

(2.5()) (u$ — Uhs, Uh;p) =0 VYo, €V,



114 AMIYA K. PANI, RAJEN K. SINHA, AND AJAYA K. OTTA

where A(w, z) = (wg, 2:) + A (w, z). Here X is chosen appropriately so that A is
H'- coercive, i.e.,

A(z,2) 2 pollz|lf, =€ HY,
where pg is a positive constant. Moreover, it is not hard to check that A(.,.) is
bounded. Let p = 0 — 75, and n = u — uy. It is now quite standard to obtain the
following estimates for p and n:

2 ; 2 ;
azp r+1—3 aza :
(260’) Z ” Ot ||J <Ch e Z ||w”7“+13 J=0,1,
i=0 i=0
and
2 O'n N i
(2.6b) S o7 lli < ChFH1=%" 155 415 5 =0, 1.
i=0 i=0

Further, we have for j = 0,1 and 1 <p < o0

(2.7a) Iollwsr < CR™H o llwrirs,
and
(2.70) Inllwir < CRE I |lullypierp.

Note that for p = oo, we require quasiuniformity condition on the finite element
mesh.

Semidiscrete error estimates. For a priori error estimates, we decompose the
errors as 0 —oyp = (0 —p)+(Gp—op) = p+& and u—wup, := (u—1Up) + (ap —up) =
1+ ¢. Using (2.3a)- (2.3b), (2.4a)- (2.4b) and auxiliary projections (2.5a) - (2.5b),
the equations in £ and ¢ may be written as

(2.8a) (Cas Vha) = (ap, Vha) + (€, Vhe) , vi € Vi,

and for wy, € W),

(28b) (Ol&tt, wh)+A (57 ’U)h) = (aptta Wh)+)\ (p + fa U)h)—f—(CC, whw)‘i‘(C?% wh:ﬂ) .

Theorem 2.1. With oy = aug, and 0+(0) = auy,, assume that op(0) = 6,(0) and
one = Proy(0), where Py, is the L? projection defined by (w — Pow,wp,) = 0, wy, €
Wp, . Then there exists a constant C' > 0 independent of h, such that for 1 < p < oo

(u=un)Ollr + o= on)®)llr < CR™ LD 0y (0|1 + [full oo w109
+ el ey +llollpe wrswy + lowell oy ] -
Moreover, the following estmates hold for v — uy and o — oy in H'-norm

I un) Ol < CH™ ™D [y () + ul o)

+

el cany + ol oy + lowl oo ]
and
o —on)®Ollr < CR™ 1D [lloy (0l + [l oo (e
+ Muellpr ey + ol Lo areny + ol an)) -
Proof. Since estimates of p and 1 can be found out from (2.6a)—(2.6b), it suffices

to estimate £ and ¢. Choose wy, = & in (2.8b) to obtain

%%maw HAE ] = —(apu, &)+ Ap, &) +AE &)

+ %(cn, &) — (eme, &) — ((cQ),, &) -
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On integrating with respect to time from 0 to t and applying Young’s inequality, it
follows that

eI + @I < C IO + [InIIS®)l
+ / oI+ lloe ()1 + 1)) l1Ee ]l ds
0

+

/0 (e ()1 + 1D 11ECs) 1 ds ] -

Here, we have used £(0) = 0 as 01,(0) = 6,(0). Setting [[|€()||? = |E:®) 12+ E0)|13,
let t* € [0,¢] be such that

IEEN] = max [[[£(s)]]]-

0<s<t

Then, we have

HEDN < HEEHNT < &) + [In()]] ++/0 (o) + lloe ()l

+ IIC(S)||1+IIm(S)H)dS+/0 ||5(8)|d8]-

In order to estimate ||C||1, choose vy, = ¢ in (2.8a) and use Poincaré inequality to
obtain

(2.9) Il < ClicaIl < Cllloll + lIEND-
Further, it follows from L?- projection of ¢;(0) that [|&(0)|| < Ch™ oy (0)]]+1-
An application of Gronwall’s lemma with estimates in (2.6) and (2.9) now yields

@l < Crm™ D [y (0) o1 + fullia
t
+ /0(||Ut(5)||k+1+||U(8)Hr+1+||Utt(5)||r+1) ds| .

Hence, we obtain a superconvergence result for & in H'-norm.

Using Sobolev imbedding theorem, |w|/z» < Clw|1,w € H, for 1 < p <
oo. Now apply superconvergence result with estimates (2.7a)-(2.7b) and triangle
inequality to complete the LP estimates of 0 —oy,. Using the above superconvergence
result in (2.9), we have from estimates (2.7a)-(2.7b)

lK@OIl < ClicOlls <0 R gy (0) | + [lult)

b1 + o (®)ea
t
+ / (lotellr+1 + llollrer + llutllks1) ds| -
0

Apply the triangle inequality with (2.6a) and (2.6b) to complete the first part of the
proof. With appropriate changes in the estimation of |||£(¢)]|| and (2.9), we obtain
with the help of triangle inequality the last two estimates and this completes the
proof. (Il

For H'-estimates, it is possible to choose o7,(0) and o7,4(0) as L2-projection of
0(0) and 04(0), respectively.

Below, we use the nonstandard energy formulation of Baker [2] to prove optimal
error estimate in L?-norm using L? projection of initial conditions o(0) and o (0).
More precisely, we assume that 0,(0) = P,o(0) and o,.(0) is defined as the weighted
L? projection of a;(0),i.e.,

(2.10) (a(0¢(0) — o¢n(0)), wp) =0, wy € Wh,.
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For nonstandard formulation, set

b= /thz)(ﬂ dr.

Then integrating with respect to time (2.5a)-(2.5b) and using the following elliptic
projections

(2110’) A(ﬁ7 X) =0, X € Wh7

(2.11[)) (ﬁx,vhx) =0, vp € Vp,

we obtain the equations in f and é as

(2.12(1) (gxa th) = (aﬁ7 vhx) + (Olgv Uhac) , Vp € Vg,
and

(2.120) (a&, wp) + A (é, wh) = — (apy, wn) + A (,a +é, wh) + (cé 1, w,w) .

Note that after integrating (2.8b) with respect to time, the terms at ¢ = 0 become
zero (see, (2.12b)) because of the weighted L?- projection defined in (2.10).

Theorem 2.2. With o9 = aug, and 04(0) = auy,, assume that o5 (0) = Pro(0)
and opy is defined by (2.10). Then there exists a constant C' > 0 independent of h,
such that

I =un)@®)I + (o —on)(®)] < Ch™ L+ D llog, 4y

+  Nullpoe (grrry + ol oo a1y + ||‘7t||L1(H"‘+1)] .
Proof. Choose wy, = & = £ in (2.12b) to have
1d 1 Ao A
sllafeP +A(E8)] = —(ap O+a(p+E¢)
d . . .
+ (e &) = (en &) = (), €).
Setting [[[£(£)[[12 = [€(1)[1% + IE@)IIF, let at ¢ = ¢*
€@ = max [[1E(s)]I]-

0<s<t

Then we have

@I < NEEHN <c© [Iaéﬁ(O)IIHIﬁ +/O AN + Ml ()l

+ HCA(S)Ill+||77(5)||)d'5+/0 II«f(S)IIIdS]

Before we apply Gronwall’s lemma, we need to estimate ||é||1 Choose vy, = é in
(2.12a) and use Poincaré inequality to obtain

(2.13) I<Ih < ClIéN < CAlall + €1

An application of Gronwall’s lemma with estimates in (2.13) yields

t
IEDN < C {llazgO)] +h”“"““+1’r+l)/0 (lullksr + llollrra + llowllra) ds| -

Note that [Jaz£(0)] < C|lp(0)]| < Ch™1|o(0)|l,41. Apply the triangle inequality
with (2.6a) and (2.6b) to complete the rest of the proof. O
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Remarks 2.1. (i) Compared to Theorem 2.1, the L2-estimates for u — u;, and
o — o, in Theorem 2.2, require less regularity of the exact solution. Further, the
initial approximations are implemented as L2- projections of the initial functions
oo and 04(0) in stead of computationally more expensive elliptic projections.
Again from Theorem 2.1, [[u—up|| o (g1) = O(h*), when k = r+1, where as |lo—
onl|pe(m1y = O(R7) in case r = k+ 1. Hence, the order of convergence corresponds
to the degree of the polynomials used in the corresponding finite element spaces. For
one dimensional self-adjoint two point boundary value problem, similar estimates
are obtained in Pehlivanov et al. [16].
(ii) For C°-Lagrange elements with k = 3 and r = 1, the classical mixed finite
element method fails, where as the present method converges with order of conver-
gence O(h?) for ||u — up||; and ||o — op||— norms.
(iii) Note that the coupling between u and ¢ is mainly through c-term. When ¢ = 0,
we obtain from Theorems 2.1 and 2.2

o —on|| < Ch™
Further from Theorem 2.1, we have the superconvergence result
ls@)ll < CR™.
Then a use of Sobolev imbedding theorem yields [|£(¢)|| L~ < Ch""1, and hence,
I = on) B[z < ChT.

In this case, the degree k for V}, does not influence the L? and L°°- estimates of
the error o — oy,.

(iv) We now compare the above results, i.e., Theorem 2.1 with Geveci [8], Makri-
dakis [9] and Theorem 2.2 with Cowsar et al. [6] (when o = 1) or with Cowsar et al.
[5]. In one space dimension, the finite element space V}, consists of piecewise linear
polynomials and the space W), contains C°- piecewise quadratic elements. From [8§]
and [9], the following result holds using mixed projections for approximating the
initial conditions :

o= )01 < O [Jutoll + [ o)l ds].

Whereas, with C%-piecewise linear polynomials for both V}, and W}, we have from
Theorem 2.1 the following estimate

o = o) (O < O3l + e + [ (o).

Note that using Theorem 2.2, we derive

(o = ) (Ol < O3 [Jualls + ) + [ Nl ds].

In case ¢ = 0, from (iii), we obtain for the present case with W}, as C°- piecewise
quadratic polynomial space

I — o) ()] < O [um e+ [ (o)l ds] .

Moreover, if ¢ # 0, and both Vj, and W}, contain C- piecewise quadratic elements,
we have from Theorem 2.1

lu—un) (@) + (o = on) (B < OB [IIU1II4 + u(®)lls + /0 l[use ()]s dS} :
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Similarly from Theorem 2.2, it now follows that

t
lu—un) (@) + (o = on) @) < CR® |llua |4 + ut)]la + /0 [[ur(5)]|a dS} :
Thus, we obtain better estimates using higher regularity.

3. Hyperbolic Equation in Several Space Variables

In this Section, we apply H!-Galerkin method to the problem (1.1) in several

space dimension. Introducing ac = Vu with a = %, we rewrite (1.1) as a system

(3.1a) ao = Vu,
and
(3.1d) uy — V-o+cu=f.

Let W = {q € (L*(Q))*:V -q € L*(Q)} with norm ”q”H(div,Q) = (|ld|*+ ||V -

q||?)2. Then weak formulation is now defined to be a pair {u, o} : [0,T] — H} x W
satisfying

(3.2a) (aVu, Vv) = (o, Vo), v € H,
and
(3.2b) (aoy, w) + (Veo, Vow) = (cu, V-w) — (f, Vw), weW.

For our subsequent use, we employ the classical Hilbert Sobolev spaces H™(2) and
shall call them as H™ with norm ||-||,. Let (H™)% = H™ denote the corresponding
product space with usual product norm. When m = 0, we simply write H® as L2.
Semidiscrete H'- Galerkin mixed finite element procedure. Let T} be a
partition of € into a finite number of elements called simplexes, i.e., 2 = Ugez, K
with h = maz { diam(K) : K € T,}. Let V;, and Wy, respectively, be finite dimen-
sional subspaces of Hi and W satisfying the following approximation properties:
For k > 0,r > 0 integers

inf {|lv—wn||+ hllv—wvpl1} < Chk“HkaH, ve H N H&,
v €Vh

and

. +1 +1
Cine {lla = aull + bl - aulgive, | < 0l a € B

Standard examples of such spaces are as follows
Vi, = {vh € C%Q) :uplk € Pp(K),YK € T, v, = Oonaﬂ} ,
and
W, ={qn € W: (aqn)ilx € P-(K),i=1,2,--- ,d,VK € T3, },
where P;(K) is the space of polynomials of degree < s on K. Other examples of
approximating spaces can be found in Raviart and Thomas [1]. Note that we also
allow the use of isoparametric elements.
The semidiscrete H'- Galerkin finite element procedure for the system is deter-
mined as a pair {up,o0r} : [0,T] — Vi x W}, satisfying
(3.3a) (aVup, Vuy) = (on, Vo), vp € Vp,
and

(3.3b)  (aonu, wp) + (V-on, V-wy) = (cup, V-wy) — (f, V-wg), wp, € Wy
with appropriately chosen initial pair {o1(0),0¢,(0)} to be defined later.
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Again following Wheeler [21], we define Ritz projection @, € V}, of u satisfying
(V(u — ah>, Vvh) =0, Yv, € Vj,.

Further, let 6;, € Wj, denote a standard finite element interpolant of o. Let
p =0 — &, and n = u — @y. Then, for nonnegative integers k and r

(3-4a) [l + Rl Vnl| < CREF|ulljt,
and
(3.4b) ol + hllpll gy div.y < CR™ o]l

leto—op=0c—0p+0p—op=p+&andu—up, =u—up +up, —up =n+C.
For semidiscrete error analysis, we have from (3.3)-(3.4) and auxiliary projections
the equations in £ and ¢ as

(3.5@) (VC, Vvh) = (Oé(O' — O'h), V’Uh), Vp € Vh,
and
(35b) (agth Wh) + (v . 57 V- Wh) = - (aptt7 Wh) - (v * Py A Wh)

+ (c(n+Q), V-wy), wp € Wy
In the following, we obtain semidiscrete error estimates for o — o and u — uy,.
Theorem 3.1. With g = aVug and 0;(0) = aVuy, assume that
oo = oonll g (div.ay < Ch"lloollr+1,

and ot (0) is either L?- projection or interpolant of 04(0). Then there is a constant
C independent of h such that

lw=u)®O + 110 =) Olldivay < CE™ 5 [logl11 + o (0)],
t
(3.6) Mol + [ ullss + ol + loulr + |att||r>ds} .
0

Further, using nonstandard formulation and op,:(0) as the weighted L?- projection
of 1(0) that is (a(o¢(0) —0pt (0)), wp) = 0, wy, € Wy, the following estimate holds:

lo—on®)] < CR™nE+1 [y, + o ()],

t
(3.7) + /0 (lo($)llr+1 + lloe(s)llr + llu(s)llx+1) dé’} :
Proof. Choose v, = ¢ in (3.5a) and use Poincaré inequality to obtain
(3.8) 1Kl < elvel < cdlell + NIl
Further, setting wy, = & in (3.5b), it follows that
1d

1 d
llez&ll® + IIV-&l*) = ~(apu. &) = 7 (V-p—en, V)

+ (Vepr—cne, V&) = (V(c(), &) -

For the last term, we have used Gauss divergence theorem and ¢ € H}. Integrate
the above equation with respect to time and set |||£(2)]||> = ||&®)[]? + ||V - £(1)|)%.

2dt
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Then for ¢ = t*, assume that |||(t*)||| = maxo<,<¢ |||{(7)]|]| and apply Cauchy
Schwarz inequality to obtain

le@I < 1E@)lll <€ &)+ IEO) iy, + 12O div.a + IO
IOl + 1901+ [ Ul

+ ||ptt(8)|\+||C(S)H1+IIm(S)H)dSHC/O €)1l ds.

Using (3.8), an application of Gronwall’s lemma yields

@l < Crm™ ™1 [llgg|lst + [l (0) ] + lluollia

+ /O (lue($) 2 + llo ()l + loe()llrr + IIGtt(S)Ilr)dS] ~

The triangle inequality with (3.4a) and (3.4b) now completes the estimate of o —oy,.
For the estimation of u — up, we now note that £(¢) = £(0) + f(f &:(s)ds and hence,
we have an estimation of ||£(t)|| using the above inequality. From (3.4b)- (3.8), it is
straight forward to obtain an estimation for ||¢(¢)||; which is of order O(R™n(k+1.r)),
Again a use of the triangle inequality completes the proof of the first part.

For the second part, we now rewrite the equation in é and é as

(3.90) (vé, wh) = (a(é — dn), Vo), vn € Vi,
and

(ag wi) + (V& Vown) == (ap, wi) = (V -5, Vwy)

(39()) + (C(ﬁ + é), V- Wh) , Wy € W,,.
With a choice of v, = ¢ in (3.9a), it follows that
(3.10) <1 < eIVl < Clipl + 1I]D-
Moreover, choose wj, = & = & in (3.9b) to find that
1d

lobel? + IV &1 = ~(ap&) — 5 (V-5 i V)
+ (V~p—cn,V-é) — (V(cé)@).

Assume that [|[€(t*)]|]] = maxo<r<¢ |[|€(7)]]], for some 7 = t* € [0,¢] and apply
Cauchy Schwarz inequality to obtain

N < Hlé(t*)ll\SC[II&(O)II+Hﬁ(t)llH(div,m+||?7(t)||

t t
T / (ol + Ul div. 0y + Il + 1111 ds}w / ()] ds.

Using (3.10), an application of Gronwall’s lemma yields

t
le(t)]| < Cpminti) [noonr # [ o) + o)l + ||a<s>||m>ds} .

The triangle inequality with (3.4a) and (3.4b), now completes the rest of the
proof. ([
Remarks 3.1 (i) Estimates (3.6) indicates that for k¥ = r, the error estimate
IV - (o —op)(t)] is optimal in the stated norm. However for k # r, this estimate

2 dt



AN H'-MIXED METHOD FOR SECOND ORDER HYPERBOLIC EQUATIONS 121

distinguishes the better approximation properties of V;, or Wj,. When k+1 =r in
(3.7), we can decrease the influence of V4, on the rate of convergence for oy,.

(ii) We now compare (3.7) with the order of convergence of the mixed finite element
method presented in [5]-[6]. Assume that(V),, W},)is a pair of Raviart Thomas
spaces. Then components of W}, contains incomplete polynomials of degree r =
k+1 on each finite element K € ¥}. From [5]-[6], we obtain the following estimate

[(u = un) (@) + l(o = on) (B[] < C(o,p)h".

Hence, the rate of convergence coincides with (3.7) when k£ + 1 = r, but for the
present method the LBB condition has been avoided. Moreover, quasi-uniformity
assumption is not required in our analysis.

(iii) Compared to the results in this Section, the results obtained in one dimensional
situation (see, Section 2) are quite sharp in the sense that the estimate of the
stress in L°°(L?)-norm is optimal. The main reason for this is that in Section 2,
we have used elliptic projection (Wheeler’s technique) for the stress (see, (2.5a)),
whereas in case of several spatial variables interpolant & of the stress o is used as
an intermediate projection. Therefore, we have only derived optimal estimates for
|V - (6 — o4)|| and suboptimal estimates in L?-norm. However, if we choose the
finite dimensional space W, as one of the Raviart-Thomas spaces RT,. with index r
(i.e., the components of W, consists of incomplete polynomials of degree r + 1 on
each finite elements ) or Brezzi-Douglas-Marini spaces of index r, i.e., BDM,., see
[1] for both RT and BDM spaces, it is possible to improve the L>(L?())-estimate
of 0 — o. Now in stead of using finite element interpolant as an auxiliary function,
set &5, = I,o, where the Raviart-Thomas projection II,o : H(div; Q) — Wy, is
defined by

(3.11) (V'(O’*th),V'Wh) =0, wy € Wy,
With p = o — IT0, the following error estimates hold, see ([1],[19]):
@) < Ch™* o)1,
and
IV p®) < CHHYIV - a()]lr41 < CR™ o ()] -+2-
Since II;, commutes with the time derivatives, we obtain
e ()] < CR™ H|oe (8) |41

Now write

oc—op=(0c—Iyo)+ (o —op) :=p+E&.
The term —(V - p,V - wp,) in (3.5b) now vanishes and hence, the equation in £ can
be written as

(@, wp) + (V& Vowy) = —(apy, wp)
(3.12) + (c(m+Q), V-wp), w, € W,

Proceeding exactly as in the proof of Theorem 3.1, and using the initial approxi-
mation o, (0) = I1;,0(0), we, finally, obtain as compared to (3.6)

I =)Dl + [0 = on) O < CR™™ LD ([log 1 + |00(0) |41 + luo |41
+ ||utHL1(Hk+1) + ||U||L1(Hr+l) + ”UttHLl(H’“*l)) .

Moreover, we estimate o — oy, in H(div ;Q) as
o = on)Oll gdiviay < CH™ D (ool pr + fluollis

+ ||O’||L1(Hr+2) + ||ut||L1(Hk+1) + Ha‘tt||L1(Hr+1)) .
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Using non-standard energy formulation, it is easy to derive the following error
estimate:

(e —on)@®)] < CR™F LD (g4
+ el prareeny + llollpr ey + lloell o arey) -

Note that the L>°(L?)-estimate of o — o}, is optimal in the stated norm if k& = r
and this is achieved, provided we use W}, as the Raviart-Thomas spaces of index r
or the BDM spaces of index r. However, it is possible to use other classical mixed
finite element spaces ([1]) for approximating o that preserves L?-optimality for the
error o — oy,

4. Modified H'- Galerkin Mixed Finite Element Procedure

In this Section, we propose a modified Galerkin method to obtain optimal esti-
mates for the stress in L>°(L?)-norm without restricting the finite element
space Wj,.
With ao = Vu, write (1.1) as
ugy — V-ot+eu=f, (x,t) € QxJ,
V x (o) =0, (x,t) € QxJ,
(nAao)=0, (z,t) € 00 x J,
u(0) =up, w(0)=wu1, x€Q,
where n is the outward normal and A denotes the exterior product.
For the weak formulation, let W = {w € (H")¢:nAaw =0 ondf, d = 2,3}.

Using Gauss divergence theorem, we now seek a pair {u,o} : [0,T] — Hg x W such
that

(4.1a) (Vu, Vv) = (a0, Vv), v € Hg,
(4.1d) (o, w) + A(o,w) = (—f +cu,V-w), w € H,
where

A(¢7w) = (V¢,VW) +(v X a¢,V X OZW).
For Galerkin procedure, we consider a finite dimensional space V}, as in Section
3 and then define

W, = {wp€ C(Q)d :(wp)i k€ P (K), i=1,--- ,d, VK € T},
(n A awy) =0, at the nodes on 90}.

Since (n A awy) = 0 only at the boundary nodes, the finite element space Wy, is
not a subspace of W and hence, it results in a non-conforming method. Note that
the above finite dimensional spaces satisfy the same approximation properties as
in Section 3 (see, [11] for r = 1 and [15]). A modified H'— Galerkin mixed finite
element approximation is determined as a pair {up,op} : [0,T] — Vi x W}, such
that

(4.2a) (Vup, Vop) = (aop, Vo), v € Vg,

(42b) (aahmwh) + A(O’h,Wh) = (—f + cup,V - Wh), wy € Wy,

with o5,(0) and x4 (0)to be defined later.
Now define auxiliary projections {uy, o} € Vi, x Wy, as

(4.3a) (V(u—1ap),Vup) =0, vy € Vp,

(4.3()) Al(a — 5'h7wh) =0, wp € Wy,
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where
Al (¢a Wh) =A (¢7 Wh) + (¢7 Wh) .

When the domain € is convex or the boundary 09 is of class C1! or 2 is a curvi-
linear polygon (or polytope) of class C1! with no concave angles, then there is a
positive constant py independent of h such that following estimate holds

(latnl12, iy + IV % Caan)lI?) = pollan?,

for all g5, € W), and for small h, see pp. 509-510 of [15]. Thus, A;(-,-) satisfies the
coercivity condition

Al (¢ha ¢h) > /’[’OH(ﬁhH?v ¢h € Wy,

Let u—up = n and 0 — 6, = p. With an appropriate modification of the
analysis of Pehlivanov and Carey [15], the following estimates for p and its temporal
derivatives are easy to derive.

2 d'p R 2, o
(4.4) Z Hﬁ”; < ChtI Z HWHMM J=0,1
1=0 =0

Note that the related difficulties with non-conforming finite element method will
mainly show up in the error estimates of p.

For semidiscrete error estimates, we now split the errors u — up, = (u — ap) +
(ip, —up)=n+C¢and 0 —op = (0 — 1) + (65, — or) = p+ &. Below, we state and
prove our main theorem in this section.

Theorem 4.1. Assume that 0,(0) = 64,(0) with 0(0) = aVug so that £ = 0.
Further, let op(0) be L2-projection of 04(0), where 04(0) = aVuy. Then there
exists a positive constant C independent of h such that

I(w = un)®D + (0 = on) @) + bl (u = un) ()| < CHFFEED oy (0)]|41
+ Nl oo reny + el Lranery + ol poo uaminy + loeel o )] -

Further, the following estimate holds

o —om @l < C A4 [y 0)], + ullprqarss) + ol o

+  Nwelloraseny + lowllorgn)] -

Proof. From (4.1)-(4.3) we have
(4.5a) (V¢, Vo) = (alp+£),Vuy), vy € Vi,
and for wj, € Wy,
(45b) (Olgtt,Wh) + A1(€7 Wh) = _(O‘Ptmwh) + (p + 67 Wh) + (C(C + 77)7 = Wh>~
Choose v;, = ¢ in (4.5a) and use ||¢]| < C||V(]| as ¢ € H} to obtain
(4.6) 1Kl < ClIvel < Cdlell + l1D-
Further, setting wy, = & in (4.5b), it follows that

L ladel? + A6 = ~(apu &) + b (en, V-6

- (077157 V- f) + (p + Eagt) - <V(CC), ft) :
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On integration with respect to time, we now define |||£(¢)[||? = ||&(®)||* + [|£(2)]|3.
Assume that there is some t* € [0, ¢] such that [||£(¢*)]|| = maxo<r<¢ [||£(7)]||. Then
apply Cauchy Schwarz inequality to obtain

IEDI < MEE)N < {Ift(O)IIJrII??(t)IH/O (o)l =+ [lpze ()]

+ IIC(S)H1+Hm(S)II)d«SHC/O €)1 ds-

Using (4.6), an application of Gronwall’s lemma yields

@Il < CRmm D gy (0|41 + () 1

+ /0 (e ()2 + o () llra + ||Utt<s)||r+1)d5:| :

The triangle inequality with (3.4a)—(3.4b), now completes the L2- estimates of
o —oy,. For the estimation of u —uy, note that from the superconvergence result for
¢ in H'-norm, we obtain an estimation of [|£(t)||. From (4.4)- (4.8), it is straight
forward to obtain an estimation for ||C(t)||; which is of order O(R™n(k+Lr+1))
Again a use of the triangle inequality completes the proof of the estimate ||u—up]|;.
Finally, an appropriate modification of the estimate |||£||| with ||p||1 completes the
H'-estimate of o — o, O

Below, we again recall the nonstandard energy formulation of Baker [2] and prove
optimal error estimate in L?-norm using L2-projection of the initial conditions.
More precisely, we shall assume that 04,(0) = Pro(0) and op.(0) is defined as
weighted L? projection of o4(0)

(4.7) (a(0t(0) — o4 (0)), wp) =0, wj, € W,

Integrating with respect to time (4.5a)-(4.5b) and using the following elliptic pro-
jections

(4.8a) A1(p,wy) =0, wp, € Wy,

(4.80) (Vi), Vup) =0, vy, € Vp,

we obtain the equations in ¢ and £ as

(4.94) (vé, Wh) - (a(ﬁ+£), Wh) . vn € Vi,

and for w;, € W,

(4.95) (ag, wa) + A1 (€ wn) = = (api, i) + (& wi) + (e(C+7), V- wi) -

Theorem 4.2. With 09 = aVugy and 04(0) = aVuy, assume that 01,(0) = Pno(0)
and op:(0) is defined by (4.7). Then there exists a constant C' > 0 independent of
h, such that

I —un) @I+ [0 = on) O < CR™ 4D oo || r + [fullesr + llo]lrs1

s [l + o)l + ||at<s>||r+1>ds} |

Proof. Setting v, = ¢ in (4.9a), it follows from Poincaré inequality that

(4.10) ISl < CIIVEl < Clal + €D
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Moreover, choose wj, = £ = & in (3.8b) to obtain

1d

1 Ao d o
sallafel? + A€ =~ (ap, € + = (e V-€)

~ (e V€ ++(p+€€) - (Vi) €).

For some t* € [0, ], assume that |||£(¢*)|| = maxo<<; ||[£(7)]|| and apply Cauchy
Schwarz inequality to obtain

@I < 1EEI < SO + 1ol
= [ (o + 120+ Il + 1)) s+ € [ gl as

Using (4.10), an application of Gronwall’s lemma yields

t
|MM§CW”W““WWWH+AUkaH+m@mﬂ+w@mﬂwﬁ'

The triangle inequality with (4.3a)—(4.3b), now completes the rest of the proof. O
Remarks 4.1. (i) With & = r, we have |lu — up||p(z2) + |0 — onl Lo ((r2)2) =
O( hr+1).

(ii) Compared to [5] — [6], the present analysis yields an optimal estimate of o — oy,
in L°°(L?)-norm (with respect to the approximation property of the finite lement
spaces) under higher regularity assumption on the exact solution. If ¢ = 0 in (3.1),
we have again ||o — op,| = O(h™1) even if k < r.

(iii) When d = 2, i.e., Q@ C R? and 05,(0) = 54(0), then using Sobolev imbedding
theorem and superconvergence estimates for V¢ and V¢, (see, the proof of the
Theorem 4.1) we have

. 1.1
§®lze < CH™ LD 0 293 [l + [l

+ ollprry + el ey + llowl )] -

Similarly,
. 1.1
¢z~ < CHmmEFL D log )2 [llon(0) |1 + [full o (i)

+ ol ey + el ey + ol o] -

Therefore, quasi-optimal maximum norm estimates for (v — uy) and (o0 — 0y) can
be obtained, provided L*°-estimates for (u — @) and (0 — 6},) are available. Note
that for CY-piecewise linear elements, i.e., for k = 1, the following estimate

(o= ) (1) < CRog(P)lfu(t)

holds true (see, [20]) under an additional assumption that the finite element mesh
satisfies quasi-uniformity condition. Compared to [8] and [9], the above additional
result is derived for the proposed modified method.

5. Fully Discrete Scheme

In this Section, we briefly describe a fully discrete scheme for approximating a
pair of solutions {u, o} of (1.1) and discuss a priori error bounds.

Let 0 =ty <t < --- <ty = T be a given partition of the time interval [0,T]
with step length At = T/N, for some positive integer N. We use the following
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notation related to functions defined at discrete time levels. For a smooth function
¢ on [0,T], let
¢n+1 _ ¢n

no__ n%_lnl n n%_
¢ = 0t), @"E = (6" 49", Dt = S

n+% _ nfé
aﬂb At&&d’ and qsn;% _ i(qanrl +2¢n+¢n71) _ %(¢n+% +¢n7%).
Let U™ and Z", respectively, be the approximations of v and ¢ at t = t, which
we define through the following implicit scheme. We now determine a sequence of
pairs {U™,Z"} € Vj, x Wy, n=0,---, N, satisfying

Go" =

(5.1a) (Uo,vh) = (ug,vp), (aZO,wh) = (ao(0),wp), wp € Wy,
(5.1b)
2a 1 1 1 1 200
(Ktatz2,wh) + A(Zz,Wh) = (—f2 + cUz,V . Wh) + (EUt(O),Wh)7 wy € Wy,
(5.1¢) (VU™ 3 V) = (@Z"3,Vy), vE€ Vi, n>0,

(5.1d) (@O2Z", wp)+ A(Z"% wy) = (— 5 +cU™5,V-wy), wy € Wy, n> 1.

Here, 0(0) = aVug and 04(0) = aVu;. Existence of a unique pair of solution
{U"™, Z™} of the above resulting linear system is a straightforward consequence of
the coercivity of A(:,-) and bounded below property of a.

For the fully discrete error estimates, we split the errors u(t,) — U™ := (u(t,) —
Un(tn))+(Un(tn) =U") = n"+C" and o (tn) —Z" := (0(tn) =0n(tn))+(Tn(tn)—2") =
p" 4 &™. Since the estimates of ™ and p™ can be found out easily from (3.4a) and
(4.4) at t = t,. it is enough to estimate (™ and £™. Note that the equations in ("
and £ may be written as

(5.2a) (VC™3 Vo) = (a(p"T2 + €773), Vop), vy € Vi, n >0,
2c 1 1 2a 1 0 1 1
(Ktatfz,wh) + Al(EQawh) - *(Ktatpz 7wh) - (27— awh) + (52 er?,Wh)
(5.2b) + (e(CF +n2),V-wpy), wp € Wy,
and

(QD2E",wy) +  AL(EWT wy) = —(d2p", wi) — (77 wa) + (€57 4 p™ T, wy,)
(5.2¢) T+ (e(CE 4 E), Vo wy), W € W, n > 1,

1
where 70 = a[302 4+ 27 (0+(0) — d02)] and 7" = (04)"5 — 20 (ty,).

Now define £ = 0 and £" = At Z?:_Ol €13, Then Atd,énts = ¢nts ¢mia =
(6nF3 4 ¢"72)/2 and At ijl gt = §l+s — %55. Below, we prove the main
theorem of this Section.

Theorem 5.1. Assume that Z° satisfies (5.1a). Then there exists a positive con-
stant C independent of h and At such that for small At
omax [lo(ts) - Z7| < CRmmEFYTED (gl + [lull g ey + el oo e
L oo
+ ol oo ey + lloell 2y | + C(AL) ; I3l @)
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Proof. Multiplying (5.2c) by At and then summing from n = 1 to m, we obtain
using (5.2b)

(0™ 2 wy) 4+ AE7TE W) = —(adp™ 2, wy) — AtZ(Tn,Wh)

+ (eC™R) VW) (i), V- wa)
+ (éer% + ﬁer%,Wh), wy, € Wy,
Choose wj, = §m+% = At@tf"“r% in the above equation, and apply Gauss diver-

gence theorem for the last but one term on the right hand side to have

m

(aat§m+%7§m+%) + AtAl(f +2 a€m+ ) (aa pm+2 £m+ Z 7_ §m+

— (V(eC™TR), €M) 4 At(c(§™FE), V- 9,EmFE)
(5.3) + At(gm-‘rQ_’_ m+2 agm-‘r )

For the first two terms on the left hand side, we note that

(aa §m+2 gm-ﬁ- ) [H §§m+1”2 ||04%fm||2],

2At
and

(£m+2 §m+ ) 2At[ 1(ém+1’ém+1)_A1(£m7£m)].

In order to estimate the last term on the right hand side of (5.3), we rewrite it as
(™), - 9™ ) = Oy(e(™HE), V- £ — (e E), V€ ),

and hence, summing from m =0 to J with J4+ 1< N
J

ALY (e(i™ ),V - 9EmTE) = (c(i?T2),V - £7F3) — (c(77),V - £2)

m=0
J
— ALY (@R, V€M),
m=0

Now, let
1€l o;741 = e M,

0<n <J+1
where
HEMIIZ = 17117 + Allé™ 3.
Multiplying (5.3) by At and again summing from m = 0 to m = J, we find using
coercivity condition for A(-,-) that

J m
2 -~ n
2 < Clag, mo)IIEN + 14721 + 4% ] + (A0 3= (3 171

m=0 n=0

J

1 4L a1
+ ALY (0™ |+ (10 E )
m=0

J
il
+ A IE 2|1 o, g4

m=0
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and hence,
J
2 g4l et m
NETFHIP < Clao, o)1 + 1472 + 1A= [ + A¢ Y (17|
m=0
J J
1 ~ 1 ~ 1 Sm+L
(5.4) + ALY ([0 R+ AR+ 0+ A (I
m=0 m=0
Note that
J
m+ L r
At Z ||(‘3tp 3 || < ||pt||L°°(L2) <Ch +1H0’t||Lo@(Hr+1).
m=0

Observe that for m > 1, 7 = (0y;)™1 — 920™ may be rewritten as

1 A | o, Do
m_ — A (3 =2(1 — ) =—(tm d
™=1 _At(ISI JB =201 = ) ) g (tm + 5) ds,
and, therefore,
tm+1 840
< CAt — || ds.
i< oar [ g s

Further, for m =0

Po &o d*o
1791 < Catl G oy < 08¢ (157 I + 1 G s )

Thus, we obtain

! 5 (O30 o

At 3 Jrm < can? (154 loan + 157 loan )
m=0

For the estimation of the last term on the right hand side of (5.4), we now sum

(5.2a) from n = 0 to n = m and then set v, = (™t to have

1Em 0 < v < ¢ (1™ + 1)

Here, we have used Poincaré inequality. Since ||£°] < [|o(0) — Z°|| +|a(0) — 54 (0)|],
it follows that
17 < Ch o (0) |41

On substituting the above estimates in (5.4) and replacing [|€™+1|| by |||]|
we easily conclude that

0;m+1>

4

oo -

1= CA)[|Elllgy1 < c{(m)22||8tl||y(p)+h T (lloollrs1 + o] Lo e
=0

Flloel oo err1)) + T ([l poo areny + el poo arery)

J
+z||g||o;m}-
m=0

Choose At so that (1 — CAt) > 0. An application of discrete Gronwall’s lemma
completes the estimate of ||¢7F1||. Finally, a use of triangle inequality completes
the rest of the proof. O
Remarks 5.1. (i) Setting v, = ¢"tz in (5.2a), we obtain a superconvergence
result for C"+% in H'-norm. Then use of triangle inequality yields

lu(t,y 1) — U™F3]|; < O(u, o) pmnEH1=0r+D) 5= 0,1,
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If one desires in stead approximation of u at t = ¢, it is clear that U™ = (U nts 4
U™~ 2)/2 furnishes such an approximation which is of same order of accuracy.
(ii) To estimate ||£||1, choose wy, = 9;£"+1/240,67~1/2 in (5.2¢). Then use identities

A€, 062 10,67 2) = o (A€ ) — i(€n, €]

1
(afgn’atfn+l/2 + atgnfl/Q) _ Kt {||at€n+1/2”2 7 ||at£n71/2||2]

and the standard energy arguments similar to one described above will now yield
an eatimate for §”+% in H'-norm. Again apply triangle inequality to complete the
error estimate of the stress in H'-norm.
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