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Figure 9. (a)Histogram of image. (b)Histogram of Encrypted image.

Figure 10. Encrypted Lena image to test diffusion property.

produce the decrypted image, and the decrypted image is exactly identical to the
original Lena image.

In order to explain security of RCA image encryption method, we also generate
another sequence of 0-1 random data and use the same key to encrypt the Lena
image. Figure 10 shows the two encrypted images have no similarities even though
their original images are same. So the RCA-based method satisfies the diffusion
property.

4. Conclusions

This paper presented a new method for image encryption based on RCA. The
proposed encryption method is loss less encryption of image. Using this encryption
method, number of possible of security keys is large, confusion and diffusion prop-
erties are satisfied, and almost perfect guess of encryption key makes decryption
impossible. RCA image encryption has capability to encrypt large blocks of any
one dimensional digital data. The encryption uses only integer 0-1 arithmetic and
it can be easily implemented in hardware and computer.
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H∞ CONTROL FOR PARAMETER UNCERTAIN T-S FUZZY SYSTEMS
WITH TIME-DELAY IN STATE AND CONTROL INPUT

LI LI1, WEI LIU2 AND XIAODONG LIU1

Abstract. This paper focuses on the problem of H∞ fuzzy control for a class of

nonlinear uncertain delay systems in both state and control input through Takagi-Sugeno

(T-S) fuzzy model approach. Sufficient conditions for the existence of H∞ state feedback

controller for the systems are presented on the basis of the linear matrix inequalities(LMIs)

approach. Design examples of robust H∞ controller are given to illustrate the effectiveness

of approaches proposed in this paper.
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1. Introduction

With the development of fuzzy systems, some fuzzy control design methods have
appeared in the field of fuzzy control. Among various kinds of fuzzy control methods, Takagi
and Sugeno (T-S) [1] proposed a design and analysis method for overall fuzzy systems, in
which the qualitative knowledge of a system is represented by a set of local T-S fuzzy models.
Local dynamics in different state-space regions is represented by linear models and the overall
model of the system is represented as the merge of these linear models. Therefore, it has a
convenient dynamic structure such that some well-established linear systems theory results
can be applied for the theoretical analysis and design of the overall closed-loop controlled
system. The idea is that for each local linear model, a linear feedback control is designed
and the resulting overall controller, which is nonlinear in general, is fuzzy blending of each
individual linear controller. Up until now, a lot of research results on T-S fuzzy systems
have been reported. Particularly in recent years, linear matrix inequality (LMI) based design
approaches for T-S fuzzy models have been developed [2],[3], [4], [5], [6].

There are two major fields: one is to design a robust controller for a system with
time-delay norm-bounded uncertainty [5]; the other is to design an H∞ controller for a
system with disturbance attenuation within a prescribed level [7]. Since the uncertainties
and time-delays are frequently a source of instability and encountered in various engineering
systems such as chemical processes, long transmission lines in pneumatic systems. The
study of uncertain or time-delay systems have received considerable attention over the
past years [8]. Many researchers have studied on the problem of robust H∞ time-delay
control with parameter uncertainty. But not only their works but also other results were
conservative in pre-determination of some starting values determined whether there is a
positive-definite solution, and were not considered uncertain and time-delay in both state and
control input. Currently, the delay systems in state and control input have been reported [6].
However they did not deal with robust H∞ control with parameter uncertain delay systems
in both state and control input. For a linear uncertain system with time-varying delay in
all states and control inputs, it is more complicated to obtain the controllers. Therefore,
our result deal with controller design methods of more generalized uncertain time-delay
systems. Furthermore, It is shown that the existence of time-delays as well as parameter
uncertainties are frequently the main cause of deterioration of system performance and
instability of systems.
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In this paper, the problem of robust H∞ fuzzy control designs for T-S fuzzy uncertain
systems with time-delay in both state and control is addressed. Attention is focused on the
development of a time-delay approach for designing fuzzy state feedback controllers. Both
the problems of robust stabilization and robust H∞ control are investigated. As for the
robust H∞ stabilization problem, the controllers are required to guarantee the asymptotic
stability of the resulting closed-loop system for any delay smaller than a given bound. Con-
trol design methods in the sense of time-delay stability are developed for solving the robust
control problems, and all results are presented in terms of LMI form.

2. Problem formulation and preliminaries

Consider a nonlinear system with time-delay that can be represented by the
following fuzzy model:

Plant Rule i :
IF θ1(t) is Mi1, · · · ,and θl(t) is Mil,Then

.
x(t) = (Ai + ∆Ai)x(t) + (Aid + ∆Aid)x(t− τ1) + (Bid + ∆Bid)u(t− τ2) + Bwiw(t)(1)
z(t) = Dix(t) + D1iu(t) + D2iw(t)
x(t) = ϕ(t), t ∈ [−τ, 0], i = 1, 2, · · · , r

where x ∈ Rn and u ∈ Rm are the state and control input,respectively; Ai, Aid, Bi, Bid, Bwi

are constant real matrices with appropriate dimensions; r is the number of plant rules; θi(t)
and Mij are, respectively, the premise variables and the fuzzy sets. It is assumed that the
premise variables are independent of the input variables u(t). τ1, τ2 > 0 is a real positive
constant representing the time delay. The matrices ∆Ai,∆Aid,∆Bi and ∆Bid denote the
uncertainties in system and they are of the form

[∆Ai, ∆Aid, ∆Bid] = MF (t)[Nia, Ni1, Ni2]

where M,Nia, Ni1, Nib, Ni2 are known constant matrices and F (t) is an unknown matrix
function with the property FT (t)F (t) ≤ I. For the simplicity, let us introduce the following
notations:
−
Ai = Ai + ∆Ai,

−
Aid = Aid + ∆Aid,

−
Bid = Bid + ∆Bid, hi(θ(t)) = hi, hj(θ(t− τ2)) = hτ2

j .

By fuzzy blending the overall fuzzy model is inferred as follows:

.
x(t) =

r∑

i=1

hi(θ(t))[
−
Aix(t) +

−
Aidx(t− τ1) +

−
Bidu(t− τ2) + Bwiw(t)]

z(t) =
r∑

i=1

hi(θ(t))[Dix(t) + D1iu(t) + D2iw(t)](2)

where θ(t) = [θ1(t), · · · , θl(t)]T , µi : Rl → [0, 1], i = 1, 2, · · · , r is the membership function
of the system with respect to the ith plant rule, and hi(θ(t)) = µi(θ(t))

r∑
i=1

µi(θ(t))
. In this paper,

we assume that :µi(θ(t)) ≥ 0 for i = 1, 2, · · · , r and
r∑

i=1

µi(θ(t)) > 0 for all t. Therefore,

hi(θ(t)) ≥ 0 (i = 1, 2, · · · , r) and
r∑

i=1

hi(θ(t)) = 1.

Based on the parallel distributed compensation, the following fuzzy control law is
employed to deal with the problem of stabilization via state feedback.

Control Rule i :
IF θ1(t) is Mi1, · · · ,and θl(t) is Mil,then

u(t) = Fix(t), i = 1, 2, · · · , r.

Hence, the overall fuzzy control law is represented by
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(3) u(t) =
r∑

i=1

hi(θ(t))Fix(t) , i = 1, 2, · · · , r.

where Fi(1, 2, · · · , r) are the local control gains. The aim is to determine the local feedback
gains Fi such that the closed-loop system (6) is stable

.
x(t) =

r∑

i=1

r∑

j=1

hih
τ2
j [

−
Aix(t) +

−
Aidx(t− τ1) +

−
BidFjx(t− τ2) + Bwiw(t)]

z(t) =
r∑

i=1

r∑

j=1

hihj [(Di + D1iFj)x(t) + D2iw(t)](4)

3. Main results

In the sequel,we will present our main results on robust stabilization and robust
H∞ controller. Before stating our main results, we first give one lemma which will be used
in the proofs of our results. For system (4), choose Lyapunov function as follows:

(5) V (x) = xT (t)Px(t) +
∫ t

t−τ1

xT (s)R1x(s)ds +
∫ t

t−τ2

xT (s)PR2Px(s)ds

where P, R1, R2 are positive symmetric definite matrices with appropriate dimensions.
To address time-delay stability analysis, the following lemma is first presented.

Lemma 3.1. [9] (1) For any x, y ∈ Rn×n and for any positive symmetric definite matrix
P ∈ Rn×n, the following inequality holds

(6) 2xT y ≤ xT P−1x + yT Py

(2) Let A, D, E and F be real matrices of appropriate dimensions with ‖F‖ ≤ 1, Then
the following inequations hold

(a) For any scalar ε > 0

(7) DFE + ET FT DT ≤ ε−1DDT + εET E

(b) For any matrix P = PT > 0 and scalar ε > 0 such that εI − EPET > 0

(8) (A + DFE)P (A + DFE)T ≤ APAT + APET (εI − EPET )−1EPAT + εDDT

(c) For any matrix P = PT > 0 and scalar ε > 0 such that P − εDDT > 0

(9) (A + DFE)T P−1(A + DFE) ≤ AT (P − εDDT )−1A + ε−1ET E

3.1. Time-delay robust stabilization. Initially, we consider the system (4) with w ≡
0 and associated with the control law (3) then the resulting closed-loop system can be
expressed as follows:

(10)
.
x(t) =

r∑

i=1

r∑

j=1

hih
τ2
j [

−
Aix(t) +

−
Aidx(t− τ1) +

−
BidFjx(t− τ2)], i = 1, 2, · · · , r.

Thus, the time-delay stabilization result of T-S fuzzy model is summarized in the following
theorem.

Theorem 3.1. There exists a fuzzy control law (3) such that the closed-loop fuzzy system
(4) is quadratically stable if there exist matrices W1 > 0 , W2 > 0 , εi > 0 (i = 1, 2, 3), Mi,
1 ≤ i ≤ r, and symmetry matrix X > 0, such that the following LMIs hold:

(11)




Ωii X Ξ13ii Ξ14ii

∗ −W1 0 0
∗ ∗ Ξ33ii 0
∗ ∗ ∗ Ξ44ii


 < 0 i = j = 1, 2, · · · , r.
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(12)




Ωij X Ξ13ij Ξ14ij

∗ −1/2W1 0 0
∗ ∗ Ξ33ij 0
∗ ∗ ∗ Ξ44ij


 ≤ 0, i < j = 1, 2, · · · , r

where
Ξ13ii =

[
XNT

ia AT
id

]
, Ξ33ii = diag{ −ε−1

1 I Γ1 },Ξ14ii =
[

NT
i1 Mi

T BT
id MT

i NT
i2

]
,

Ξ44ii = diag{ −ε2I Γ2 −ε3I },Ξ13ij =
[

XNT
ia XNT

ja AT
id AT

jd

]
,

Ξ33ij = diag{ −ε−1
1 I −ε−1

1 I Γ1 Γ1 },
Ξ14ij =

[
NT

i1 NT
j1 Mj

T BT
id Mi

T BT
jd MT

i NT
i2 MT

i NT
i2

]
,

Ξ44ij = diag{ −ε2I −ε2I Γ2 Γ2 −ε3I −ε3I },
Γ1 = −(W1 − ε2MMT ), Γ2 = −(W2 − ε3MMT )
Ωii = AiX + XAT

i + R2 + ε−1
1 MMT

Ωij = AiX + XAT
i + AjX + XAT

i + 2R2 + 2ε−1
1 MMT

If this is the case, the local feedback gains Fi are given by Fi = MiX
−1, i = 1, 2, · · · , r.

Proof. Choose Lyapunov function (5) ,Then the derivative of Lyapunov function (5) along
the closed-loop system (4) is given by
.

V =
.
x

T (t)Px(t) + xT (t)P
.
x(t) + xT (t)R1x(t)− xT (t− τ1)R1x(t− τ1) + xT (t)PR2Px(t)

−xT (t− τ2)PR2Px(t− τ2)

= 2
r∑

i=1

r∑

j=1

hih
τ2
j xT (t)P [

−
Aix(t) +

−
Aidx(t− τ1) +

−
BidFjx(t− τ2)] + xT (t)R1x(t)

−xT (t− τ1)R1x(t− τ1) + xT (t)PR2Px(t)− xT (t− τ2)PR2Px(t− τ2)(13)

By Lemmma 1(1), we have

(14) 2xT (t)P
−
Aidx(t− τ1) ≤ xT (t)P

−
AidR

−1
1

−
A

T

idPx(t) + xT (t− τ1)R1x(t− τ1)

(15)

2xT (t)P
−
BidFjx(t− τ2) ≤ xT (t)P

−
BidFjP

−1R−1
2 P−1FT

j

−
B

T

idPx(t)+xT (t− τ2)PR2Px(t− τ2)

Thus, substituting (14) and (15) into (13) yields

.

V =
r∑

i=1

r∑

j=1

hih
τ2
j xT (t){PAi + AT

i P + ∆AT
i P + P∆Ai + P (Aid + ∆Aid)R−1

1 (Aid + ∆Aid)T P

+P (Bid + ∆Bid)FjP
−1R−1

2 P−1FT
j (Bid + ∆Bid)T P + R1 + PR2P}x(t)(16)

By Lemmma 1(2) ,we have

(17) 2P∆Ai = 2PMF (t)Nia ≤ ε−1
1 PMMT P + ε1N

T
iaNia

(Aid + ∆Aid)R−1
1 (Aid + ∆Aid)T = (Aid + MF (t)Ni1)R−1

1 (Aid + MF (t)Ni1)T

≤ AT
id(R1 − ε2MMT )−1Aid + ε−1

2 NT
i1Ni1(18)

(Bid + ∆Bid)FjP
−1R−1

2 P−1FT
j (Bid + ∆Bid)T

= (Bid + MF (t)Ni2)FjP
−1R−1

2 P−1FT
j (Bid + MF (t)Ni2)T

≤ (BidMj)T (R2 − ε3MMT )−1(BidMj) + ε−1
3 MT

j NT
i2Ni2Mj(19)
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Substituting (17),(18) and (19) into (16) ,we have

.

V ≤
r∑

i=1

r∑

j=1

hih
τ2
j xT (t){PAi + AT

i P + R1 + PR2P + ε−1
1 PMMT P + ε1N

T
iaNia

+PAT
id(R1 − ε2MMT )−1AidP + ε−1

2 PNT
i1Ni1P + P (BidMj)T (R2 − ε3MMT )−1(BidMj)P

+ε−1
3 PMT

j NT
i2Ni2MjP}x(t)

=
r∑

i=1

hih
τ2
i xT (t)∆iix(t) +

r∑

i=1

r∑

j=1

hih
τ2
j xT (t)∆ijx(t)

where

∆ii = PAi + AT
i P + R1 + PR2P + ε−1

1 PMMT P + ε1N
T
iaNia + PAT

id(R1 − ε2MMT )−1AidP

+ε−1
2 PNT

i1Ni1P + P (BidMi)T (R2 − ε3MMT )−1(BidMi)P + ε−1
3 PMT

i NT
i2Ni2MiP(20)

∆ij = PAi/2 + AT
i /2P + PAj/2 + AT

j /2P + R1 + PR2P + ε−1
1 PMMT P + ε1/2(NT

iaNia + NT
jaNja)

+1/2[PAT
id(R1 − ε2MMT )−1AidP + ε−1

2 PNT
i1Ni1P + PAT

jd(R1 − ε2MMT )−1AjdP

+ε−1
2 PNT

j1Nj1P ] + 1/2[P (BidMj)T (R2 − ε3MMT )−1(BidMj)P + ε3PMT
j NT

i2Ni2MjP

+P (BjdMi)T (R2 − ε3MMT )−1(BjdMi)P + ε−1
3 PMT

i NT
j2Nj2MiP ](21)

Denote X = P−1, Mi = FiX, W1 = R−1
1 ,W2 = R2,and premultiply and postmultiply to

(20) and (21) by positive-definite matrix P−1, respectively. Then, by Schur complement,
P−1∆iiP

−1 < 0 and P−1∆ijP
−1 < 0 is equivalently changed to (11) and (12).This com-

pletes the proof. ¤
3.2. Robust H∞ Control. In the section,we focus on the design of a time-delay robust
H∞ control law for system (4).

Theorem 3.2. Consider the system (4).Given scalars υ > 0 ,this system is robustly stable
with disturbance attenuation υ for any constant time delay τ1, τ2 if there exist matrices
W1 > 0, W2 > 0, εi > 0 (i = 1, 2, 3) and Mi, 1 ≤ i ≤ r, and symmetry matrix X > 0, such
that the following LMIs hold:

(22)




Θii X Ψ13ij Ψ14ij

∗ −W1 0 0
∗ ∗ Ψ33ij 0
∗ ∗ ∗ Ψ44ij


 < 0, i = 1, 2, · · · , r

(23)




Θij X Ψ13ij Ψ14ij

∗ −1/2W1 0 0
∗ ∗ Ψ33ij 0
∗ ∗ ∗ Ψ44ij


 ≤ 0, i < j = 1, 2, · · · , r

Ψ13ii =
[

XNT
ia AT

id NT
i1

]
, Ψ33ii = diag{ −ε−1

1 I Γ1 −ε2I },
Ψ14ii =

[
Mi

T BT
id MT

i NT
i2 XDT

i + MT
i DT

1i Λ2ii

]
,Ψ44ii = diag{ Γ2 −ε3I −I Λ3i },

Ψ13ij =
[

XNT
ia XNT

ja AT
id AT

jd NT
i1 NT

j1

]
,

Ψ33ij = diag{ −ε−1
1 I −ε−1

1 I Γ1 Γ1 −ε2I −ε2I },
Ψ14ij =

[
Mj

T BT
id Mi

T BT
jd MT

j NT
i2 MT

i NT
j2 Λ1ij Λ1ji Λ2ij Λ2ji

]
,

Ψ44ij = diag{ Γ2 Γ2 −ε3I −ε3I −I −I Λ3i Λ3j }, Θii = Ωii

Θij = (Ai + Aj)X + X(Ai + Aj)T + 2W2 + 2ε−1
1 MMT

Λ1ij = XDT
i + MT

j DT
1i, Λ1ji = XDT

j + MT
i DT

1j ,Λ2ii = Biw + XDT
i D2i + MT

i DT
1iD2i,

Λ2ij = Biw + XDT
i D2i + MT

j DT
1iD2i, Λ2ji = Bjw + XDT

j D2j + MT
i DT

1jD2j ,

Λ3i = −υ2I + D2iD
T
2i,Λ3j = −υ2I + D2jD

T
2j

If this is the case, the local feedback gains Fi are given by Fi = MiX
−1, i = 1, 2, · · · , r.
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Proof. Consider the system (4) with the control law (3), Similar to the theorem 1, we have

(24)
.

V ≤
r∑

i=1

r∑

j=1

hih
τ2
j [xT (t)Πx(t) + wT BT

wiPx(t) + xT (t)PBwiw(t)]

where

Π = PAi + AT
i P + R1 + PR2P + ε−1

1 PMMT P + ε1N
T
iaNia + PAT

id(R1 − ε2MMT )−1AidP

+ε−1
2 PNT

i1Ni1P + P (BidMj)T (R2 − ε3MMT )−1(BidMj)P + ε−1
3 PMT

j NT
i2Ni2MjP

let us introduce

J =
∫ ∞

0

[zT (t)z(t)− υ2wT (t)w(t)]dt

Then for any nonzero w(t) ∈ L2[0,∞) and under zero initial condition, we have

J =
∫ ∞

0

[zT (t)z(t)− υ2wT (t)w(t) +
.

V (x(t))]dt− V (x(τ))

≤
∫ ∞

0

[zT (t)z(t)− υ2wT (t)w(t) +
.

V (x(t))]dt(25)

and further substituting (24) into (25)

J ≤
∫ ∞

0

{
r∑

i=1

r∑

j=1

hih
τ2
j [xT (t)(Di −D1iFj)T (Di −D1iFj)x(t)− (υ2I −D2iD

T
2i)w

T (t)w(t)

+xT (t)Πx(t) + wT (BT
wiP + DT

2iDi + DT
2iD1iKj)x(t) + xT (t)(PBwi + DT

i D2i

+FT
j DT

1iD2i)w(t)]}dt

let ζ(t) = [xT (t) wT (t)]T , then

(26) J ≤
∫ ∞

0

ζ(t)T Σijζ(t)dt

where Σij is defined

(27) Σij =
[

Π + (Di + D1iFj)T (Di + D1iFj) PBwi + DT
i D2i + FT

j DT
1iD2i

∗ −υ2I

]

Denote X = P−1, Mi = FiX, W1 = R−1
1 ,W2 = R2, and premultiply and postmultiply to

(27) by positive-definite matrix diag Q = [P−1, I], respectively. then
(28)

QΣijQ =
[

XΠX + (XDT
i + MT

j DT
1i)(DiX + D1iMj) Bwi + XDT

i D2i + MT
j DT

1iD2i

∗ −υ2I + D2iD
T
2i

]

(29)

i.e.QΣiiQ =
[

X∆iiX + (XDT
i + MT

i DT
1i)(DiX + D1iMi) Bwi + XDT

i D2i + MT
i DT

1iD2i

∗ −υ2I + D2iD
T
2i

]

(30) QΣijQ =




Υij Bwi + XDT
i D2i + MT

j DT
1iD2i Bwj + XDT

j D2j + MT
i DT

1jD2j

∗ −υ2I + D2iD
T
2i 0

∗ ∗ −υ2I + D2jD
T
2j




where

Υij = X∆ijX + (XDT
i + MT

j DT
1i)(DiX + D1iMj) + (XDT

j + MT
i DT

1j)(DjX + D1jMi)

If Σij < 0, it implies J < 0. After some manipulation using Schur complement, (29)< 0 and
(30)< 0 are equivalently changed to (22) and (23). So we have Σij < 0. It implies
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(31) J ≤
∫ ∞

0

ζ(t)T Σijζ(t)dt < 0

for any nonzero w(t) ∈ L2[0,∞) and all τ > 0. Through (31) ,we have ‖z(t)‖2 ≤ υ ‖w(t)‖2
for any any nonzero w(t) ∈ L2[0,∞). Therefore, when Σij < 0 for t ≥ 0, the system (4) is
quadratically stable.

This completes the proof. ¤

We would like to emphasize that, to the best of our knowledge, so far there has been
no results appeared in literature for the fuzzy controller design in case of input delay for
robust H∞ control system.

4. Example

In this section, we use three examples to illustrate the effectiveness and merits of
our results. Example 1 is selected from [10] which can be examined by Theorem 2. Example
2 is selected from [5] in order to illustrate the more effectiveness of the design method in
Theorem 2.

Example 4.1. Consider the following fuzzy system:

.
x(t) =

2∑

i=1

hi[(Ai + ∆Ai)x(t) + (Aid + ∆Aid)x(t− τ1) + (Bid + ∆Bid)u(t− τ2) + Bwiw(t)]

z(t) =
2∑

i=1

hi[Dix(t) + D1iu(t) + D2iw(t)]

with

A1 =
[

1 −0.5
1 0

]
, A2 =

[ −1 −0.5
1 0

]
, A1d = A2d =

[
0 −0.2

0.2 0

]
, B1d = B2d =

[
0.2
0.1

]
,

Bw1 = Bw2 =
[

0.3
0.2

]
, D1 = D2 =

[
3 1

]
, D11 = D12 = 1, D21 = D22 = 0.5 ,

he uncertainties in the system can be modelled as

∆Ai = ∆Aid,= MF (t)N1 with M =
[

0.3
0.1

]
, N1 =

[
0.1 0.1

]

and

∆Bid = MF (t)N2 with M =
[

0.3
0.1

]
, N2 = 0.1

where
F (t) = sin(t)

we take
h1 = sin2(x1 + 0.5) and h2 = cos2(x1 + 0.5), F (t) = sin(t),

The disturbance input as
w(t) = 1.5sin(2t) ∗ e−0.05t

Then solving LMIs (40) and (41) for υ = 1 and σ = 0.5 gives the following feasible solution:

P =
[

0.4960 0.2191
0.2191 0.4144

]
, F1 =

[ −3.3585 −1.2179
]
, F2 =

[ −2.7864 −1.0265
]
,

ε1 = 0.2184, ε2 = 5.8176, ε3 = 0.2145, ε4 = 4.7502
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The simulation is run for an initial function x(t) =
[

2 3
]T . The simulation results

are shown in Figs.1-2. Fig.1shows the response of the closed-loop system. In Fig.2, the
controlled output and disturbance input are shown. It can be seen that with the fuzzy control
law (3) the closed-loop system is robustly stable with disturbance attenuation υ = 1 .

5. Conclusion

In this paper, we have developed a robust fuzzy H∞ controller design method for
uncertain nonlinear delay systems in both state and control input. As described by Takagi
and Sugeno model with uncertainties. Based on the notion of quadratic stabilization with
delay rate and an L2 norm bound, sufficient conditions to solve the robust fuzzy H∞ control
problem have been obtained and solutions have been produced in terms of LMIs. An exam-
ples of robust fuzzy H∞ controllers for uncertain nonlinear systems is used to illustrate the
design procedures.
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FUZZY CLUSTERING STUDY ON THE DRIFTING SEA-ICE  

 IN THE NORTH OF LIAONING GULF 
 

NAXIN CHEN AND YUNJIE ZHANG 
 
Abstract The impact of sea-ice is the most serious oceanic disaster in the north of Liaodong Gulf 
in China, where the tide is irregular semi-diurnal and the wind often occurs during the winter. The 
drifting floes, with a certain speed because of current and wind, threaten the safety of the 
engineering structures in the sea area. The degree of damage is related to the thickness , the area as 
well as the amount of drifting sea-ices。According to the average speed of drifting sea-ices and the 
change in wind direction in a 3-day cycle, we choose a typical research area of 34km×26km. After 
collecting a density dataset, obtained from a remote sensing image taken in a severer year for sea-ice 
condition, we applied The Fuzzy C-Means (FCM) clustering algorithm in the classification of the 
data set. And then the density was converted to the thickness of sea-ice. Finally, the 
area/amount/proportion of sea-ice, corresponding to various thicknesses, is stated according to 
different risks. And a method for assessing the risk of sea –ices in a large area is given in this paper. 

Key Words, drifting sea-ices, FCM, clustering. 
 
1.  Introduction 

Among various oceanic disasters, the impact of sea-ice is the most serious one in the 
north part of Liaodong Gulf. The sea-ice load of engineering structures is the designed 
governed load.  

Besides the compression load, there are other forms of acting force, such as the 
vibrating load on flexible constructions, and the load from hummock on slope structures. 
In order to evaluate the impact from ice load, the thickness and the strength of sea-ice 
should be considered first. In fact, the area should be another important index because it 
governs kinetic energy[1]. With a limited speed, oscillating load does not occur if small 
floes don’t have enough energy, and neither does the basic load as a result of 
compression. Furthermore, if the thickness is no less than 26 cm[2], the failure of press 
and bending doesn’t occur, and the energy can be transferred because floes usually   
move together closely. Therefore, If the strength of floes is considered as a constant 
(design strength), evaluating the damage of sea-ice should concentrate on thickness and 
area. 
2 . The collection of the data set  

Under the condition of technology available, it is practical for us to obtain the data of 
sea-ice in a large sea area from a remote sensing image. According to the statistics, the 
winter, when the remote sensing image was taken, is the most serious one for sea-ice 
condition in the recent 20 years. Therefore, it is reasonable to use the data set collected 
from the large-scale image. 

The increase in the speed of drifting floes should be 0.1m/s, as the wind velocity is 
6.0m/s [3]. If the wind with a velocity of 9.0m/s lasts 48 hours, a floe can drift through a 
distance of 26km. According to the statistics obtained from an observation, the average 
speed of drifting sea-ice is 0.38m/s, so the drifting distance is about 8km in an irregular 
semi-diurnal sea area. As a result, we chose a field of 34km×26km as the research area. 
All the floes in this area may damage the engineering structures located at the boundary.  
Received by the editors June 30, 2006      
                                           196 



                FUZZY CLUSTERING STUDY ON THE DRIFTING SEA-ICE                 197  

 

 
Fig.1 The distribution map of sea ice in research area 

 
In the Fig.1, the darkest small areas should be sea water, where the density of pixels is 

32; On the other hand, the brightest ones should be the thickest sea-ice, where the 
density is 215. Based on the design thickness of 40cm[4] for an ice condition appeared 
once in 20 twenty years, the thickest sea-ice should be 40cm thick in this sea area. At the 
same time, According to an investigation conclusion, there are little level ices with a 
more than 30cm[2] thickness. Therefore, the thickness of sea ice located in the brightest 
plot could be 30 cm too.  

After confirming the scope of sea-ice thickness, we applied The Fuzzy C-Means 
clustering algorithm in the classification of the density data set. After that, the density of 
pixels in each clustering center is converted to the thickness of sea ice according to a 
linearity formula. Finally, the amount of various types of sea-ice with different impact is 
provided. 
3. Fuzzy C-Means Clustering  

Given a set of data, Fuzzy C-Means clustering  (FCMC) performs clustering by 
iteratively searching for a set of fuzzy partitions and the associated clustering centers that 
represent the structure of the data as best as possible. The FCMC algorithm relies on the 
user to specify the number of clusters present in the set of data to be clustered. Given the 

number of clusters c, FCMC partitions the data  into c fuzzy 

partitions by minimizing the within group sum of squared error objective function as 
follows (eqn 3.1).   

},{ ,2,1 xxx nX L=

∑∑ −
= =

=
n

k

c

i

m

m vxUJ ikikVU
1 1

2

)(),(   ∞≤≤ m1            eqn 3.1 

 where Jm(U,V) is the sum of squared error for the set of fuzzy clusters represented by 

the membership matrix U, and the associated set of cluster centers V. • is some inner 

product-induced norm. In the formula, VX ik−
2

 represents the distance between the 
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data X k  and the cluster center V i . The squared error is used as a performance index 

that measures the weighted sum of distances between cluster centers and elements in the 
corresponding fuzzy clusters. The number m governs the influence of membership 
grades in the performance index. The partition becomes fuzzier with increasing m and it 

is proven that the FCMC algorithm converges for any ),1( ∞∈m [5]. The necessary 

conditions for eqn 3.1 to reach its minimum are Eqn 3.2 
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And Eqn 2.3 
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1                                 Eqn 3.3 

In each iteration of the FCMC algorithm, matrix U is computed using eqn 3.2 and the 
associated cluster centers are computed as eqn 3.3. This is followed by computing the 
square error in eqn 3.1. The algorithm stops when either the error is below a certain 
tolerance value or its improvement over the previous iteration is below a certain 
threshold.  
4.  The analysis on the result of clustering 

According to the principle of FCMC, each class is made up the measurements which 
are closest to the center. We can use the corresponding thickness of the density in each 
clustering center to represent the measurements contained in each class. In addition, we 
also change the number of clusters to make the corresponding thicknesses of clustering 
centers to be the value with engineering characteristics, such as 10cm, 20cm and 26cm.   

From some practical investigations, we found that very thin floes (with a thickness no 
more than 3cm) can’t damage structures and that it is difficult for them to form a 
hummock while piling up due to the lack of strength of itself. When colliding with 
structures, thin floes (with a thickness from 3cm to 10cm) is often cracked, meanwhile, 
the kinetic energy is consumed by the friction. However, thick floes (with a thickness no 
less than 26cm) can ceaselessly impact the engineering structures. In conclusion, the 
floes with different thickness damage structures in different ways. Therefore, the amount 
of various floes in the area is very important for the evaluation on the risk of sea-ice 
disaster. The results of clustering and some statistical data are given in Table 1-- table 4 

 
Table 1 The list of clustering results and some statistical data 

 (as the thickest drifting ice is 40-cm-thick.) 

Clusters Clustering 
centers 

Thickness 
of sea-ice 

Number of 
pixels 

Area 
/km2 

Percentage of 
the whole 

Volumes 
/104m3 
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/cm area /% 
1 49.39 3.80 447733 179.09 20.26 699.80 

2 68.75 8.03 463588 185.44 20.98 1490.92 

3 87.21 12.07 452289 180.92 20.47 2179.63 

4 103.44 15.62 423332 169.33 19.15 2643.84 

5 121.70 19.61 233913 93.57 10.58 1843.18 

6 151.98 26.23 124215 49.69 5.62 1301.55 

7 183.50 33.12 64930 25.98 2.94 857.94 
 

Table 2 The list of large and thick drifting ices  
(as the thickest drifting ice is 40-cm-thick.) 

No. 
Number 
of 
pixels 

Average 
thickness/cm 

Area 
/km2 

Volume 
/104m3 

1 22872 30.59 2.29 70.00 

2 51512 28.03 5.15 144.39 

3 22734 27.67 2.27 62.89 

4 18371 27.17 1.84 49.91 

 
Table 3 The list of clustering results and some statistical data 

 (as the thickest drifting ice is 30-cm-thick.) 

Clusters Clustering 
centers 

Thickness 
/cm 

Number of 
pixels 

Area 
/km2 

Percentage of
the whole 
area /% 

Volumes 
/104m3 

1 48.45 2.70 393958 157.58 17.83 435.44 

2 63.10 5.10 285752 114.30 12.93 582.39 

3 74.67 7.00 309390 123.76 14.00 868.10 

4 88.58 9.27 363081 145.23 16.43 1344.24 

5 101.27 11.36 334836 133.93 15.15 1519.09 

6 114.38 13.51 246887 98.75 11.17 1335.73 

7 133.80 16.69 132818 53.13 6.01 888.35 

8 160.60 21.08 100553 40.22 4.55 847.92 

9 189.70 25.85 42725 17.09 1.93 440.59 

 
 
 

Table 4 The list of large and thick drifting ices 
 (as the thickest drifting ice is 30-cm-thick..) 

No. 
Number 

of pixels 

Average 

thickness/cm 

Area 

/km2 

Volume 

/104m3 

1 22872 22.94 2.29 52.50 
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2 51512 21.02 5.15 108.29 

3 22734 20.75 2.27 47.17 

4 18371 20.37 1.84 37.43 
 

Table 5  The list of sea ice with the different impact on offshore structures 

Max of 

thickness/cm 
risk Thickness 

/cm 
Area 
/km2 

Volume 
/104m3 

Percentage 
of  the whole 

area / % 
light 3.80 179.09 699.80 20.26 

severe 8.03～
19.21 

629.22 8157.57 71.18 
40 

severest 26.23～
33.12 

75.67 2159.49 8.56 

lighter 2.70～
5.10 

271.88 1017.83 30.76 

severer 7.00～
20.18 

595.02 6803.43 67.31 30 

severest 25.85 17.09 440.59 1.93 
 
5.  Conclusion 

 
In conclusion, under such an ice condition, the list of sea-ice with different impact on 

structures is given in table 5. Further more,   there exist some huge ice covers in the area, 
the area of the biggest one is 1.84km2~5.15 km2 and the thickness of the ices is 20~30cm. 
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