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(a) -Bifurcation figure; (b) -Window of period No.2; (c) -Window of period No.3
Fig. 5 Bifurcation figure of the model and windows of period No.2, No.3

The stabilization state changes correspondently with the change of parameter
r. When r > 1.626747, the system begins to bifurcate. When r reaches a certain
threshold, the system will come into chaos process. The three parameters given
in the figure correspond to three super steady periods. There are infinite period
orbits and dark lines in the chaos region. The evolvement of this system is a chaos
process, which contains periodic orbit, semi-periodic orbit, random orbit and chaos
orbit. It not only has inner random properties affected by random disturbance but
also has some determinative elements [6].

Lyapunov exponent is used to describe the orbit separating speed of strange
attractor. It is an important value of measuring the dynamic characteristic of a
chaos system. Its definition is:

(6) λ = lim
n→∞

1
n

n−1∑

i=0

ln| df
dx
|x=xi

In one dimension chaotic dynamics process, its value maybe greater, equal or
less than zero. Positive Lyapunov exponent indicates each part of the moving orbit
is unsteady and neighbor orbit separate exponentially. Thus λ > 0 can be used
as a determination of chaos process. Negative Lyapunov exponent indicates each
part of the moving orbit is steady, which corresponds to periodic movement. The
relationship between Lyapunov exponent of model (5) and control parameter r is
shown in Fig. 6.

Fig. 6 Lyapunov exponent of Shanghai securities composite index

4.2. Schwarz Derivative and The Dynamical Evolvement of the Model.
Definition 1 The Schwarz derivative of g(x) at x is
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(7) Sg(x) =
gm(x)
gr(x)

− 3
2
[
gn(x)
gr(x)

]2

For iteration function of model (5)
fr(x) = rxexp(−0.00037(1 − x2)) , it has Sfr(x) < 0 . According to Singer

theorem[9] this iteration function has at most n + 2 attractive period orbit. In
fact, since Sfr(x) < 0 and |x| is large enough, for each parameter r, the iteration
function has at most one attractive period orbit.

Function fr(x) has an unique critical point x0 = 37.2641, at which it has maxi-
mum value. The dynamical property of system evolvement process can be obtained
by using Schwarz derivative analyzing. In the following discussion, t = 0.00037.

(1) When 0 < r < e0.00037, system has only an attractive period pointthe attrac-
tive region is (0, +∞);

(2) When r = e0.00037, system has only a neutral fixed pointbut it infirmly
attracts all the points in region (0, +∞) ;

(3) When e0.00037 < r < 2.6670, system has an exclusive fixed point x = 0 and
an attractive fixed point x = 1 +

√
lnr/t. The attractive point x = 1 +

√
lnr/t

attracts all the points except (0,+∞) ;
(4) When r = 2.6670, system has an exclusive fixed point x = 0 and an neutral

fixed point x = 1 +
√

lnr/t , but x = 1 +
√

lnr/t attracts all the points in region
(0,+∞) infirmly.

The three kinds of orbit - tender to fixed point, period 3 and chaos are shown in
Fig. 7.

(a) -Tending to steady fixed point C; (b) -Orbit of period 3; (c) -Chaos orbit
Fig. 7 The system models of periodic-orbit and chaotic-orbit

5. Conclusion

This paper proves that the fluctuation of stock price is a mix process, including
periodic process and a topological invariance chaotic process through the analysis
of the time sequence of the Shanghai securities business. The dynamical model of
Shanghai securities business was constructed and analyzed. To a certain extent, the
dynamics model describes the fluctuation principle of Shanghai securities business.
The model was quantificationally further studied by using Schwarz derivative during
analyzing process. When the control parameter r exceeds a certain threshold value,
the system will shake and enter chaos process, which includes five kinds of orbits:
attractors, periodic orbit, nonperiodic orbit, random orbit and chaos orbit. It
provides a new idea and method of using the chaotic theory to study the fluctuation,
inner principles and trend of securities business.
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MATHEMATICAL MODEL OF MAXIMUM BENEFIT OF
REGENERATED RESOURCES BASED ON THE CYCLE OF

THEIR NATURAL GENERATION

YUNFEI SONG1, MENGWEI MENG1 AND HAN TIEMIN2

Abstract. This paper puts emphasis on research of maximum profitability

of regenerated resources on macro-scale. First the exploration frequent of re-

generated resources in the cycle of their natural regeneration are determined

on the basis of intrinsic characteristics which involve in the cycle of natural

regeneration of resources, Furthermore the maximum exploration quantity is

calculated with the help of Logistic law. In order to greatest economic benefit

is acquired, the optimal opportunity of exploration of regeneration resources

is determined in the range of their maximum exploration quantity with the

discount factor and revenue control factors being taken into account.

Key Words. regenerated resource, the cycle of natural regeneration, discount

factor.

1. Introduction

Regenerated resources are natural resources that can keep and increase quantities
by the power of natural on some conditions. They can produce themselves on the
precondition of proper exploration. We must explore this kind of resources in
moderation. Don’t drain the pond to get all the fish for temporarily yield. We
should pursue output and the maximum economic benefit under the precondition
of continuance and steady.

The natural generation cycle of regenerated resources can be divided into long
cycle and short cycle. Long cycle such as fish can explore times without number
within one cycle, so its explore intension can’t be done by one time. Under this
classification, this paper studies cutting tree and catching fish.

2. The foundation of model

2.1. The cutting of trees(Regenerated resources of long cycle). Forestry
centre include manual and natural. We mostly research manual forestry centre.
To forestry centre, operators are apparently faced with the question of when to
cut to get the maximum economic. To founding the model, we need reasonable
description for the price of tree, the fee of planting and lopping, the bank lending
rate and inflation besides of reasonable hypothesis to the tree’s growing rule and
the lopping method.

2000 Mathematics Subject Classification. 35R35, 49J40, 60G40.
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2.1.1. Basal hypothesis. Suppose 1, Manual forestry centre plants N trees of
one kind. Nature disaster and other sudden phenomenon can’t affect the trees’
regeneration rate.

Suppose 2, Relative to the tree’s long growth cycle, lopping is done in the moment
and entirely by one time.

Suppose 3, Under the state of nature, that is under the state of without lopping,
the tree’s growth follows the regulation of Logistic:

(1)
{

x
′
(t) = rx(1− x

xm
)

x(0) = x0

Where x(t) denote useful quantity of t. Where r denote accrual rate. where xm

denote the maximum useful quantity of t.
Suppose 4, Unit revenue is g(t).
Suppose 5, The price of unit bulk wood is p(t). The fee of lopping tree and

planting young sapling is c(t). Operator gets profit of t is

(2) R(t) = Nx(t)p(t)− c(t)−Nx(t)g(t).

Suppose 6, Inflation rate is γ. Let p = p(0), c = c(0), g = g(0).

(3) p(t) = peγt, c(t) = ceγt, g(t) = geγt

Suppose 7, Bank lending rate is µ. If bank lending is M0 when t = 0 , so on t we
should give back corpus and accrual in all

(4) M(t) = M0e
µt.

2.1.2. The foundation of model. Because operator should give back accrual
according to (4), R(t) on t should be converted to t = 0 as a reasonable objective
function. Where is F (t), then

F (t) = e−µtR(t) = e−µt(Nx(t)p(t)− c(t)−Nx(t)g(t))
= e−µt(Nx(t)peγt − ceγt −Nx(t)geγt)
= e−µteγt(Nx(t)(p− g)− c)

= e−δtV (t)

Let

(5) V (t) = Nx(t)(p− g)− c

δ = µ− γ

Where δ is lending rate minus inflation. We define discount gene, δ > 0. This is
the actual rate which operator defrays to bank.

F (t) is objective function to confirm the best time of lopping tree. This boils
down to seek t to get F (t) maximal. Because

(6) F
′
(t) = e−δt(V

′
(t)− δV (t))

(7) F
′′
(t) = e−δt[V

′
(t)− 2δ(V

′
(t)− δV (t))− δ2V (t)],

F (t) gets max at t = t∗ if and only if

(8) V
′
(t∗) = δV (t∗)

(9) V
′′
(t∗) < δ2V (t∗)
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According to calculating, We can get

x(t) =
xm

1 + (xm

x0
− 1)e−γt

So

(10) V (t) =
Npxm −Nsxm

1 + be−γt
− c, 1 + b =

xm

x0

Because x0 is little enough, and xm is great enough, we give reasonable premise

(11) V (0) = Npx0 −Nsx0 − c < 0

(12) V (∞) = Npxm −Nsxm − c > 0

By equation (10), we can get

V
′
(t) =

(Npxm −Nsxm)bγe−γt

(1 + be−γt)2
=

γ

Npxm
(V (t) + c)(V (∞)− V (t)).

Input equation (8), we can get

(13) (V (t∗) + c)(V (∞)− V (t∗)) =
(Npxm −Nsxm)δ

γ
V (t∗)

Equation (13) is quadratic equation of V (t∗). V (t∗) should be the plus solution. We
can see V (t∗) should be the point of intersection of parabola y = (V (t)+c)(V (∞)−
V (t)) and beeline y = (Npxm−Nsxm)δ

γ V (t) by equation (13). We can get one and
only point t∗ satisfying equation(8)according to the parabola and the beeline.

2.2. The capture of fish (Regenerated resources of long growth cycle).
The growth cycle of fish is short, so mistake exploitation and excessive exploitation
will happen when catching. This makes some young fish catched, and regeneration
paused. Our country will punish this phenomenon, and the factor of market supply
and demand should be considered.

2.2.1. basal hypothesis. Suppose 1, Under the state of nature, that is under the
state of without lopping, the fish’s growth follows the regulation of Logistic:

(14) x
′
(t) = f(x) = rx(1− x

N
).

Where x(t) denote fish’s quantity at t. Where r denote accrual rate. where N
denote the maximum quantity of fish. Where f(x) denote increase quantity of unit
time.

Suppose 2, Catching intension is E (according to market supply and demand).
Suppose 3, Unit revenue is g(t).
Suppose 4, Unit price of fish is p(t).
Suppose 5, The fee of unit catching is c(x). This is a descending function.
Suppose 6, The proportion of unit catching of young fish is µ.
Suppose 7, The fee of unit catching of young fish is α(t).
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2.2.2. The foundation of model. The output model:
Under catching condition fish quantitative change satisfies:

(15) x′(t) = rx(1− x

N
)− h(x) = f(x)− h(x)

Where
h(x) = Ex

We needn’t solve equation (13) to get the dynamic equation of x(t). We only
want to get resource’s steady quantity and the condition of keeping steady that is
the quantity of x(t) when t is infinity. We will confirm the max durative quantity.
The equilibrium of equation (13) is resolved directly to analyse its stability.

According to operation,resource can keep increasing regeneration if catching in-
tension is E = r

2 . The max durative quantity can be got at the same time.
Profit model:
Profit of unit time is

(16) R(t) = (p(t)− c(x)− g(t)− µα(t))h(x).

When discount gene σ is considered, profit is

(17) V (t) = e−σt(p− c(x)− g − µα)h(x),

so profit of long can be denoted functional of x(t). By (15), we can get

(18) h(x) = rx(1− x

N
)− x′(t) = f(x)− x′(t)

Thereby

J(x(t)) =

∞∫

0

[
e−σt(p− c(x)− g − µα)h(x)

]
dt(19)

=

∞∫

0

[
e−σt (p− c(x)− g − µα) (f(x)− x′(t))

]
dt

We can boil down to seek X(t) to get F (t) maximal and further to get the optimum
actual catching quantity of h(x). Optimum value x(t) satisfies Euler’s equation.

e−σt[(p− c(x)− g − µα)f
′
(x)− (f(x)− x′(t))c

′
(x)+

d

dt
[e−σt(p− c(x)− g − µα)] = 0

So

(20) f
′
(x)− f(x)c

′
(x)

p− c(x)− g − µα
= 0.

Give fee function c(x), and let equation (14) input equation (20). (20) is a equation
about x, so optimum value x(t) is a constant. Thereby catching quantity of unit
time h(x(t)) is a constant, that is we get durative optimum output.

3. Summarization

In conclusion, we can find we should choose a optimum exploration occasion to
get maximal lucre about long cycle regenerative resource and a optimum explo-
ration quantity about short cycle. We can choose different project according to its
cycle regeneration to count its optimum exploration occasion or optimum explo-
ration quantity. This can ensure maximal lucre under the precondition of durative
regeneration.
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ROBUST STATIC OUTPUT FEEDBACK CONTROL FOR
TIME-DELAY LINEAR SYSTEMS

SHIPING LI, LEI HUANG AND SHUSHENG GU

Abstract. The problem of designing a static output feedback controller for

linear systems with uncertainties and constant delays is studied. A design

method is proposed and the developed results one conveniently cast in the

format of linear matrix inequalities(LMIs).

Key Words. linear systems; time-delay; uncertainly; linear matrix inequali-

ties; static output feedback control.

1. Introduction

One of the important control problems is the static output feedback stabilization
of linear systems. Some significant developments have been achieved[1-4]. For time-
delay systems, many authors have investigated their stabilized problems, and some
design method have been given[5-7 ]. This paper will be concerned with the problem
of designing robust static output feedback controllers for linear systems with delay.
A new design method is proposed.

2. System Description

Consider the class of linear systems with state time-delays:

(1) x(t) = A0x(t) + Adx(t− τ) + B0u(t) + ηω(t)

(2) y(t) = C0x(t)

(3) z(t) = D0x(t) + Ωω(t)

where x ∈ Rnis the system state, u(t) ∈ Rmis the control input,y(t) ∈ Rv is the
measured output,z(t) ∈ Rlis the controlled output and τ is the unknown constant
time-delay factor such that 0 < τ ≤ α. The correspond state-space matrices contain
uncertain represented by a real convex bounded model of the type
(4)


A0 Ad B0

C0 0 0
D0 0 0


 ∈ Πµ =




A(0µ) A(dµ) B(0µ)

C(0µ) C(dµ) 0
D(0µ) 0 F(0µ)


 =

N∑

i=1

µi




A0i Adi B0i

C0i 0 0
D0i 0 0




whereµ ∈ ∆, ∆is the unit simplex

(5) ∆ = (
(

µ1 Λ µN

)
:

N∑

i=1

µi = 1)

Define the vertex set N = 1, Λ, N .Throuthout this section, we use the A0, Λ, D0

to imply generic system matrices and A0i, Λ, D0i, i ∈ N to represent the respec-
tive values at the vertices.In next section, we will give a new robust static output
feedback control method.
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3. Robust Static Output Feedback Control

Using the output feedback controller u(t) = F0y(t) in (1)-(3),the closed-loop
system becomes

(6) x(t) = (A0 + B0F0C0)x(t) + Adx(t− τ) + ηω(t)

(7) z(t) = D0x(t) + Ωω(t)

To analyze the stability of the system(6)and (7), we use the Lyapunov-Krasovskii
function

(8) V̇ (x(t)) = xT (t)Px(t) +
∫ t

t−τ

xT (s)Qx(s)ds

where 0 < P = PT , 0 < Q = QT are weighting matrices. The following theorem
establishes the first stability result.

Theorem 1. Consider system (1) subject to the output feedback controlu(t) =
F0y(t)with matrix C0 being full row-rank.The resulting closed-loop system is robust
stable if there exit matrix 0 < Θ = ΘT ∈ Rn×n, 0 < Z = ZT ∈ Rn×n, 0 < H ∈
Rν×ν ,Ψ ∈ Rl×lsuch that the matrix inequality and equation

(9)




A0iΘ + ΘAT
0i + BojΨCt

0i + C0iΨT BT
0i Z AdiΘ

ZT −Z 0
(AdiΘ)T 0 −Z


 < 0, i ∈ N

(10) HC0i = C0iΘ, i ∈ N

have a feasible solution.And the feedback gain is given by FD = −ΨH−1

Proof: Differentiating (8) with to t and using (6)and (7)and arranging,we obtain

(11) V̇ (t) = xT (t)[P (A0 + B0F0C0)

+(A0+B0F0C0)T P+Q]x(t)+2xT (t)PAdx(t−τ)−xT (t−τ)Qx(t−τ)

=
(

x(t)
x(t− τ)

)T (
P (A0 + B0F0C0) + (A0 + B0F0C0)T P + Q PAd

(PAd)T −Q

)(
x(t)

x(t− τ)

)

=
(

x(t)
x(t− τ)

)T

Φ
(

x(t)
x(t− τ)

)

From Lyapunov theory, it is sufficient for stability that V̇ (t) < 0.This implies that
Φ < 0.By Schur complement and using congruence trasaformation C = diag[Θ, I], Θ =
P−1,it follows that system (1) is asymptotically stable if there exist matrices Q >
0,Θ > 0satisfying the matrix inequality

(12) (A0 + B0F0C0)Θ + Θ(A0 + B0F0C0)T + AdQ
−1Ad + ΘQΘ > 0

Introducing the linearization HC0C0Θ, F0H = Ψ,ΘQΘ = Z for some matrices
H, Z > 0 and observing that Q−1− = ΘZ−1Θ, it follows by the Schur complement
that

(13)




A0Θ + ΘAT
0 + B0ΨC0 + CT

0 ΨBT
0 Z AdΘ

ZT −Z 0
(AdΘ)T 0 −Z


 < 0

Since C0has full row rank and Θ > 0,then (10) implies that

(14) p ≥ rank[H] ≥ rank[HC0] = rank[C0Φ] ≥ rank[(C0Θ)Θ−1] = rank[C0]

which assures that H is nonsingular. On recalling the polytopic representation(1-
4),matrix inequality and (9-10) follow directly which complete the proof.
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Remark1 The presences of matrix equality in theorem 1 using the Matlab-LMI
Toolbox.Therfore one is encouraged to convert (9-10) into LMIs. Then output
martix C0 in the form

(15) C0 = U
[

Cl 0
]
V T

Theorem 2. Given a matrix C0 ∈ IRv×n,rank[C0] = pand let 0 < Θ = ΘT ∈
Rn×n.Then there exists a martix 0 < H ∈ Rv×v such that

(16) HC0 = C0Θ

if and only if

(17) Θ = V

(
Θu 0
0 Θv

)
V T , Θu ∈ Rv×v,Θv ∈ R(n−l)×n−l

Proof:Whenl = n, it readily evident with C0 being nonsingular that (10) is solvable
for Θ. We consider that l < n. It follows from (15-16) that
HU

[
Cl 0

]
V T = U

[
Cl l

]
V T x

Then

(18)
[

HUCl 0
]

=
(

UCl 0
)
V T ΘV

On letting

(19) Θ = V

(
Θu Θd

(Θd)T Θv

)
, Θv ∈ R(n−l)×n−l, Θd ∈ R(n−l)×n−l

It follow that (18) is equivalent to

(20)
[

HUCl 0
]

=
[

UClΘu UClΘd

]

The solvability of (20) with respect to Θ hold if and only if UClΘd ≡ 0.
We obtain Θd ≡ 0and HUCl = UClΘu.
Which completes the proof.

4. Conclusions

In the paper, the problem of designs static output feedback controller for systems
with uncertainties and constant delays has been studied. A new design method is
proposed in terms of linear matrix in equalities.
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A CLASS OF THREE-LEVEL TVD SCHEMES FOR
TWO-DIMENSIONAL HYPERBOLIC EQUATIONS

YAN FU

Abstract. It is well known the schemes of single conservation law with a pa-

rameter have TVD property and satisfy the entropy conditions, so the schemes

are stable and simple in structure, raise the accuracy of numerical solution

and the distinguishing quality for shocks. The TVD schemes are an efficacious

method for computation of stage. In this paper the class of three-level schemes

for one-dimension are extended to the case of two variables. The author proves

that two-dimensional schemes have still TVD property and satisfy the entropy

conditions.

Key Words. one-dimensional schemes, two-dimensional schemes, TVD prop-

erty, entropy conditions.

1. Generation of the Schemes

We consider the single conservation law:

ut + f(u)x = 0, x ∈ R, t ≥ 0

its explicit three-level scheme for one-dimension [1] is :

un+1
j = (1− α)un

j + αun−1
j − λ

4 (3 + α)(fn
j+1 − fn

j−1)
+λ

4 (1− α)(fn−1
j+1 − fn−1

j−1 )
+ε(un

j+1 − 2un
j + un

j−1) + ε1(un−1
j+1 − 2un−1

j + un−1
j−1 ),

where f(u)is a convex function of u and α ∈ (0, 1)
Now the schemes will be generalized to two dimensional case. Suppose u(x, t) is

scalar function, x = (x1, x2, . . . xm), a third-degree Taylor’s formula for the u(x, t)
with respect to t is

(1.1) u(t + ∆t) = u(t) +
3
2
u′t(t)∆t− 1

2
u′t(t−∆t)∆t + O(∆t3),

(1.2) u(t−∆t) = u(t)− 1
2
u′t(t)∆t− 1

2
u′t(t−∆t)∆t + O(∆t3),

the expression (1.2) is written as

(1.3) u(t) = u(t−∆t) +
1
2
u′t(t)∆t +

1
2
u′t(t−∆t)∆t + O(∆t3).

Suppose α is a parameter with 0 < α < 1, and it follows from u(t) = (1− α)u(t) +
αu(t)), we can get

(1.4) u(t) = (1− α)u(t) + α[u(t−∆t) +
1
2
u′t(t)∆t +

1
2
u′t(t−∆t)∆t] + O(∆t3),

195
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and from expressions (1.1)-(1.4), we get

u(t + ∆t) = (1− α)u(t) + αu(t−∆t) +
3 + α

2
u′t(t)∆t(1.5)

−1
2
(1− α)u′t(t−∆t)∆t + O(∆t3).

In order to make the schemes stable, the following two second order dissipative
terms are added:

ε∆2u(t), ε1∆2u(t−∆t).

2. Three-level schemes in 2D

Consider the single conservation law with two variables x, y :

∂u

∂t
+

∂f(u)
∂x

+
∂g(u)

∂y
= 0, x, y ∈ R, t ≥ 0.

where f(u) and g(u) are continuously differentiable functions. Write λ = ∆t
∆x ,

µ = ∆t
∆y , and consider following two-dimension three-level difference scheme: find

un
j,k such that

un+1
j,k = (1− α)un

j,k + αun−1
j,k − λ

4
(3 + α)(fn

j+1,k − fn
j−1,k)(2.1)

−µ

4
(3 + α)(gn

j,k+1 − gn
j,k−1)

+
λ

4
(1− α)(fn−1

j+1,k − fn−1
j−1,k) +

µ

4
(1− α)(gn−1

j,k+1 − gn−1
j,k−1)

+ε(un
j+1,k + un

j−1,k + un
j,k+1 + un

j,k−1 − 4un
j,k) +

ε1(un−1
j+1,k + un−1

j−1,k + un−1
j,k+1 + un−1

j,k−1 − 4un−1
j,k ).

Define the discrete total variation of u:

TV (u) =
∑

j,k

(|∆j+1/2,ku|+ |∆j,k+1/2u|).

Denote f ′(u) = a(u) and g′(u) = b(u), write discrete scheme respectively at
points (j, k), (j + 1, k), (j, k + 1), see Figure 1:

(j,k) (j + 1,k)

(j,k + 1) (j + 1,k + 1)

Fig.1
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and its relevant subtraction, we get

∆j+1/2,kun+1(2.2)

= (1− α− 4ε)∆j+1/2,kun + [ε− λ

4
(3 + α)an

j+3/2,k]∆j+3/2,kun

+[ε +
λ

4
(3 + α)an

j−1/2,k]∆j−1/2,kun + [ε− µ

4
(3 + α)bn

j+1/2,k+1]∆j+1/2,k+1u
n

+[ε +
µ

4
(3 + α)bn

j+1/2,k−1]∆j+1/2,k−1u
n + (α− 4ε1)∆j+1/2,kun−1

+[ε1 +
λ

4
(1− α)an−1

j+3/2,k]∆j+3/2,kun−1 + [ε1 +
λ

4
(1− α)an−1

j−1/2,k]∆j−1/2,kun−1

+[ε1 +
µ

4
(1− α)bn−1

j+1/2,k+1]∆j+1/2,k+1u
n−1

+[ε1 − µ

4
(1− α)bn−1

j+1/2,k−1]∆j+1/2,k−1u
n−1.

Similarly, we get a expression for ∆j,k+1/2u
n+1. Take α ∈ (0, 1), ε, ε1 > 0 with

1 − α − 4ε ≥ 0, α − 4ε1 ≥ 0, then take ∆t small such that following inequalities
hold:

ε± λ
4 (3 + α)an ≥ 0, ε± µ

4 (3 + α)bn ≥ 0,
ε1 ± λ

4 (1− α)an−1 ≥ 0, ε1 ± µ
4 (1− α)bn−1 ≥ 0.

Since we get ∑

j,k

(|∆j+3/2,kun|+ |∆j+1,k+1/2u
n|) = TV (un),

∑

j,k

(an
j−1/2,k|∆j−1/2,kun| − an

j+3/2,k|∆j+3/2,kun|) = 0,

Thus we find
TV (un+1) ≤ (1− α)TV (un) + αTV (un−1).

If
TV (u0) ≤ C, TV (u1) ≤ C

where C is a positive constant, then

TV (un) ≤ C, n = 2, 3, . . .

This completes the proof of TVD property of the schemes (2.1) .

3. The Entropy condition of the schemes (2.1)

Let us consider the initial value problem for hyperbolic conservation laws on two
variables :

(3.1)

{
∂u
∂t + ∂f(u)

∂x + ∂g(u)
∂y = 0, t≥ 0, (x, y) ∈ R2,

u|t=0 = u0(x, y), (x,y)∈ R2.

Definition 1. If the function U(u), F (u) and G(u) satisfy

(3.2) U ′f ′ = F ′, U ′g′ = G′.

then U is called entropy function and F and G are called relevantly the entropy
flux.

Definition 2.Suppose U(x, y, z) is weak solution of (3.1), for the entropy func-
tion U(x) and the entropy flux F (u), G(u), when u(x, y, z) satisfies following in-
equality

(3.3)
∂U(u)

∂t
+

∂F (u)
∂x

+
G(u)
∂y

≤ 0
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the u(x, y, z) is called physical relative solution, expression (3.3) is called the entropy
inequality(namely: the entropy condition). Here

(3.4) U(x) =
{

0 , if u≤ z,
u-z , ifu>z.

(3.5) F (u) =
{

0 , ifu≤ z,
f(u)-f(z) , if u>z.

(3.6) G(u) =
{

0 , ifu≤ z,
g(u)-g(z) , if u>z.

where z is a parameter.
When (∆t, ∆x, ∆y) → (0, 0, 0) , the solution of (2.1) converges bounded a.e.

to the function u(x, y, z), then u(x, y, z) is the weak solution of the initial value
problem of (3.1), but such weak solution is not unique. In order to prove that
schemes of (2.1) can provide a unique physical solution, we must prove that u(t, x, y)
satisfies the entropy condition (3.3).

First, the schemes(2.1) are written for conservation form :

(3.7) un+1
j,k = (1−α)un

j,k +αun−1
j,k −λ(f̄n

j+1/2,k− f̄n
j−1/2,k)−µ(ḡn

j,k+1/2− ḡn
j,k−1/2),

where

f̄n
j+1/2,k =

3 + α

4
(fn

j+1,k + fn
j,k)− 1− α

4
(fn−1

j+1,k + fn−1
j,k )(3.8)

− ε

λ
(un

j+1,k − un
j,k)− ε1

λ
(un−1

j+1,k − un−1
j,k ),

ḡn
j,k+1/2 =

3 + α

4
(gn

j,k+1 + gn
j,k)− 1− α

4
(gn−1

j,k+1 + gn−1
j,k )(3.9)

− ε

µ
(un

j,k+1 − un
j,k)− ε1

µ
(un−1

j,k+1 − un−1
j,k )

where

fj+1/2,k(u) = f̄(u, u, u, u) = (1 + α)f(u),
gj,K+1/2(u) = ḡ(u, u, u, u) = (1 + α)g(u).

(3.10) un+1
j+1,k − (1− α)un

j,k − αun−1
j,k = (1 + α)u′t∆t + O(∆t2),

so the scheme (3.7) is conservation scheme approximating the following equation:

(3.11) (1 + α)(u′t(u) + f ′x + g′y(u)) = 0.

The entropy function and the entropy flux of equation (3.11) are (1 + α)U(u)
and (1 + α)(F (u) + G(u)) .

Now, connect the point z with the points un
j,k, un

j+1,k, un−1
j,k , un

j,k+1, u by line
segments respectively:

u(θ) = z + θ(u− z), 0 ≤ θ ≤ 1.

un
j,k(θ) = z + θ(un

j,k − z)

At the point z, we have

U̇(u(θ)) =
{

0 , ifu<z,
1 , ifu>z.
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Thus,

(3.12) U̇(u(θ)) = U̇(u(1)) = U̇(u) =
dU(u)

du

From (3.4), we get U(z) = 0, then

(3.13) U(un
j,k) = U(un

j,k)− U(z) =
∫ 1

0

d

dθ
(U(un

j,k(θ)dθ =
∫ 1

0

U̇(un
j,k)(un

j,k − z)dθ

Now, construct the numerical entropy flux

f̄F,j+1/2

=
3 + α

4

∫ 1

0

U̇(un
j+1,k)(un

j+1,k − z)a(un
j+1,k(θ))dθ

+
3 + α

4

∫ 1

0

U̇(un
j,k)(un

j,k − z)a(un
j,k(θ))dθ(3.14)

−1− α

4

∫ 1

0

U̇(un−1
j+1,k)(un−1

j+1,k − z)a(un−1
j+1,k(θ))dθ

−1− α

4

∫ 1

0

U̇(un−1
j,k )(un−1

j,k − z)a(un−1
j,k (θ))dθ − ε

λ
(U(un

j+1,k)− U(un
j,k))

−ε1

λ
(U(un−1

j+1,k)− U(un−1
j,k ))

ḡG,k+1/2 =
3 + α

4

∫ 1

0

U̇(un
j,k+1)(u

n
j,k+1 − z)b(un

j,k+1(θ))dθ

+
3 + α

4

∫ 1

0

U̇(un
j,k)(un

j,k − z)b(un
j,k(θ))dθ

−1− α

4

∫ 1

0

U̇(un−1
j,k+1)(u

n−1
j,k+1 − z)b(un−1

j,k+1(θ))dθ(3.15)

−1− α

4

∫ 1

0

U̇(un−1
j,k )(un−1

j,k − z)b(un−1
j,k (θ))dθ − ε

µ
(U(un

j,k+1 − U(un
j,k))

−ε1

µ
(U(un−1

j,k+1)− U(un−1
j,k ))

To prove the limit of solution of (2.1) satisfies inequality of (3.3), we must prove
following inequality

1
∆t

[U(un+1
j,k )− (1− α)U(un

j,k) + αU(un−1
j,k )](3.16)

+
1

∆x
[f̄F,j+1/2 − f̄F,j−1/2]

+
1

∆y
[ḡG,k+1/2 − ḡG,k−1/2] ≤ 0.

By derivatives with respect to θ for various terms of (2.1) and U(x),we can get the
expression of U(un+1

j,k ), thus
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U(un+1
j,k )− (1− α)U(un

j,k)− αU(un−1
j,k ) + λ(f̄F,j+1/2f̄F,j−1/2)(3.17)

+µ(ḡG,k+1/2 − ḡG,k−1/2)

= 2
∫ 1

0

(1− α− 2ε)(U̇(un+1
j,k (θ))− U̇(un

j,k))(un
j,k − z)dθ

+ 2(α− 2ε1)
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un−1

j,k ))(un−1
j,k − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un

j+1,k))(ε− λ(3 + α)
4

a(un
j+1,k(θ)))(un

j+1,k − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un

j−1,k))(ε +
λ(3 + α)

4
a(un

j−1,k(θ)))(un
j−1,k − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un−1

j+1,k))(ε1 − λ(1− α)
4

a(un−1
j+1,k(θ)))(un−1

j,k − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un−1

j−1,k))(ε1 +
λ(1− α)

4
a(un−1

j−1,k(θ)))(un−1
j−1,k − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un

j,k+1))(ε−
µ(3 + α)

4
b(un

j,k+1(θ)))(u
n
j,k+1 − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un

j,k−1))(ε +
µ(3 + α)

4
b(un

j,k−1(θ)))(u
n
j,k−1 − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un−1

j,k+1))(ε1 − µ(1− α)
4

b(un−1
j,k+1(θ)))(u

n−1
j,k+1 − z)dθ

+
∫ 1

0

(U̇(un+1
j,k (θ))− U̇(un−1

j,k−1))(ε1 +
µ(1− α)

4
b(un−1

j,k−1(θ)))(u
n−1
j,k−1 − z)d

We choose such λ, µ that make them satisfy following inequalities:

(3.18)
ε± λ(1−α)

4 an
j∓1,k ≥ 0, ε1 ± λ(1−α)

4 an−1
j∓1,k ≥ 0,

ε± µ(1−α)
4 bn

j,k∓1 ≥ 0, ε1 ± µ(1−α)
4 bn−1

j,k∓1 ≥ 0.

Divided by ∆t (> 0) for (3.16) and let (∆t,∆x, ∆y) → (0, 0, 0), then

(1 + α)(U̇t + Ḟx + Ġy) ≤ 0,

namely
∂U

∂t
+

∂F

∂x
+

∂G

∂y
≤ 0.
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