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A COMPARATIVE STUDY OF COHERENCE, MUTUAL
INFORMATION AND CROSS-INTENSITY MODELS
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Abstract. Coherence is a measure of the time invariant linear dependence
of two processes at certain frequencies, and provides a measure of the degree
of linear predictability of one process from another process. The coherence
is inadequate as a measure of general association for it may be identically 0
when two series are in fact related. However, such behavior does not occur
for the coefficient of mutual information, which is a measure of the amount of
information that one random variable contains about another random variable.
The Lin-Lin model, which describes the influence of an input on a point process
output, can identify linear causal relationships between one sequence of events
and another. This paper presents a comparative study of the three approaches
using a case study of the relationship between groundwater level data from
Tangshan Well and global earthquakes with minimum magnitude 5.8.
Key Words. Coherence, mutual information, Lin-Lin model, Groundwater
level, Earthquakes.

1. Introduction
Correlation between two or more series of events is often an issue in statistics or
other scientific subjects. This paper will review three very important and popular
statistical methods for ascertaining the association between two point processes:
coherence, mutual information and the Lin-Lin model. Previous papers in the
literature have compared the coherence with mutual information (e.g. Brillinger,
2002; Brillinger, 2003). However, to date, none have discussed the three approaches
together.
Coherence is a stationary process analog of the traditional correlation coefficient,
taking on values between 0 and 1 at any given frequency. It is a measure of the time
invariant linear dependence of the two processes at frequency λ, (Brillinger, 1975;
Brillinger, 1994; Brillinger and Villa, 1997), and provides a measure of the degree
of linear predictability of one process from another process. When the coherence
function is identically zero, one process is of no use in linearly predicting the other.
When it is identically one, one process gives a perfect linear prediction of the other
(Brillinger, 1994; Iyengar, 2001). If it is significantly greater than zero over a
limited frequency range, it implies association between the two processes over this
frequency range.
Mutual information was originally introduced by Shannon (1948). It is a measure
of the amount of information that one random variable contains about another
random variable (Cover and Thomas, 1991). The coherence is inadequate as a
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measure of general association for it may be identically 0 when two series are in
fact related (Brillinger, 2003; Brillinger and Guha, 2007). Brillinger (2003) proved
that such behavior does not occur for the coefficient of mutual information for
random variables. The mutual information coefficient has the property of taking
on the value 0 if and only if the variables are statistically independent. In this work,
we transform the possible pairs of random variables, in the point process context,
to pairs of intervals by considering the point process as a 0-1 time series, and then
calculate the mutual information as a function of the time lag.
A significant cross correlation between two series of events, N and M , doesn’t
mean that we can determine whether
(i) N causes M ;
(ii) M causes N ;
(iii) N and M cause each other; or
(iv) some other process causes both N and M
(Ogata, 1999). To discriminate among the first three cases, as well as to test the
significance, Ogata et al. (1982) suggested a parametric model based on the selfexciting and mutually exciting point processes introduced by Hawkes (1971). The
model describes the influence of an input on a point process output, or in other
words, it can identify linear causal relationships between one sequence of events
and another (Ogata, et al., 1982; Ma and Vere-Jones, 1997). Hence the model is
named the Lin-Lin model. Unlike the previous two cases which can be defined very
generally, this method applies specifically to point process models.
In this paper, we first review the formulation of coherence, mutual information
and the Lin-Lin model, and how to ascertain the relationship between two processes
using the three methods. Then we apply them to a real case study, to determine
whether the water level fluctuations in a well are correlated with, and furthermore
caused by, earthquakes.
2. Three statistics characterizing the association between two or more
series of events
The data under consideration are functions, particularly realizations of stationary processes. In particular, two types of processes, 0-1 time series and point
processes, are studied. In this section we briefly review three statistical methodologies, coherence and mutual information analyses, and the Lin-Lin model, which
can be used to characterize the association between two or more series of events.
2.1. Coherence. Let (M, N ) represent a bivariate point process. Let σm , m =
0, ±1, · · · and τn , n = 0, ±1, · · · denote the times of occurrence of the M and N
events, respectively. For real-valued λ, set
Z T
X
(1)
exp{−iλt}dM (t) =
e−iλσm
dTM (λ) =
0

Z
dTN (λ) =

(2)

m
T

exp{−iλt}dN (t) =
0

X

e−iλτn

n

where T denotes the length of the time period of observation. Then one frequency
domain measure of association which can be used to assess the linear dependency
between processes M and N is defined by
(3)

T
|Cov{dTM (λ), dN
(λ)}|2
= |RM N (λ)|2 ,
T
T →∞ Var{d (λ)}Var{dT (λ)}
M
N

lim |Corr{dTM (λ), dTN (λ)}|2 = lim

T →∞
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which is called the coherence of the two processes at frequency λ. This can be
interpreted as the magnitude squared of the correlation between the finite Fourier
transforms of processes M and N . The definition
of the correlation in variance and
p
covariance terms, corr{A, B} = cov{A, B}/ var{A}var{B}, leads to an alternative
definition of the coherence as
(4)

|RxN (λ)|2 =

|fxN (λ)|2
,
fxx (λ)fN N (λ)

where fM N (λ) is a hybrid cross-spectrum between point process M and N , which
is defined as
(5)

fM N (λ) = lim

T →∞

1
E{dTM (λ), dTN (λ)}.
2πT

The auto-spectra fN N (λ) and fM M (λ) can be similarly defined.
Using the method of disjoint sections (Halliday, et al., 1995), the complete record,
denoted by T, is divided into L non-overlapping disjoint sections each of length K,
where T = LK. The finite Fourier transform of the lth segment (l = 1, · · · , L) from
process N at frequency λ is defined as
Z lK
X
(6)
dK
(λ,
l)
=
e−iλt dN (t) ≈
e−iλτn ,
N
(l−1)K

(l−1)K≤τn ≤lK

A similar definition holds for dK
M (λ, l). A consistent estimate of fM N (λ) can be
given by
(7)

fˆM N (λ) =

L
1 X K
dM (λ, l)dK
N (λ, l),
2πLK
l=1

with similar expressions for the estimation of the auto-spectra fˆN N (λ) and fˆM M (λ).
For large K and λ 6= 0, the estimated cross-spectrum fˆM N (λ) can be interpreted
as the covariance between the components, at frequency λ, of processes M and
N . The estimated auto-spectrum, fˆN N (λ), can be interpreted as the variance at
frequency λ of the process N.
The coherence function can be estimated by direct substitution of the estimates
of the appropriate spectra as
(8)

|R̂M N (λ)|2 =

|fˆM N (λ)|2
.
fˆM M (λ)fˆN N (λ)

Coherence functions provide a bounded and normative measure of association. In
the case of independence, |RxN (λ)|2 = 0, the distribution of |RxN (λ)|2 can be
evaluated in terms of the incomplete Beta function with parameters 1 and (L − 1)
(Brillinger, 2001). The pointwise 100α% confidence limit is given by 1 − (1 −
α)1/(L−1) . Thus we will include the level
(9)

1 − 0.051/(L−1)

in the following coherence plots as a benchmark of the upper 95% confidence limit
under the hypothesis of independence. Estimated values of coherence lying below
this line can be taken as evidence for the lack of a linear association between the
two processes, i.e. that zero coherence is plausible at that frequency (Brillinger, et
al., 1976; Halliday, et al., 1995).
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The second moment

Z
dTN (λ)

(10)

T

=

exp{−iλt}dN (t)
0

needs to be corrected by subtracting the mean n̄dt, (see, for example, Vere-Jones
and Ozaki, 1982) where n̄ is the average rate. Thus we can use
Z T
exp{−iλt}(dN (t) − n̄dt)
d∗N (λ) =
0

=

Z

dTN (λ)

= dTN (λ) −

(11)

T

−

exp{−iλt}n̄dt
0

n̄i
(exp{−iλT } − 1)
λ

The estimates are
dˆTN (λ) =

(12)

X

e−iλτn

n

ˆ=
and n̄

N (T )
,
T

where N (T ) = #(0, T ). Therefore we obtain
X
iN (T )
(13)
dˆ∗N (λ) =
e−iλτn −
(exp{−iλT } − 1).
λT
n
For the method of disjoint sections, we use
(14)
dˆ∗N (λ, l) =

X

e−iλτn −

(l−1)K<τn ≤lK

iN (K)
(exp{−iλlK} − exp{−iλ(l − 1)K}),
λK

where N (K) = #((l − 1)K, lK].
2.2. Mutual information. The mutual information of a bivariate random variable (U, V ) is defined as
½
µ
¶¾
pU V (u, v)
IU V = E log2
,
pU (u)pV (v)
where pU V (u, v) is the joint probability mass function, and pU (u) and pV (v) are
the marginal probability mass functions. The mutual information is non-negative
and measures the strength of dependence in that IU V = 0 if and only if U and
V are independent, IU V1 ≤ IU V2 if U is independent of V1 given V2 , and for the
continuous case, IU V = ∞ if V = g(U ).
When a bivariate variable (U, V ) has a continuous distribution, the mutual information is
µ
¶
Z Z
pU V (u, v)
IU V =
log2
pU V (u, v)dudv.
pU (u)pV (v)
One popular mutual information estimator is obtained by substituting suitable
density estimators p̂U V (u, v), p̂U (u) and p̂V (v) into the above formula (Strong et
al., 1998; Antos and Kontoyiannis, 2001), which takes the form
¶
µ
Z Z
p̂U V (u, v)
p̂U V (u, v)dudv.
IˆU V =
log2
p̂U (u)p̂V (v)
We can use either parametric density estimators (Brillinger, 2004) or nonparametric
ones (either histogram-based, Moddemeijer, 1989; or kernel-based, Mars and van
Aragon, 1982; Joe, 1989; Granger and Lin, 1994; Moon et al., 1995).
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For a bivariate discrete variable (U, V ) with U taking on the values 1, · · · , K and
V taking on 1, · · · , J and
P {U = k, V = j} = pkj .
The marginals are then
pk+ = P {U = k} =

J
X

pkj ,

p+j = P {V = j} =

j=1

K
X

pkj ,

k=1

and the mutual information becomes
X
IU V =
pkj log2
k,j

pkj
,
pk+ p+j

assuming that pjk 6= 0. Let w = {wkj }, with
½
1, U = k, V = j,
wkj =
0, otherwise.
Suppose that there are n independent realizations,
P {wkjl , l = 1, · · · , n}, of w. The
maximum likelihood estimates of pkj are p̂kj = l wkjl /n and the plug-in estimate
of the mutual information (Brillinger, 2004; Brillinger and Guha, 2007) is
X
p̂kj
IˆU V =
p̂kj log2
(15)
,
p̂k+ p̂+j
k,j
P
P
where p̂k+ = j p̂kj and p̂+j = k p̂kj . Note that a point process can be transformed into a 0-1 time series, with 1 at the occurrence times (of the process) and
0 otherwise. The likelihood ratio test statistic of the null hypothesis that the two
variables U and V are independent is
X
p̂kj
G2 = 2n
p̂kj log2
p̂k+ p̂+j
k,j

(Christensen, 1997; Brillinger, 2004; Brillinger and Guha, 2007). The asymptotic
null distribution of G2 under the hypothesis of the independence of U and V is
2
X(J−1)(K−1)
. Noticing the proportional relationship between the estimate IˆU V in
2
(15) and G , we have that under the null hypothesis that the two variables U
and V are independent, and the large sample distribution of the estimate (15) is
2
X(J−1)(K−1)
/2n.
2.3. Ogata’s Lin-Lin Model. Consider a point process {Nt } with intensity function
Z t
Z t
(16)
λ(t) = µ +
g(t − s)dNs +
h(t − s)dXt ,
0

0

where {Xt }, the input process, may be either a point process or a cumulative
process
Z t
Xt =
x(s)ds
0

of a stochastic process x(t). The self-exciting term g(t) describes the nature of
the point process, while the transfer term h(t) indicates the strength of the causal
relation between the input process Xt and the output Nt . When the function
h(t) ≡ 0, it means there is no causal relationship between the input and output
processes, whereas when the function g(t) ≡ 0 and h(t) 6= 0, it means that the
output process is a doubly stochastic Poisson process whose intensity is modulated
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only by the input process (Ogata, et al., 1982). The parametrization of the two
response functions we will use follows Ogata, et al. (1982), where
(17)

K
X

g(t) =

ak tk−1 e−ct ,

h(t) =

k=1

L
X

bk tk−1 e−ct .

k=1

Given the occurrence times of two sequence of events {ti : i = 1, · · · , I} (output)
and {τm : m = 1, · · · , M } (input) over the time interval [0, T ], the parameters are
estimated by maximizing the partial log likelihood
Z T
X
log LT (θ) =
log λθ (ti ) −
λθ (t)dt,
0

i:0≤ti <T

where θ denotes (µ, c, a1 , · · · , aK , b1 , · · · , bL ). To determine the orders K and L of
the response functions, we use Akaike’s information criteria (AIC) (Akaike, 1974)
AIC(K, L) = −2 max(log LT (θ)) + 2(K + L + 2),
θ

and choose K and L which minimize the AIC.
Ogata (1983) suggested the following model to examine case (iv),
X
X
λ(t) = a0 + PJ (t) + CK (t) +
gN (t − ti ) +
hX (t − τm ).
ti <t

τm <t

The second term on the right-hand side
PJ (t) =

J
X

aj φj (t/T ),

0 < t < T,

j=1

represents the evolutionary trend. The total length of the observed interval is T ,
and φj (·) is a polynomial of order j. The third term
CK (t) =

K
X

{b2k−1 cos(2kπt/T0 ) + b2k sin(2kπt/T0 )}

k=1

is the Fourier expansion for cyclic effects with a given fixed cycle length T0 . The
fourth term is the clustering effect, i.e., a response function of the output process.
The last term describes the causal relation from the input process to the output
process. The last two terms are parameterized as in (17). If there is no causal
relation from {τm } to the conditional intensity function λ(t), or to the occurrence
of {ti }, then hX (x) = 0 is expected. Maximum likelihood estimation can be used
to estimate the parameters and the AIC can be used to determine the order(s).
3. Groundwater level data and earthquake catalogue
The data under consideration here are four years of groundwater level observations at Tangshan Well, a well located in DaZhao Park in Tangshan City, 100km
southeast of Beijing, China, with longitude 118.18E, latitude 39.62N and altitude
23.43m, and global (i.e. located anywhere in the world) earthquakes with minimum
magnitude 5.8 within the same time period. The groundwater level data have precision 0.0005m with a sampling rate of one observation per minute. According to
the digital records of the groundwater level and the earthquake catalogue, a great
number of fluctuations of the groundwater level at this well may have been induced
by many global teleseismics, a possible example of which is shown in Figure 1.
We are going to use the three methods to examine whether the earthquakes are
associated with, and further cause, the water level fluctuations at this well, using
the data from the four years from January 2002 to September 2005. Groundwater
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Figure 1. An example of the fluctuations of the groundwater level
at Tangshan Well. The dashed line indicates the origin time of the
magnitude 7.6 earthquake on the Carlsberg Ridge, on July 15th, 2003.

level changes are caused not only by tectonic factors, such as earth crust deformation, related to earthquakes; but also by non-tectonic factors, such as rainfall, air
pressure changes, earth tides, exploitation of mines and underground water. To
eliminate ‘slow’ (or non-tectonic) factors such as air pressure, rainfall, earth tides
and pumping, we examine the first differences of the groundwater level data.
After cleaning the abnormal spikes of the data which were caused by electrical
failure, sensor adjustment and malfunction, 1,971,360 data from January 2002 to
September 2005 remain to be investigated, including 88335 missing data, in the
data set of the first differences of groundwater level. Wang et al. (2008) extracted
754 well signals, representing the times when well fluctuations are initiated, from
this data set.
We extracted the earthquakes with minimum magnitude 5.8 from the USGSNEIC catalogue (http://wwwneic.cr.usgs.gov/neis/epic/epic global.html) from January 2002 to September 2005. The number of such earthquakes is 926, the occurrence times of which will be used to analyze the correlation between the groundwater level fluctuations and the earthquakes. The cumulative number of events versus
time plots for the earthquakes and well signals are shown in Figure 2.
4. Data analysis
Figure 3 shows the spectra of the well signal sequence and the earthquake occurrence sequence, and the coherence between them, using disjoint intervals of length
32 hours. We corrected the second moment by subtracting the mean. The graph
shows strong association between the first difference signals and the earthquake
occurrences at low frequencies, apparent association up to about 6hr−1 or more
than 10 minutes. The figure also shows strong association near 20 and 40hr−1
(corresponding to 3 or 1.5 minutes) as well.
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Figure 2. The cumulative number of events plots for earthquakes
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Figure 3. Spectra and coherence plots for well signals and earthquake
occurrence times with disjoint intervals each having a length of 32 hours.
The dashed line shows the upper level of the approximate 95% confidence
interval under the hypothesis that the two processes are independent.
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Figure 4. Mutual information for well signals and earthquake occurrence times. The dashed line shows the upper level of the approximate
95% confidence interval under the hypothesis that the two processes are
independent.
In order to consider the mutual information between well signals, denoted by U,
and the earthquake occurrence times, denoted by V , we first transform the well signal series and the earthquake series into 0-1 sequences. A 1 indicates the beginning
of the well signal, 0 otherwise. The earthquake series has a 1 in the minute of the
earthquake occurrence, 0 otherwise. We examine the mutual information between
two series {Ut+u } and {Vt }, where u is the time lag. The mutual information results
are shown in Figure 4. The figure indicates that the earthquake occurrences appear
to induce the occurrences of the water level fluctuations with a time delay, which
is due to the travel times of the earthquake waves from the hypocenter to the well.
Since we are interested in whether or not the earthquakes have induced the water
level fluctuations, we treat the well signal sequence as the output process and the
earthquake occurrence times as the input process. The causal relation between
the well signals and the earthquake occurrences can then be considered using the
Lin-Lin model (16). The orders of the response functions were determined to be
K = L = 4. The estimated response functions for the self-exciting part and for the
earthquake occurrence input are shown in Figure 5. The self-exciting part is small
compared to the mutual-exciting part, which clearly shows that the earthquake
occurrences do play a part in inducing the water level fluctuations at Tangshan
Well.
5. Discussion
We note that the three methods discussed in this work examine different types
of association. When the problem of whether or not we can predict an output series
from some input series through a linear relation is considered, coherence may be
a very useful approach to use. It plays a diagnostic role in detecting association
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Figure 5. Estimated response functions (top: self-exciting part; bottom: earthquake occurrence input) of well signals.

between two processes at certain frequency range. The estimation of coherence
using the method of disjoint sections can work around missing data, which appears
to be an advantage of using coherence.
However, the coherence may be identically 0 when two processes are actually correlated. The coefficient of mutual information overcomes this drawback and takes
on the value 0 if and only if the two processes under consideration are statistically
independent and thus forms a test of dependence. As can be seen from Figure 3
and 4, it also presents a far more detailed conclusion. Another important advantage
of mutual information is that it does not really pay any attention to the values of
the processes. Mutual information can tell us more than that the hypothesis of
independence is rejected, it measures the strength of the correlation between two
series of events. The drawback of the mutual information may be that it does not
set up naturally for point processes, as we can see from the formulation as well as
the application. But we can transform a point process into a time series which is
suitable or convenient for mutual information analysis.
When we are interested in more than whether the two processes are correlated
or not, or in other words, when we want to make clear which process is the driven
process, the coherence and mutual information analyses become inadequate. The
Lin-Lin model can identify cases in which either one of the two processes causes
the other, or they cause each other, or some other process causes both of them.
Unlike the generally defined coherence and mutual information, this model was
designed specifically for point processes. The mutual-exciting term being identically
0 implies that there is no causal relationship between the two processes; whereas
the self-exciting term being identically 0 while the mutual-exciting term being none
zero means that the intensity of the output process is modulated only by the input
process.
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The application of the three methods to the groundwater level data from Tangshan Well and the global earthquakes shows that the well signals and earthquake occurrences have significant linear correlation, especially at lower frequencies. These
lower frequencies may be related to the travel times from earthquakes to the well,
and perhaps to the time necessary to set up fluctuations in the groundwater level.
The mutual information analysis reveals that the fluctuations of the groundwater
level are strongly associated with earthquake occurrences, which appear to trigger water level fluctuations. The Lin-Lin model then confirms that earthquake
occurrences are likely to be inducing water level fluctuations at Tangshan Well.
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