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INPUT-OUTPUT DECOUPLING FOR A CLASS OF
DESCRIPTOR CONTROL SYSTEMS

YI ZHANG AND WENTAO WANG

Abstract. Input-output decoupling for a class of descriptor control systems
is considered in this paper. First, an algorithm is developed, and a coordinate
change is introduced such that the control system can be expressed in a simple
form. A feedback control law is then constructed to realize the input-output
decoupling, which also leads to an impulse-free solution of the closed-loop sys-

tem. Finally, a numerical example is provided to illustrate the results in this

paper.
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1. Introduction

The relations of input and output are fundamental in control systems as a re-
alization control role. However, if relations of input and output are very complex,
the relationship of some input and some output becomes obscure, and the control
role of systems can not be further realized. Thus, simplify the contact of input and
output of systems is an important problem in control system theory. The typical
method is input-output decoupling. As for linear systems, the theory of input-
output decoupling has been summarized ([1][2]), and for nonlinear systems, the
research of input-output decoupling is also relatively studied, especially, relating
to the vector relative degree, typical method of input-output decoupling has been
developed ([3][4][5]). With regard to descriptor (or singular) systems, the results
on input-output decoupling problem have not been well developed because of the
particular structure of descriptor systems. Since 1970, more and more scholars
from all over the world have concentrated on the research of descriptor systems,
and with the development of the research, it is found that some practical systems,
such as economic systems ([6]), chemical process systems ([7]) and power systems
([8]) and so on, belong to singular systems. Especially, typical constrained mechan-
ical systems and most of the robot systems are as descriptor systems ([9]). Hence
the study of input-output decoupling problem for descriptor systems is also very
important and meaningful.

In this paper, we mainly discuss the problem of input-output decoupling. For a
class of descriptor control systems, a new decoupling algorithm will be developed.
Based on the proposed algorithm, a coordinate change is introduced such that
the control system can be expressed in a simple form. A feedback control law is
then constructed, which ensures that the corresponding closed-loop system has an
impulse-free solution, and the input-output decoupling is realized. At the end of
this paper, a numerical example is provided to illustrate the results obtained in this

paper.
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2. Problems and definition

Consider a descriptor control system

Ei = Ax + Bu

(1) Y= Cu

where x € R™ is the state vector, u € R™ is the input vector, y € R™ is the output
vector, F is a n X n singular matrix, A is a n X n nonsingular matrix, Bisan xm
matrix, and C' is a m X n matrix.

Without loss of generality, we can assume FE has a rank of r(r < n). So there
must exist two n X n nonsingular matrix P and @ such that

rra- i

where I, is a r X r unit matrix. Multiply the first equation of (1)) by matrix P in the
left, and let Q'z(t) = [21(t) wg(t)]T, x1(t) € R", x5(t) € R"", then, System
(1) can be transformed to

T1 = Ap & + Aa@s + Biu
(2) 0= A21%1 + AxoZs + Bau
y = C121 + CaZa

where A7 is a 7 X r nonsingular matrix, Ass is a (n — r) X (n — r) matrix, Ao,
Aoy, Bi, B, C1, and Cs are the matrices with appropriate dimensions([10]).

For convenience, we can consider the following descriptor system with no loss of
generality.

T = Allx + A12z + Blu
(3) 0= Ay iz + Asxz + Bou

y=Cx
where x € R" is the vector of differential variable, z € R® is the algebraic variable,
u € R™ is the output equations, Ay is a n X n nonsingular matrix, Ass is a s X s
matrix, A1o, As1, By, Bo, and C are the matrices with appropriate dimensions, and

B; has a full column rank, C has a full row rank.
Consider a feedback control law with the following form

(4) u=azx+yz+ pv

where ( is nonsingular. Under the feedback law (4), System (3) becomes the
following form

z = (A11 + Bia)x + (A2 + B17v)z + By
(5) 0= (Agl + BQOL),I + (A22 + BQ’Y)Z -+ BQ")/I/

y=Cx
Definition 1. The input-output decoupling problem of System () is said to be
solvable, if there exist a state feedback (4) such that the closed loop systems (5)

has impulse-free solution and, for each 1 < i <, the output y; is affected only by
corresponding input u; and not by y;, if j # 4.
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3. Algorithm description

In this section, we first show the following algorithm, which plays an important
role in discussing the decoupling problems of System (3]).
Algorithm 1.

Step

Step

Step

1. Set @¥(x) = c;z. Where ¢; is i-row of the matrix C' in Systems (3)). If
there exists a n x s matrix D(x) such that D(x) has constant rank s in a
neighborhood of zg and satisfy

Ci(A12 + DAQQ) =0
Ci(Bl + .DBQ) =0

Denote ¢} = ¢;(Ay1 + DAgp)z. Otherwise, set 7; = 1, and quit the algo-
rithm.
2. The previous construction can be iterated with ¢} (z) instead of ¢ (z),
here ¢} (z) = ¢;(A11 + DAgy)z. If
ci(A11 + DAzp) (A2 + DAg) =0
ci(A11 + DAgi)(By + DBs) =0
Denote ¢? = c;(A11 + DAzp)?xz. Otherwise, set r; = 2, and quit the
algorithm.
k+1. Assume that a sequence of ¢9(z), - -+, ¢¥(x) has been defined from
Step 1 to Step k. For o} (x) = ¢;(A11 + DAg;)*(z), check up the equations
ci(A11 + DA2 ) (A2 + DAgs) =0
Ci(All + DAgl)k(Bl + DBQ) =0

If the equations are correct, cpf“ (z) = ¢;(A11+D A1)+ can be obtained.

Otherwise, set r; = k + 1 and quit algorithm.

Perform Algorithm 1 for ¢ = 1,--- ,m and it can produce integers ry, - ,7m
and the function sequence ©9(z), -, @7 1 (z), -+, 0 (), , @im~(x). Set

and

(7)

Ajy = Ay + DAy, Ay = Ais+ DAz, By =By + DBy

AT Ari—1 4 Ar1—1 15
ClAlll ClAlll A12 ClAlll Bl
a=| : |, b= : , @= :
AT ATm—1 4 ATm—1 1
em AT em AT Ale em AT By
W= |42 B
b c

With regard to Algorithm 1, the following conclusion can be obtained

Lemma 1. The integers r1,- -+ , 7y, are invariant under feedback (2).

Proof. Under the feedback (2)), System (3) is with the following form

&y = (A + Bra)z + (A + B1y)z + Biyv
0= (A21 + Bga)l‘ + (AQQ + Bs7)z + Bayv
y=Cx
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Set
Ay = A+ B
Ay = Aia+ Biy
Bi = B

for i = 1, 2. Because ¢Y(z) = ¢?(z), we have

ci(A12 + DAgy) = ¢; [(A12 + B17y) + D(Ag2 + B2v)]
= ci(A12 + DAg) + ¢i(B1 + DBa)y
Ci(B1 + DBQ) = Ci(BLB + DBQ,B) = Ci(Bl + DBQ)’7
Therefore, the equations
¢i(A12+ DAg) =0
Ci(Bl —+ DBQ) 0

are equivalent with the equations
ci(A12 + DAy) =0
Ci(Bl + DBQ) =0

Notice that
@i = ci(A11 + DAg )z
=¢; [(A11 + Bia) + D(A21 + Boay)]
=¢; [(A11 + DA21) + (B1 + DBy)a] x
¢i(A11 + DAsy)x + ¢;(B1 + DBy)ax
= ¢;(A11 + DAs)z

¢i ()
and we can get that ¢¥(z) = ¢¥(x). Thus, the integers r1,- - - ,7,, will be invariant
under the feedback (2). O
Lemma 2. If the matriz (7) is nonsingular, the vectors ¢9(z), - - -, ql_l, v, @0

<o, @rm=L are linearly independent at xg.

Proof. Without loss of generality, assume r; > 79 > - -+ > r,. If necessary, suppose
that the order of the rows of may be changed. Consider the matrix

P= [12112 B, AnAyp AnB - Aﬁ_lz‘ilz Aﬁ_lél]
and
Q=lar aln)” - al@i™H)" e en(An)" o en(AfF ]
Then it follows from Algorithm 1 that the matrix QP exhibits a block trian-

gular structure in which the diagonal blocks consist of rows of the matrix [b é}.

T

According to the conditions of Lemma 2, the matrix [13 6] is of full row rank at

xg, then the row vectors of the matrix [5 E] are linearly independent at xy. As
a consequence, the matrix QP is of also full row rank at xg. So the rows of the
matrix are linearly independent at g, i.e. the vectors ¢9(z), ---, ¢7 7%, -+, ¢9,,

-+, ¢'m~1 are linearly independent at z. O
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4. Main results

The section will be devoted to constructing a feedback control law of the form
(2) such that the closed-loop system (5) has a unique solution with no impulse and
can realize input-output decoupling. To this end, we first construct a coordinate
transformation in which the system is assumed to be with a simple form, which is
similar to that in [3].

Let r =r1 4+ ---+rp,,. Then it follows from Lemma 2 that » < n. Thus if r < n,
there exist (n — r) smooth functions such that the vectors

d(b?(.’l?), Ty dqyldlil? ) d(bgu ) d(b;;n_lv d771(37)7 ) dnnfr(x)
are linearly independent in a neighborhood of xy. Therefore, by inverse function
theorem, the mapping

CD(JU):M)(l)(x)a T ;1_1’ ) gn? T ¢:ﬁn71’ 771(@7 T nn*?”(m)}

is a local diffeomorphism about xg, which implies that ®(x) constitutes a coordinate
transformation.
Set

(8) & =), -, =97 (x)
fori=1,---,m.
m=mx), -, Mr = Nn_r(z)

According to Algorithm 1, a straightforward calculation shows that System (3) in
new coordinates (7, &) takes the form of

0= fi(&mn) + P& )z + §1(Enu

(9) =6, -, &7 =, & = Al + Al Az + Al Buu
0= Aoz + Axez + Bou
Yi = fil
where x = ®71(&,m), £ = (&1, &% &, 6T and = (1, )

Now we shall construct a feedback control law by two steps. First, choose the
matrix v(z) such that matrix Ass + Ba7y is nonsingular. Imposed the feedback law
u = vz + @, System (9)) becomes the following form.

(10a) 0= fi(&n) + &) + a1(Emh] = + g m)a

gll = Czjvlllx + |:CiA'£i1_1A12 -+ CiAIa_1317:| z+ Ci/iqil_lélﬂ
(10c) 0= Aoz + [AQQ + Bg’y] z + Bt
(10d) yi =&

Because the matrix [Asg + Bey] is nonsingular, and according to (10c), z takes the
following form

(11) 2= —[Ass + Boy] " [Aniz + Bail]

Substitute z in System (10) for (11), System (10) becomes following form
0= fi(&n) + gi(&n)a

(12) f=¢ ., g7 =g g =t
Yi = fil



470 Y. ZHANG AND W. T. WANG

where

a; = a; — |:l~72 + 51"7} [Azz + B2y Aoy

a; = a; — |:Bz + @"Y} [Ago + BQ’Y]_l Aoy
for ¢ = 1,--- ,m. Because the matrix (7) is nonsingular, we know the matrix
¢ = [cl e cm]T is nonsingular. In fact

Az Ba| Agy Bo| [I 0] [I (Az2+ Bay) 'Bs
mnk[ ; : = rank 3 a1y 1llo I
= rank [AQ? +~BQ’Y 9}
b+ ¢y ¢

From the non-singularity of the matrix (7)) and Asy + Bs7y, we get that the matrix
¢ is nonsingular. Hence, let

a;x + ¢ = v i=1,---,m
or
(13) 0= —¢"Yax —v)
Under the feedback (13), Systems (12) becomes
= f&n)+9&nv
(14) G=¢, - =g G =n
yi =&

It is easily seen that System (I4) has a unique solution without impulses and
has realized input-output decoupling. Moreover, the feedback control law imposed
on the system is given by

uw=—¢ltax+yz+¢ v
As a consequence, we can get the following conclusion.

Theorem 1. For the descriptor system (3), if there exists a matriz such that the
matrixz (7) is nonsingular, then the input-output decoupling problem of the system
(3) is solvable, i.e. there exist a state feedback of the form (2) such that the corre-
sponding closed loop systems has impulses free solution, and can realize input-output
decoupling.

5. An example

In the section a numerical example is provided to illustrate the results proposed
in this paper. Consider the following descriptor system.

2.0 0 2 0] 2 0 0 1
1 1 0 0 -1 0 1 10
g=12 0 3 0 1la+|1 0|z+|2 1|u
0 1 0 -1 0 -1 1 1 -1
(15) 1 -1 0 1 0] 1 0 0 1
100 10 10 00
O:[o 10 0 2}9”_—2 0]“[1 1]“

Y1 =21 —Ts, Y2=2T1 — T2+ T4
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First, let

According to Algorithm 1 in section 3, we may select a matrix

H_[-1 0 0 00
“lo 0 -10 0

By straightforward calculating, we know that

Therefore, we can obtain

c1(Ai2 + DA) =0
c¢1(B1+DB3) =0
However, a simple calculation shows that
c1(A11 + DAsi)(A12 + DAg) #0
c1(A11 + DA21)(By + DBy) #0
c2(A11 + DA21)(A12 + DAz) #0
c2(A11 + DA )(B1 + DBs) #0
Hence, 1y =1y = 2.
Because n = 5, we need to increase 171 = x3. Thus the coordinate transformation
(&,n) = ®(x) is as follows
f% =1 — Ts, f% = T2
(16) =z —ztz, &=215
=123

According to Algorithm 1, a simple calculation shows that system (I5)) in new
coordinates (16)) takes the form of

(17a) N = 2wy + 3x3 4+ x5 + 21 + 2u1 + up
(17b) 5%25%7 5%23«”1 + 2y — x5+ 22 + uyg,
5%1557 5§:x17x2+x4+21+u2
1 0 01 0 1 0 0 0
(17¢) 0—[0 10 0 2}3@—&-[_2 0]2—1—[1 Ju
(17d) =&, 12=56

where z = ®1(¢,n). Let

(18) T1+ X2 — x5+ 22+ U =1
T1— T2+ T4+ 21 +Uu2 =12
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It is obvious that the matrix

1 00 0
7A22327—2011
W[B 5}0110
1 00 1

is nonsingular. Hence, from equations (17c) and (18), we can further obtain
21 =—T1— Ty
29 =T1+2x4 +x5 + 11 + s

(19) UL = —2x1 — To — 204 — Vo

Uy = To + V2

Finally, by imposing the feedback (18) on System (16) and noticing (19)), we can

get that

7'7% = —3x1 — T3 +3x3 — dx4 + x5 — 1o

§=¢. &=mn,

G=6, 8=

Y1 = f%, Y2 = 55

It can be known that Systems (20) has a unique solution with no impulse. The

input-output decoupling has been realized and the feedback control law imposed
on the system is with the following form

_|mr1—x2+ x5 0 1 1 0
U_[—$1+x2—x4]+[1 0}2_‘_{0 1}”

(20)

6. Conclusions

Mainly discussed in this paper, the decoupling problems of the descriptor sys-
tems can be solved by means of a new decoupling algorithm. A new coordinate
transformation (in which the system assumed to be with a simple form) can be
constructed based on this algorithm, and the feedback control law, which ensures
the corresponding closed-loop system may realize input-output decoupling, can be
obtained.

It should be noted that results developed in this paper will provide a new method
in which the decoupling problems of descriptor systems can be considered, and it
can be used to solve several other control problems, for instance, stabilization,
disturbance decoupling, output tracking, etc.

References

[1] Lewis, F. L, A survey of linear singular systems, Circuits, Systems and Signal Processing, 5:
30-36, 1986.

[2] Dai, L. Y., Singular Control Systems, Berlin, Germany. Springer-verlag, 1989.

[3] Isidori. A, Nonlinear Control Systems, Third Edition, Berlin, Germany. Springer-verlag, 1995.

[4] Huang, J., Zhang, J. F, Impulse-free output regulation of singular nonlinear systems, Int. J.
Control, 71: 989-806, 1998.

[5] Wang C. J., State feedback impulse elimination of linear time-varying singular systems, Au-
tomatica, 32: 13-136, 1996.

[6] Luenberger D. G., Singular dynamic Leontief systems, Enconometrica, 45:991-995, 1977.

[7] You L. S., B. S. Chen, Tracking control designs for both holonomic and non-honomic and
non-holonomic contrained mechanical systems, Int. J. Control, 58: 587-612, 1993.

[8] R. Gani, I. T. Cameron, Modelling for dynamic simulation of chemical process: the index
problem, Chem. Engng. Sci., 47: 1311-1313, 1992.



INPUT-OUTPUT DECOUPLING FOR A CLASS OF DESCRIPTOR CONTROL SYSTEMS 473

[9] Krishnan H., N. H. McClamroch, Tracking in nonlinear differential-algebraic control systems
with applications to constrained robot systems, Automatica, 30: 1885 1897, 1994.
[10] Yang D. M., Zhang Q. L., and Yao B., Descriptor Control Systems, Beijing, China Science
Press, 2004.

College of Science, Shenyang University of Technology, Shenyang, 110023, P. R. China.
E-mail: wwtlxy@163.com



