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@ 2D Euler Equation Linearized at Shear Flows

© Classical Results
@ Howard's Semicircle Theorem
@ Rayleigh Necessary Condition

© Linear Instability Arising from Inflection Value

@ Linear Inviscid Damping of Couette Flow
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2D Incompressible Euler Equation

@ 2D incompressible Euler equation in a fixed channel
x=(x1,x) €Q:=T, x(0,1), T, =R\ LZ.
v = (v, w)(t,x) € R2: velocity,
p = p(t,x) € R: pressure.

7“*’1___’%.-3 Ov+v-Vv+Vp=0, x e
ALY V-v=0, x e

— V2(X2 = O, 1) =0.

=0

@ Shear flows: v, = (U(xz),O), p. = 0.
@ Question: Stability of this shear flow?
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Linearized at Shear Flows

@ Linearize at shear flows:

O0rva + U(x2) 0%, va + Ox,p = 0, x e
Ap = =2U'(x2) 0%, va, x €
OxPlx=01=0,

va(xx =0,1) = 0.

@ Seek an unstable solution in the form:
vo(t, x1, %) = ™=ty (c k x)+ c.c.
k € Z: wave number, ¢ = cg + ic; € C: wave speed.

k>0,¢>0
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Eigenvalue Problem

e Rayleigh equation:

U"(Xg)

_y”(Xg)—l—(k2 + m

)y(X2) = 07 Xy € (07 1)

w/ fixed boundary condition:

y(0) =y(1) =0.
D> y <— vertical component.
> A = —ikc: eigenvalue.

> (¢, k > 0), ¢, > 0: unstable mode.
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Classical Results
When ¢ ¢ U([Evfh,—lﬁ))]) let ¢ be y(x) = (U(x) — ¢)¥(x).

{—y”(xz) + (k* + %)Y(Xz) =0, x€(0,1)
y(0) =y(1) =0.

{((u — )Y — k(U — )2 =0, x € (0,1)
¥(0) = ¥(1) =0.

@ Howard's semicircle theorem
@ No neutral mode, i.e. (c,k),c € R, w/ c € R\ U([0,1]).
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Classical Results

N\

e Howard's Semicircle Theorem: Uvior Vs
Umax Umin Umax - Umin .
(cr — +)2 + c,2 < (f){ if ¢ >0.

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022


Maggie


Classical Results

e Howard's Semicircle Theorem:

Umax + Umin Umax - Umin
2 2

Proof. ¢, > 0. Let ¢ be y(x2) = (U(x2) — ¢)¥(x2).
(U= cPu'Y — KU — )6 =0, (0) = (1) = 0.

(cr — )2+ < ( )%, if ¢ >0.

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022



Classical Results

e Howard's Semicircle Theorem:

Umax + Umin Umax - Umin
2 2

Proof. ¢, > 0. Let ¢ be y(x2) = (U(x2) — ¢)¥(x2).
(U= cPu'Y — KU — )6 =0, (0) = (1) = 0.

(cr — )2+ < ( )%, if ¢ >0.

Jo (U = ePury = (U ~ )0 )T = 0.
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Classical Results

e Howard's Semicircle Theorem:

Umax + Umin Umax - Umin
2 2

Proof. ¢, > 0. Let ¢ be y(x2) = (U(x2) — ¢)¥(x2).
(U= cPu'Y — KU — )6 =0, (0) = (1) = 0.

Jo (U = ePury = (U ~ )0 )T = 0.

(cr — )2+ < ( )%, if ¢ >0.

Jo (U = (W] + Ky P)dx; = 0.

Let Q := |i/'|> + K2[¢h]2 > 0.
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Classical Results

fol(U —¢)?’Qdx, = 0.
Imaginary:

fol —2¢(U—-cr)Q=0= fol UQdx, = cr fol Qdxs.
Real:

J3((U = r)? = c?)Qdxo = 0 = [} U*Qdxo = (c3 + ¢7) [, Qdxo.

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022



Classical Results

fol(U — ¢)?Qdx; = 0.
Imaginary:
Jy —2c(U—cr)Q = 0= [, UQdx, = cr [, Qdxo.
Real:
J3((U = r)? = c?)Qdxo = 0 = [} U*Qdxo = (c3 + ¢7) [, Qdxo.

Consider [/(U — Upax)(U — Upin) Qdxo < 0.
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Classical Results

fol(U — ¢)?Qdx; = 0.
Imaginary:
fol —2¢(U—-cr)Q=0= fo UQdx; = cr fo Qdxs.
Real:
J3((U = r)? = c?)Qdxo = 0 = [} U*Qdxo = (c3 + ¢7) [, Qdxo.
Consider [/(U — Upax)(U — Upin) Qdxo < 0.

3 U@ — (Unax + Unmin) UQ + U UmninQdxo < 0.
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Classical Results

fol(U — ¢)?Qdx; = 0.
Imaginary:
Jy —2c(U—cr)Q = 0= [, UQdx, = cr [, Qdxo.
Real:
fol((U —Ccr)??> —c?)Qdx =0= fol U?Qdxo = (c3 + ¢?) fol Qdxs.
Consider [/(U — Upax)(U — Upin) Qdxo < 0.

fol U2Q - (Umax + Umin)UQ + Umax Umin QdXZ S 0.

fol ((CR _ Umax‘2‘rUmin)2 + CI2 _ (Umax;Umin )2) de2 S 0
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T neutral mode: (c, k), c € R.
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T neutral mode: (c, k), c € R.

e There is no neutral mode with ¢ € R\ U([0, 1]).

m]
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T neutral mode: (c, k), c € R.

e There is no neutral mode with ¢ € R\ U([0, 1]).
Proof. Assume that ¢ € R\ U([0,1]). Let ¢ be

y(x) = (U(x) — c)v(x).
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T neutral mode: (c, k), c € R.

e There is no neutral mode with ¢ € R\ U([0, 1]).
Proof. Assume that ¢ € R\ U([0,1]). Let ¢ be

y(x) = (U(x) — c)v(x).
1) satisfies

Jo (U = P([W/]? + Ky P)dx, = 0.
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T neutral mode: (c, k), c € R.

e There is no neutral mode with ¢ € R\ U([0, 1]).
Proof. Assume that ¢ € R\ U([0,1]). Let ¢ be

Y(Xz) = (U(Xz) — C)i/J(XQ).
f\_,\_,\?@é\,('
1) satisfies
fol(U - \AQWI‘Z + K2[p[*)dx, = 0.

ce R\ U([0,1]) = v =0.

L

\)w\ < Vi
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Classical Results

e (Rayleigh) Necessary condition: sgn(U”) changes at x, € (0,1).
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Classical Results

e (Rayleigh) Necessary condition: sgn(U”) changes at x, € (0,1).
Proof.

/01 ( —y"(x) + (K + %)y(xﬂ)@dx2 0.
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Classical Results

e (Rayleigh) Necessary condition: sgn(U”) changes at x, € (0,1).
Proof.

/01 ( —y"(x) + (K + %)y(xﬂ)@dx2 0.

y(0) =y(1) = 0=

/|y )2+ (k2 + U"(x2)(U(x) — cr + icr)

)]y(xz)\zdxz = 0.

[U(x) = cf?
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Classical Results

e (Rayleigh) Necessary condition: sgn(U”) changes at x, € (0,1).
Proof.

/01 ( —y"(x) + (K + %)y(xﬁ)@dx2 —0.

y(0)=y(1)=0=

)2+ (k2 + U"(x)(U(x2) — cr + icy)
/ yCa)l” + (k Ul) — <P

)]y(xz)\zdxz = 0.

Imaginary part:

|2|y(X2)| C"X2 = 0.
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Seek Unstable Eigenvalues

“ll )
( T t-¢ = ‘kzé
—y"(x) + (k* + #)Y(Xz) =0, x€(0,1)
y(0) =y(1) =0
@ Treat k as a parameter. sodbx)
» No eigenvalue Vk > 1. (-a,72)

. . A, 0
e Continuation argument:

» No eigenvalue w/ c € R\ U(][0,1])
» Semicircle theorem
» Analyticity in ¢ € C\ U([0, 1]).

T neutral limiting mode (¢, € R, k,, y.): limit of unstable modes.

@ Rayleigh necessary condition.

¢ = Us: inflection value of U.
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Seek Unstable Eigenvalues

Questions:
@ Existence of neutral mode at ¢ = Us?
» Class KT : U has exactly one inflection value U,

. U//(XQ)
K(Xz) = —m, bounded.

e.g. sin(mxy), cos(mxz)

» —k2: an eigenvalue of —4, — K(x).
Let
1
K2 —  inf Jo (Y] = K()ly?) dx
T yeHi o) fol ly|?dx>
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Seek Unstable Eigenvalues

Questions:
e Bifurcation of instability from (¢ = Us, kmax)?
@ Linear instability when k > k. or k < kpax?
» No eigenvalues for large k.

@ Continuation of bifurcation curve?
» k€ (0, kmax)?

)
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Linear Instability Arising from Inflection Value

Theorem (Lin, 2003)

If U e KT, then

e for any neutral limiting mode (cs, ks, ys) with ks > 0, c¢s must be
Us and ys solves system Rayleigh system with U, ks,

@ Jeg < 0 s.t. for all € € (e9,0), there exists an unstable mode
(Us + c(€), vV k2 + €, ye),
o for all k € (0, kyax), there is an unstable mode.
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|dea of Proof

@ C; = US. g V=0 W(T'o

(=y"+Ky)U—-c)+ U"y =0.

> |lynll, < C, where {yn}n: unstable solutions w/ {(cn, kn) }»-
» y(x20) # 0, where U(x20) = ¢s.

A
@ Seek unstable modes in a cone.

¥ ®=0, (o)=L
Joo. o

coN~—

7

Ug

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022


Maggie


Couette Flow U(x) = xo

—y"(x2) + Ky (x2) = 0,
y(0)=y(1)=0.

T Only trivial solution = spectrally stable

e Eigenvalue problem <= {

linearize

e diw+Vv-w=0 —7 0w+ x0,w =0.

w(t, x1, x2) =w°(x1 — txp, X2),

— Z eikx1 e_ikxthZ()Q)-

kEZ

Continuous spectrum: [0, k] — inviscid damping.
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Couette Flow (Linear Inviscid Damping)

Theorem (Lin-Zeng, 20%&: v dx=o.

Assume ”fol wWO(x1, x0)dx; = 0.” Let w(t, x1, x2) be the solution of
Orw + x20,,w = 0 with w(t = 0) = w°(x1, x2).
Q Ifwl(xi, %) € H 'H;, then

1
IVll2 = O(;), when t — o0
Q Ifwi(xi, x) € H 'HZ, then

X2/

1
[vall 2 = O(F)’ when t — oo.
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Couette Flow (Linear Inviscid Damping)
g § e 2 15 Nq ],
Proof, (1)(S)= {6 € Hi|6 =0 on {xo=0,1}}. Vig=T.
5 WUt OV OVt ax,de. zo = > [\ v dn=o

I
172 <C  sup / / G- Tdad |} 16 dyo 0 W di

¢S, |IT|,;2<1

——

= fSZ C M=o.1
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Couette Flow (Linear Inviscid Damping)

Proof. (1) S :={¢ € H}

1X2

=0 on {xx=0,1}}. Vip=T.
1 1

17z <C  sup / / 7 Tdods
0 0

¢657Hr”1_2él

1 1
<C sup / / pwdx>dxy
ves ély<tJo Jo
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Couette Flow (Linear Inviscid Damping)

Proof. (1) S:={¢p € H. |¢p=0 on {xx=0,1}}. V*o=T.

xl X2

1 1
17l <C  sup //v.rdx2dx1
) ¢es,|rl2<1Jo Jo

1 1
<C sup / / Pwdxodxq
¢657H¢”H‘%<1 0 0

—C o [ woie)e e
(;565 H¢”H1<1 k#o 0
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Couette Flow (Linear Inviscid Damping)

Proof. (1) S:={¢p € H. |¢p=0 on {xx=0,1}}. V*o=T.

xl X2

1 1
17l <C  sup //V-Fdxzdxl
) ¢es,|rl2<1Jo Jo

1 1
<C sup / / Pwdxodxq
ses. ol <o Jo

itk
=C  sup Y| Wk¢ k(x2)e™ TP dx,|
(;565 H¢”H1<1 k#o 0

1 ' d 0 itk
_ B —1I X2d
OII sup /0 . (wk(xz)qﬁ k(xz))e X2 |

e Yrur

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022


Maggie


Couette Flow (Linear Inviscid Damping)

. C 1 1/2 1/2
10 <5 sup (D2 5 bl ) (D2 ol )
k

T U ellg<t Mo
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Couette Flow (Linear Inviscid Damping)

_A¢ = Vo,
b =0. 9

1 1
val|Z, = Vavadpdg
x o Jo

(2) Let v be the solution of {
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Couette Flow (Linear Inviscid Damping)

_A¢ = Vo,
b =0. 9

1 1 1 1
Jvall2s = / / Tvadodxy = / / ~ Avadsads,
0 0 0 0

(2) Let ) be the solution of {

Xiao Liu (Georgia Institute of Technology) 2D Incompressible Euler Equation Linearized January 21, 2022



Couette Flow (Linear Inviscid Damping)

_A¢ = Vo,
b =0. 9

1 1 1 1
Jvall2s = / / Tvadodxy = / / ~ Avadsads,
0 0 0 0

1,1
= / / E@Xlwo(xl — txp, X2 ) dXxpdx;
o Jo

(2) Let ) be the solution of {
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Couette Flow (Linear Inviscid Damping)

_A¢ = Vo,
b =0. 9

1 1 1 1
JwallZ, = / / Tvadodxy = / /  ADvadsadx,
0 0 0 0

1 1
:/ / P0w° (x1 — txa, Xo)dxadxy
—Z/ U_rike™ 100 (x0) dxo

k0

(2) Let ) be the solution of {
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Couette Flow (Linear Inviscid Damping)

2

1 —itkx e —iktx
D - G~ Gt R T Ry

k£0
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Couette Flow (Linear Inviscid Damping)

2 1 —tk2 /1 d2 T 0\ .—iktxo
— ITKX: _ B IKtX: d
lelly =3 ,.tzk( i = [ e )
CZ tz\k] H@bkngHz = CZ t2|k] ||¢k||/-/2
k0 k0
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Couette Flow (Linear Inviscid Damping)

2

1 —itkx; d — ! ds — —iktx
Hvznig:Z,.tTk(e o )l - /0 pw_sz)e % o)
2

CZ t2‘k’ }|¢kw2“H2 — CZ t2|k’ ||¢k||H2

k;éO k#0

t2 Z ’kl HV2k||L2

k0

‘wka
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Couette Flow (Linear Inviscid Damping)

2

1 —itkx; d — ! ds — —iktx
Hvznffzﬂ(e o )l - /0 pw_sz)e % o)
2

CZ t2‘k’ }|¢kw2HH2 — CZ t2|k’ ||¢l<||H2

k;éO k#0

t2 Z ’kl HV2k||L2

k0

‘wka

Sﬁ Hw0||H;11HX22 HV2HL§
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Thank you for your attention!
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