MatH 527 A1 HOMEWORK 6 (DUE DEC. 8 IN CLASS)

Exercise 1. (10 pts) (5.10.9) Integrate by parts to prove the interpolation inequality
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for all u € C°(U). Assume dU is smooth, and prove this inequality if w € H2(U) N H(U). (Hint: Take {vg} C C° con-
verging to u in Hj(U), and {wy} C C°°(U) converging to u in H(U).)

Proof. It is clear that the inequality holds for u € CZ°(U). Now pick
v €C° — w in He; wkECOO(U)—>uin H2. (2)

Note that we cannot use one sequence as if v, € C° — u in H?, u would be in HE.

Now compute
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Letting k& oo finishes the proof. O
Exercise 2. (10 pts) (6.6.2)
Let
Lu=-— Z (aiju,ci)z +cu (4)
ij=1 ’

Prove that there exists a constant p > 0 such that the corresponding bilinear form B[, ] satisfies the hypothesis of the Lax —
Milgram theorem, provided

d@)z—p  (ze). )

Proof. The space is H&(U ). Recall that the Lax-Milgram theorem has two conditions, boundedness and
coerciveness. Boundedness follows immediately from the boundedness of the coefficients.
For the coerciveness, we compute
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<2ik+c) u?. (6)

Here the last step is due to Poincaré inequality. We see that the conclusion follows. g

Exercise 3. (10 pts) (6.6.8)

Let u be a smooth solution of Lu = — Z?j:l aug, ,,=0inU. Setv:= |Du|? 4+ A uZ. Show that
Lv<0 in U, if X is large enough. (7
Deduce
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Proof. As Lu =0, u satisfies the maximum principle. Therefore as soon as we have shown Lv < 0, the
conclusion follows. We compute

Lv = —Z a”(Du-Du—i—)\u2)1ﬂj
= —22 a'’ [Dumﬂj-Du—|—Dum-Dumj—i—)\uuwﬂj—i—)\umiuwj]
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Now it is clear that Lv <0 when ) is large enough (assuming Da’/ € L) O



