WEEK 02: METHOD OF CHARACTERISTICS

From now on we will study one by one classical techniques of obtaining solution formulas for PDEs. The
first one is the method of characteristics, which is particularly useful when solving first order equations.

1. Classification of first-order equations.
The general form of first-order PDE (in R?):

F(I7y5u7uzvuy)207 (I,y)GDC]R2 (1)
or in R%:
F(%%Z,%Uzauy,uz)zo. (2)
Often the following notation is used in 2D:
pP=g, ¢ =1y (3)
thus the equation can be written as
F('ray7uap7Q):O- (4)

The linear equations can be classificed into the following cases, from easier to more difficult:

1. Linear:
F(z,y,u, Uz, uy) =a(x,y) ug +b(z, y) uy +c(z,y) u—d(z, y). (5)
2. Semi-linear:
F(z,y,u,uz, uy) =a(x, y) ug + b(z, y) uy — c(z, y, u). (6)
3. Quasi-linear:
F(z,y,u,uz, uy) =a(x, y,u) uy + bz, y,u) uy — c(z, y,u). (7)

4. General case.

2. Method of characteristics.
We try to find a method to solve the general first-order quasi-linear equation

a(z,y,u) uz +b(z, y,u) uy=c(z,y,u). (8)

Let’s start by thinking geometrically. Consider the 3 dimensional space with coordinates (z, y, u).
Assume that u=u(z,y) is a solution to the equation, it is clear that it represents a surface in the (z, y,u)
space.

Now we explore the geometrical meaning of the equation. Observe that the equation can be written in
the form of an inner product

a(z,y,u) Uy a(x,y,u) Ug
bx,y,u) || uy |=0 <= bx,y,u) |L{ uy | 9)
c(z,y,u) -1 c(x,y,u) -1

Ug
Therefore all we need to do is to understand the relation between the vector ( Uy ) and the solution.
—1
First introduce a new function ¥: R®+ R through

Oz, y,u)=u—u(z,y). (10)

Note that in the RHS of the above, the first u is a variable, the second u is a function. For example, sup-
pose u(z, y) =x?+ y?, then the corresponding ®(z, y,u) =u — (172 + y2).
Now we easily see that

u, |=-| @, |=-ve. (11)



Recall that geometrically, V® (and also — V®) is a normal vector of the surface ® =0. As a consequence

( Zz is perpendicular to the solution surface u=u(x,y).
_1On the other hand, from the equation we know that ( Z ) is perpendicular to the vector ( Zz > which
means ( b ) must be tangent to the surface u=u(zx,y). ‘ o
Now xcive summarize. We have shown that the equation is equivalent to the geometrical requirement
that the vector ( Z?;Z; ) is tangent to the solution surface u = u(x, y). As a consequence, any integral
oz, y,u
curve of ( Z ), that is any ( ;(E(j; ) satisfying
U

C S

dx
E/ = a(X,Y,U) (12)
T - XY.U) (14)

must be contained in one of the solution surfaces. Conversely, any surface “woven” by such integral curves
is a solution surface.
The above understanding leads to the following “method of characteristics” due to Lagrange.

Theorem 1. The general solution of a first-order, quasi-linear PDE

a(x,y,u)uz+b(x, y,u) uy=c(z,y,u) (15)
satisfies

F(¢,¢)=0, (16)

where F is an arbitrary function of ¢(x, y, u) and Y(x, y, u), and any intersection of the level sets of ¢
and Y is a solution of the characteristic equations

dz_dy_du

a b c (17)

Remark 2. As we will see soon, ¢, are obtained through solving the characteristic equations. And each
F gives a solution to the original equation.

Remark 3. The curves mentioned above are called the families of characteristic curves of the equation.

Remark 4. As we will see, the main technique in getting ¢ and ¢ is

a c atc a ¢
a_c ==2_= 18
b d  bxd b d (18)
In the following, we will show how to apply this method. We start with the simplest case.
3. Solving linear first-order equations.
3.1. Equations with constant coefficients.
We start from the simplest case, where a,b, c and d are just constants.
Example 5. (§2.8, 3(b)) Find the general solution of the equation
auz+buy=0; a,b are constant. (19)
Solution. The characteristic equations are
dz _dy _du (20)



What we need are two functions ¢(x, y, u) and ¢ (z, y, u) such that d¢ =0, dip =0 along the characteris-
tics.
Obviously we can take ¢ =wu. For v, notice that

d(ay—bz)=ady—bdz =0, (21)
thus we can take
Yv=ay—bu. (22)
As a consequence, the solution satisfies
Flay—bx,u)=0 (23)
for any function F'. This means
u= flay —bzx). (24)

for an arbitrary function f.

Example 6. (Cauchy problem, §2.8, 5(a)) Oftentimes, the value of the solution along some specific
curve in the plane is prescribed. For example, solve
3uz+2uy=0, u(z,0) =sinz. (25)
Solution. From the above example we know that the general solution takes the form
u=f(2x—3vy). (26)
Now substituting this into the initial condition, we obtain
f(2z)=sinz = f(:v):sin%. (27)

Therefore
u(z, y) =sin w
2
Example 7. (c,d# 0) What happens when the ¢, d are not 0? The method still works. We write down
the characteristic equations

@ b d—cu (28)
We have
%C:% = d(bz—ay)=0, (29)
dz du du 1 1 gt 1 —1 1
—=— = —=a"'d—atlcu = u=Ce™* “+c¢ d:>d(ea “(u—c d)):() (30)
a d—cu dz
As a consequence
p=br—ay, ph=e ' (u—c'd) (31)
and
F(¢,1)=0 (32)
gives
u=c td4e " fbx—ay). (33)
Remark 8. In the above, one may be tempted to conclude
d(u—ce—a“cw)zo (34)

and try to use u — C' e leT gg 1. This is obviously wrong as d somehow disappeared. One should keep
in mind that neither ¢ or % can involve arbitrary constants. It is their values that are arbitrary constants.

Example 9. Some times people use the following “method of characteristics”:



First solve
de dy
=a,  g=b (35)
then solve

ust+cu=d (36)
to obtain the solution u in the form u=wu(s,t). Finally represent s,¢ by x, y and obtain the solution. This

is equivalent to our method but considerably more complicated to use. Anyone who does not believe this
should try using this method to the following examples with non-constant coefficients.

Remark 10. One may wonder, how to find out ¢ and ¢ efficiently? Unfortunately there may not be any
short-cut. One way to systematically find ¢ and 1 is the following. The characteristic equations consists
of three equations. Pick any two of them. If you can find general solutions, then you have ¢ and 1. But
this fails when any coefficient involves all other variables.

3.2. Equations with non-constant coefficients.

Example 11. (§2.8, 3(h)) Find the general solution of

YUy — T Uy =1. (37)
Solution. The characteristic equations are
de dy du
Ty 1 (38)
Using
dz _dy (39)
—z
we obtain
yde+2dy=0 = d(zy)=0. (40)
Thus
p=zy; (41)
On the other hand, from
dy _du )
Y 1
we obtain
du=dlogy = d(u—logy)=0. (43)
As a consequence we can take
Y =u—logy. (44)
Putting these together we obtain
F(zy,u—logy)=0 (45)
which gives
u=logy+ f(ry). (46)
Example 12. (§2.8, 5(c)) Find the solution of the following Cauchy problem:
TUg+Yuy, =22y, with u =2 on y=2z2 (47)

Solution. We need to first find the general solution, then using the value on y = z? to determine the arbi-
trary function involved.

— Find the general solution
The characteristic equations are

Using



we obtain
d(%) =0 = can take ¢p= %
On the other hand, we have
du=2zdy=2ydr=zdy+yder=d(zy) = du—zy)=0
therefore
Y=u—2xYy.
The general solution satisfies
F(%,u—xy):() = u:xy—kf(%).
— Determine the solution.
We have u =2 along y =22, that is

u(az, xz) =2.
Using the formula for the general solution, we have

2+ f(z)=2 = f(z)=2—-23
As a consequence
3
u(x,y):xy+2—(%) .

4. Solving semi-linear first-order equations.

Example 13. (§2.8, 3(g)) Find the general solution of the following equation:
yiuy —xyuy, = (u—2y).

Solution. The characteristic equations are

de  dy du
2 —xy x(u—2y)
From
dz_ dy
y? -y
we have

On the other hand, we have

_djyzx(u%m — %:_%” — d(ud;y):—u;y:>d((u—y)y):().
Thus we take
v=y(u—y)
Now
F(z*+y%y(u—y))=0
gives

u=y+y ' f(z®+y?).
Example 14. (§2.8, 5(g)) Solve
TUz+yuy=u+1 with u(z, y) = 2% on y =212

Solution. The characteritic equations are




which easily lead to

+1
p=2, ==
T T
Thus
U*xf(%)—l

Now the Cauchy data implies
thus

As a consequence

{E2

u(x,y):x(%)—l—x(%)_l—l:y—l—?—1.

5. Solving quasi-linear first-order equations.

Example 15. (§2.8, 3(f)) Find the general solution of
(y+u)uz+yuy=a—y.
Solution. The characteristic equations are

de dy du

y+tu oy x—y
From this we have
dz  d(y+wu)

y+u_ T

— d(xQ—(y+u)2):O.
Thus we can take
¢:x2+(y—|—u)2.
On the other hand, we have
dlx—y) du
u T—y

= d(u2 —(z— y)2) =0.
As a consequence, the solution is given by

F(a:2— (y+u)’ u2— (x— y)2) =0.

Remark 16. Note that, in the above we can also use

%:—d(x—i—u) — d<—x+u>:const.
Y T+u Y

Thus the formula may not be unique.

Example 17. (§2.8, 5(h)) solve

uugg—uuy:uQ—i—(gc—i—y)2 with u=1 on y=0.

Solution. The characteristic equation are
dr_dy _ du
u —u w24 (z+y)?
de dy

TR = d(z+y)=0 = ¢=zx+y.

We have

Then we have
dy __ du
—u - ’LL2 + ¢2

= Y= (u’+¢%).



Now from the Cauchy data we have

F(¢,1+¢*)=0. (83)
Therefore effectively F' has to be
F(¢, )=~ (¢*+1) (84)
and the solution satisfies
e (w2t (@+1)’) - (1+ @+y)*) =0 (85)
which leads to
u::l:[{1+(a:+y)2} 6*27!_(3:+y)2}1/2. (86)

6. Equations with more than two variables.
The method of characteristics can be applied to higher dimensional problems with no difficulty in prin-
ciple — it indeed becomes more difficult in practice!

Example 18. (§2.8, 8(d)) Solve the following equation
Yyzug —xzuy+ay (z*+y*)u=0. (87)
Solution. The characteristic equations are

dz _ dy dz du

yz_—xz:xy(:zrz—kyz)zf' (88)
This time we need three invariants, let’s denote them by ¢, and 7.
Clearly one can take
o=u. (89)
For the second invariant, we observe
d—I: dy :ﬁzﬂﬁd(ﬁ—l—yﬂ:o: PY=x?+ 3> (90)
yz —xz y -
The last invariant can be obtained through
dy  dz dy dz o 9\ o 9
—xz_xy¢:>—z_y¢:>d(z +y ¢)—O=>77—z + y~ ¢. (91)
Therefore the solutions are obtained by setting
Fu,2®+y% 22+ y* (22 4+ %)) =0 (92)
which gives
u=f(a*+ 9% 22+ y* (22 +y?)) (93)

for arbitrary f.1

1. Keep in mind that this f will be determined once some Cauchy data is given.



