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MATH 334 FALL 2011 HOMEWORK 8 SOLUTIONS

BAasic

Problem 1. Find the general solution for the following:
a) 22y +4xy’ +2y=0.
b) 2?2y +5xy’ +4y=0.
c) 22%y"+3zy' +4y=0.
Solution.
a) Set y=az" we reach
r(r—1)+4r4+2=0=r;,=-2,—1. (1)
So the general solution is
y=Ciz 2+ Corx . (2)
b) Set y=x" we get the indicial equation
r(r—1)+5r+4=0=r12=-2. (3)
So the general solution is
y=Crz 2+ Coz?Inz. (4)
¢) Set y=2a" we get the indicial equation

—1+v/=31 _
—Eree

2r (r—1)+37r+4=0=1 9= T (5)

So the general solution is
y—Clscl/4cos(Zi)lln:z:)—FCg:cl/‘Lsin( 31 lnx). (6)

Problem 2. Find all singular points of
?(1-2z)y"+(z-2)y' —3zy=0, (7)

and determine whether each one is regular or irregular.
Solution. Write the equation into standard form:

" T —2 ’r_ 3 —
Y +:c2(1—:c)y x(l—:c)yio' (8)
We see that there are two singular points =0,z =1.
e At =0, we have
oz —2 9 _ 3z

We see that x p is not analytic (still has singularity at 0). So =0 is an irregular singuar point.

e At x=1, we have
T2 (o1pg=200) (10)

—NDp=
(@ —=1)p=—3 =

both are analytic at x =1. So x =1 is a regular singular point.

INTERMEDIATE

Problem 3. Determine a lower bound for the radius of convergence of series solutions about each given point
xo for the differential equation

(I+a%)y"+4zy'+4y=0; =0, ro=2. (11)
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Solution. Write the equation into standard form

4z 4
1—|—:c3y +1—|—1:3

Y’ + y=0.
We see that the singular points are solutions to

22+ 1=0.
or equivalently

=—1.
To find all such z, we need to write —1= Re®. Clearly R=1. To determine § we solve
cosf=—1, sinf=0

which gives § =7+ 2 knw. Thus the solutions are given by

- 2k+1
f— v 3
r=e °

Notice that k£ and k+ 3 gives the same x. Therefore the three roots are given by setting k=0, 1, 2.

k:O:x:ei%:%—b-?‘; k=1l—x=-1; k:2:>:c:%—§i.
Now we discuss
o 19=0. The distance from 4 to the three roots are:
1, V3,
10— (D=1
1 V3.
0—<2—2Z>‘1’
The smallest distance is 1. So the radius of convergence is at least 1.
e 19=2. The distances are
1 V3 2\ 13 V3. [9 3
2‘(2+2Z> = g i=iti=Vs
2—(=D = 3;
1 V3.
2—(2—2z> = V3.

The smallest distance is v/3. So the radius of convergence is V3.

ADVANCED

Problem 4. Find the first five terms of the power series solution for
zy"+yln(1—2)=0

and determine a lower bound for its radius of convergence.
Solution.
First we determine the radius of convergence. Write the equation in standard form

In(1—x)

y'+———"y=0.

In(l—=
z

We need to find all singular points for ). As this is a ratio, we first determine:

e Singular point for In (1 —x): x =1;!

1. The issue is in fact a bit more complicated than this.

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(24)

(25)



e Singular point for z: None.

Now as this is a ratio, one more possible singular point is x =0, which makes the denominator vanish. However,
we realize that In (1 — z) =0 at this point too. Expanding In (1 —z) = -7 | % we see that the z is in fact
cancelled. So x =0 is in fact a regular point. The distance from 0 to 1 is 1, so the radius of convergence for the
solution is at least 1.

Or we can proceed more directly as follows:

n

—1

o0 x o0 n oo n
ln(l—m):_znzlfz_z X :_Z xr
T T — " — N +1
when |z| < 1. As the resulting power series indeed has radius of convergence 1, we have

ln(lx—:c) :_i nxi_:l (27)

n=0

for |z| < 1. The radius of convergence for the solution is therefore at least 1.
Next we solve the equation. Write

y= Z G T™. (28)

We can substitute this into either the original equation or the standard form. As we have already obtained the
w, we use the standard form:

(550} (5 2) (5 o) o -

n=0 n=0

Z (n+2)(n+1)an+2x”—(z ngi:1><z an:c">—0. (30)

n=0 n=0

expansion for

This simplifies to

We need to find the first 5 nonzero terms so we have to compute at least up to as. The lowest order term containing
a4 is the 22 term so we try first to calculate up to z2:

2
(2a2—|—6a3:c+12a4:c2+~~~)—(1—‘—%-&-%4—--)(ao+a1:c+a2x2—|—--~):0. (31)
The left hand side is
2as— ag) + 6a3—@—a1 T+ 12a4—a2—ﬂ—@ z24---=0. 32
2 2 3
Thus we have
2a;—ag = 0 (33)
6a3—%—a1 = 0; (34)
12a4—a2—%—% = 0 (35)
They lead to
_ o, _ Qo a1 _Da a1
az = 21 a3_12 61 ay = 72 241 (36)
None of them is 0 so we already have 5 nonzero terms:
= @2(@2)3(@ﬂ>4...
y=atamzt+ga+ (Gt )t tgr )i+ (37)

Problem 5. Consider the equation
22%2y"+x(2z+1)y' —y=0. (38)
a) Is 0 a regular(ordinary) point, a regular singular point, or an irregular singular point?
b) Write down and solve the indicial equation.
¢) Write down the correct forms of y1, ya.

d) If the two roots of the indicial equation does not differ by an integer, find 1, yo.
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Solution.
a) First write the equation into standard form:

2x+1 1
Y+ 5 y’—@yZO- (39)

Thus p= 212: Log= —2;2. Obviously they both are not analytic at 0. Therefore 0 is not a regular point.

2x+1
2

Next consider x p= , 2 q¢=—1. Both are analytic at 0. Therefore 0 is a regular singular point.

b) The indicial equation is r (r — 1) + po 7 + go =0. Here po, go are the constant terms in the Taylor expansions

of zp and x2¢q. So pp= %, Qo= —%. The indicial equation is then
r 1 2 1
r(r—1)+§—§:0<:>2r —r—1:0=>r1’2:17—§. (40)
¢) As the two roots are distinct and their difference is not an integer, we have
ylzxz an ™, yQ:xfl/ZZ b, x™. (41)
n=0 n=0

e Finding y;: Substitute

yl—:cz anx —Z an "t (42)

into the equation we have n=0
yi = Z (n+1)anx™ (43)
no:o[)
yy = Z (n+1)na,z" 1 (44)

1

]

Note that the summation starts from n=0 and 1, not 1 and 2!
Now we have

= 27 +1 1 o
n—1 n __ n+1__
E (n+Dnapx™ '+ 52 Z (n+1)ay,x 5.2 E an ™t =0. (45)
n=1 n=0 n=0
Simplify:
n—1 n n—1 n—1__
nE:l (n+1D)nanx —&—nz::o(n—i—l)an:c —&—5”2::0 (n+1)anx —§7§:0 anz" 1 =0. (46)

Shift indices (for this problem it is easier to shift everything to z™~1

to be shifted)

since thus only one term needs

1 o0 1 o0
n—1 n— 1 = 1_
E_ (n+Dnapx™ '+ Elnan 1@ 5 E_ (n+1)a —-3 E_ (47)
Simplify:
1 1 - 1 1
1 -1 n—1_
S0z =S aow —&—3:1 { n—&—l)nan—l—nan,l—i— (n+1)an 5%}1: =0 (48)

Note that the blue term must be 0 if we have solved the indicial equation correctly.
So the recurrence relation is (for n > 1; Remember that ag is arbitrary)

(n+l)nan+nan,1+%(n+l)an—éanzo (49)
which simplifies to
__ OGn-1
W= 3/2) (50)

Thus we have

=) T ey Y | o

3
+
S~—
—~
3
+

N
S~—
| ot



So
- ( 1)” n+1
yi(z) = =zt (52)
2 D Dt
e ys. We have
ya(z) = — Z p ™= Z a2 (53)
n=0 n=0

So

n— ):c"fg; (54)
yé/ = Z Qnp

L
2
1 3\ n-2
(n—§) (n—§):c . (55)
Substitute into equation we get

= 1 3 ni, 2041 1) nod 1 nei_
Za7l(n—§)(n—§)x + 5% Oan(n—z):c 52 an T =0. (56)

n=0 n= n=0
Simplify
Soon(r=3)(rm3) e R (g e (g s e
n=0 n=0 n=0 n=0
0 (57)

ia n— L) (n-3 :c"fg—kia n—3 x7l7%+lia e
n 2 2 n—1 2 2 n 2

n=0 n=1 n=0

1 — -3 _0 58
§Z Gp T - ( )

n=0
Simplify

1 3 1/ 1 1 e & 1 3 3

w[(2) ()2 () el e R e (o 2) () e (- 2)
1 1 nof_
§<n—§)an—§an}x =0 (59)

Again, the blue term vanishes because we have solved the indicial equation correctly.
The recurrence relation is then

an(n—%)(n—g)-&-an,l(n—%)ﬂ-%(n—%)an—%an (60)

which simplifies to

Ay =— — an = - agp. (61)
So
1 0 —1\n 1
yQ:af?Z (nl') h=x e " (62)
n=0
CHALLENGE

Problem 6. Construct an example of an equation that does not have a solution of the form z¢ ZZOZO an x™.
(Hint: What equation does e'/** solve?)

Problem 7. Prove the following: If f(x) ="  an (x — x0)" for |z — x| < R for some R >0, then

4= 0) (63)
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In other words, if f is analytic at some point xg, then the corresponding power series is necessarily the Taylor
expansion of f.

Proof. As f(z)=Y"_ an(z —x0)" for all |z — 20| < R, then necessarily f(zo)= ao.

Now show ay = f'(x0). As f(z) =377, an (x — x0)", we know that the power series Y77 ' a, (z — )"
converges for all |z — 20| < R which means its radius of convergence p > R. Therefore we have fo’:o an (£ — o)™
is differentiable and

<Z an (x — ) Z nany ( Z (n+1)ant+1(x —zo)™ (64)
n=0 n=0
Consequently f is differentiable at x¢ and
Z n+1)anq1 (z—zo)" (65)
n=0
for all | —xo| < R. Setting x =1z, we get
ar= f'(zo). (66)
Differentiate again we reach
Z (n+2)(n+1)anys (x—x0)™ (67)
for all |x —zo| < R. Setting x =z we have
f"(xo) =2 as. (68)
In general, taking k& derivatives we reach
5N (z Z (n+k)(n+1)apik (@ —x0)" (69)
which gives n=0
f(k)(:co) =k!ag. (70)
a
Problem 8. Show that Euler equations
ax?y’+bxy +cy=0 (71)

can be transformed to 2nd order constant-coefficient linear equations through the change of variable: ¢ = In z.
Write down that equation.
Solution.

t=Inxz so x =e’. The chain rule then gives

dy dydz _ , , /

G dr ey =y (72)
d?y dfdy\_d, ,_ dz d, ~_ . dy) d=
ﬁ’&(ﬂ @) =gyt g sey e = ey ety (73)
Thus
ax?y"’+bxy +cy=0 (74)
becomes
d?y dy _
aW—F(b—a)E—!—cny. (75)

Problem 9. Find a function p(x) for which limzﬁzo( — xo) p(x) is finite, but (x — xo) p(z) is not analytic at

xo. Then prove that if p(x) is rational, that is p(z) = ) where P , Q are polynomials, then the finiteness of the

Q(
above limit indeed implies the analyticity of (z — xo) p.

Proof. The example can be, say, xo=0 and p(z) :%eiﬁ.
To prove the claim, use the following fact: Any polynomial of degree k can be factorized:

k

ooy = a2 — ) () (76)



where 71, ..., 7, are the k complex roots of the polynomial.
Therefore if r4,...,7, and s1,..., S, are the roots of P, Q, we have

4o (@ —51) (@ 5m)  Qla)

(2 — 30) pla) = (o — o) L2 E=r) = (@ =ra) _ Pla) -

Here P, Q are polynomials such that no further cancellation can be done. In particular, 15(17) and Q(:c) do not
both have the factor (x — zg).

The finiteness of the limit lim, . ,,(z — o) p(x) then means that Q () # 0. Therefore (according to our rules)
g is analytic at zq. O

Problem 10. Prove the following. If all solutions to y” + p(z) ¥’ + ¢(z)y =0 are analytic at xo=0, then p, g are
analytic there too.

Proof. Since all solutions are analytic, in particular yi, y2 are, with y1(0) =y5(0) =1, y1(0) = y2(0) =0. Now we
have

y1 + p(x) y1 + q(x)y1 =0, y8 + p(x) y5+ q(x)y2=0. (78)

Treating this as a system with unknown p, ¢ we reach

yirtyig = —yl (79)
Yapty2q = —yd (80)
Solving it we get
_—ylye -ty _—ylyrtyryi (81)
Y2yl —Y1Y5 Y1y — Y2 Y1

Both are of the form f/g with f, g analytic at 0. So all we need to check is the the denominator is not 0 at
xo =0, which is obvious. O



