MATH 334 FALL 2011 HOMEWORK 4 SOLUTIONS

Basic

Problem 1. Solve the following equations:
a) 3y"+8y’ +4y=0.
b) y"+6y +9y=0.
c) y'+2y" +10y=0.

Solution.

a) Characteristic equation:

3724 8r+4=0

Thus
—8+v8 —-4-3.4 —-8+4 2
7‘1,2: 6 = 6 :—§7 —2‘

So the general solution is given by
y=Che 2/3 4 Che 2t
b) Characteristic equation:
r24+67r4+9=0

Thus
—6+V67—4-9

T1,2= 5 -3.
Repeated roots. So
y=Cre 3t + Cote 3t
¢) Characteristic equation:
r2+2r+10=0

Thus

—24+22-4-10 .
rl,ng:—liiﬁz.
So the solution is given by

y=Cre tcos3t+Cye tsin3t.
Problem 2. Solve the following initial value problem.
a) y'+3y —4y=0, y(1)=0,y'(1)=1.
b) y"+2y'+4y=0, y(0)=1,y’(0)=1.
Solution.
a) First find general solution. Characteristic equation:
r24+3r—4=0=r12=—4,1.
So
y=Cre *+Cyet.
Now calculate
y'=—4C e 4+ Cyel.
Thus
y(1)=0=Cie "+ C2e=0
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and

Y (1) =1= —-4Cre *+Cre=1 (14)

Multiply the first equation by 4 and add to the 2nd, we get Cy = %1 Then C; can be obtained through

et

either equation as C1 = —+-.

Therefore the solution is give by

NN VRDVE I
y=—ze + ge (15)
b) First find general solution:
rP42r+4=0=r19=—1%+V3i (16)
SO
y=Cre tcosV/3t+Coe tsin/3t. (17)
Calculate
y'=—Cre tcosV3t—v3Cre tsiny3t—Coe tsinv3t++v3Coe tcos V3t (18)
Using the initial conditions:
y(0)=1=Ci1=1; (19)
y'(0)=1= —C1 +V3Cy=1. (20)
We obtain
2
ci=1, C’Q:%. (21)
So the solution is given by
2
=e tcosV3t+——e tsinv3t. 22
y 7 (22)
INTERMEDIATE
Problem 3. Find the general solution for
y"+2y +y=2e"" (23)

Solution.
We apply the method of undetermined coefficients.
First solve the corresponding homogeneous equation

y'+2y +y=0. (24)
Characteristic equation r2+2r+1=0 gives repeated roots r; »=—1. So
y1=e " ya=te " (25)
Next guess the correct form of y,:
glt)y=2e t=e*(ap+ -+ ant™) (26)
with a=—-1, n=0. So
yp=tse "t Ag. (27)
To determine s, check o= —1 is a repeated root of r2+2r+1=0 so we have to take s=2. Thus our guess is
yp=Aot?e " (28)

Substitute back into the equation:

2e™" = yp+2yptyp

(Apt2e=t)" +2 (Ao 2 1) + (Ao t2 )

2Ape t—4Agte t+ Agtlet+4 Agte P —2 Agt2e P+ Agtlet
= 2Age L.

So Ap=1 and therefore
yp=t2e L (29)



Finally the general solution is given by
y=Cre P+ Cote t +t2e

Problem 4. Solve the initial value problem

y'+4y=t>+3¢, y(0)=0, y'(0)=2.

Solution.
First solve the corresponding homogeneous equation

y'+4y=0
whose characteristic equation is 72 +4=0=>r1 =224 so

Y1 =cos2t,ys=sin2¢.

Now we guess y,. Note that g(t) =t%>+ 3 e’ is of neither type. However, ¢? and 3 e’ are. So we write g;(¢)

g2(t) =3 e, and guess

yplzts (A0+A1t+A2t2); ypgztSBet.

(30)

B1)

(32)

(33)

=2

(34)

Note that g; and go both correspond to the type e*? (ag+ - + an t™) with =0 and a=1 respectively. Recall that
the roots to the characteristic equation are 2 4 so neither « is a solution. Consequently s =0 in both y,; and yps:

yp1:A0+A1t+A2t2; yZ,g:Bet.
o Get y,1. Substitute into the equation (with right hand side g1):

t? = yh+4yn
= 2A2+4(A0+A1t+A2t2)

therefore

which gives

1
Ay==, A;=0, Ag=-—-=.
2 47 1 07 0 R
So
1 2
TR

o Get ypo: Substitute into the equation with right hand side go:

3e' = yptdype
= Be'+4Bet
= 5Bet=>B:%
So
3
yp2*5 .
Thus we get
1, 3
yp:yp1+yp2:—g+X+get-
The general solution is
=Cicos2t+C: sin2t—l+ﬁ+§et
y==0n 2 g T 1 T5¢
To use the initial conditions, first calculate
y’:—QClsith—i—QCgcoth—&—%—i—%et.
Now
1 3 19
0)=0 Ci—=+=-=0 Ci=——;
y(0)=0=0Ci-g+35=0=0Ci=—g
3 7
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Thus the final answer is

2
y:—%cos2t+%sin2t—%+%+%et. (47)
ADVANCED

Problem 5. Consider ay” 4+ by’ +cy=0 with a,b, c constants. Assume that ar?+br+ c=0 has repeated root
r1=7o. Thus y; =e™!. Show that reduction of order always gives yo =1t y;.

Proof. Let ys =vy;. Substitute into the equation:

O0=a(vy)"+b(vy) +ec(vy) =vlay +byi+cy]+ayiv”+[2ayi+by] v (48)
As y, is a solution, the first [--+] is zero. So
ay1 v+ 2ay] +byi]v' =0. (49)
Now because a2+ br + c=0 has repeated root, necessarily r, = ;—Z. So y1 = (67%)5), = —% y1. Substitute into
the above equation we have
2ay;+by; =0 (50)
SO
ayv"'=0—=0v"=0—=v=C1t+Ch. (51)
Thus we can always take yo =t y;. (|
CHALLENGE

Problem 6. Explain why the method of undetermined coefficients is not practical anymore when the coefficients
are not constants.

Problem 7. Show that reduction of order always works. That is it always gives a ys that is linearly independent
of y.
Proof. The method works by letting y» =vy; and the solve the following equation to get v:

ay1v"+2ay’ +by]v' =0. (52)

Now as y1 # 0, if y, is linearly dependent with y;, then necessarily v=constant. In other words, the method does
not work only when all solutions to the v equation are constants, that is the general solution to the v equation
has to be

v=Ch. (53)

However, as a y; # 0, the v equation is a second order equation whose general solution involves two arbitrary
constants. (|



