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Math 334 Fall 2011 Homework 11

Basic

Problem 1. Transform the following initial value problem into an initial value problem for a system:

u′′ + p(t)u′ + q(t) u = g(t), u(0) = u0, u
′(0) = v0. (1)

Intermediate

Problem 2. Express the solution of the following initial value problem in terms of a convolution integral:

y ′′ +4 y ′ + 4 y = g(t); y(0) = 2, y ′(0)=−3. (2)

Problem 3. Express the solution of the following initial value problem in terms of a convolution integral:

y(4)− y = g(t); y(0) = y ′(0) = y ′′(0) = y ′′′(0) = 0. (3)

Problem 4. Find all eigenvalues and eigenvectors for

a) A =
(

−2 1
1 −2

)

;

b) A =





3 2 4
2 0 2
4 2 3



.

Advanced

Problem 5. Prove the basic properties of convolution:

• f∗g = g∗f ;

• f∗(g1 + g2) = f∗g1 + f∗g2;

• (f∗g)∗h = f∗(g∗h);

• f∗0 = 0∗f =0.

Challenge

Problem 6. Derive the formula L−1{e−as F (s)}= f(t− a) u(t− a) using convolution.

Problem 7. Recall that we can write any single linear homogeneous equation of order n into a 1st order system

consisting of n equations. Show that the Wronskian of the latter is the same as the Wronskian of the former.

Problem 8. Let W be the Wronskian of n solutions x
(1),	 , x(n) to the system

ẋ1 = p11(t) x1 +
 + p1n(t) xn (4)� � �
ẋn = pn1(t) x1 +
 + pnn(t) xn. (5)

Prove that
dW

dt
= (p11(t) +
 + pnn(t)) W. (6)
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Answers:

• Problem 1:

v ′ = −q(t)u− p(t) v + g(t) (7)

u′ = v (8)

with initial values

u(0) =u0, v(0) = v0. (9)

• Problem 2: y =
∫

0

t
e−2(t−τ) (t− τ ) g(τ) dτ + e−2t (t+ 2).

• Problem 3: y(t) =
1

4

∫

0

t
[

e(t−τ)
− e−(t−τ)

− 2 sin (t− τ )
]

g(τ ) dτ .

• Problem 4: We write the solution as (eigenvalue, eigenvector) pairs.

a)
(

−3, a
(

1
−1

)
)

;
(

−1, a
(

1
1

)
)

b)

(

−1, a





1
−2
0



+ b





0
−2
1





)

;

(

8, a





1
1/2
1





)

.
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