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Abstract

Chapter 1 deals with the Invariant Subspace Problem for Banach spaces and Banach
lattices. First, we show that the celebrated Lomonosov theorem [Lom73] cannot be
improved by increasing the number of commuting operators. Specifically, we prove that
if T': ¢; — (7 is the operator without a non-trivial closed invariant subspace constructed
by C. J. Read in [Read85], then there are three operators S, So and K (non-multiples
of the identity) such that 7" commutes with S;, S; commutes with Sy, S commutes with
K, and K is compact. We also show that the commutant of T contains only series of T
Further, we show that the modulus of the quasinilpotent operator without an invariant
subspace constructed by C. J. Read in [Read97] has an invariant subspace (and even
an eigenvector). This answers a question posed by Y. Abramovich, C. Aliprantis and
O. Burkinshaw in [AAB93, AABO9S].

In Chapter 2 we develop a version of spectral theory for bounded linear operators on
topological vector spaces. We show that the Gelfand formula for spectral radius and Neu-
mann series can still be naturally interpreted for operators on topological vector spaces.
Of course, the resulting theory has many similarities to the conventional spectral theory
of bounded operators on Banach spaces, though there are several important differences.
The main difference is that an operator on a topological vector space has several spectra
and several spectral radii, which fit a well-organized pattern.

In Chapter 3 we use the results of Chapter 2 to prove locally-convex versions of
some results on the Invariant Subspace Problem on Banach lattices obtained in [AAB93,
AAB94, AAB9S]. For example, we show that if S and 7" are two commuting positive

continuous operators with finite spectral radii on a locally convex-solid vector lattice, T is
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locally quasinilpotent at a positive vector, and S dominates a positive compact operator,

then S and T have a common closed non-trivial invariant subspace.
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Preface

The Invariant Subspace Problem is one of the famous unsolved problems in modern
mathematics. Originally it was posed as follows: Does every bounded linear operator
have a (closed non-trivial) invariant subspace? The problem was motivated by the Jordan
decomposition of matrices and by the desire to understand the structure and the geometry
of an arbitrary operator. The problem was solved in the affirmative for compact operators
on Banach spaces by N. S. Aronszajn and K. T. Smith [AS54]. V. I. Lomonosov showed in
[Lom73] that if 7" is a bounded operator on a Banach space such that there is a “chain” of
three consecutively commuting operators from 7" to a non-zero compact operator K, i.e.,
if there exists an operator S (not a multiple of the identity) such that 7" commutes with
S and S commutes with K, then 7" has an invariant subspace. Lomonosov’s theorem was
a breakthrough because it covered a very large class of operators. It did not, however,
cover all of them.

In the mid-seventies P. Enflo [Enf76] constructed the first counterexample of a contin-
uous operator on a Banach space with no closed non-trivial invariant subspaces, thus an-
swering the Invariant Subspace Problem for general Banach spaces in the negative. Later,
C.J. Read produced several classes of operators without invariant subspaces. In [Read84]
he presented his original example of an operator (in fact, a class of operators) on a Banach
space without invariant subspaces. A year later Read published a follow-up [Read85],
showing that his example can be slightly modified so that the operators would act on
/1. In [Read86] he presented a considerably simplified version of his example. Finally,
in [Read97] he constructed a class of quasinilpotent operators on ¢; without invariant

subspaces. Still, for many particular classes of spaces and/or operators there is a hope
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to solve the problem in the affirmative. The Invariant Subspace Problem is still open
for operators on Hilbert spaces. Another large class of operators for which there is a
hope of solving the Invariant Subspace Problem in the affirmative is the class of pos-
itive operators on Banach lattices. M.G. Krein proved in [KR48] that every positive
operator on a space of continuous functions on a compact Hausdorff space has an in-
variant subspace. During the last several years considerable progress in the Invariant
Subspace Problem for positive operators on Banach lattices has been made in the series
of papers [AAB93, AAB94, AAB98], in which the existence of an invariant subspace
for a positive operator was proved under various additional hypotheses. In particular,
it is shown in [AAB93] that on a discrete Banach space every positive operator which
commutes with a non-zero quasinilpotent operator has an invariant subspace.

There was a hope to discover more operators with invariant subspaces by increasing
the length of a chain leading from a given operator to a compact operator in Lomonosov’s
theorem. This question was asked by Y. Abramovich and C. Aliprantis. In Section 1.1
of this thesis we show that Lomonosov’s theorem cannot be extended even to chains
of four operators. Namely, we present four operators T', Si, S, and K such that T
commutes with S, S; commutes with S, S5 commutes with K, and K is compact, but,
nevertheless, T" has no invariant subspaces. In fact, T" is a Read operator here. Further,
in Section 1.2 we show that the only operators that commute with a Read operator are
the series of the operator.

The following question was posed in [AAB93, AAB9S|: Let T be the operator without
invariant subspaces, constructed in [Read85]. Does the modulus of this operator have
invariant subspaces? This question is important for the following reason. The operator
T is defined on ¢, which is a Banach lattice. Even though T itself is not positive,
it must have a modulus |T| (since every operator on ¢; has a modulus), which is a
positive operator. In fact, we show in Section 1.3 that Read’s operator T is “almost
positive” in the sense that it differs from |7'| by a small nuclear perturbation. It seemed
therefore quite plausible that |T'| would also have no invariant subspaces, and this would

answer negatively the Invariant Subspace Problem for positive operators. Even though
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the operators T and |T| are “very close”, the technique of [Read85] is not applicable to
|T|, and the question of the existence of invariant subspaces of |T'| was not easy. We
solve this problem in Section 1.3 using an essential spectrum technique. Namely, we
prove the existence of invariant subspaces for a certain class of operators, and show that
|T'| belongs to this class. Moreover, we show that |T'| has a positive eigenvector.
Another direction of the author’s research is the study of the Invariant Subspace Prob-
lem in locally convex spaces. In Chapter 3 we generalized some of the results of [AAB9S]
to operators on locally convex spaces. It is worth mentioning, however, that even a direct
extension of known results from Banach spaces to topological vector spaces is not always
trivial. One major difficulty is that it is not clear which class of operators should be
considered, because there are several non-equivalent ways of defining bounded operators
on topological vector spaces. Another major difficulty is the lack of a readily available
developed spectral theory. The spectral theory of operators on Banach spaces has been
thoroughly studied for a long time, and is extensively used. Unfortunately, little has been
known about spectral theory of bounded operators on general topological vector spaces,
and many techniques used in Banach spaces cannot be applied for operators on topolog-
ical vector spaces. In particular, the spectrum, the spectral radius, and the Neumann
series are the tools which are widely used in the study of the Invariant Subspace Problem
in Banach spaces, but which have not been sufficiently studied for general topological vec-
tor spaces. To overcome this obstacle we have developed a version of the spectral theory
of bounded operators on general topological vector spaces and on locally convex spaces.
This material is presented in Chapter 2. Some results in this direction have also been
obtained by B. Gramsch [Gram66], and by F. Garibay and R. Vera [GV97, GV98, VM97|.
In particular, we consider the following classification of bounded operators on a topo-

logical vector space. We call a linear operator T'
- nb-bounded if T maps some neighborhood of zero into a bounded set,

- nn-bounded if there is a base of neighborhoods of zero such that T maps every

neighborhood in this base into a multiple of itself, and

X



- bb-bounded if T' maps bounded sets into bounded sets.

The classes of all linear operators, of all bb-bounded operators, of all continuous opera-
tors, of all nn-bounded operators, and of all nb-bounded operators form nested algebras.
The spectrum of an operator 7" in each of these algebras is defined as usual, i.e., the set of
A’s for which AI —T is not invertible in this algebra. We show that the well known Gelfand
formula for the spectral radius of an operator on a Banach space, r(T) = nllj{)l@ m
can be generalized to each of the five classes of operators on topological vector spaces,
and then we use this formula to define the spectral radius of an operator in each of the
classes. Then in Section 2.4 we show that if 7" is a continuous operator on a sequentially
complete locally convex space and || is greater than the spectral radius of T in any
of the five classes, then the Neumann series > % converges in the topology of the
class, and A does not belong to the corresponding spectrum of 7T, i.e., the spectral radius
is greater than or equal to the geometrical radius of the spectrum. In Sections 2.5 and 2.6
we show that the radii are equal for nb-bounded and compact operators.

Once we have this machinery, we use it in Chapter 3 to deal with the Invariant
Subspace Problem in locally convex spaces. In particular, we prove locally convex-solid
versions of some theorems in [AAB9S8]. For example, we prove in Theorem 3.4.4 that if
S and T are two linear operators on a locally convex-solid vector lattice such that they
are either nn-bounded or continuous with finite spectral radii, T is locally quasinilpotent
at a non-zero vector, and S dominates a positive compact operator, then S and T" have

a common closed non-trivial invariant ideal.
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Chapter 0O

Preliminaries

0.1 Vector spaces

The symbols X and Y always denote topological vector spaces. A neighborhood of a
point x € X is any subset of X containing an open set which contains x. Neighborhoods
of zero will often be referred to as zero neighborhoods. Every zero neighborhood V is
absorbing, i.c., |J—, nV = X. In every topological vector space (over R or C) there

exists a base Nj of zero neighborhoods with the following properties:
(i) Every V € N, is balanced, i.e., \V C V whenever |A| < 1;
(il) For every Vi, V, € Ny there exists V € N such that V' C V; N Vy;
(iii) For every V € N there exists U € Ny such that U + U C V;
(iv) For every V € N and every scalar A the set AV is in Nj.

Whenever we mention a base zero neighborhood, we assume that the base satisfies these
properties.

A topological vector space is called normed if the topology is given by a norm. In
this case the collection of all balls centered at zero is a base of zero neighborhoods. A
complete normed space is referred to as a Banach space. See [DS58] for a detailed

study of normed and Banach spaces.



A subset A of a topological vector space is called bounded if it is absorbed by every
zero neighborhood, i.e., for every zero neighborhood V' one can find o > 0 such that
A C aV. A set Ain a topological vector space is said to be pseudo-convex or semi-
convex if A+ A C aA for some number « (for convex sets a = 2). If U is a zero
neighborhood, (z) is a net in X, and € X, we write z, = x if for every € > 0 one can
find an index 7, such that z, — 2 € €U whenever v > 7. It is easy to see that when U
is pseudo-convex, this convergence determines a topology on X, and the set of all scalar
multiples of U forms a base of the topology. We denote X equipped with this topology
by (X,U). Clearly, (X,U) is Hausdorff if and only if (*, +U = {0}.

A topological vector space is said to be locally bounded if there exists a bounded
zero neighborhood. Notice that if U is a bounded zero neighborhood then it is pseudo-
convex. Conversely, if U is a pseudo-convex zero neighborhood, then (X, U) is locally
bounded. Recall that a quasi-norm is a real-valued function on a vector space which
satisfies all the axioms of norm except the triangle inequality, which is substituted by
lz+y| <k (||z]|+y]) for some fixed positive constant k. It is known (see, e.g., [K5t60])
that a topological vector space is quasi-normable if and only if it is locally bounded and
Hausdorff. A complete quasi-normed space is called quasi-Banach.

If the topology of a topological vector space X is given by a seminorm p, we say
that X = (X,p) is a seminormed space. Clearly, in this case X = (X,U) where
the convex set U is the unit ball of p and, conversely, p is the Minkowski functional of
U. A Hausdorff topological vector space is called locally converz if there is a base of
convex zero neighborhoods or, equivalently, if the topology is generated by a family of
seminorms (the Minkowski functionals of the convex zero neighborhoods). When dealing
with locally convex spaces we will always assume that the base zero neighborhoods are
convex. Similarly, a Hausdorff topological vector space is said to be locally pseudo-
convez if it has a base of pseudo-convex zero neighborhoods. A complete metrizable

topological vector space is usually referred to as a Fréchet space.



Further details on topological vector spaces can be found in [DS58, K&ét60, RR64,
Edw65, Sch71, KN76]. For details on locally bounded and quasi-normed topological
vector spaces we refer the reader to [K6t60, KPR84, Rol85].

A wvector lattice is an ordered vector space which is a lattice with respect to the order
(i.e., with every two points x and y it contains their supremum z V y = sup(z,y) and
their infimum z A y = inf(z,y)) such that the vector structure and the order structure
are compatible, namely x < y implies x + z < y + 2z and az < ay for all vectors z,
y, and z, and every positive number «. Vector lattices are sometimes also called Riesz
spaces. The symbols F and F' will be used to denote vector lattices. Every element
x in a vector lattice has modulus || = x V (—z), positive part x* = z V 0, and
negative part x= = (—x) V 0, and the usual identities v = 7 — 2™, |z| = 2T + 2,
and z* Az~ = 0 hold. We say that x and y are disjoint if |z| A |y| = 0. If E is a
vector lattice, we will denote by E, the cone of positive elements of F. A subset A C F
is said to be solid if |y| < |z| implies y € A for every x € A and y € E. A solid
subspace of a vector lattice is referred to as an (order) ideal. If u € E,, then the ideal
E,={x € E : |z| < A\u for some X\ > 0} is called the principal ideal generated by u.
A positive element u € E is called a (strong) order unitif E, = E.

A (semi)norm p on a vector lattice E is said to be a lattice (semi)norm if |z| < |y
implies p(z) < p(y) for every x,y € E. A locally convex space E equipped with a vector
lattice structure is said to be a locally convex-solid vector lattice or a locally convez-
solid Riesz space if every generating seminorm is a lattice seminorm, or, equivalently, if
it has a base of convex solid zero neighborhoods. Similarly, a Banach space equipped with
a vector lattice structure such that the norm is a lattice norm is referred to as a Banach
lattice. Note that most classical Banach spaces are Banach lattices. In particular, C(K),
Co(K), £,, and L,(p) (1 < p < 00) are Banach lattices.

A Banach lattice E is called an abstract M-space or an AM-space if ||z V y|| =
max{||z|, ||y||} for every disjoint x and y in E. Furthermore, we say that £ is an AM-
space with unit v if ||z|| = inf{\ > 0 : |z| < Au} for some order unit u and every x

in E. In this case by Kakutani-Krein representation theorem (see, for instance, [AAB9S,



Theorem 12.28)) there exists a compact Hausdorff space €2 such that E is lattice isomor-
phic to the Banach lattice C(Q2) of all continuous functions on € with sup-norm, and the
element u corresponds to the constant function 1 on €.

Further details on vector and Banach lattices can be found in [Vul67, LZ71, Sch74,
Zaan83, ABS85]

0.2 Operators

By an operator we always mean a linear operator between vector spaces. We will
usually use the symbols S and T" to denote operators. Recall that an operator 7' between
normed spaces is said to be bounded if its operator norm defined by ||T|| = sup{||7z| :
||z|| < 1} is finite. It is well known that an operator between normed spaces is bounded if
and only if it is continuous. By L(X,Y’) we denote the collection of all bounded operators
between normed spaces X and Y. If X and Y are Banach spaces, then L(X,Y") endowed
with the operator norm is again a Banach space, while L(X) = L(X, X) is a Banach
algebra. Recall, that a Banach algebra is a Banach space equipped with an algebra
structure such that the algebra multiplication is continuous.

An operator between two vector spaces is said to be of finite rank if the range of T
is finite dimensional. A continuous finite rank operator T': X — Y between two Banach
spaces can be written in the form T'=)"" | z} ® y; with 2} in X* and y; in Y. Here, as
usual, the elementary tensor 2* ® y : X — Y is defined by (2* ® y)(z) = 2*(z)y.

An operator T: X — Y between two Banach spaces is called nuclear if it can be
written in the form 7' = "% 7 ®y; with 27 in X*, y; in Y, and > .2 [|lzF||||ys]| < oo. The
nuclear norm v(T) is defined by v(T') = inf Y .~ ||z} ||||y:||, where the infimum is taken
over all nuclear representations of 7. For a nuclear operator T" we have ||T|| < v(T). It
is easy to see that every nuclear operator can be approximated by finite-rank operators.

If X and Y are two Banach spaces and T' € L(X,Y") then T is said to be compact if
it maps the unit ball of X into a precompact subset of Y. We will denote by K(X,Y)
the collection of all compact operators from X to Y, and let K (X) = K (X, X). It is well



known that K (X,Y) is a closed subspace of L(X,Y') containing all finite-rank and nuclear
operators. Further, K(X) is a two-sided algebraic ideal in L(X). The Calkin algebra of
X is the quotient Banach algebra C'(X) = L(X)/K(X) equipped with the quotient norm,
which is often referred to as the essential norm: |T||ess = inf{||T+ K|| : K € K(X)}.

If A is a unital algebra and a € A, then the resolvent set of a is the set p(a) of
all A € C such that e — Aa is invertible in A. The resolvent set of an element a in a
non-unital algebra A is defined as the set of all A € C for which e — Aa is invertible
in the unitalization Ay of A. The spectrum of an element of an algebra is defined via
o(a) = C\ p(a). It is well-known that whenever A is a unital Banach algebra then o(a) is
compact and nonempty for every a € A. In this case the spectral radius r(a) is defined
via Gelfand formula: r(a) = nh_)r{)lo /]la”]]. Tt is well known that r(a) = |o(a)|, where
|o(a)| is the geometrical radius of o(a), i.c., |o(a)| = sup{|A| : A € o(a)}. An element
a € A is said to be quasinilpotent if o(a) = {0}.

If T is a bounded operator on a Banach space X then we will consider the spectrum
o(T) and the resolvent set p(T') in the sense of the Banach algebra L(X). If A € p(T)
then the inverse (I — A\T')~! is called the resolvent operator and is denoted by R(T’; \)
or just Ry. It is well known that if A € C satisfies |[\| > r(T") then the Neumann series
Yoo /\ZT—; converges to Ry in operator norm. We say that 1" is locally quasinilpotent
at x € X if nhg)lo m = 0. We denote by OQr the set of all points at which T is
locally quasinilpotent.

Further, if T is a bounded operator on a Banach space X then the spectrum and
the spectral radius of the canonical image of 7' in the Calkin algebra C'(X) will be
referred to as the essential spectrum' 0ess(1') and the essential spectral radius
Tess(1') respectively. It follows immediately that res(T) = nh_)ngo {L/m Further,
1T |less < ||T|| yields 7ess(T) < 7(T'). It is known that if 0e(7") = {0} then every nonzero
point of o(7') is an eigenvalue of 7. Further details on essential spectral radius can be

found in [Nus70, CPY74].

IThere are several non-equivalent definitions of the essential spectrum of an operator. E.g. sometimes

Oess(T') is defined as o(T) excluding the isolated eigenvalues of finite multiplicity.



An operator between two vector lattices is said to be positive if it maps positive
elements to positive elements. Positive operators have many nice properties. In particu-
lar, a positive operator on a Banach lattice is automatically continuous, and the spectral
radius of a positive operator always belongs to the spectrum. For properties of positive
operators we refer the reader to [AB85, Sch74].

Let S,T: E — F be two operators between vector lattices with T positive. We
say that S is dominated by T provided |Sz| < T'|z| for each x € E. We say that S
is polynomially dominated by T whenever there exists a polynomial P(¢) with non-
negative coefficients such that S is dominated by P(T). A positive operator 7" on a
Banach lattice F is said to be compact-friendly if there exist three non-zero operators
R, K, and C on E such that R and K are positive, K is compact, T commutes with
R, and C'is dominated by both R and K. Compact-friendly operators were first studied
in [AAB94]. The class of all compact-friendly operators is rather large. In particular,
every positive kernel operator is compact-friendly. Also, every positive operator in L(¢,)
for 1 < p < oo is compact-friendly.

We say that an operator is non-scalar if it is not a multiple of the identity operator.

0.3 The Invariant Subspace Problem

Suppose that T" is an operator on a topological vector space X, and Y is a linear subspace
of X, we say that Y is T-invariant if T(Y) C Y. We say that Y is T-hyperinvariant
if it is invariant under every continuous operator that commutes with 7. The Invariant
Subspace Problem is the problem of finding invariant subspaces of continuous operators.
Here we present only some basic observations and several important results related to
our work. For detailed surveys on the Invariant Subspace Problem see [RR73, AAB98].

Of course, the zero subspace and the whole space are always invariant for every
operator, so we will be looking for non-trivial invariant subspaces. It is easy to see that
Null 7" and Range T  are T-hyperinvariant. Clearly, if 7" has an eigenvector, then the one-

dimensional subspace spanned by this eigenvector is invariant under 7'. Further, since



every complex matrix has an eigenvalue, it follows that in a finite dimensional complex
space every operator has an invariant subspace.

Suppose that X is a Banach space, take any nonzero x € X and consider the linear
span of the orbit of z under T, i.e., Y = lin{z, Tx, T%z,...}. Clearly, Y is a T-invariant
non-zero linear subspace of X with at most countable Hamel basis, so that Y # X.
Therefore, the Invariant Subspace Problem for Banach spaces (and for any topological
vector space with uncountable Hamel basis) is trivial unless we require the subspace to
be closed. Therefore, when dealing with the Invariant Subspace Problem, one would
usually look for closed non-trivial subspaces. The case of closed subspaces, is, however,
the most interesting and, usually, the most important.

Further, if X is non-separable, let Y again be the linear span of the orbit of a non-zero
element under 7. Then the closure Y is a non-trivial closed T-invariant subspace, so that
for a non-separable Banach space the problem is trivial. Whether or not every bounded
operator on a separable Banach space has a (non-trivial) closed invariant subspace was
an open question for a long time.

We mention several important advances in the history of the Invariant Subspace

Problem for Banach spaces.

Theorem 0.3.1 (M. G. Krein [KR48]). FEvery positive operator on C(Q2), where € is

a compact Hausdorff space, has a closed invariant subspace.

Theorem 0.3.2 (N. Aronszajn and K. T. Smith [AS54]). Every compact operator

on a Banach space has a closed invariant subspace.

Theorem 0.3.3 (V. I. Lomonosov [Lom73]). If T is a bounded operator on a Ba-
nach space such that T' commutes with a non-scalar operator S and S commutes with a

non-zero compact operator K, then T has a closed invariant subspace

This theorem of Lomonosov was a breakthrough in the study of the Invariant Sub-
space Problem because it considerably increased the class of operators with an invariant
subspace. The theorem is, in fact, an immediate corollary of the following more general

result of Lomonosov.



Theorem 0.3.4. If S is a bounded non-scalar operator on a separable Banach space

commuting with a compact operator, then there exists a closed S-hyperinvariant subspace.

In 1976 P. Enflo [Enf76] showed that the general Invariant Subspace Problem for
continuous operators on Banach spaces is false by constructing an example of a bounded
operator on a separable Banach space without closed invariant subspaces. C.J. Read
presented another example of an operator (in fact, a class of operators) on a Banach space
without invariant subspaces in [Read84|. A year later Read published a short follow-up
paper [Read85] where he showed that his example can be slightly modified so that the
operators would reside on ¢;. In [Read86], a simplified version of the Read’s original
example was presented. Read also constructed a class of quasinilpotent operators on ¢y
without invariant subspaces in [Read97]. In [Atz84], A. Atzmon presented an example
of a continuous operator without invariant subspaces on a Fréchet space.

The Invariant Subspace Problem is still open for many important classes of operators
or spaces. For example, it is still unknown if every bounded operator on a separable
Hilbert space has a closed invariant subspace. Currently, there are several directions re-
lated to the Invariant Subspace Problem which have been intensively studied and where
some progress has been made, e.g., common invariant subspaces of algebras and semi-
groups of operators, triangularization, cyclic and hypercyclic operators, etc.

We are primarily interested in the invariant subspace problem for ordered topological
vector spaces. During the last several years there has been a noticeable increase of interest
in the Invariant Subspace Problem for positive operators on Banach lattices. A rather
complete and comprehensive survey on this topic is presented in [AAB98]|, to which we
refer the reader for details and for an extensive bibliography. At this point we mention

only one important result from [AAB93]:

Theorem 0.3.5. (Abramovich, Aliprantis, and Burkinshaw [AAB93, AAB98|)
FEvery non-zero quasinilpotent compact-friendly operator on a Banach lattice has a non-

trivial closed invariant subspace which is an ideal.



This implies, in particular, that every quasinilpotent positive kernel operator and
every positive quasinilpotent operator on ¢, (1 < p < 0o) has an invariant subspace. We
list more results of this type in Section 3.2. Whether or not every positive operator has

an invariant subspace is still an open problem.



Chapter 1

The modulus and the commutant of

a Read operator

1.1 A chain from a Read operator to a compact op-
erator

Theorem 0.3.3 was obtained by V.I. Lomonosov in [Lom73], and it turned out to be a
major step in the history of the Invariant Subspace Problem. Lomonosov’s theorem says
that if a continuous operator 7" on a Banach space commutes with another non-scalar
continuous operator S and S commutes with a non-zero compact operator K, then 7" has
an invariant subspace. Motivated by their study of the Invariant Subspace Problem for
positive operators on Banach lattices, Y. A. Abramovich and C. D. Aliprantis have asked
recently whether or not Lomonosov’s theorem can be extended to chains of four or more
operators. In this section we show that this cannot be done. For our initial operator T'
we will take an operator without an invariant subspace on ¢; coming from the famous
construction of C. J. Read in [Read84, Read85]. Then we produce two continuous non-
scalar operators Sp, Ss, and a compact operator K such that T'S; = S1T, 5155 = 5557,
and So K = K S,.
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We begin with reminding the reader of the construction in [Read86], which is a simpli-
fied version of the Read’s original example [Read84, Read85]. As in [Read86], we denote
the standard unit vectors of ¢1 by (f;)32,. The symbol F' denotes the linear subspace of
¢y spanned by f;’s, and thus, F' consists of eventually vanishing sequences.

Let d = (a1, b1,a9,bs,...) be a strictly increasing sequence of positive integers. Also
let ap = 1, vg = 0, and v, = n(a, + b,) for n > 1. Then there is a unique sequence

(€:)72, C I with the following properties:
0) Jo = eo;
A) if integers r, n, and i satisfy 0 < r < n, ¢ € [0,v,_,] + ra,, we have f; = a,,_,(e; —
eifran);

B) if integers 7, n, and i satisfy 1 < r < n, i € (ra, + vp_p, (r + 1)a,), (respectively,
1< n, i € (Vy_1,an)), then f; = 2-9/Vane, where h = (r + 1)a, (respectively,

h = %an);

C) if integers r, n, and i satisfy 1 < r < n, i € [r(a, + by),na, + rb,), then f; =

€; — bneifbn;

D) if integers r, n, and ¢ satisfy 0 < r < n, i € (na, + rb,, (r + 1)(a, + b,)), then
fi = 2=0/Vbe, where h = (r + 1)b,.
Indeed, since f; = Z;:o Aijej for each ¢ > 0 and \; is always nonzero, this linear
relation is invertible. Further,
lin{e; : t=1,...,n} =lin{f; : i=1,...,n} for every n > 0. (1.1)

In particular, all e; are linearly independent and also span F'. Then C. J. Read defines
T: F — F to be the unique linear map such that Te; = e;, 1, and proves that |7 f;|| < 2
for every ¢ > 0 provided d increases sufficiently rapidly, i. e., satisfies several conditions

of the form

an 2 G’(n,ao,bo,al,bl,...,an,l,bn,l), and

bn > H(n7a07b07a1ab17 cee 7an—labn—17an)7

11



where G and H are some real-valued functions. It follows that 7" can be extended to
a bounded operator on ¢;. Finally, C. J. Read proves that this extension, which is still
denoted by T', has no invariant subspaces provided d increases sufficiently rapidly.
Throughout this section we will assume, without loss of generality, that all integers
a; and b; are even. We are going to construct non-scalar operators S, So, and K such
that K has rank one and commutes with Sy, Sy commutes with S7, and S; commutes
with 7. In fact, we take S; = T2, so that the equality T'S; = ST holds trivially. Define

Sy on F via
e; if i is even;
0  otherwise.

We claim that

fi if 7 is even;
Safi = ’

0  otherwise.

To prove this we consider all possible cases:
0) In this case Sy fy = Saeq = €9 = fo;
A) Since a,, is even then

Un_r(€; — €i_ra,) = fi if i is even;
Sofi = anfr(52€i - 5261'4%) = !
0 otherwise.

B) In this case

, 20h=0/Vane, = f, if i is even;

0 otherwise.

C) Since by, is even, we have

e; — bneip, = fi if 7 is even;
Sin = Soe; — bnS2€ifbn = )
0 otherwise.

12



D) Finally, in this case

4 Q(h*i)/mei = f; if i is even;
Sofi = Q(hﬂ)/mszei = I

0 otherwise.

In particular, S, is bounded on F' and can be extended to /1. For every ¢ > 0 we have

) T?e; = €40 if i is even;
T Sgei =
0 otherwise.

On the other hand

€0 if 7 is even;
SZT2€i = Seipa =
0 otherwise

9

so that T2Syx = SoT?x for every x € F. Since F is dense in /1, it follows that 72 and
Sy commute on £;.

Finally, define K on ¢; via K fy = fy and K f; = 0 for all « > 0. Then K is a bounded
rank one operator on f;, and K commutes with S5.

Note that if m divides a,, and b,, for every n, then, in a similar manner as the previous
construction, we could take for S; the operator 7™ instead of T2. It follows now from
Lomonosov’s theorem that 7™ has an invariant subspace (confer [Read86, Lemma 6.4]).

In [Read97] C.J. Read presents as a modification of his original example a quasinil-
potent operator on ¢; without closed nontrivial invariant subspaces. The same argument
as above provides a chain of four commuting operators connecting this operator to a

compact operator.

1.2 The commutant of a Read operator

Describing the commutant of an operator on a Banach space is usually a difficult problem.
Clearly, the sum of every convergent power series of an operator commutes with the
operator itself. But the commutant can be substantially larger than just the set of all
power series of the operator. In this section we show that the commutant of a Read

operator T' consists only of the (convergent) power series of T'.
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Recall that T" acts as the right shift on the sequence (e,)2,, and this sequence spans

the dense subspace F of all eventually vanishing sequences in ¢;. As in the previous

section, ()%, is the sequence of standard unit vectors in ¢;.

Proposition 1.2.1. If RT = TR for some R € L({1) and Rfy € F, then R = p(T) for

some polynomial p.

Proof. Since fy = ey and Rfy € F, it follows that Rey = p(T)eq for some polynomial p.
Therefore

Rej, = RT*eq = T"Rey = T*p(T)ey = p(T)T*eq = p(T)ex,
so that R coincides with p(T") on F' and, therefore, on the whole space ;. O

Theorem 1.2.2. [f RT = TR for some R € L({y), then there exists a sequence of

polynomials (p,) such that Rx = lim p,(T)x for every x in F.

Proof. Suppose that RT = T'R for some bounded operator R. Let zyp = Rey. Since F' is
dense in /1, we can find a sequence (y,) in F' such that y,, — 2. For each n > 0 there is
a polynomial p,, such that v, = p,(T)eo.

Fix k > 0, then Re, = RT*ey = TFRey = T"*z. Further, we have p,(T)e, =
pu(T)T* ey = T*p,(T)eq = T*y,, so that

|Rex = pa(Texll = 17520 — Thyull < 17120 — yull — 0 a5 n — .

Therefore, p,(T)x converges to Rz for each = € F. ]

1.3 The modulus of a Read operator

In this section we consider the Invariant Subspace Problem for positive operators. It is
an open problem if every positive operator on a Banach lattice has an invariant subspace,
and there are many beautiful partial results in this direction. In particular, the following

theorem was proved in [AAB93].
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Theorem 1.3.1 ([AAB93, AAB9S8]). If the modulus of a bounded operatorT: {, — £,
(1 < p < o0) exists and is quasinilpotent, then T has a non-trivial closed invariant

subspace which s an ideal.

It follows that each positive quasinilpotent operator on £, (1 < p < oo) has a nontrivial

closed invariant subspace. In the same papers the authors posed the following problem.
Problem. Does every positive operator on ¢; have an invariant subspace?

Keeping in mind that each operator on ¢; has a modulus and that Read operators
without invariant subspaces [Read85, Read86, Read97] are operators on ¢y, it was sug-
gested in [AAB93, AAB9S| that the modulus of some of these operators might be a
natural candidate for a counterexample to the above problem. Following this suggestion,
we will be dealing in this paper with the modulus of the quasinilpotent operator T' con-
structed in [Read97]. It turns out, quite surprisingly, that even though 7" and |T'| are
“very close”, |T| not only has an invariant subspace but even a positive eigenvector. This
result increases the chances that every positive operator does indeed have an invariant
subspace.

This section is organized as follows. After introducing some necessary notation and
terminology we prove a general theorem on the existence of an invariant subspace for
the modulus of a quasinilpotent operator. The rest of the section will be devoted to
the verification that C. J. Read’s operator, constructed in [Read97], satisfies all the
hypotheses of this theorem and so its modulus does have an invariant subspace.

We will use the following important version of the Krein-Rutman theorem, which
was independently established by P.P Zabreiko and S. V.Smitskikh in [ZS79] and by
R. Nussbaum in [Nus81].

Theorem 1.3.2 ([Nus81, ZS79]). Let S be a positive operator on a Banach lattice
such that res(S) < r(S), then r(S) is an eigenvalue of S corresponding to a positive

etgenvector.

We use this fact in the proof of the following simple but rather unexpected result.
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Theorem 1.3.3. Suppose that a quasinilpotent operator S on €, has no closed non-
trivial invariant ideals and S~ is compact. Then r(|S|) is a positive eigenvalue of |S|

corresponding to a positive eigenvector. In particular, |S| has an invariant subspace.

Proof. First observe that the operator |S| cannot be quasinilpotent. Indeed, if it were,
then by Theorem 1.3.1 the operator S itself would have an invariant closed ideal contrary
to our hypothesis. Thus, r(|S]) > 0.

Next we claim that res(|S|) = 0. To prove this, notice that |S| =S + 25~ and so

|S|" = (S+257)"=8"+ RS,
where R is some polynomial in S and S~. Hence RS~ is compact, whence

STl = 157 + RS7[| o < DS",

ess ess

and consequently

ress(|8) = lim {/[[15"]]] o, < lim /)57 = r(S) = 0.
An application of Theorem 1.3.2 finishes the proof. O]

Corollary 1.3.4. Under the hypotheses of the above theorem the operator ST also has a

nontrivial closed invariant subspace.

Proof. If ST is quasinilpotent, then applying Theorem 1.3.1 again, we see that ST has

an invariant ideal.
Assume that ST is not quasinilpotent. Since ST = S + S, the same argument as in
the proof of Theorem 1.3.3 shows that re(S™) = 0 and we can again apply Theorem 1.3.2.
O

Theorem 1.3.3 is strong enough to enable us to prove Corollary 1.3.7 about the mod-
ulus of C. J. Read’s operator. But first we would like to mention a nice generalization
of Theorem 1.3.3. Mimicking the proof of Theorem 1.3.3 we can obtain the following

theorem.
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Theorem 1.3.5. Let S be a compact-friendly operator with res(S) = 0. Then S has a

nontrivial invariant subspace.

To illustrate this theorem we mention the following result: If S is a quasinilpotent
kernel operator and S~ (respectively ST ) is compact, then |S| and ST (respectively S~)

have tnvariant subspaces.

Recall that(f;)$2, denote the standard unit vectors of ¢. It is well known that we
can consider each S € L(f;) as an infinite matrix S = (s45)75_. Let S(; denote the i-th
row of this matrix. If z € ¢y, then (Sz); = (S, z), so that Sz = > "% (Sq), x) fi. This
gives a nuclear representation S =Y.~ S(;) ® f;, where the rows S(;) of S are considered

as linear functionals on ¢;. It follows that

v(S) <Y lISwllsell filli =Y IS loos
=0 =0

so that S is nuclear if the last sum is finite.
The construction of [Read97] is similar to the construction in [Read85] described in

Section 1.1, the only difference is in the coefficients in A)-D):

0) Jo = eo;

A) if integers r, n, and 7 satisfy 0 < r < n, i € [0,v,_,] + ra,, then f; = (n"e; —

ei—ran)(n - r)ifran Qp—r;

B) if integers r, n, and i satisfy 0 < r < mn, i € (ra, + vn_, (r + 1)a,), (respectively,
1< n, i€ (vy_1,a)), then f; = n2h=/Vane, where h = (r + 1)a, (respectively,

h = %an);

C) if integers r, n, and i satisfy 0 < r < n, i € [r(a, + b,),na, + rb,], then f; =

nle; — b,n'"br €i b,

D) if integers r, n, and ¢ satisfy 0 < r < n, i € (na, + rb,, (r + 1)(a, + b,)), then
fi = ni20=0/Voie, where h = (r + 1)b,.
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C.J. Read proves in [Read97] that the operator constructed this way (we will use
the same symbol 7" to denote it) still has no invariant subspaces, but is in addition
quasinilpotent.

Our plan is as follows: we will prove that the negative part of 7" is nuclear, hence
compact. Then Theorem 1.3.3 will imply that r(|7|) is a positive eigenvalue of |T7,

corresponding to a positive eigenvector.
Lemma 1.3.6. The operator T~ is nuclear, provided d increases sufficiently rapidly.

Proof. Similarly to the proofs of [Read97, Lemma 5.1] and [Read86, Lemma 6.1] we study

the matrices ()75, and (t[j)f"ézo of T and T~ respectively. Recall that ty; = (T f;)k,

so that it suffices to look at the images of the standard unit vectors under 7. We will
see that the matrix of T' is quite sparse and has the following structure: every entry on
the diagonal right under the main diagonal is strictly positive, there are no nonnegative
entries below this diagonal, and there are some entries above it. We consider consecutively

all the cases mentioned above.
0) Tfo =€ = 2(17@/2)/\/@]01, so that Tifo = 0.

A) If i < v,_, +ray, i.e., i is not the right end point of the interval [ra,, v, + ra,],
then T'f; = (n — )" fiy1, so that T~ f; = 0. The only nontrivial case here is when

7 is the right end of the interval, i. e. i = v,_, + ra,,. Then we have
ra Un—r Un—r
Tf’L - an—’/‘n n(n - T) 61+T(ln+7-1n7r - an_'f'(n - T) 61+U'n7'r
= €1f14vn_rtran — €2S140n_
where €; > 0 and &5 is given by

82 — (n — + 1)_l_vnf'r2(1+vn7'r—anfr+1/2)/\/man_tr(n _ T)Unfr

Y

so that

T_fvnfr—&-ran = 52f1+vn,r~ (12)
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B)

Similarly, if ra, + v, < i < (r+ 1)a, — 1 or v, < i < a, — 1, then T'f; =
n~12VVanf, | sothat T~ f; = 0. If i = (r+1)a,—1, then T'f; = n'20-an/2/Vane )
To express this in terms of the f;’s, notice that f, 11y, = Gn-r—1 (n(”“)“”e(rﬂ)an —eq),

which implies

C(r+l)an = n—(r—i—l)an (Clgi,ﬂ,1 (r+1)an T fO)’ <13)

In this case T~ f; = 0. Analogously, if i = a,, — 1, then T'f; = n20=@/2)/Vane Tt

follows from f,, = a,_1(n""e,, — €p) that

Tfi=n~120 RN fo + fo),
and again T~ f; = 0. Thus, case (B) produces no nontrivial entries in 7.

If ¢ is not the right end of the interval, i.e. i < na, + rb,, then Tf; = n~1f;,1, so

that T~ f; = 0. If i = na, + rb,, then

__ . nanp+rdb nan~+(r—1)b
sz =n"" nel-l—nan-‘rrbn - bnn n ) nel—i-nan—i-(r—l)bn

= 81.][.1—|—n0Ln—l-rbn - 82.]01—|—nan—‘,-(r—l)bn7
where e; > 0 and ey = b,n~120+nan=bn/2)/Vn Tt follows that

12(1+nan7bn/2)/\/l;

Tﬁfnanﬂ“bn = b,n~ f1+nan+(r—1)bn- (1'4)

Ifi < (r+1)(an +b,) — 1, then Tf; = n12V/Vonf, | so that T-f; = 0. If
i=(r+1)(a, +b,) — 1 then

Tf = niQ(_a"/2_(Hl)a"/%l)/mfﬁ(rﬂ)(a +by)-

Using (C) inductively we obtain the following identity:
C(ri1)(antbn) = N UTDETOL £ antbn) F On Lt Dantrbn T - - -
+ an(r-i-l)an—i-bn} + b:ﬁlni(wrl)bne(r-‘rl)an'

Substitute e(,11),, from (1.3) and notice that all the the coefficients are positive
and, therefore, T~ f; = 0. Thus, case (D) does not produce any nontrivial entries

in 7.
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Summarizing the calculations, the only nonzero entries of 7'~ are given by (1.2) and

(1.4):

— (n —r + 1)_1_'071,—7‘2(1+vn—r_an—r+l/2)/\/manir (n _ ,r.)vn—'r

t1+vn7r7vn7r+7’an
and

_ o —~1o(14+nan—bn/2)/v/bn
tnan+(r—1)bn+1,nan+rbn - b”n 2

for all 0 < r < n. To show that 7" is nuclear it suffices to show 3 /7 o[| T [le < o0

Look at the rows of T~ containing non-zero entries. Notice that

- (1+Un7r_an7r+l/2)/\/an77‘+1 _(1+'Un77‘)
tl‘f’vnfravnfr“l‘ran < an_r2 < 2

for all 0 <7 < n provided d increases sufficiently rapidly. It follows that |7/}, ,llec <

2-(+vm) for every m > 0 and > 1T oo < 220 9—1=vm ~ 1.
m=0 m=0

Further, the entries ¢ do not depend on r, and their contribution

nt+(r—=1)bn+1,nan+rb,

t0 3320/l T(s lloo does not exceed the sum of all of them, which can be easily estimated:

Z Z bnn—12(1+nan—bn/2)/\/ﬁ < Z bn2(1+nan—bn/2)/\/E < Z 9 1’
n=1 r=1 n=1 n=1

because b,,2(1Tnan=bn/2)/ Vo < 27" for all n > 1 provided d increases sufficiently rapidly.

Thus, v(T7) < Z;iOHT(;)Hoo < 2 provided d increases sufficiently rapidly. O

Corollary 1.3.7. T satisfies the following properties, provided d increases sufficiently
rapidly:

(1) |T|, T*, and T~ have positive eigenvectors;
(it) Neither |T| nor T™ has an invariant ideal.

Proof. 1t follows from Theorem 1.3.3 and Lemma 1.3.6 that |T'| has a positive eigenvector.
It was noticed in the proof of Lemma 1.3.6 that T~ fy = 0, so that T~ also has a positive

eigenvector.
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To prove (ii), assume that J is a closed ideal in ¢; invariant under |T'| or 7", and
that 0 # x € J, then x; # 0 for some k > 0, so that f, € J. It follows from the proof
of Lemma 1.3.6 that both |T|f; and T f; have nonzero (i + 1)-th component, implying
fre1 € J. Proceeding inductively, we see that f; € J for all ¢« > k. Further, the proof
of Lemma 1.3.6 also shows that (|T'|f;)o # 0 and (T f;)o # 0 for infinitely many i’s, so
that fo € J. It follows that f; € J for every i > 0, so that J = ¢;. In fact, (ii) is a
manifestation of the fact that a positive operator S on ¢, (1 < p < co0) has no invariant
ideals if and only if there is a path between every two columns of S (c.f. [AAB9S8, Tr]).

It follows from (ii) and Theorem 1.3.1 that 7" cannot be quasinilpotent. On the
other hand, since Tt = T+ T~ then, analogously to the proof of Theorem 1.3.3, we have
Tess(I't) = 0. Then by Theorem 1.3.2 we conclude that r(7") is a positive eigenvalue of

T, corresponding to a positive eigenvector. 0

The last statement of Corollary 1.3.7 emphasizes that the hypothesis of not having
invariant ideals in Theorem 1.3.3 is weaker than not having invariant subspaces. We do
not know if the moduli of the operators produced in [Read85, Read86] have invariant

subspaces.
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Chapter 2

Spectral radii of bounded operators

on locally convex spaces

2.1 Bounded operators

There are various definitions for a bounded linear operator between two topological vector
spaces. To avoid confusion, we will, of course, give different names to different types of

boundedness.

Definition 2.1.1. Let X and Y be topological vector spaces. An operator T: X — Y

is said to be
(i) bb-bounded if it maps every bounded set into a bounded set;
(ii) mb-bounded if it maps some neighborhood into a bounded set;

Further, if X =Y we will say that T: X — X is nn-bounded if there exists a base N
of zero neighborhoods such that for every U € N there is a positive scalar « such that

T(U) C aU.

Remark 2.1.2. [Edw65] and [KN76] present (i) as the definition of a bounded operator
on a topological vector space, while [RR64] and [Sch71] use (ii) for the same purpose. As

we will see, these definitions are far from being equivalent.
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Proposition 2.1.3. Let X and Y be topological vector spaces. For an operatorT: X —

Y consider the following statements:
(i) T is bb-bounded;
(i1) T is continuous;
(111) T is nn-bounded;
(iv) T is nb-bounded.
Then (iv) = (ii) = (i). Furthermore, if X =Y then (iv) = (iii) = (ii) = (i).

Proof. The implications (iv) = (ii) = (i) are trivial. To show (iv) = (iii) = (ii) assume
that X =Y and fix a base Nj of zero neighborhoods. If T is nb-bounded then T'(U) is
bounded for some U € N. Note that Ny = {ANUNV : A>0, VeNMN} is another base
of zero neighborhoods. For each W = AU NV in Ny we have T(W) C AT(U). But T(U)
is bounded and so T'(W) C AT (U) C AaW for some positive , i.e., T is nn-bounded.!
Finally, if T is nn-bounded, then there is a base Nj such that for every zero neighbor-
hood U € N there is a positive scalar o such that T(U) C aU. Let V be an arbitrary zero
neighborhood. Then there exists U € Ny such that U C V, so that T(U) C aU C aV
for some o > 0. Taking W = éU we get T(W) C V, hence T is continuous. ]

2.1.4. Tt can be easily verified that if 7" is an operator on a locally bounded space then
all the statements in Lemma 2.1.3 are equivalent. In general, however, these notions
are not equivalent. Obviously, the identity operator I is always nn-bounded, continuous,
and bb-bounded, but I is nb-bounded if and only if the space is locally bounded. Every
bb-bounded operator between two locally convex spaces is continuous if and only if the
domain space is bornological. (Recall that a locally convex space is bornological if

every balanced convex set absorbing every bounded set is a zero neighborhood, for

details see [Sch71, RR64].)

!Note that if the topology is locally convex, then we can assume that U is convex and Ny consists of

convex neighborhoods. In this case /\70 also consists of convex neighborhoods.
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Example 2.1.5. A continuous but not nn-bounded operator. Let T be the left shift on
the space of all real sequences RY with the topology of coordinate-wise convergence, i.c.,
T: (zg,x1,22,...) — (21,22, 23,...). Clearly T is continuous. We will show that T is
not nn-bounded. Assume that for every zero neighborhood U in some base Nj there is
a positive scalar a such that T(U) C aU. Since the set {z = (z3) : |zo| < 1} is a zero
neighborhood, there must be a base neighborhood U € N such that U C {z : |zo| < 1}.
Since T'(U) C aU for some positive o then 7" (U) C o"U, so that if x = (z;) € U then
Trz € o"U, so that |z,| = |(T"z)e| < ”. Hence U C {z : |z,| < a" for each n > 0}.

But this set is bounded, while the space is not locally bounded, a contradiction.

2.1.6. Algebraic properties of bounded operators. The sum of two bb-bounded
operators is bb-bounded because the sum of two bounded sets in a topological vector
space is bounded. Clearly the product of two bb-bounded operators is bb-bounded. It is
well known that sums and products of continuous operators are continuous. Obviously,
the product of two nn-bounded operators is nn-bounded, and it can be easily verified
that the sum of two nn-bounded operators on a locally convex (or locally pseudo-convex)
space is again nn-bounded. It is not difficult to see that the sum of two nb-bounded
operator is nb-bounded. Indeed, suppose that T} and 75 are two nb-bounded operators,
then the sets T7(U;) and T5(Us) are bounded for some base zero neighborhoods U; and
Us,. There exists another base zero neighborhood U C U; N Uy, then the sets T1(U) and
T»(U) are bounded, so that (17 + T3)(U) C T1(U) 4+ T5(U) is bounded. Finally, it is not
difficult to see that the product of two nb-bounded operators is again nb-bounded. In
fact, it follows immediately from Proposition 2.1.3 and the following simple observation:
if we multiply an nb-bounded operator by a bb-bounded operator on the left or by an
nn-bounded operator on the right, the product is nb-bounded.

Thus, the class of all bb-bounded operators, the class of all continuous operators,
and the class of all nb-bounded operators are subalgebras of the algebra of all linear
operators. The class of nn-bounded operators is an algebra provided that the space is

locally (pseudo-)convex
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Boundedness in terms of convergence

Suppose T: X — Y is an operator between two topological vector spaces. It is well
known that T is continuous if and only if it maps convergent nets to convergent nets.

Notice that a subset of a topological vector space is unbounded if and only if it
contains an unbounded sequence. Therefore, an operator is bb-bounded if and only if it
maps bounded sequences (nets) to bounded sequences (respectively nets).

It is easy to see that 7" is nn-bounded if and only if 7" maps U-bounded (U-convergent
to zero) sequences to U-bounded (respectively U-convergent to zero) sequences for every
base zero neighborhood U in some base of zero neighborhoods. We say that a net (z,) is
U-bounded if it is contained in aU for some o > 0, and z, 2 0 if for every a > 0 there

exits v such that z, € aU whenever v > .

2.1.7. Suppose T is nb-bounded, then T'(U) is bounded for some zero neighborhood U.
Obviously z, = 0 implies T x, — 0. The converse implication is also valid: if 7" maps U-
convergent sequences to convergent sequences, then 7" has to be nb-bounded and the set
T(U) is bounded. Indeed, if T'(U) is unbounded, then there is a zero neighborhood V' in
Y such that V' does not absorb T'(U). Then for every n > 1 there exists y,, € T(U) \ nV.
Suppose y, = Tz, for some z,, € U, then = =0, but T(™) =% ¢V, so that T(%*)

does not converge to zero.

Normed, quasi-normed, and semi-normed spaces

Next, we discuss bounded operators in some particular topologies. Notice that every
normed, semi-normed, or quasi-normed vector space is locally bounded. Therefore bb-
boundedness, continuity, nn-boundedness and nb-boundedness coincide for operators on

such spaces.
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Locally convex topology

Definition 2.1.8. Let T be an operator on a semi-normed vector space (X,p). As in

the case with normed spaces, p generates an operator semi-norm p(T) defined by

_ o P2

More generally, let S: X — Y be a linear operator between two seminormed spaces

(X,p) and (Y, q). Then we define a mized operator seminorm associated with p and

q via

q(Sz)
m,,(S) = sup :
ra(5) p(z)#£0 p(z)

The semi-norm m,,(S) is a measure of how far in the seminorm ¢ the points of the

p-unit ball can go under S. Notice, that p(T") and m,,(S) may be infinite. Clearly, if T

is an operator on a semi-normed space (X, p), then m,,(T") = p(T).

Lemma 2.1.9. If S: X — Y is an operator between two seminormed spaces (X, p) and

(Yq), then

(1) mpg(S) = sup ¢(Sx) = sup ¢(5z);

p(x)=1 p(x)<1

(11) q(Sx) < my,(S)p(x) whenever my,,(S) < oco.

Proof. The first equality in (i) follows immediately from the definition of p(7'). We

obviously have

sup ¢(Sz) < sup ¢q(Sz).
p(z)=1 p(z)<1

In order to prove the opposite inequality, notice that if 0 < p(z) < 1, then ¢(Sz) <
<

qlszg) < my,(S). Thus, it is left to show that p(z) = 0 implies ¢(Sx)

z with p(z) > 0, then

m,,(5). Pick any
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so that p(z 4+ 2) = p(2) € (0,1) for n > p(z). Further, since Sz + 22 converges to Sz we

n

have

_ . q(S(z+2))
Sx) = lim ¢(Sz + 22) < lim ————n*/
a(S2) = lim qf w) < p(z+ 2)

My (1S).
Finally, (ii) follows directly from the definition if p(x) # 0. In the case when p(z) = 0,
again pick any z with p(z) > 0, then p(z 4 2) # 0 and
q(Sz) = lim ¢(Sz + 22) = lim ¢ (S(z + 2)) < lim my(S)p(z + 2) = 0.

n—oo

Corollary 2.1.10. If T is an operator on a seminormed space (X,p), then

(i) p(T) = sup p(Tx) = sup p(Tx);
p(x)=1 p(z)<1

(i1) p(Tz) < p(T)p(z) whenever p(T) < oco.

The following propositions characterize continuity, nn-boundedness, and nb-bound-
edness of operators on locally convex spaces in terms of operator seminorms. We assume
that X and Y are locally convex spaces with generating families of seminorms P and Q

respectively.

Proposition 2.1.11. Let S be an operator from X to Y, then S is continuous if and
only if for every q € Q there exists p € P such that m,,(S) is finite.

Proposition 2.1.12. An operator T on X is nn-bounded if and only if p(T) is finite for
every p € P, or, equivalently, if T maps p-bounded sets to p-bounded sets for every p in

some generating family P of seminorms.

Proposition 2.1.13. Let S: X — Y be a linear operator, then the following are equiv-

alent:

(1) S is nb-bounded;
(1) S maps p-bounded sets into bounded sets for some p € P;

(111) There exists p € P such that m,,(S) < oo for every q € Q.

Question. Is there a similar characterization of bb-boundedness?
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Operator topologies

For each of the five classes of operators, we introduce an appropriate natural operator
topology. The class of all linear operators between two topological vector spaces will
be usually equipped with the strong operator topology. Recall, that a sequence (S,,)
of operators from X to Y is said to converge strongly or pointwise to a map S if

Spx — Sz for every x € X. Clearly, S will also be a linear operator.

The class of all bb-bounded operators will usually be equipped with the topology of
uniform convergence on bounded sets. Recall, that a sequence (.5,,) of operators is
said to converge to zero uniformly on A if for each zero neighborhood V in Y there
exists an index ng such that S,(A) C V for all n > ng. We say that (S,,) converges to
S uniformly on bounded sets if (5, — S) converges to zero uniformly on bounded sets.
Recall also that a family G of operators is called uniformly bounded on a set A C X if
the set (Jgeg S(A) is bounded in Y.

Lemma 2.1.14. If a sequence (S,) of bb-bounded operators converges uniformly on

bounded sets to an operator S, then S is also bb-bounded.

Proof. Fix a bounded set A. Since S — S, converges to zero uniformly on bounded sets
then for every base zero neighborhood V' there exists an index ng such that (S, —S5)(A) C
V whenever n > ng. This yields S(A) C S,,(A)+V C ~V since S,,(A) is bounded. Thus,
S(A) is bounded for every bounded set A, so that S is bb-bounded. O

The class of all continuous operators will be usually equipped with the topology of
equicontinuous convergence. Recall, that a family G of operators from X to Y is called
equicontinuous if for each zero neighborhood V' in Y there is a zero neighborhood U in
X such that S(U) C V for every S € G. We say that a sequence (.S,,) converges to zero
equicontinuously if for each zero neighborhood V' in Y there is a zero neighborhood U
in X such that for every € > 0 there exists an index ngy such that S, (U) C ¢V for all

n > ny.
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Lemma 2.1.15. If a sequence S,, of continuous operators converges equicontinuously to

S, then S is also continuous.

Proof. Fix a zero neighborhood V| there exist zero neighborhoods V; and U and an index
ng such that V3 + V4 C V and (S, — S)(U) C Vi whenever n > ny. Fix n > ng. The
continuity of S,, guarantees that there exists a zero neighborhood W C U such that
S,(W) C Vi. Since (S, — S)(W) C Vi, we get S(W) C S,(W)+ Vi, CVi+V, CV,

which shows that S is continuous. O]

The class of all nn-bounded operators will be usually equipped with the topology of
nn-convergence, defined as follows. We will call a collection G of operators uniformly
nn-bounded if there exists a base Ny of zero neighborhoods such that for every U € N
there exists a positive real § such that S(U) C pU for each S € G. We say that a
sequence (S,,) mn-converges to zero if there is a base Ny of zero neighborhoods such

that for every U € N and every € > 0 we have S,,(U) C eU for all sufficiently large n.

Question. Is the class of all nn-bounded operators closed relative to nn-convergence?

Finally, the class of all nb-bounded operators will be usually equipped with the topol-

ogy of uniform convergence on a zero neighborhood.

Example 2.1.16. The class of nb-bounded operators is not closed in the topology of
uniform convergence on a zero neighborhood. Let X = RY, the space of all real sequences
with the topology of coordinate-wise convergence. Let T}, be the projection on the first
n components. Clearly, every T,, is nb-bounded because it maps the zero neighborhood
Uy = {(2:)32, ¢ |z;] < 1fori=1,...,n} to a bounded set. On the other hand, (7,)
converges uniformly on X to the identity operator, while the identity operator on X is

not nb-bounded.

2.2 Spectra of an operator

Recall that if T" is a continuous operator on a Banach space, then its resolvent set p(T')

is the set of all A € C such that the resolvent operator Ry = (A —T)~! exists, while the
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spectrum of T is defined by o(T') = C\ p(T"). The Open Mapping Theorem guarantees
that if R, exists then it is automatically continuous. Now, if 7" is an operator on an
arbitrary topological vector space and A € C then the algebraic inverse Ry = (Al —T)~!
may exist but not be continuous, or may be continuous but not nb-bounded, etc. In

order to treat all these cases properly we introduce the following definitions.

Definition 2.2.1. Let T be a linear operator on a topological vector space. We denote
the set of all scalars A € C for which \I —T is invertible in the algebra of linear operators
by p'(T). We say that A € p®(T) (respectively p¢(T) or p™(T)) if the inverse of A\I —T is
bb-bounded (respectively continuous or nn-bounded). Finally, we say that A € p™*(T) if
the inverse of A\I —T belongs to the unitalization of the algebra of nb-bounded operators,
i.e., when (Al —T)~' = al + S for a scalar o and an nb-bounded operator S.

The spectral sets o!/(T), o®(T), o(T), o™ (T), and o™ (T) are defined to be the
complements of the resolvent sets p!(T), p®(T), p°(T), p"*(T), and p"*(T) respectively.?
We will denote the (left and right) inverse of AI — T whenever it exists by R,.

2.2.2. Tt follows immediately from Proposition 2.1.3 that ¢/(T') C o"(T) C o°(T) C
o™ (T) C o™ (T). It follows from the Open Mapping Theorem that for a continuous
operator T on a Banach space all the introduced spectra coincide with the usual spectrum
o(T). Since the Open Mapping Theorem is still valid on Fréchet spaces, we have ¢! (T') =

o®(T) = o°(T) for a continuous operator T on a Fréchet space.

2.2.3. If T is an operator on a locally bounded space (X, U), then by 2.1.4 bb-boundedness
of T is equivalent to nb-boundedness, so that o¢®(T) = o¢(T) = 0" (T) = o™(T). We
will denote this set by o, (T') to avoid ambiguity. Spectral theory of continuous operators

on quasi-Banach spaces was developed in [Gram66].

b in a slightly different fashion than

2.2.4. There are several reasons why we define o”
the other spectra. Namely, for A to be in p"(T) we require (Al — T)~! be not just

nb-bounded, but be nb-bounded up to a multiple of the identity operator. On one hand,

2We use superscripts in order to avoid confusion with o.(T), which is commonly used for continuous

spectrum.
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this is the standard way to define the spectrum of an element in a non-unital algebra,
and we know that the algebra of nb-bounded operators is unital only when the space
is locally bounded. On the other hand, if we defined p™(T) as the set of all A € C for
which (Al —T)~! is nb-bounded, then we wouldn’t have gotten any deep theory because
(M —T)~! is almost never nb-bounded when the space is not locally bounded.

Indeed, suppose that X is not locally bounded, T is a bb-bounded operator on X,
and A € C. Then Ry = (M — T)~! cannot be nb-bounded, because in this case I =
(M — T)R) would be nb-bounded by 2.1.6 as a product of a bb-bounded and an nb-
bounded operators. But we know that [ is not nb-bounded because X is not locally
bounded.

We will see in Proposition 2.5.3 that in a locally convex but non locally bounded space
nb-bounded operators are never invertible, which implies that in such spaces (A —T)~!

is not nb-bounded for any linear operator T'.

2.2.5. Next, let 7" be a (norm) continuous operator on a Banach space, o(T') the usual
spectrum of T, and let o'(T), o*(T), 0¢(T) be computed with respect to the weak
topology. It is known that an operator on a Banach space is weak-to-weak continuous
if and only if it is norm-to-norm continuous; therefore it follows that o“(T) = o(T).
Furthermore, o!(T) does not depend on the topology, so that it also coincides with o(T).
Thus o/(T) = o®(T) = o¢(T) = o(T).

We would like to mention that our definition of spectra of an operator on a topological

vector space is different from the one of Waelbroeck in [Wael54].

2.3 Spectral radii of an operator

The spectral radius of a bounded linear operator 1" on a Banach space is usually defined

via the Gelfand formula r(7') = lim {/||7"||. The formula involves a norm and so makes
n—oo

no sense in a general topological vector space. Fortunately, this formula can be rewritten

without using a norm, and then generalized to topological vector spaces. Similarly to the
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situation with spectra, this generalization can be done in several ways, so that we will
obtain various types of spectral radii for an operator on a topological vector space. We
will show later that, as with the Banach space case, there are some relations between the
spectral radii, the radii of the spectra, and the convergence of the Neumann series of an
operator on a locally convex topological vector space. The content of this section may
look technical at the beginning, but later on the reader will see that all the facts lead to

a simple and natural classification. We start with an almost obvious numerical lemma.

Lemma 2.3.1. If (t,) is a sequence in Rt U {oo}, then

limsup {/t, =inf{r>0: lim &2 =0} =inf{r >0 : limsup 2 < oo }.

n—oo n—oo

Proof. Suppose limsup /t, = r. If 0 < v < r, then ~/%, > p > v for some pu and

n—oo

some subsequence (t,,), so that iT’; > ‘lf%: — 00 as k goes to infinity. It follows that

limsup lim,, . 2 = co. On the other hand, if r is finite and v > r then /%, < p < v

for some p and for all sufficiently large n. Then lim = < lim 5_n =0. [

n n
n—oo n—oo

This lemma implies that the spectral radius r(7) of a (norm) continuous operator 7" on
a Banach space equals the infimum of all positive real scalars v such that the sequence
(%) converges to zero (or just is bounded) in operator norm topology. This can be
considered as an alternative definition of the spectral radius, and can be generalized to
any topological vector space. Since for each of the five considered classes of operators on

topological vector spaces we introduced appropriate concepts of convergent and bounded

sequences, we arrive to the following definition.

Definition 2.3.2. Given a linear operator 7" on a topological vector space X, define the

following numbers:

r(T) = inf{v >0 : the sequence (f—:) converges strongly to zero };
ro(T) = inf{v >0 : Z= — 0 uniformly on every bounded set };
re(T) = inf{r>0: L — 0 equicontinuously };
ran(T) = inf{r >0 : (L) nn-converges to zero};
rap(T) = inf{r >0 : I — 0 uniformly on some O-neighborhood }.
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The following proposition explains the relations between the introduced radii.

Proposition 2.3.3. If T is a linear operator on a topological vector space X, then

Tl(T) g Tbb(T) < TC(T) g Tnn(T) < Tnb(T).

Proof. Let T be a linear operator on a topological vector space X. Since every singleton
is bounded then r;(T") < ry(7T"). Next, assume v > r.(7T'), fix u such that r.(T) < p < v,
then the sequence (ZZ—:) converges to zero equicontinuously. Take a bounded set A and
a zero neighborhood U. There exists a zero neighborhood V and a positive integer
N such that %(V) C U whenever n > N. Also, A C oV for some a > 0, so that
L (A) C ‘;—:%(QV) C L2y C U for all sufficiently large n. It follows that the sequence
(£%) converges to zero uniformly on A and, therefore, v > ry,(T). Thus, ry(T) < ro(T).

To prove the inequality 7.(T) < 7, (T) we let v > 1,,(T). Then for some base Ny of
zero neighborhoods and for every V- € Nj and € > 0 there exists a positive integer N such
that Z-(V) C eV for every n > N. Given a zero neighborhood U, we can find V € N
such that V' C U. Then L (V) C eV C eU for every n > N, so that the sequence (L)
converges to zero equicontinuously, and, therefore, v > r.(T).

Finally, we must show that r,,,,(T) < r,,(T). Suppose that v > r,,(T), we claim that
v = Tpn(T). Take p so that v > p > 7,4(T). One can find a zero neighborhood U such
that for every zero neighborhood V' there is a positive integer N such that %(U )V
for every n > N. Fix a base N of zero neighborhoods, and define a new base N of zero
neighborhoods via ./(/'0 ={mUNW : meN W e N} Let Ve ./% and € > 0. Then
V = mU NW for some positive integer m and W € Ny. Then Z;_:(V) C m%(U) CmV
and for every sufficiently large n, so that %(V) C ‘V‘—:mV C eV, for each sufficiently large

n, which implies v > r,,,(T). O

The following lemma shows that, similarly to the case of Banach spaces, one can use
boundedness instead of convergence when defining the spectral radii of an operator on a
topological vector space. This gives alternative ways of computing the radii, which are

often more convenient.

Lemma 2.3.4. Let T be a linear operator on a topological vector space, then
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(i) r(T) =inf{v >0 : (££) is bounded for every  };

(11) if T is bb-bounded then

row(T) = inf{v >0 : (L%) is uniformly bounded on every bounded set };

(111) if T is continuous then

r(T) = inf{ v>0: (%) is equicontinuous };

(iv) if T' is nn-bounded then
Pan(T) = inf{ v >0 : (%) is uniformly nn-bounded };

(v) if T is nb-bounded then

rnp(T) = inf { v>0: (%) is uniformly bounded on some 0-neighborhood }

n

Moreover, in each of these cases it suffices to consider any tail of the sequence (?)

instead of the whole sequence.

Proof. To prove (i) let
r(T) = inf{ v>0: (%m) is bounded for every x }

Since every convergent sequence is bounded, we certainly have (1) > r(T"). Conversely,

suppose v > (T, and take any positive scalar p such that v > p > r/(T"). Then for

every x € X the sequence %x is bounded, and it follows that the sequence Loz = £~ 1"z

l/_" — yn ur
converges to zero, so that v > r;(T') and, therefore (1) = r/(T).

To prove (ii), suppose T is bb-bounded, and let
(1) =inf{v >0 : (L) is uniformly bounded on every bounded set }.

We'll show that r,(T) = (7). If (L7) converges to zero uniformly on every bounded

VTL

set, then for each bounded set A and for each zero neighborhood U there exists a

positive integer N such that %(A) C U whenever n > N. Also, since T is bb-

bounded, then for every n < N we have L3(A) C o, U for some a, > 0. Therefore,
if « = max{ay,...,ay_1,1}, then Z—:(A) C aU for every n, so that the sequence Z—: is

uniformly bounded on A. Thus v > r,,(T"), so that 7, (T) < ru(T).
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Now suppose v > 1,,(T). There exists p such that v > p > r, (7). The set
U, %(A) is bounded for every bounded set A, so that for every zero neighborhood U
there exists a scalar « such that T—:(A) C aU for every n € N. Then Z2(4) C £2U C U
for all sufficiently large n. This means that the sequence ( ) converges to zero uniformly
on A, and it follows that v > ry, (7).

Further, if 7" is bb-bounded, then any finite initial segment (L)Y is always uniformly
bounded on every bounded set, so that a tail (£:)22  is uniformly bounded on every
bounded set if and only if the whole sequence (Z—:);’ZO:O is uniformly bounded on every
bounded set.

The statements (iii), (iv), and (v) can be proved in a similar way. O

2.3.5. Locally bounded spaces. If T is a linear operator on a locally bounded topo-
logical vector space (X, U), then it follows directly from Definition 2.3.2 that (7)) =
re(T) = 1 (T) = rp(T), because the corresponding convergences are equivalent. In this

case we would denote each of these radii by 7, (7).

Spectral radii via seminorms

The following proposition provides formulas for computing spectral radii of an operator

on a locally convex space in terms of seminorms.

Proposition 2.3.6. If T is an operator on a locally convex space X with a generating
family of seminorms P, then

(1) r(T)= sup limsup /p(T"x);

peEP, x€X n—o00

(i1) r(T) = sup mf lim sup {/my,, (T

n—oo

(111) 1 (T) = 1nf sup limsup {/p(T™), where the infimum is taken over all generating
pEQ n—00
families of seminorms;

() Tpp(T) = inf sup limsup {/m,, (T

PEP 4eP n—oo
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Proof. 1t follows from the definition of 7,(7") and Lemma 2.3.1 that

r(T)=inf{v>0: lim p (%) =0 forevery v € X,p€ P}

= sup inf{ v>0: lim T% = 0} = sup limsup v/p(T"x).
zeX, peP n—00 z€X, peP n—oo

Let Uy = {x € X : p(z) <1} for every p € P. Then, rephrasing the definition of
r.(T) and applying Lemma 2.3.1, we have

re(T)=inf{r>0:VgePIpePVe>03INeNVn>N L(U,) CeU, }

—suplnflnf{u>0 Ve >0dN e NVn > Nmpq( )<5}

qepP PEP

—suplnflnf{l/>0 lim %—O}—snpmfhmsup Yy, (T).

qeP PEP n—o0 qeP PEP n—oo

Similarly,

Fon(T) =inf{v>0:3QVpe QVe>03INeNVn>N L2(U,) CeU, }
:infsupinf{l/>0 lim ’%—0} mfsuphmsup p(Tm).

Q peo n—oo Q peQ n—oo

Finally,

rap(T) =inf{v>0:3IpePVgePINeNVn>N (U, CU,}

= inf supinf{ v >0 : limsup m”‘Z(T < 1} = inf sup limsup {/m,,(T").

PEP 4ep n—00 PEP 4cP n—oo

Some special properties of r.(T)

Continuity of an operator can be characterized in terms of neighborhoods (the preimage
of every neighborhood contains a neighborhood) or, alternatively, in terms of convergence
(every convergent net is mapped to a convergent net). Analogously, though defined in
terms of neighborhoods, 7.(7") can also be characterized in terms of convergent nets.
This approach was used by F. Garibay and R. Vera in a series of papers [GV97, GV98,
VMO7]. Recall that a net (x,) in a topological vector space is said to be ultimately
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bounded if every zero neighborhood absorbs some tail of the net, i.e., for every zero
neighborhood V' one can find an index o and a positive real 6 > 0 such that z, € éV
whenever a > «g. As far as we know, ultimately bounded sequences were first studied
in [DeV71] for certain locally-convex topologies. The relationship between ultimately
bounded nets and convergence of sequences of operators on locally convex spaces was
studied in [GV97, GV98, VM97]. The following proposition (which is, in fact, a version
of [VM97, Corollary 2.14]) shows how 7.(7) can be characterized in terms of the action
of powers of T' on ultimately bounded sequences. It also implies that r.(7") coincides
with the number v(7T") which was introduced in [GV97, GV98, VM97] for a continuous

operator on locally convex spaces.

Proposition 2.3.7. Let T be a linear operator on a topological vector space X, then

re(T) =inf{r >0 : lim Lz, = 0 whenever (z,) is ultimately bounded }

n,o

= inf{z/ >0: (%Qia) is ultimately bounded whenever (z4) is ultimately bounded}.

n,o

Proof. To prove the first equality it suffices to show that r.(7) < 1 if and only if
171Lr£1 T"x, = 0 whenever (z,) is an ultimately bounded net. Suppose that r.(7) < 1,
a171d let V' be a zero neighborhood. One can find a zero neighborhood U such that for
every € > 0 there exists ng € N such that 7"(U) C €V for each n > ny. Let (x,) be an
ultimately bounded net. There exists an index «ag and a number 6 > 0 such that x, € 6U
whenever « > . Then for ¢ = §~! one can find ng such that 7"(U) C 6~V for each
n > ng, so that T"x, € 6T™(U) C V whenever a > ag and n > ng. This means that
lrlLrg T"x, = 0.

| Conversely, suppose that lrllrcrvl T"x, = 0 for each ultimately bounded net (z,), and
assume that T™ does not convérge equicontinuously to zero. Then there exists a zero
neighborhood V' such that for every zero neighborhood U one can find ¢, such that for
every m € N there exists ny,, > m with 7"~ (U) ¢ &,V. Then there exists x,, € U

such that

TnU’m:L‘UJn ¢ ((‘:UV (2.1)
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The collection of all zero neighborhood ordered by inclusion is a directed set, so that
(xy.n) is an ultimately bounded net. Indeed, if W is a zero neighborhood then z, , € W
for each zero neighborhood U C W and every n € N. But it follows from (2.1) that the

net (T”xu,m) ,, does not converge to zero.

n,m,

To prove the second equality, let

v = inf {V >0 : lim %aza = 0 whenever (z,) is ultimately bounded} and
v = inf{r>0: (%xa)n ., is ultimately bounded if () is ultimately bounded }.

Since every net which converges to zero is necessarily ultimately bounded, it follows that
7 = Y2. Now let v > 75, and let (x,) be an ultimately bounded sequence. Suppose that
Yo < i < v, then (%xa)nya is ultimately bounded, that is, for each zero neighborhood V'
there exists an indices o and ny and a positive € such that Z;—:xa € ¢V whenever a > ay

and n > ng. It follows that Z—:xa € L

on

V C V for a > o and all sufficiently large n.

This implies that lim Z—Z.ﬁﬁa = 0 so that v > ;. [l

Question. Are there similar ways for computing ri(T), re(T), rw(T), and ru(T) in

terms of nets?

Proposition 2.3.7 enables us to prove some important properties of r.. The following

lemma is analogous to Lemma 3.13 of [VM97].

Lemma 2.3.8. If S and T are two commuting linear operators on a topological vector

space X such that r.(S) and r.(T) are finite, then r.(ST) < r.(S)r.(T).

Proof. Suppose p > 1.(S) and v > r.(T) and let (z,) be an ultimately bounded net

in X. Then the net (£-2=), , is ultimately bounded by Proposition 2.3.7. By applying

Z/Tl

Proposition 2.3.7 again we conclude that (S:,,Tl:f ) m.n.a COnverges to zero. In particular,
lim% = lim &2« — (), and applying Proposition 2.3.7 one more time we get
no  (#) na MW

pv > 1r.(ST). O

Theorem 2.3.9. IfS and T are two commuting continuous operators on a locally convex

space X then r.(S +T) < re(S) 4+ r.(T).
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Proof. Assume without loss of generality that both r.(S) and r.(T") are finite. Suppose
that n > r.(S) + r.(T) and take p > r.(S) and v > r.(T) such that n > p+ v. Let
(z4) be an ultimately bounded net in X. By Proposition 2.3.7 it suffices to show that
hm - (S+T)"z, = 0. Notice that the net (L: Oé) is ultimately bounded. This implies
that the net (Sm Z: xa)mm,a converges to zero. Fix a seminorm p, then there exist indices
no and g such that p(S™T"z,) < p™v™ whenever m,n > ng and a > ap. Also, notice

that we can split 1 into a product of two terms 1 = 112 such that 1, > 1 while still

12 > p+ v. Further, if n > 2ng and a > «y then we have

P (An(s + T)%a) <

n—ng n
1 Z p(SPT"Fae) + 5 > (p(SMTFra) + 5 > (Dp(SFT ).
k=no+1 k=n—no+1
Since () = % n* and Y7 (W) v F = (4 v)", we have
p (%(S + T)”xa) <
n—ng no n
n- Zp SkT" ko + i Z (Z)ukynfk i ”_n Z p(San*kxa)
n k=no+1 N k=n—mo+1
—n Z( (T "8%2,) + p(S" T aa) ) + lut o)
noony e n"
Notice that lim (“% = 0 and that lim % = 0. Since T is continuous, the net (T*x,)q

is ultimately bounded for every fixed k, so that lérg 77;L#,,“S”"‘*’“T'%va = 0. It follows that
for every k between 0 and ng the expression %p(Sn’kT’“wa) is uniformly bounded for
all sufficiently large n and «. Similarly, for every k£ between 0 and ny the expression
%p (T ”_kSkxa) is uniformly bounded for all sufficiently large n and «. Therefore there

exist indices n; and oy such that the finite sum
1 &

— (p(T"_kSkxa) —i—p(Sn_kaa:a))
bR

is uniformly bounded for all n > n; and o > «. It follows that limp(nin(S—i—T)"xa) =0,
so that n > r.(S +T). O
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Corollary 2.3.10. If T is a continuous operator on a locally convex space with finite

re(T) then r,. (P(T)) is finite for every polynomial P(z).

Definition 2.3.11. We say that a sequence (z,) in a topological vector space is fast

null if lim o™z, = 0 for every positive real «.

n—oo

Lemma 2.3.12. If T is a linear operator on a topological vector space with r.(T) < oo

then (T"z,,) is fast null whenever (x,) is fast null.

Proof. Suppose (z,,) is a fast null sequence in a topological vector space and r.(T') < oc.
Let v > r.(T), the sequence v"a"x,, converges to zero, hence is ultimately bounded, then
by Proposition 2.3.7 we have

"

: ngn : n_n
lim o"T"x, = lim Zv"a"x, = 0.

n—oo n—oo

2.4 Spectra and spectral radii

It is well known that for a continuous operator 1" on a Banach space its spectral radius
r(T) equals the geometrical radius of the spectrum |o(T)| = sup{|A| : X € o(T)}.
Further, whenever |\| > r(T), the resolvent operator Ry = (A — T)~! is given by
the Neumann series ).~ % We are going to show in the next five theorems that
the spectral radii that we have introduced are upper bounds for the actual radii of the
correspondent spectra, and that when |)| is greater than or equal to any of these spectral
radii, then the Neumann series converges in the correspondent operator topology to the
resolvent operator.

In the following Theorems 2.4.1-2.4.5 we assume that 7" is a linear operator on a
sequentially complete locally convex space, A is a complex number, and R is the resolvent

of T at A in the sense of Definition 2.2.1.

Theorem 2.4.1. If |\| > r;(T') then the Neumann series converges pointwise to a linear
operator RY, and R\ — T) = I. Moreover, if T is continuous, then R = Ry and
’Jl(T)‘ < (7).
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Proof. For any A € C such that [A| > 7/(T) one can find z € C such that 0 < 2] < 1

and Az > r(T). Consider a point x € X and a base zero neighborhood U. Since by the

definition of r;(T") the sequence (%) converges to zero, there exist a positive integer

Trx

ng, such that &Tn)ﬂ € U whenever n > ng. Therefore, 555 € 2"U C |2|"U because U is

balanced. Thus, if n > m > ng, then 37 Tz ¢ S U € (012U because

i=n N\

U is convex. Since |z| < 1, we have > " |z|" < 1 for sufficiently large m and n, and

m  Tig : _ 1 n  Tig .
so > . 5+ € U because U is balanced. Therefore Ry,r = 3> 5 is a Cauchy

sequence and hence it converges to some R3x because X is sequentially complete.

Clearly, RY is a linear operator. Notice that Ry ,(Ax — Tx) = x — T;:f for every .

As n goes to infinity, the left hand side of this identity converges to RY(A\z — T'z), while
the right hand side converges to x. Thus it follows that RY(A\ —T) = I.
Finally, notice that Ry, commutes with 7" for every n. Therefore, if T" is continuous,

then

R\Tz = lim Ry, Tz = lim TRy,z = T(lim Ry ,r)=TR\x

for every x. This implies that (\I — T)RS = R$(M — T) = I, so that RY is the
(left and right) inverse of A — T. This means that R} = Ry and A € p(T). Thus,
|o!(T)| < r(T). O

Theorem 2.4.2. IfT is bb-bounded and |\| > 1, (T), then the Neumann series converges
uniformly on bounded sets, and its sum RS is bb-bounded. Moreover, if T is continuous,

then RS = Ry and |o®(T)| < ryp(T).

Proof. Suppose that |A| > ry(7T), then the sum R of the Neumann series exists by
Theorem 2.4.1. As in the proof of Theorem 2.4.1 we denote the partial sums of the
Neumann series by Ry ,. Fix z € C such that 0 < |z| < 1 and Az > 7,,(T"), and consider
a bounded set A and a closed base zero neighborhood U. Since % converges to zero
uniformly on A, there exits ng € N such that %(A) C U for all n > ng. Also, since

2] < 1, we can assume without loss of generality that > |z|* < [X|. Then

m ) m
LY Rred( X Eucu
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whenever x € A and m > n > ng. Since U is closed, we have

m
Rz —Ryyz=lim § Y LzeU
m—00
i=n-+1

for each * € A and n > ng, so that (RS — Rx,)(A) C U whenever n > ng. This shows
that R, , converges to R} uniformly on bounded sets. By Lemma 2.1.14 this implies that
RS is bb-bounded.

Further, if T is continuous, then by Theorem 2.4.1 we have Ry = R}, so that A €
p"(T), whence it follows that [o®(T)| < ru(T). O

The next theorem is similar to Theorem 2.18 of [VM97].

Theorem 2.4.3. If T is a continuous and |\ > r.(T), then the Neumann series con-

o“(T)| < re(T)

verges equicontinuously to Ry, and Ry is continuous. In particular,

holds.

Proof. Let |A| > r.(T). It follows from Theorem 2.4.1 that the Neumann series converges
to Ry. Again, we denote the partial sums of the Neumann series by R),. Let z € C

be such that 0 < |z| < 1 and Az > r.(T). For a fixed closed zero neighborhood U there

exists a zero neighborhood V such that L= (V) C U for every n > 0. Let ¢ > 0, then

Anzn

Yoionl2F < g|A] for some ng. Then

m m
LY TEei( Y lF)evcy
i=n+1 ;

whenever x € V and m > n > ng. Since U is closed, we have

m

Ryx — Ry,x = lim TEeelU

m—0o0

i=n+1
for each € V and n > ng, so that (Ry — Rx,)(V) C €U whenever n > ng. This
shows that R), converges to R, equicontinuously, and Lemma 2.1.15 yields that R, is

continuous.
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Theorem 2.4.4. If T is nn-bounded and |\ > r,,(T), then the Neumann series nn-

converges to Ry and Ry is nn-bounded. In particular, ‘a””(T)| < run(T) holds.

Proof. Let |A| > rp,(T). By Theorem 2.4.1 the Neumann series ) .-, % converges
to Ry. Again, we denote the partial sums of the Neumann series by R),. Fix some z
such that 0 < |z] < 1 and Az > r,,(T). There exists a base N of closed convex zero
neighborhoods such that for every U € N there is a scalar 5 > 0 such that 0 T 7;,1 (U) C pU
for all n > 0. Fix U € Ny, then for each n > 0 we have ﬁ(U) C BU for some (3 > 0,

so that L:2 € |2|"BU whenever x € U. It follows that

<42k

Then Ryz € 5 Ni- ‘ D == U, so that Ry(U) C - | 5 U, which implies that R, is nn-bounded,
and, therefore, |o""(T)| < 7, (T) holds.

R,\nl‘ =

1=0

Fix ¢ > 0. Then ) .2 \|z|" < |A| for some N. Then for every U € Nj we have

m ) m
LY Tred( Y pf)evcu

i=n+1 i=n+1

whenever x € U and N < n < m. Since U is closed, we have

m
. I
Ryz — Ry ,x = lim % g jj\f eelU
m—0o0
1=n+1

for each € U and n > N, so that (Ry — R),,)(U) C U whenever N < n. This shows

that R, nn-converges to R,. O

Theorem 2.4.5. If T is nb-bounded and |\| > rn,(T), then the Neumann series con-

verges to Ry uniformly on a zero neighborhood. Further, |0”b(T)| < rp(T) holds.

Proof. Let |\ > r,(T). By Theorem 2.4.1 the Neumann series Z;’io/\r{—;l converges
to Ry. Since ry(T) < rpp(T) then Ry is bb-bounded by Theorem 2.4.2. But then
Yoo % = I + ;R,\T. Notice that R\T is nb-bounded as a product of a bb-bounded
and an nb-bounded operators (see 2.1.6).

Suppose that |A| > r,,(T). Fix z € C such that 0 < |z| < 1 and Az > r,(T), then

mn . .
T—) converges to zero uniformly on some base zero neighborhood U.

the sequence (/\nzn
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We will show that the Neumann series converges uniformly on U. As in the proof of
Theorem 2.4.1, we denote the partial sums of the Neumann series by R, ,. Fix a closed
base zero neighborhood V. Since (%) converges to zero uniformly on U, there exits
no € N such that 2 (U) C V for all n > ng. Also, since |z| < 1, we can assume without
loss of generality that Y [2[* < |A|. Then

m

F Y Sei( X k)vev

1=n+1 1=n+1

whenever x € A and m > n > ng. Since V is closed, we have

m
Ryx — RA7n5L' = lim % % eV
m—0o0
i=n-+1
for each x € U and n > ny, so that (Ry — Ryx,,)(U) C V whenever n > ny. O

In the rest of this section we discuss the conditions of sequential completeness and
the local convexity assumed in Theorems 2.4.1-2.4.5, and consider several examples and
special cases.

Clearly, if X is a Banach space, then the norm topology on X and the weak* topology
on X* are sequentially complete. The weak topology of X is sequentially complete
if X is reflexive. Also, it is known that the weak topologies of ¢; and of L;[0,1] are
sequentially complete. Since all these topologies are locally convex, Theorems 2.4.1-

2.4.5 are applicable to each of them.

2.4.6. Monotone convergence property. Notice that if T" is a positive operator on
a locally convex-solid vector lattice then we can substitute the sequential completeness
condition in Theorems 2.4.1-2.4.5 by a weaker condition called sequential monotone
completeness property: a locally convex-solid vector lattice is said to satisfy the se-
quential monotone completeness property if every monotone Cauchy sequence converges
in the topology of X. For details, see [AB78]. Indeed, we used the sequential complete-
ness at just one point — we used it in the proof of Theorem 2.4.1 to claim that since
Rynx = %Z?:o % is a Cauchy sequence, then it converges to some Ryz. But if T is
positive, then Ry ,z* and R, ,x~ are increasing sequences, and the sequential monotone

completeness property ensures the convergence.
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2.4.7. Pointwise convergence. It can be easily verified that the space of continuous
functions on [0, 1] with pointwise convergence topology is not sequentially complete, the
sequence x,(t) = t" is a counterexample. The same counterexample shows that this
space does not have the monotone convergence property either.

Consider the sequence spaces ¢, for 0 < p < 00, ¢, cg, and ¢y (the space of eventually
vanishing sequences). None of these spaces is sequentially complete in the topology of
coordinate-wise convergence: take the following sequence for a counterexample:

it i< mg

Tn (Z) =
0 otherwise.

The same example shows that these spaces do not have the monotone convergence prop-

erty either. Therefore neither of Theorems 2.4.1-2.4.5 or 2.4.6 can be applied.

Example 2.4.8. Theorems 2.4.1-2.4.5 fail without sequential completeness. Consider
the space ¢y with the topology of coordinate-wise convergence. Let T be the forward
shift operator on ¢y, that is, T'ep = e, 1, where ey, is the k-th unit vector of ¢y. Let V' be
any base zero neighborhood, we can assume without loss of generality that V = {z € ¢ :
|z, | < 1,...,|x;, | < 1} where i < iy < --- < i are positive integers. If x € U then T"z

has zero components 1 through n, in particular for every positive v we have 7;;‘” eV

whenever n > 1. Therefore (F‘::) converges uniformly on ¢ for every v > 0, so that

rop(T) = 0. It follows from Proposition 2.3.3 that r)(T") = ry(1) = 1(T) = rpn(T) = 0.

On the other hand, > 7  T"e; diverges in ¢o. Since T is obviously continuous, this shows
that Theorems 2.4.1-2.4.5, do not hold in ¢y. Thus, sequential completeness condition is

essential in the theorems.

2.4.9. Banach spaces. If T is a (norm) continuous operator on a Banach space, then it
follows from 2.2.2 and 2.3.5 that o'(T) = o**(T) = 0¢(T) = o™ (T) = o™(T) = (T and
To(T) = 1e(T) = rpn(T) = 1p(T) = r(T'), where o(T') and r(T) are the usual spectrum
and the spectral radius of 7. Further, it follows from Lemma 2.3.3 that r(7") < (7).
On the other hand, since r(T') = |o(T)|, then r(T) < ry(T) by Theorem 2.4.1, so that
r(T) =r(T).
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2.4.10. The following argument is a counterpart to 2.2.5. Let T be a (norm) continuous
operator on a Banach space X and r(T') the usual spectral radius of 7', while r/(7") and
row(T) be computed with respect to the weak topology of X. We claim that if the weak
topology of X is sequentially complete, then r(T") = ry (1) = r(T). Indeed, r(T") < r(T)
by 2.2.5 and Theorem 2.4.1 because o(T) = o'(T). In view of Proposition 2.3.3 it suffices
to show that ry(T) < r(T). Let v > r(T), and let A be a weakly bounded subset of
X. Then A is norm bounded, so that the sequence % converges to zero uniformly on A

in the norm topology. In particular, the set [ J -, Z: (A) is norm bounded, hence weakly

bounded, so that v > ry, (7).

Quasinilpotence

Recall that a norm continuous operator 7" on a Banach space X is said to be quasinil-
potent if r(T') = 0 or, equivalently, if 0(T) = {0}. Quasinilpotent operators on Banach
spaces have some nice properties, therefore in the framework of topological vector spaces
it is interesting to study operators having some of their spectra trivial or some of their
spectral radii being zero. Notice, for example, that it follows from Proposition 2.3.6 that
if T' is an operator on a locally convex topological vector space, then r;(7') = 0 if and
only if nlggo Y/ p(Tmz) = 0 for every seminorm p in a generating family of seminorms and
for every x € X. Further, if the space is in addition sequentially complete, then for such
an operator we would have o!(T) = {0} by Theorem 2.4.1.

Recall also that a norm continuous operator 7" on a Banach space X is said to be
locally quasinilpotent at a point x € X if nan;O {L/W = 0. Using Lemma 2.3.1, the
concept of local quasinilpotence can be naturally generalized to topological vector spaces:
an operator 1" on a topological vector space X is said to be locally quasinilpotent at a

T

point v € X if lim ~2* = 0 for every v > 0. It follows immediately from the definition

n—oo

of m/(T) that r(T) = 0 if and only if 7" is locally quasinilpotent at every z € X. It is
known that a continuous operator on a Banach space is quasinilpotent if and only if it

is locally quasinilpotent at every point. We see now that this is just a corollary of 2.4.9.
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The following example shows that a similar result for general topological vector spaces

is not valid, that is, r;(7") may be equal to zero without the other radii be equal to zero.

Example 2.4.11. A continuous operator with r(T) = 0 but ry,(T) = 1.(T) = rpn(T) =
(1) = 0o. Consider the space of all bounded real sequences (o = {z = (21, 22,...) :
sup |zx| < oo} with the topology of coordinate-wise convergence. This topology can be
generated by the family of coordinate seminorms {p,,}5°_; where p,,(x) = |z,,|. Let ey
denote the k-th unit vector in /.

Define an operator T': o, — (o, via Te, = %%—1 if k> 1, and Te; = 0. Then

T"e), = (’“_ngfn ex—n if n < k and zero otherwise. Clearly T is continuous. In order to

show that 7,(7") = 0 fix a positive real number v and x € (., then

m mm

"z — m _m_____ .
|( n )m‘ - ‘(m+n)m+”1/”x"+m| S S:p (mA4mn)mtnyn S%p|w”| <00

It follows from Lemma 2.3.4(i) that r;(7") = 0.
Now we show that r,,(T) = oo by presenting a bounded set A in /., such that the

sequence (%) in not uniformly bounded on A for every positive v. Let

A:{xefoo : xn<(2n)2” foralln}O}.

Then (2n)?"e, € A for each n > 0 and (Z:—:(Qn)znen)l = (323/2: is unbounded. Then
by Lemma 2.3.4(ii) we have ry,(T") = oo, and it follows from Proposition 2.3.3 that
7e(T) = 19 (T) = rip(T) = 0.

It is not difficult to show that ¢/(T") = {0}, while 0*(T) = ¢™(T) = c"*(T") = C.

Non-locally convex spaces

We proved the key Theorems 2.4.1-2.4.5 for locally convex spaces, but they are still valid
for locally pseudo-convex spaces. The local convexity of X was used only once in the
proof of Theorem 2.4.1, while Theorems 2.4.2-2.4.5 used Theorem 2.4.1. Hence it would
suffice to modify the proof of Theorem 2.4.1 in such a way that it would work for locally
pseudo-convex spaces instead of locally convex. Local convexity was used in the proof of

Theorem 2.4.1 to show that if &:)“;} € U for all n > ng and some ng € N, then there exists
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mo € N such that > " T/\Lf € U for all m,n > mgy. (Recall that T is a linear operator,
A,z € Csuch that 0 < |z| < 1and Az > r(T), x € X, and U is a base zero neighborhood
in X.) If X is locally pseudo-convex, then we can assume that U + U C aU for some
a > 0, so that (X,U) is a locally bounded space. Let ||-|| be the Minkowski functional

of U, then (see [KPR84, pages 3 and 6]) for any xy, 2, ..., 2z, in X we have
1 1
|21+ oo mpl| < 47 ([|za]? + -+ [|za?) 7,

where 27 = a. Notice that | Z22]] < |2|™ for all n > ng. Since |z| < 1, then there exists

mg such that > |z|” < I whenever n,m > mg. But then
m m 1 m 1
: 1 v 1 D\ 7
[ 5] < o (Sn5er)” <6 ()" <1
i=n i=n =n

m 7
so that T)\f’” eU.

Tz
N

=n

The following example shows that Theorems 2.4.1, 2.4.2, and 2.4.3 fail if we assume

no convexity conditions at all.

Example 2.4.12. An operator on a complete non locally pseudo-convex space, whose
spectral radiv are 1, and whose Neumann series nevertheless diverges at A = 2. Let X be
the space of all measurable functions on [0, 1] with the topology of convergence in measure
(which is not pseudo-convex). We identify the endpoints 0 and 1 and consider the interval

as a circle. Fix an irrational o and define a linear operator T" on X as the translation by

a, ie., (TF)(t) = f(t —a). It is easy to see that L converges in measure to zero for

vn

every f € X if and only if v > 1. We conclude, therefore, that r,(T") = 1. Moreover, since
the sets of the form W, 5 = {f eX :u(f>e)< 6} form a zero neighborhood base for
the topology of convergence in measure, and T(W. 5) C W., it follows that r,,(T") < 1.
Then by Proposition 2.3.3 we have r)(T) = ry(T) = 7(T) = 1 (T) = 1. Nevertheless,

© T"h

neo gn- does

we are going to present a function h € X such that the Neumann series )
not converge in measure, which means that the conclusions of Theorems 2.4.1-2.4.5 do
not hold for this space

For each n = 1,2,3,... one can find a positive integer M, such that the intervals

[ka, ko + £] (mod 1) for k = 1,..., M, cover the circle. Let s, = Y1 | M;, and let h
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1 1

be the step function taking value 2°" on the interval (=7, ]. If s,-1 <k <'s,, for some
ot >

1 on [0, 1],

'n

positive integers n and k, then on [0, ] we have h > 2 > 2% so that 4

and it follows that TZ—Zh > 1 on [ka, ko + £].

Now, given any positive integer N, we have N < s,_; for some n. Then for each

k=s,_1+1,...,s, we have g—zh > 1 on the interval [ka, ka + %] It follows that

Sn, Sn My,

Z TQ—Zh >1 on the set U [ka,ka+ ] =s,a+ U[ka, ka + L] =10,1],
k=sn_1+1 k=s,_1+1 k=1

. n .
so that the series Y >~ /T2 does not converge in measure.

2.5 mnb-bounded operators

Since nb-boundedness is the strongest of the boundedness conditions we have introduced,

it is natural to expect that stronger results can be obtained for nb-bounded operators.

2.5.1. The following argument is often useful when dealing with nb-bounded operators.
Suppose that X and Y are topological vector spaces and T: X — Y is nb-bounded, then
T(U) is a bounded set in Y for some base zero neighborhood U. We claim that if Y is
Hausdorff, then (7, %U C NullT'. Indeed, it suffices to show that if z € %U for every
n > 1 then Tz belongs to every zero neighborhood V' of Y. But T'(U) C oV for some
positive a (depending on V'), and hence Tx € %T(U) C 2V C V whenever n > a.

It follows that if T is one-to-one, then U cannot contain any nontrivial linear sub-
spaces. In particular, if U is convex then the locally bounded space (X, U) is Hausdorft,
hence quasinormable. In this case T' is a continuous operator from (X,U) to Y, and,
moreover, if X =Y, then T is continuous as an operator from (X,U) to (X, U).

In fact, many “classical” topological vector spaces have the property that every
zero neighborhood contains a nontrivial linear subspace, e.g., topologies of pointwise

or coordinate-wise convergence, weak topologies, etc.

Example 2.5.2. A topological vector space in which no base zero neighborhood contains

a nontrivial linear subspace. Let X be the space of all analytic functions on C equipped
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with the topology of uniform convergence on compact subsets of C. The sets
Upe={f €X : |f(2)] <& whenever |z| <n} (n>0ande>0)

form a zero neighborhood base of this topology. Clearly, no U, . contains a non-trivial
linear subspace. Indeed, if there is a function f in X and a zero neighborhood U, . such
that \f € U, . for every scalar A, then f(z) = 0 whenever |z| < n, and it follows that f
is identically zero on C. Note that this topology is generated by the countable sequence

of seminorms || f||, = sup|f(z)|; clearly [|-||,, is the Minkowski functional of U, ;.
|z|<n

Proposition 2.5.3. If X is a complete locally convex space then X is locally bounded if

and only if X admits an nb-bounded bijection.

Proof. If X is locally bounded then the identity map is an nb-bounded bijection. Suppose

that 7" is an nb-bounded bijection on X. Then there exists a closed base zero neighbor-

hood U in X such that T(U) is bounded. Let A = T(U), then A is convex, bounded,
balanced, and absorbing. It follows that the space (X, A) is a locally convex and locally
bounded, denote it by X 4. Notice also that the topology of X 4 is finer than the original
topology on X because A is bounded. In particular, X, is Hausdorff.

We claim that X4 is complete. Indeed, if (x,) is a Cauchy sequence in X4, then it
is also Cauchy in the original topology of X, which is complete, so that z,, converges to
some z. Fix ¢ > 0, then there exists ng such that x, — z,, € €A whenever n,m > ny.
Let m — oo, since A is closed we have z,, — x € €A, ie., x, — x in X4. Thus, X4 is
complete, hence Banach.

Since A is bounded, we can find m such that A C mU. Then T'(A) C T(mU) C mA,
so that 7" is bounded in X 4. Then 7! is also bounded in X4 by the Banach Theorem,
so that U = T~ (T(U)) € T7*(A) C nA for some n > 0, hence U is bounded. O

Proposition 2.5.4. Let T: X — 'Y be an nb-bounded operator between Hausdorff topo-

logical vector spaces such that X is not locally bounded. If

(1) every zero neighborhood in X contains a non-trivial linear subspace, or
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(ii) both X andY are Fréchet spaces,
then T is not a bijection.

Proof. If every zero neighborhood of X contains a non-trivial linear subspace, then T’
cannot be one-to-one by 2.5.1. Suppose now that X and Y are Fréchet and assume that
T is a bijection. Let S: Y — X be the linear inverse of T'. The Open Mapping Theorem
implies that S is continuous and hence bb-bounded. It follows that the identity operator
of X is nb-bounded being the composition of the nb-bounded operator 7" and the bb-
bounded operator S. But the identity operator is nb-bounded if and only if the space is

locally bounded, a contradiction. O

Weak topologies

We are going to show that every operator which is nb-bounded relative to a weak topology
has to be of finite rank. In order to prove this we need the following well-known lemma.

For completeness we provide a simple proof of it.

Lemma 2.5.5. LetT be a linear operator on a vector space L, and let fy,..., f, be linear
functionals on L such that Tz = 0 whenever f;i(x) =0 for everyi=1,...,n. Then T is

a finite rank operator of rank at most n.

Proof. Define a linear map 7 from L to R™ via w(x) = (fi(z),..., fu(x)). Then the
dimension of the range m(L) is at most n. Define also a linear map ¢ from (L) to L
via p(m(x)) = Tx. It can be easily verified that ¢ is well-defined. Then the range of T’

coincides with the range ¢(7(L)), which is of dimension at most n. O

Proposition 2.5.6. Let X be a locally convex space, and T an operator on X such that

T is nb-bounded with respect to the weak topology of X. Then T is of finite rank.

Proof. Suppose T' maps some weak base zero neighborhood U = {x e X :|filr) <1,
i=1,...,n} (fi,...,fn € X’), to a weakly bounded set. Since the weak topology is
Hausdorft, it follows from 2.5.1 that (., %U C kerT'. In particular, Tx = 0 whenever
fi(x) = 0 for every @ = 1,...,n. Then Lemma 2.5.5 implies that 7" is a finite rank

operator. O
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Spectra and spectral radii of nb-bounded operators

Proposition 2.5.7. If T is an nb-bounded operator on a topological vector space then

o®(T) = o¢(T) = o™ (T) = o™(T).

Proof. 1f X is locally bounded then the result is trivial by 2.2.3. Suppose that X is not
locally bounded, then, in view of 2.2.2, it suffices to show that p?*(T) C p"*(T). Let
A € p?(T), then Ry is bb-bounded. If A\ # 0, then it follows from Ry(M —T) = I
that Ry, = %R,\T + %I. Thus, R, is a sum of an nb-bounded operator and a multiple
of the identity operator, which yields A € p"(T). To finish the proof, it suffices to
show that A = 0 necessarily belongs to ¢”(T) (and, therefore, to o*(T), o™(T), and
o™(T)). Indeed, if the resolvent Ry = T~! were bb-bounded, then I = T~'T would be

nb-bounded, which is impossible in a non-locally bounded space, a contradiction. O

Proposition 2.5.8. If T is an nb-bounded operator on a topological vector space, then

Too(T) = 1e(T) = rppn(T) = rpp(T).

Proof. By Proposition 2.3.3 it suffices to show that ry, (7)) = r,(T"). Since T' is nb-

bounded, then T'(U) is a bounded set for some zero neighborhood U. Let v > ry,,(T") and

fix a zero neighborhood V. Then vV is again a zero neighborhood. In particular, since
" T

the sequence -+ converges to zero uniformly on bounded sets, we have —n(T(U )) CvV

yn

for all sufficiently large n. Then Z:—E(U ) C V, so that L converges to zero uniformly on

yn

U. Therefore v = r,,(T), so that ry(T) = rpp(T). O

2.5.9. In view of Propositions 2.5.7 and 2.5.8 we can write o(T') instead of o*(T'), o¢(T),
o™(T), and o™ (T) and r(T) instead of ry(T), 7o(T), Tmn(T), and 7,,(T).

We have established in Theorems 2.4.1-2.4.5 that under some conditions the spectral
radii of a linear operator are upper bounds for the geometrical radii of the corresponding
spectra. Of course we would like to know when the equalities hold. It is well known
that the equality |o(T')| = r(T") holds for every continuous operator on a Banach space.
Moreover, it was shown in [Gram66] that this equality also holds for every continuous

operator on a quasi-Banach space (a complete quasi-normed space). Further, by means
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of Proposition 2.3.7 the main result of [GV9S8] is equivalent to the following statement:
r(T) = ‘0(T)| for every nb-bounded operator T' on a complete locally convex space. Here

we present a direct proof of this. Our proof is a simplified version of the proof of [GV9S].

Theorem 2.5.10. If T is an nb-bounded linear operator on a sequentially complete lo-

cally convex space, then |o(T)| = r(T).

Proof. Suppose T'(U) is bounded for some base zero neighborhood U. It follows from
Propositions 2.5.7, 2.5.8, and 2.3.3, and Theorem 2.4.5 that it suffices to show that
o™ (T)| = rn(T). We are going to show that 7" induces a continuous operator T on
some Banach space such that U(T) C o™(T)U{0} while T(f) > rp(7T), and then appeal
to the fact that the spectral radius of a continuous operator on a Banach space equals
the geometrical radius of the spectrum.
Consider T as a continuous operator on the locally bounded space X, = (X, U). Then
oy (T) is defined by 2.2.3 and r,(7") is defined by 2.3.5. We claim that r,(T) = r,,(T).
n

To see this, suppose 7,(T") < v, then 7 (U) C U for all sufficiently large n. Let V be a
base zero neighborhood, then T'(U) C aV for some a > 0, so that Z-(U) = T (U) C

v pyn—1 =

1T(U) C 2V for sufficiently large n. This implies that v > r,(T), and it follows that
ro(T) = rop(T).

On the other hand, we claim that o, (T) C ¢™(T). Suppose A € p"*(T), then R, is
nn-bounded with respect to some base N of zero neighborhood. We can assume without
loss of generality that U € N, so that Ry(U) C U for some § > 0. It follows that
A€ pu(T).

Since U is convex, the the space X is, in fact, a seminormed space. We can assume
without loss of generality that it is a normed space, because otherwise we can consider the
quotient space X, /(NullT') and the quotient operator T on this quotient space instead
of T Indeed, since (), %U C NullT by 2.5.1, we conclude that the quotient space
X, /(NullT) is Hausdorff. It follows then that X, /(NullT) is a normed space, and 7T is
norm bounded. The spectrum o, (7)) becomes even smaller when we substitute 7" with

T Indeed, suppose A € p,(T), then the resolvent R, exists in X, and is continuous.
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If x € kerT, then x = Ry(AM — T)x = ARz, so that R, leaves kerT" invariant, and,
therefore, induces a quotient operator Ry on Xy /ker T via E\([ZL‘]) = [Ryz]. Clearly, Ry
is continuous: if [z,| — [z] in X/ ker T then x, —z, — z in X, for some (z,)2, in ker T,
so that [Razn] = [Ra(n — 2a)] — [Raz]. On the other hand, ry(T) = ry(T), because

~

if v > ry(T) then %([U]) C [U] for all sufficiently large n, then Z:(U) C U + ker T, so
that ZZ—E(U) C iT(U) C 2U for some a > 0. It follows that v > r,(T') and, therefore,
ro(T) = ro(T).

Finally, we consider the completion )~(U of X, and extend T to a continuous linear
operator T on the completion. The spectrum of T is smaller that the spectrum of T,
because if A € py(T) then the resolvent R, can be extended by continuity to R, on

X, and }f?iv,\ is a continuous inverse to A\I — f, so that \ € p(f) On the other hand,

r(f) > r,(T) because if v > r(T) then ?(ﬁ) C U for all sufficiently large n, which

n

implies Z2(U) C U since T is a restriction of TonX. O

2.6 Compact operators

As with bounded operators, there is more than one way to define compact operators on
an arbitrary topological vector space. A subset of a topological vector space is called
precompact if its closure is compact. Given a linear operator T" on a topological vector
space, we will say that T' is b-compact if it maps every bounded set into a precompact
set. Similarly, 7' is compact?® if it maps some neighborhood into a precompact set.
Obviously, every compact operator is b-compact and nb-bounded (hence continuous);

every b-compact operator is bb-bounded.

2.6.1. If T'is compact or b-compact, then sequential completeness is not needed in Theo-

rems 2.4.1-2.4.5. Indeed, we used sequential completeness just once, namely, in the proof
. . 1 n  Tig

of Theorem 2.4.1 to justify the convergence of the sequence Ry, = 1> ., 5. But

since the sequence (R, ,x), is Cauchy and, therefore, bounded, the sequence (T'Ry ,,x),

3To be consistent, we should have probably called these operators “n-compact”, but following the

convention we will refer to them as “compact”.
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has a convergent subsequence whenever T is compact or b-compact. Furthermore, it
follows from Ry 412 = %(I + TRy ,)z that (R ,z), has a convergent subsequence hence

converges.

Let K be a compact operator on an arbitrary topological vector space, and let o(K)
and r(K) be as in 2.5.9. It was proved in [Pech91] that o(K) = {0} implies r;(K) = 0. In
the following theorem we use the technique of [Pech91] to improve this result by showing

that in general r(K) < |o(K)|.

Theorem 2.6.2. If K is a compact operator on a Hausdorff topological vector space X,

then r(K) < |o(K)|.

Proof. Assume that |o(K)| < r(K). Without loss of generality (by scaling K) we can
assume that |o(K)| < 1 < r(K). Since K is compact, there is a closed base zero
neighborhood U such that W is compact. In particular W is bounded, so that
m C nU for some n > 0. We can assume without loss of generality that n > 1. We

define the following subsets of U:

Uy =KU)NU, Ui =EKU,)NU (n=1,2,...), and Uy=(Un
n=1

Notice, that U; is compact because K(U) is compact and U is closed. Also, if U, is
compact, then K(U,) is compact as the image of a compact set under a continuous
operator. Therefore, every U, for n > 1 is compact. Using induction, we can show
that the sequence (U,,) is decreasing. Indeed, U; C U by definition, Uy = K(U;) NU C
K{U)nU C Uy, and if U, C U,_4, then U,y = K(U,)NU C K(U,-1)NU =U,. It
follows also that Uy is compact and contains zero.

Notice that K maps every balanced set to a balanced set. Since U is balanced, U, is
balanced for each n > 0. If A is a balanced subset of U, then obviously A C (nd) N U,
and when we apply the same reasoning to %K (A) instead of A (which is also a balanced
subset of U), we get %K(A) C K(A)NU. We use this to show by induction that
W%K”(U) C U, for every n > 1. Indeed, for n = 1 we have %K(U) C K(U)NnU C Uy.
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Suppose W%K"(U) C U, for some n > 1, then

LK™ (U) C LR (U,) € K(Ua) MU = Uy,

nn+l

which proves the induction step.

Next, we claim that there exists an open zero neighborhood V' and an increasing
sequence of positive integers (n;) such that U, \ V' is nonempty for every j > 1. Assume
for the sake of contradiction that for every open zero neighborhood V' we have U, C V
for all sufficiently large n. Since %U contains an open zero neighborhood, then there
exists a positive integer N such that U, C %U whenever n > N. This implies that
Unim = K™(Uy) for all m > 0. Indeed, this holds trivially for m = 0. Suppose that
Unim = K™(Uy) for some m > 0. Then Uy = K(Unym) NU = K™ (Uy) N U,
and this implies that Uy i1 = K™ (Uy) because Uy i1 C %U . Now take any open
zero neighborhood V', then WLNV is again a zero neighborhood, and by assumption there
exists a positive integer M such that U,, C HLNV whenever n > M. Let n > max{M, N},

then
V20U, = VKN (Un) 2 VK (KN () ) = K (U),

which contradicts the hypothesis r,,(K) = r(K) > 1.

It follows from U, \ V' # 0 for every j > 1 that U, \ V # 0 for all sufficiently large n
because U, is a decreasing sequence. Since U, \ V' is a decreasing sequence of nonempty
compact sets, then Uy \ V = (.2, (U, \ V) # 0, so that Uy # {0}.

For every n > 1 we have Uy C U,, it follows that K(Uy) C K(U,) and, therefore,
K(Uy) € N,—, K(Uy,). Actually, the reverse inclusion also holds. To see this, let y €
N.—, K(U,). Then y = Kx,, where x, € U, C U;. Since U is compact, the sequence
(7,) has a cluster point, i.e., r,, — x for some subsequence (z,;) and some x. Since K
is continuous we have y = Kx. On the other hand, since every U, is closed we have
x € Uy,, so that x € (", U,, = Up. Thus K(Up) = (", K(Un).

Next, we claim that Uy C K (Uy) C nUy. Indeed,

%:ﬁm:ﬁwm”mmgﬁK@g:m%y
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On the other hand, since U,, are decreasing and n > 1, we have K(U,) € K(U,-1) C
nK(U,-1) and K(U,) C K(U) C nU, so that K(U,) € nK(Un—1) NnU = nU,, and this
implies K (Up) € K (U,) € nU, for every n. Thus K (Uy) C nU,.

Since K(U) is compact, hence bounded, then K(U) + K(U) is also bounded. Then

there is a positive constant v such that K(U) + K(U) C ~vU. Without loss of generality

we can assume v > 2. It follows that

U+U=KU)NU+KU)NU CK({U)+ K(U) CHU.

We use induction to show that U, + U, C yU,_1. Indeed, since AN B+ CND C
(A+C)N (B + D) for any four sets A, B, C, and D, then

Upi1 +Upy1 = KU, NU, + K(U,) NU,
C [K(U) + KU N (U + U) € KUy + Un) O Uy + U
C K(’YUn—l) N ’}/Un—l = V[K(Un—l) N Un—l] = /VUn

Finally, Uy + Uy € (o, (U, + U,) C o2 YUn = U,

Next, consider the set F' = |J 2, nUy. This set is closed under multiplication by
a scalar, and Uy + Uy C U, implies that F' is a linear subspace of X. We consider
the locally bounded topological vector space (F,Uy) with multiples of Uy as the base of
zero neighborhoods. Since Uy is balanced by definition, this topology is linear, and it is
Hausdorff because Uy is compact. Also, it is finer than the topology on F' inherited from
X because Uy is compact and, therefore, bounded in X.

We claim that (F,Up) is complete. Indeed, if (z,,) is a Cauchy sequence in (F,Up)
then there exists £ > 0 such that x, € kU, for each n > 0. Since U, is compact, the
sequence (z,) has a subsequence which converges to some = € kUj in the topology of X.
Moreover, nh_)rgo x, = x because the sequence (x,) is Cauchy in X. Fix € > 0, then there
exists ng such that z,, — x,, € eUy whenever n, m > ng. Let m — oo, since Uy is is closed
we have z,, — x € Uy, i.e., x, — x in (F,Up). Thus, (F,Uy) is complete and, therefore,
quasi-Banach.

It follows from Uy C K(Uy) C nU, that F is invariant under K and the restriction
K = K]|p is continuous. We claim that o(K) C o(K) U {0}. Suppose that A € p(K)
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and A # 0, then (A — K) is a homeomorphism, so that (Al — K)(U) is a closed zero
neighborhood, and alU; C (M — K)(U) for some positive real o because U; is bounded.
Further, aK(U;) C K(M — K)(U) C (M — K)K(U). Therefore

all, C aK(Uy) Nall € (M — K)K(U)N (M — K)(U),

and since A\l — K is one-to-one we get ally € (M — K)(K(U)NU) C (M — K)(Uy).
Similarly, we obtain aU, 1 C (A — K)(U,) for all n > 1, and then aUy C (A — K)(Up).
This implies that the restriction of A\I — K to F' is onto, invertible, and the inverse is
continuous. Thus, A € p(K).

In particular this implies that |J(}N(){ < |J(K)| < 1. On the other hand, it follows
from Uy C K(Up) that Uy € K™(Up) for all n > 0, so that K™ does not converge
to zero uniformly on Uy, whence r(K) = rp(K) > 1. This produces a contradiction
because it was proved in [Gram66] that the spectral radius of a continuous operator on

a quasi-Banach space equals the radius of the spectrum. [

Corollary 2.6.3. If K is a compact operator on a locally convex (or pseudo-conver)

space, then r(K) = |o(K)]|.
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Chapter 3

The Invariant Subspace Problem for

locally convex-solid lattices

3.1 Basic invariant subspace observations

In this section we present some cases where invariant subspaces of an operator can be
easily found. A simple example of an invariant subspace is an eigenspace. Further,
the linear span of an eigenvector is a one-dimensional closed invariant subspace, and
the linear span of any collection of eigenvectors corresponding to the same eigenvalue
is an invariant subspace. Therefore, regarding the Invariant Subspace Problem we can
usually assume without loss of generality that the operator under consideration has no
eigenvalues. The following proposition shows that we can also assume that the operator

is one-to-one and has a dense range.

Proposition 3.1.1. If T: X — X is a linear operator on a topological vector space,

then its null-space and range are T-hyperinvariant subspaces.

Proof. Suppose S is another linear operator on X such that ST =T'S. If x € NullT then
TSx = STz =0, so that Sz € NullT. It follows that S(NullT) C Null T, i.e., Null T is
a T-hyperinvariant subspace. Further, for each z € X it follows from STz = T'Sz that
STz € Range T, so that Range T is also T-invariant. O
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Corollary 3.1.2. If an operator T on a topological vector space commutes with a con-
tinuous operator which is either not one-to-one or fails to have a dense range, then T

has a non-trivial closed invariant subspace.

Corollary 3.1.3. IfT is an nb-bounded operator on a topological vector space in which
every zero neighborhood contains a linear subspace, then T has a non-trivial closed in-

variant subspace.
Proof. By 2.5.1 we know T" has a non-trivial null-space. ]

It looks quite plausible that every nb-bounded operator T on a complete locally convex
but not locally bounded space has a closed non-trivial invariant subspace. In [GV97] in
Remark 15 and Theorem 16 the authors claim that this hypothesis is true. In order
to prove it, the authors note that T'(U) is bounded for some zero neighborhood U, and
so the null space of the Minkowski functional p, of U is a closed T-invariant subspace.
However, as our Example 2.5.2 demonstrates, Null p, may be trivial, and, hence, the
proof in [GV97] is not valid.

It follows from the following proposition that when dealing with the Invariant Sub-
space Problem for a continuous operator on a locally-convex space, not only can we

assume that 7" has no eigenvectors, but also that the dual operator has no eigenvectors.

Proposition 3.1.4. Let T be a continuous non-scalar operator on a locally convex topo-
logical space X . If either T or its adjoint T has an eigenvector, then T has a non-trivial

closed hyperinvariant subspace.

Proof. Clearly, if Tx = Ax for some z # 0, then the eigenspace of \ is closed, non-
trivial, and T-hyperinvariant. Assume that 7"f = Af for some scalar A and some non-
zero f € X'. Since T is non-scalar, the range of " — AI is non-trivial. Since f # 0
and f(Tz — Ax) = (T" — A\I)f,z) = 0 for every z € X, we see that the range of
T — M is not dense in X. To verify that Range(T" — AI) is T-hyperinvariant, take
a continuous operator S on X such that ST = T'S. Then for each x € X we have
S(T— M)z = (T — X )Sz € Range(T — M), so that S(Range(T'— \I)) C Range(T —\I).
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Thus, the closure of Range(T — AI) is a non-trivial closed T-hyperinvariant subspace

of X. ]

3.1.5. Recall that an operator T" on a topological vector space X is said to be locally

quasintlpotent at a point x € X if lim % = 0 for every real v > 0. The set of all

points at which T is locally quasinilpotent is denoted by Q. Clearly, Qr is a linear

subspace of X. We claim that Qp is T-hyperinvariant. Indeed, if S is a continuous

operator such that ST = T'S and x € Qr, then

lim 782 = §(lim £'2) =0

n—oo n—oo

for every v > 0, so that Sz € Qp. Therefore, if Qy is a closed T-hyperinvariant subspace

(although it may be trivial).

3.1.6. Next, suppose that E is a vector lattice and T' is a positive operator on E. The
null ideal of T is defined by the following formula: Ny = {z € E : T(|z|) = 0}.
Clearly, N7 is an (order) ideal and a subspace of the null-space of T'. Further, Ny is
invariant under every positive operator that commutes with 7. Indeed, suppose that S

is another positive operator on E and x € Ny, then
7(|S2) < 75(ja]) = ST(ja]) =0,

If ' is a locally convex-solid vector lattice, and 7' is positive and continuous, then Ny is

closed.

3.1.7. Let J be an ideal in a locally convex-solid vector lattice F. If J is invariant under
some positive operator T: £ — FE, then J is also invariant under every operator S which
is polynomially dominated by 7. Indeed, let P(¢) be a polynomial with non-negative
coefficients such that P(T) dominates S. If z € J, then |Sz| < P(T)(|z|) € J implies
that Sz € J, that is, J is S-invariant.

3.1.8. For a positive operator T" on a vector lattice E and for every integer n > 0 let

A, =510 T If zis a positive element of E, then z,, = A,z is an increasing sequence
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in E, so that (E,,) is an increasing sequence of principal ideals. Then J, = |, E.,
is a non-zero T-invariant ideal in E. Indeed, J, is non-zero because x € J,. Further, if

y € J, then |y| < Az, for some positive A and n. Then
Tyl < Tlyl < ATz, <A T < Ay,
=0

so that Ty € B, ., C J,.

Sometimes (e.g., when 7" is nb-bounded but E is not locally bounded, and we want
A,, to be nb-bounded) it is more convenient to define A,’s and J, via A, = Z:.L:l T for
alln > 1and J, = U~ Ea,.. Then J, is still a T-invariant ideal; J, = {0} for some
x € F, if and only if the null ideal Ny is non-trivial, so that when dealing with the
Invariant Subspace Problem, we can usually assume without loss of generality that J, is

non-zero.

3.2 Known results on Banach lattices

Here we list several major results on the Invariant Subspace Problem for positive opera-
tors on Banach lattices. Complete proofs of these and other related results can be found
in [AAB93, AAB94, AAB98]. In Sections 3.4 and 3.5 we generalize the following results

to positive operators on locally convex-solid lattices.

Theorem 3.2.1 ([AAB98]). Let S,T: E — E be two positive operators on a Banach
lattice such that

(i) ST < TS (in particular, this holds if S commutes with T),
(11) S is locally quasinilpotent at some x > 0, and
(111) S dominates a non-zero compact operator.

Then the operator T has a non-trivial closed invariant subspace. Moreover, we can choose

it to be the closure of a principal ideal in E.
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Theorem 3.2.2 ([AAB98]). Let S,T: E — E be two positive operators on a Banach
lattice such that

(1) ST > TS (in particular, this holds if S commutes with T'),
(i1) S is quasinilpotent, and
(111) S dominates a non-zero compact operator.

Then the operator T has a non-trivial closed invariant subspace. Moreover, we can choose

it to be the closure of a principal ideal in E.

Theorem 3.2.3 ([AAB98]). Let S,T: E — E be two positive commuting operators on
a Banach lattice. If one of them s quasinilpotent at a non-zero positive vector, and the
other dominates a non-zero compact operator, then T" and S have a common non-trivial

closed invariant ideal.

Theorem 3.2.4 ([AAB98]). If a positive operator T: E — E on a Banach lattice is
compact-friendly and locally quasinilpotent at some x > 0, thenT" has a non-trivial closed
mwvariant ideal. Moreover, if another positive operator S commutes with T', then S and

T have a common non-trivial closed invariant ideal.

3.3 Cube theorem and relative uniform topology

In order to generalize the results of Section 3.2, we will need locally convex-solid versions
of some tools which Y. Abramovich, C. Aliprantis, and O. Burkinshaw used in [AAB9S]

when dealing with the Invariant Subspace Problem in Banach lattices.

Cube theorem

The following important theorem originally appeared in [AB80]. The proof can be also
found in [ABS85]:
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Theorem 3.3.1. If in the scheme of continuous operators E Mg 2 g M,

H
between Banach lattices each operator M; is dominated by a compact positive operator,

then the operator MsMsM, is compact.

We will use a locally convex-solid version of this result, which was proved by G. Lepkes

([Lep93], Corollary 4.3.5):

Theorem 3.3.2. Let L (1 <7 <4) belocally convex-solid vector lattices and T;, S; be
positive linear operators from E; to Ejy with 0 < S; < T; and T; compact, 0 < j < 3.

Then the operator S35251: Ey — E4 is compact.

Relative uniform topology

Definition 3.3.3. A net (z,) in a vector lattice E relatively uniformly converges
(or (r,)-converges) to x € E if there exists u € E such that for every positive ¢ there
exists an index ag such that |x —x,| < eu holds for all & > ay. Analogously, we say that
(4) is (ru)-Cauchy if for all ¢ > 0 there exists an index ag such that |z, — 25| < cu
for all a, 8 > «ap. A vector lattice is called (r,)-complete if every (r,)-Cauchy net

(ry)-converges.

The element u in the above definition is referred to as a regulator of convergence.
It can be easily verified that (r,)-convergence is compatible with vector lattice opera-
tions. In an Archimedean vector lattice (r,)-convergence implies order convergence. In
a locally convex-solid vector lattice (r,)-convergence implies topological convergence be-
cause |r — xo| < eu implies p(x — x,) < ep(u) for every lattice seminorm p. Therefore
(r.)-completeness is a weaker condition than topological or order completeness.

We will need the following well known lemma.

Lemma 3.3.4. Let E be a vector lattice (r, )-complete with respect to an order unit .

Then E endowed with the norm
[yl = inf{A >0 : [y| < Au}

is an AM-space with unit u, whose closed unit ball is the order interval [—\u|, ]u”
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Proof. 1t can be easily verified that [|-|| is really a lattice norm on E, having [—|u|, ul]
as its closed unit ball. Now, notice that ||-|| convergence is the same as (r,)-convergence,
and a net (z,) in E is ||-||-Cauchy if and only if it is (r,)-Cauchy, because ||z, —zs|| < ¢
is equivalent to |z, — z5| < eu. Since E is (r,)-complete, there exists y € E such that
(z4) is (ry)-convergent to y. Finally, (r,)-convergence of (x,) to y implies convergence

in norm, so that (E, [|-||) is a Banach space. O
The following lemma is analogous to Lemma 9.3 of [AAB9S].

Lemma 3.3.5. Let E be a vector lattice, (r,,)-complete with respect to some order unit

u. Then

(i) For every non-zero element y € E there ezists a linear operator V- on E such that

Vy >0 and |Vz| < |z| for all z € E;

(i1) For all elements v,w € E satisfying 0 < v < w there exists a linear operator U on

E such that Uw = v and |Uzx| < |z| for all x € L.

Proof. By the Lemma 3.3.4 we know that £ with the norm given by ||y|| = inf{\ > 0 :
ly] < Au} is an AM-space with unit . By the Kakutani-Krein representation theorem,
there exists a compact Hausdorff space €2 such that E is lattice isomorphic to the space
C(€2) of all continuous functions on €2 with the sup-norm ||y||s = max{|y(w)| : w € Q},
and the element u corresponds to the constant function 1 on €.

(i) Now fix y € E with y # 0 and view y as a continuous function on 2. By scaling
appropriately, we can suppose that ||yl = 1. Now consider the function 5 € C(Q)
(the complex conjugate of y) and denote by V' the multiplication operator on C'(2) (and
hence on E) defined by Vz = yz. Clearly, Vy = |y|* > 0 and |Vz| < || holds for each
r e L.

(ii) Again, as above, we view v and w as continuous functions on {2 and consider the

function

% if w(t) # 0;

ht)=<¢ "“
0 otherwise.
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Since 0 < v < w then v = hw. Let U be the multiplication operator on C(£2) (and hence
on E) defined by h, i. e. Uz = hz for each z € C(2). Clearly, Uw = v and |Uz| < ||
for each z € E. O

Recall that a positive element u in a locally convex-solid vector lattice F is said to

be a quasi-interior point if the ideal E, generated by u is dense in E.

Corollary 3.3.6. Let E be a complete locally convez-solid vector lattice and uw € E, a

quasi-interior point in E. Then the following properties hold:

(i) For every non-zero elementy € E, there exists a continuous operator V on E such

that Vy > 0 and |Vz| < |z| for all x € E;

(11) For every element v € E satisfying 0 < v < u there exists a continuous operator U

on E such that Uu = v and |Uzx| < |z| for all x € E.

Proof. Notice first that F, with the norm defined via
lyll = inf{\ >0 : |y| < Au} (3.1)

is a normed lattice with order unit u. Let F' be the closure of F, in the norm ||-|| or,
equivalently, in (r,)-convergence. Since every point in F'is a (r,)-limit of points of £, and
since (r,)-convergence implies convergence in the topology of E, we have E, C F C E.
Further, F' is a Banach lattice with order unit v and the norm given by (3.1), so that
(F,||-|]) is an AM-space by Lemma 3.3.4. Now Lemma 3.3.5 guarantees the existence of
operators V and U on F' with the required properties. Since |Vz| < |z| and |Uz| < ||
for all x € F', it follows that V and U are continuous on F' in the topology induced from
E. Since E, is dense in F then V and U can be extended to continuous operators on E

satisfying the required properties. [

3.4 Semi-commuting operators

We start with a locally convex version of Theorem 3.2.1.
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Theorem 3.4.1. Let T and S be two positive operators on a locally convex-solid vector

lattice E such that

(1) ST <TS;

(ii) either T is nn-bounded® or T is continuous with r.(T) < oo;
(11i) S is locally quasinilpotent at some xy > 0;

(iv) S dominates a non-zero compact operator.
Then the operator T has a non-trivial closed invariant ideal.

Proof. Let T, S, and x satisfy the hypotheses of the theorem, and let K be a non-zero
compact operator dominated by S. Similarly to 3.1.8, let A,, = >""" T for each positive
integer n, and J, = |J,—, Ea,,. Then the ideal J, is non-zero and T-invariant for every
x > 0. The proof will be finished if we show that J, is not dense in £ for some positive
x. Assume, for the sake of contradiction, that J, = E for every z > 0.

We claim that without loss of generality we can suppose Kxg # 0. Indeed, if Ky =0
for each 0 <y € J,,, then K = 0 on J,,. However, since J,, is dense in £, we conclude
that K = 0, which contradicts the hypothesis. Therefore, Kyq # 0 for some 0 < yy € J,.
Since S is locally quasinilpotent at zo and 0 < gy < A Z;’;O T’z for some m and A\ > 0,
for any positive number v we have

0 <"y < )\ZTiV"S”xO — 0 as n — oo.
i=1
This implies that S is also locally quasinilpotent at y,. Now, replacing xog by yo if
necessary, we can assume Kxg # 0.

There exists an open solid base zero neighborhood V' such that K (V) is pre-compact,

19 ¢V, and Kxg ¢ V.2 We can assume without loss of generality that K (V) C V, this

I'With respect to some base of convex solid zero neighborhoods.
2Indeed, for each of these conditions one can find a zero neighborhood satisfying the condition. Take

the intersection of these neighborhoods, then there is a base zero neighborhood inside the intersection,

it would satisfy all the conditions.
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can be done by scaling K and S if necessary. If while scaling we loose the condition
K ¢ V, it can be recaptured be scaling 7o, and we still can assume that zo ¢ V. Now
consider the set U = x4+ V. Then K (U) is precompact, 0 ¢ U and 0 ¢ K (U).

By assumption, .J, = E for each z > 0. Fix positive z and z in E, then (z+V)N.J, is
nonempty. let v € (x+V)NJ,. Then v € Ea,, . for some mg. Consider u = v* Az, then
obviously u € Ea,, . and 0 < u < x. Since |u — 2| < [v — x| and v —z € V, we conclude
that u —x € V. Pick any kg such that u < koA, 2, then kA,,z > koAz > koA, 2 for

every k > ko and for every m > my, so that
0<z—a2ANkAnz <z —2AkAn,z <2 —u.

This yields x — x A kA,,z € V holds for all & > ky and m > my.
Thus, for every z # 0 there exist positive integers k and m such that zo A kA,,|z| €
xzg +V = U. Since the function z — xy A kA,,|z| is continuous, we see that the sets

Opm ={2€ FE : g NkA,|z| € U} are open and cover E'\ {0}. In view of the condition

0 ¢ K(U), the above argument guarantees that K(U) C (J;,,—; Orm- Since the sets Oy,

are increasing as k and m increase, the compactness of K (U) implies that K (U) C Ok,

for some fixed k and m. In other words, there exist k and m such that z € K(U) implies
o AN kA2 € U.

In particular, we have z1 = z¢ A kA,,|Kzo| € U. Since K(z,) € K(U), it follows
that zo = x9 A kA, |Kx1| € U. Proceeding inductively, we obtain a sequence (x,) of
positive vectors in U defined by z,11 = x¢ A kA, |Kz,|. We claim that 0 < z, <
k™A™ S™x holds for each n. The proof is by induction. For n = 1, we have the inequality
1 = 29 N kA | Kz < kA,Sxo. For the induction step, notice that ST < T'S implies
SAY < A S and

0 < 2pyy < kAL Ko,| < kALST, < kA,S(K"A™ S™10) < K" AT S g,

Thus we have 0 < z,, < k" A S"xy. We claim that lim z, = 0. Indeed, suppose that

T is nn-bounded, then A,, is also nn-bounded, and by Proposition 2.1.12 we have p(4,,) <

oo for every generating seminorm p on E. Then lim p(z,) < lim k"p(A.,)"p(S"xo) =0
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because S is locally quasinilpotent at xg, so that x, — 0. If T is continuous and r.(7) is
finite then r.(A,,) is finite by Theorem 2.3.10, and since the sequence (S"x) is fast null
it follows from Lemma 2.3.12 that nlg& kM AT S"xy = 0, so that again nh_}n()lo x, = 0. But
this contradicts the assumptions that z,, € U and 0 ¢ U. [

The following theorem is another modification of this result. The proof is similar, but

we present it for completeness.

Theorem 3.4.2. Let T and S be two positive operators on a locally convex-solid vector

lattice E such that
(i) ST > TS;
(i1) S and T are either nn-bounded, or continuous with finite r.(S) and r.(T);
(153) T is locally quasinilpotent at some xy > 0;
(iv) S dominates a non-zero compact operator.
Then the operator T' has a non-trivial closed invariant ideal.

Proof. Let T, S, and xq satisfy the hypotheses of the theorem, and let K be a non-zero
compact operator dominated by S. Asin 3.1.8, let A,, = >_"" | T" for each positive integer
n, and J, = J,-_, Ea,,., then either the null ideal Ny is a closed nontrivial T-invariant
ideal, or J, is non-zero and T-invariant for every > 0. The proof will be finished if we
show that J, is not dense in F for some positive . Assume for the sake of contradiction,
that J, = F for every z > 0.

We claim that without loss of generality we can suppose Ky # 0. Indeed, if K(y) =0
for each 0 < y € J,,, then K = 0 on J,, which is dense in E. This implies K = 0, which
contradicts the hypothesis. Therefore, Ky, # 0 for some 0 < yo € J,,. Since T is locally
quasinilpotent at xo, and 0 < yo < A>_1", T"x¢ for some m and A > 0, for any positive
number v we have

0 < V" Ty < VT ZT%O <A Z VT iy — 0 as n — o00.

=1 =1
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This implies that T is also locally quasinilpotent at y,. Now replacing xq by ¥ if necessary,
we can assume Kzg # 0.

There exists an open solid base zero neighborhood V' such that K (V) is pre-compact,
20 ¢V, K(V)CV,and Kzg ¢ V. Let U = 29+ V, then K(U) is precompact, 0 ¢ U
and 0 ¢ K(U). As in the proof of Theorem 3.4.1 we produce a sequence (z,,) of points in
U via 41 = 29 A kA, |Kz,| for some positive integer k and m. Furthermore, we claim
that 0 < x,, < k"S™A} xy holds for each n. The proof is by induction. By hypothesis,
TS < ST, so that A S < SA?. Forn =1, we have 0 < x; = g ANkA;,|Kzo| < kA, Sxo.

For the induction step, notice that if 0 < z,, < k"S™ A} x¢ holds for some n, then
0 < Tpyy = 29 A kA | K2, < kA, Sz, < kA,S(E"S"A" 20) < E"T1S" T A 0,

Thus we have 0 < z, < k"S™A% xo. We claim that lim z, = 0. Notice that

n—oo

A, = RT = TR where R=1+T +---+T™ ! If both S and T are nn-bounded,
then we can assume without loss of generality that p(S) and p(T') are finite for every

generating seminorm p. It follows that p(R) is finite and
p(zn) < p(K"S" AL o) < K"p(S)"p(R)"p(T"x0) — 0,

so that lim z, = 0. If S and T are continuous and r.(S) and r.(R) are finite, then

n—oo

by Theorem 2.3.10 we have r.(R) < oo, and by Lemma 2.3.12 we have k"S"Al' o =

E"S"R"TMxy — 0, so that again lim x, = 0. But this contradicts the assumptions that
n—oo

z, €U and 0 ¢ U. O
And yet another modification of the same idea.

Theorem 3.4.3. Let T and S be two positive operators on a locally convex-solid vector

lattice E such that
(i) ST > TS;
(i1) 1.(S) =0 and T is continuous with r.(T) < co;

(11i) S dominates a non-zero compact operator.
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Then the operator T has a non-trivial closed invariant ideal.

Proof. Let T and S satisfy the properties stated in the theorem, and let K be a non-zero
compact operator dominated by S. Since K is non-zero, there exists a positive xy such
that Kxy # 0. Again, let A,, = Y ., T" for each positive integer n, and J, = | J-_, Ea, .z,
then J, is non-zero and T-invariant for every x > 0. The proof will be finished if we
show that .J, is not dense in F for some positive x. Assume for the sake of contradiction
that J, = E for every z > 0.

There exists an open solid base zero neighborhood V' such that K (V') is pre-compact,
10 ¢ V,K(V)CV,and Kzg ¢ V. Let U = 29+ V, then K(U) is precompact, 0 ¢ U and
0¢ m As in the proof of Theorem 3.4.2 we produce a sequence (z,,) of points in U
via T,41 = 29 A kA, | Kx,| for some positive integer k and m, then 0 < x,, < k"S™A” x
for every n > 0. Again, we are going to show that JLIEO xn, = 0 and thus obtain a
contradiction.

Since r.(T) is finite then r.(A,,) is also finite by Theorem 2.3.10. Let v > r.(4,,),

Zo

then the sequence Aln% is ultimately bounded by Proposition 2.3.7. Let pu = k—ly, then
pu>0=r.S9) and

ST AR

oo < KNSTAR gy = 2 ZmT0
Mn V'ﬂ

by Proposition 2.3.7. [

Next, we present a generalization of Theorem 3.2.3, which guarantees the existence of
a common invariant ideal for two positive operators on a Banach lattice, one of which is
locally quasinilpotent, and the other dominates a compact operator. In a locally convex-

solid case we can do this assuming additionally that the compact operator is positive.

Theorem 3.4.4. LetT" and S be two commuting positive operators on a locally convex-
solid vector lattice E such that S and T are either nn-bounded or continuous with r.(.S)
and r.(T') finite. If T is locally quasinilpotent at a positive vector and S dominates a non-
zero positive compact operator, then the operators S and T have a common non-trivial

closed invariant ideal.
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Proof. Assume that T is quasinilpotent at some point zy > 0, and that S dominates a
positive non-zero compact operator K. If T"is not strictly positive, then the null-ideal N
is the desired non-trivial common closed invariant ideal. So, suppose that T is strictly
positive. Consider the sequence of operators A,, = > " ,(S + T)". Then by 3.1.8 the
ideal J,, = U _; Ea,u 18 (S + T)-invariant. Since 0 < S, 7 < S + T, 3.1.7 implies
immediately that this ideal is invariant under both S and T

Assume J,, = E, then there exists some 0 < yy € J,, such that Ky > 0 because K is
non-zero by assumption. Notice that 7" is still locally quasinilpotent at yy: since yg € J,,
then there is some positive real A and positive integer m such that 0 < yo < AA,,xo.
Then

0<a"T"yy < a"T"AY (S+T)Vw <AY (S+T)a"T s,
i=0 i=0

which converges to zero as n approaches infinity for every a > 0.

Since T is strictly positive, we have T Kyg > 0, and so T'K is non-zero. Also, we have
TK <TS. Thus, the positive continuous operator 7'S dominates the non-zero compact
operator T K. Show that T'S is locally quasinilpotent at 1. Indeed, if S is nn-bounded,

then for every generating seminorm and every positive v we have

lim p((SVTn)nyo) < lim p(S)nP<Tn3/0) = 0.

n—oo n—oo

If S and T are continuous and r.(S) and r.(7T) are finite, then the fact that (7"yo) is a
fast null sequence implies that the sequence (S™T"yy) is still fast null by Lemma 2.3.12.
This means that T'S is locally quasinilpotent at yy. Finally, notice that TS commutes
with the positive operator S 4T and that if S and T are nn-bounded or continuous with
r.(S) and r.(T) finite, then by 2.1.6, Lemma 2.3.8, and Theorem 2.3.9 so are ST and
S+ T. Then, by Theorem 3.4.1, there exists a non-trivial closed (S + T')-invariant ideal.
Clearly, this ideal is invariant under both S and 7. O

In view of Lemma 3.3.4 and Krein-Kakutani Theorem, the next theorem is a gener-
alization of Theorem 3.2.3 to a locally convex-solid topology on a C(£2) space. Here we

do not assume the compact operator to be positive.
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Theorem 3.4.5. Let T and S be two commuting positive operators on a locally convex-
solid vector lattice E such that E is (r,)-complete for some order unit u € Ey and either
S and T are nn-bounded, or they are continuous with r.(S) and r.(T) finite. If T is
locally quasinilpotent at a positive vector and S dominates a non-zero compact operator,

then the operators S and T have a common non-trivial closed invariant ideal.

Proof. Assume that T is quasinilpotent at some point xy > 0 and that S dominates a
positive non-zero compact operator K. If T is not strictly positive, then the null-ideal
N7 is the desired non-trivial common closed invariant subspace. So, suppose that T is
strictly positive. Consider the sequence of operators A, = > " (S + T)*, then by 3.1.8
the ideal J,, = U -_; Ea,a 18 (S + T)-invariant. Since 0 < S, T < S + T, 3.1.7 implies
immediately that this ideal is invariant under both S and T

Assume J,, = F, then there exists some 0 < gy € .J,, such that Kyg # 0 because K is
non-zero by assumption. Notice that 7T is still locally quasinilpotent at y: since yy € J,,,
then there is some positive real A and positive integer m such that 0 < yo < AA,,xp.
Then

0<a™yy < a"TMA Z(S +T)x < )\Z(S +T)a"T",
i=0 i=0

which converges to zero as n approaches infinity for every a > 0.

By Lemma 3.3.5(i) there exists a linear operator V' on E such that V' is dominated
by the identity operator and V Ky, > 0. Since |Vz| < |z| for every z € E it follows that
V' is continuous. Further, TV Ky, > 0 because T is strictly positive, so that TV K is a
nonzero compact operator. We have [TV Kz| < T|VKz| < TS|z| for each z € E, so
that TV K is dominated by T'S.

We now show that TS is locally quasinilpotent at yo. If S is nn-bounded, then for
each generating seminorm p and for every v > 0 we have

lim p((sl,?n Yo) < nhjlgo p(,,Ln)nP(Tnyo) = 0.

n—oo

On the other hand, if S and T are continuous and 7.(S) and r.(T) are finite, then the
fact that (T™yp) is a fast null sequence implies that the sequence (S™T™yy) is still fast
null by Lemma 2.3.12. This means that 7'S is locally quasinilpotent at .
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Finally, notice that T'S commutes with the positive operator S+ 71" and that if S and
T are nn-bounded or continuous with r.(S) and r.(7T') finite, then by 2.1.6, Lemma 2.3.8,
and Theorem 2.3.9 so are ST and S+7T'. Then, by Theorem 3.4.1, there exists a non-trivial
closed (S + T')-invariant ideal. Clearly, this ideal is invariant under both S and 7. [

3.5 Compact friendly operators

Theorem 3.2.4, which appeared in [AAB98], says that every locally quasinilpotent compact-
friendly positive operator on a Banach lattice has a closed non-trivial invariant ideal. We
are going to generalize this result to operators on locally convex-solid vector lattices.
Recall, that if T is an operator on a topological vector space with r.(7') < 1 then by The-
orem 2.4.3 the operator [ —T' is invertible and the inverse is given by the equicontinuously

convergent series (I —T) ' =T+T+T*+....

Theorem 3.5.1. Suppose that T is a non-zero continuous positive operator on a com-
plete locally convez-solid vector lattice E such that ro(T) and r.((I —T)™"') are finite.
Suppose also that there are three non-zero continuous operators R, C', and K such that R
and K are positive, r.(R) < 0o, K is compact, T commutes with R, and C is dominated
by both R and K. If T is locally quasinilpotent at some xq then T has a non-trivial closed

movariant ideal.

Proof. By Theorem 2.4.3 we know that (I —T)~* = Y"7° T is a continuous operator,
and we will denote it by A. Clearly, A is positive, commutes with 7" and R, and satisfies
Az > x for each x > 0. Also, for each x > 0 the ideal F,, is T-invariant. Therefore we
can assume F,4, = E, so that Az is a quasi-interior point for every = > 0.

Since C' # 0, there exists some z; > 0 such that Cx; # 0. Since A|Czy| is a
quasi-interior point and Cxz; < A|Cx4|, it follows from Corollary 3.3.6(i) that there
exists a continuous operator V; on F dominated by the identity operator such that
r9 = V1Cx; > 0. Put M; = V;C and note that M; is dominated both K and R.

Since E4,, = E and C' # 0 we see that there exists some 0 < y < Axy, such that

Cy # 0. Since Az, is a quasi-interior point, it follows from Corollary 3.3.6(ii) that

74



there exists a continuous operator U on E, dominated by the identity operator such that
UAzy = y. Now, the element A|Cy| is quasi-interior and |Cy| < A|Cyl, so that by
Corollary 3.3.6(i) it follows that there exists another operator V5 on £ dominated by the
identity operator such that x5 = V5Cy = VoCU Az > 0. Let My = VoCUA and note

that since
|Msz| = |VoCU Ax| < |CUAz| < R|UAz| < R|Az| < RA|x|

for every x € E then M, is dominated by the continuous positive operator RA. It can
be shown in the same fashion that M, is dominated by the compact operator KA.

If we repeat the preceding argument with the vector x5 replaced by 3, then we obtain
one more operator M3 on E which satisfies M3x3 > 0 and which is dominated by both
KA and RA.

From M3MsMix, = Msxs > 0, we see that M3M,M; is a non-zero operator which,

by Theorem 3.3.2 is also compact. Moreover,

for each x € E.
Now consider the operator S = RARAR. Note that S is non-zero, positive, con-
tinuous, and 7.(S) < oo. Further, S commutes with 7" and dominates the non-zero

compact operator M3MsM;. Therefore T has a non-trivial closed invariant ideal by

Theorem 3.4.2. H

In view of Lemma 3.3.4 and Krein-Kakutani Theorem, the next theorem is a gener-

alization of Theorem 3.2.4 to a locally convex-solid topology on a C(£2) space.

Theorem 3.5.2. Suppose that T is a non-zero continuous positive operator on a locally
convez-solid vector lattice E such that E is (r,)-complete with respect to an order unit
u€ Ey, r(T) < 0o, and T is locally quasinilpotent at xy € E,. Suppose also that there
are three non-zero continuous operators R, C, and K such that R and K are positive,

re(R) < 00, K is compact, T commutes with R, and C' is dominated by both R and K.
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Then T has a non-trivial closed invariant ideal. Moreover, if another continuous positive
operator S commutes with T and R, and r.(S) < oo, then S and T have a common closed

non-trivial invariant ideal.

Proof. For each m € N consider the operator A, = > """ (S+T)". Clearly, A,, commutes
with S, T, and R for every m and A,z > z for every x € E,. By 3.1.8 the ideal
Jo = _o Ea,e is (S + T)-invariant. Since 0 < 5,7 < S+ T, it follows from 3.1.7 that
this ideal is invariant under both S and 7. Therefore we can assume that J, = F for
each z > 0.

Since C' # 0, there exists some z; > 0 such that Czy # 0. It follows from Lemma 3.3.5(3)
that there exists a linear operator V; on E dominated by the identity operator (hence
continuous) such that zo = V1Cxq > 0. Put M; = V;C and note that M; is dominated
by both K and R.

From .J,, = E and C # 0 we see that there exists some positive y < A,,,75 such
that Cy # 0. It follows from Lemma 3.3.5(ii) that there exists a linear operator U on E,
dominated by the identity operator (hence continuous) such that U A,z = y. Again, by
Lemma 3.3.5(i) there exists another operator V5 on E, such that V5 is dominated by the
identity (hence continuous) and z3 = VoCy = VoCUA,,,x5 > 0. Let My = VoCUA,,,,
and note that M, is dominated by the positive compact operator K A,,, and by the
operator RA,,,.

If we repeat the preceding argument with x5 replaced by z3, we obtain one more
continuous operator Mj; on F dominated by the positive compact operator K A,,, and
by the operator RA,,, and such that Msx3 > 0. It follows from MsMyMyxy = Mzxz > 0
that MsM,M; is non-zero. Further, it is compact by Theorem 3.3.2. Moreover, we see

that
|M3M2M11’| < RAm3RAm2R|I|

for each x € F.
Now consider the operator P = RA,,,RA,,, R+ S. Note that P is non-zero, positive,

continuous, and r.(P) < oo. Further, P commutes with 7" and dominates the non-
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zero compact operator M3MyM,. Therefore P and T have a common non-trivial closed

invariant ideal by Theorem 3.4.2. Finally, since S < P, this ideal is invariant under S. [
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