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ABSTRACT. In this paper we develop a version of spectral theory for bounded linear
operators on topological vector spaces. We show that Gelfand’s formula for the spec-
tral radius and Neumann series can be naturally interpreted for operators on topological
vector spaces. Of course, the resulting theory has many similarities to the conventional
spectral theory of bounded operators on Banach spaces, though there are several impor-
tant differences. The main difference is that an operator on a topological vector space
has several spectra and several spectral radii, which fit a well-organized pattern.
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0. INTRODUCTION

The spectral radius of a bounded linear operator 7" on a Banach space is defined by
Gelfand’s formula r(T') = lim, {/||T"||. It is well known that (7)) equals the actual
radius of the spectrum ‘J(T)} = sup{|A| : A € o(T)}. Furthermore, it is known that
the resolvent Ry = (A — T')~! is given by the Neumann series Y ) s+ whenever [A| >
r(T). It is natural to ask if similar results are valid in a more general setting, e.g., for a
bounded linear operator on an arbitrary topological vector space. The author arrived at
these questions when generalizing some results on the Invariant Subspace Problem from
Banach lattices to ordered topological vector spaces. A major difficulty is the lack of a
readily available developed spectral theory. The spectral theory of bounded operators
on Banach spaces has been thoroughly studied for a long time, and is extensively used.
Unfortunately, little has been known about the spectral theory of bounded operators on
general topological vector spaces, and many techniques used in Banach spaces cannot
be applied for operators on topological vector spaces. In particular, the spectrum, the
spectral radius, and the Neumann series are the tools which are widely used in the study
of the Invariant Subspace Problem in Banach spaces, but which have not been sufficiently
studied for general topological vector spaces. To overcome this obstacle we have developed
a version of the spectral theory of bounded operators on general topological vector spaces
and on locally convex spaces. Some results in this direction have also been obtained by
B. Gramsch [10], and by F. Garibay and R. Vera [8, 9, 20].

We consider the following classification of bounded operators on a topological vector
space. We call a linear operator T’

- nb-bounded if T maps some neighborhood of zero into a bounded set,

- nn-bounded if there is a base of neighborhoods of zero such that 7" maps every
neighborhood in this base into a multiple of itself, and

- bb-bounded if T' maps bounded sets into bounded sets.

The classes of all linear operators, of all bb-bounded operators, of all continuous operators,
of all nn-bounded operators, and of all nb-bounded operators form nested algebras. The
spectrum of an operator 7' in each of these algebras is defined as usual, i.e., the set of
A’s for which AI — T is not invertible in this algebra. We show in Section 4 that the
well known Gelfand formula for the spectral radius of an operator on a Banach space,
r(T) = lim, {/||T"||, can be generalized to each of these five classes of operators on
topological vector spaces, and then we use this formula to define the spectral radius
of an operator with respect to each of the classes. Then in Section 5 we show that
if T is a continuous operator on a sequentially complete locally convex space and |\
is greater than the spectral radius of 7', in any of the five classes, then the Neumann
series » .~ % converges in the topology of the class, and A does not belong to the
corresponding spectrum of 7. In particular, the spectral radius of T with respect to
each class is greater than or equal to the geometrical radius of the spectrum of 7" in this



SPECTRAL RADII 3

class. In Sections 6 and 7 we show that the radii are equal for nb-bounded and compact
operators.

This paper is based on a part of the author’s Ph.D. thesis [19]. T would like to thank
Yuri Abramovich for his encouragement and for numerous suggestions and improvements.
Robert Kaufman read parts of the draft and asked interesting questions, which resulted in
new developments. Thanks are also due to Heinrich Lotz, Michael Neumann, Ted Odell,
and Joseph Rosenblatt for their support and interest in my work.

1. PRELIMINARIES AND NOTATION

The symbols X and Y shall always denote topological vector spaces. A neighborhood
of a point x € X is any subset of X containing an open set which contains x. Neighbor-
hoods of zero will often be referred to as zero neighborhoods. Every zero neighborhood
V' is absorbing, i.c., |~ nV = X. In every topological vector space (over R or C) there
exists a base Ny of zero neighborhoods with the following properties:

(i) Every V € N is balanced, i.c., \V C V whenever |\ < 1;

(i) For every Vi, Vs, € N there exists V' € Ny such that V C Vi N V5;
(iii) For every V € N there exists U € N such that U + U C V;
(iv) For every V € Ny and every scalar A the set AV is in Nj.

Whenever we mention a basic neighborhood of zero, we always assume that it belongs to
a base which satisfies these properties.

A topological vector space is called normed if the topology is given by a norm. In
this case the collection of all balls centered at zero is a base of zero neighborhoods. A
complete normed space is referred to as a Banach space. See [6] for a detailed study of
normed and Banach spaces.

A set A in a topological vector space is called bounded if it is absorbed by every zero
neighborhood, i.e., for every zero neighborhood V' one can find o > 0 such that A C aV.
A set A in a topological vector space is said to be pseudo-convex or semi-convez if
A+ A C aA for some number « (for convex sets o = 2). If U is a zero neighborhood, (z.,)

is anet in X, and x € X, we write z, L x if for every £ > 0 there exists an index 7, such
that , — x € €U whenever v > . It is easy to see that when U is pseudo-convex, this
convergence determines a topology on X, and the set of all scalar multiples of U forms a
base of the topology. We denote X when equipped with this topology by (X, U). Clearly,
(X,U) is Hausdorff if and only if ()7, 2U = {0}.

A topological vector space is said to be locally bounded if there exists a bounded zero
neighborhood. Notice that if U is a bounded zero neighborhood then it is pseudo-convex.
Conversely, if U is a pseudo-convex zero neighborhood, then (X, U) is locally bounded.
Recall that a quasinorm is a real-valued function on a vector space which satisfies all the
axioms of norm except the triangle inequality, which is replaced by [lz+y|| < & (||z|+y|)
for some fixed positive constant k. It is known (see, e.g., [13]) that a topological vector
space is quasinormable if and only if it is locally bounded and Hausdorff. A complete
quasinormed space is called quasi-Banach.
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If the topology of a topological vector space X is given by a seminorm p, we say
that X = (X,p) is a seminormed space. Clearly, in this case X = (X,U) where the
convex set U is the unit ball of p and, conversely, p is the Minkowski functional of U. A
Hausdorff topological vector space is called locally convez if there is a base of convex
zero neighborhoods or, equivalently, if the topology is generated by a family of seminorms
(namely, the Minkowski functionals of the convex zero neighborhoods). When dealing
with a base of zero neighborhoods in a locally convex space we will always assume that
it consists of convex sets. Similarly, a Hausdorff topological vector space is said to be
locally pseudo-convez if it has a base of pseudo-convex zero neighborhoods. A complete
metrizable topological vector space is usually referred to as a Fréchet space.

By an operator we always mean a linear operator between vector spaces. We will
usually use the symbols S and T to denote operators. Recall that an operator T" between
normed spaces is said to be bounded if its operator norm defined by ||T'|| = sup{||Tz|| :
||z|| < 1} is finite. It is well known that an operator between normed spaces is bounded if
and only if it is continuous. An operator between two vector spaces is said to be of finite
rank if the range of T is finite dimensional.

If A is a unital algebra and a € A, then the resolvent set of a is the set p(a) of
all A € C such that e — Aa is invertible in A. The resolvent set of an element a in a
non-unital algebra A is defined as the set of all A € C for which e — Aa is invertible
in the unitalization Ay of A. The spectrum of an element of an algebra is defined via
o(a) = C\ p(a). It is well-known that whenever A is a unital Banach algebra then o(a) is
compact and nonempty for every a € A. In this case the spectral radius r(a) is defined
via Gelfand’s formula: r(a) = lim, {/|[a"[|. It is also well known that r(a) = |o(a)],
where |o(a)| is the geometric radius of o(a), i.e., |o(a)| = sup{|A| : X € o(a)}. An
element a € A is said to be quasinilpotent if o(a) = {0}.

If T is a bounded operator on a Banach space X then we consider the spectrum o(T")
and the resolvent set p(7T') in the sense of the Banach algebra of bounded operators on
X. If X € p(T) then the inverse (I — AT)~! is called the resolvent operator and is
denoted by R(T; \) or just Ry. If A € C satisfies |A\| > r(T') then the Neumann series
>ty kT converges to Ry in operator norm. Following [1, 2] we say that 7' is locally
quasinilpotent at x € X if lim,, {/||T"z|| = 0.

Further details on topological vector spaces can be found in [6, 13, 17, 7, 18, 12]. For
details on locally bounded and quasinormed topological vector spaces we refer the reader
to [13, 14, 16].

2. BOUNDED OPERATORS

Operator Theory on Banach spaces deals with the class of bounded operators, which
coincides with the class of continuous operators. The operator zoo in general topological
vector spaces is much richer. In this paper we will deal with the following types of bounded
operators. To avoid confusion, we give different names to different types of boundedness.
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Definition 2.1. Let X and Y be topological vector spaces. An operator T: X — Y is
said to be

(i) bb-bounded if it maps every bounded set into a bounded set;
(ii) nb-bounded if it maps some neighborhood into a bounded set;

Further, if X =Y we will say that T: X — X is nn-bounded if there exists a base Ny
of zero meighborhoods such that for every U € Ny there is a positive scalar o such that

T(U) C aU.

Remark 2.2. [7] and [12] present (i) as the definition of a bounded operator on a topo-
logical vector space, while [17] and [18] use (ii) for the same purpose. As we will see, these
definitions are far from being equivalent.

Proposition 2.3. Let X and Y be topological vector spaces. For an operator T: X — Y
consider the following statements:

(i) T is bb-bounded;
(ii) T is continuous;
(iii) T is nn-bounded;
(iv) T is nb-bounded.

Then (iv) = (ii) = (i). Furthermore, if X =Y then (iv) = (iii) = (ii) = (i).

Proof. The implications (iv) = (ii) = (i) are trivial. To show (iv) = (iii) = (ii) assume
that X =Y and fix a base Nj of zero neighborhoods. If T' is nb-bounded then T'(U) is
bounded for some U € Ny. Note that Nj ={AXUNV : A >0, V € Ny} is another base
of zero neighborhoods. For each W = AU NV in N we have T(W) C AT(U). But T'(U)
is bounded and so T'(W) C AT(U) C AaW for some positive «, i.e., T is nn-bounded.!
Finally, if T is nn-bounded, then there is a base N such that for every zero neighbor-
hood U € N there is a positive scalar « such that T(U) C aU. Let V be an arbitrary zero
neighborhood. Then there exists U € Ny such that U C V| so that T(U) C aU C aV for
some o > 0. Taking W = 21U we get T(W) C V, hence T is continuous. O

2.4. It can be easily verified that all the statements in Proposition 2.3 are equivalent if
X is locally bounded. In general, however, these notions are not equivalent. Obviously,
the identity operator I is always nn-bounded, continuous, and bb-bounded, but [ is nb-
bounded if and only if the space is locally bounded. Every bb-bounded operator between
two locally convex spaces is continuous if and only if the domain space is bornological.
(Recall that a locally convex space is bornological if every balanced convex set which
absorbs every bounded set is a zero neighborhood; for details see [18, 17].)

Example 2.5. A continuous but not nn-bounded operator. Let T be the left shift on
the space of all real sequences RY with the topology of coordinate-wise convergence, i.e.,
T: (xg,71,%2,...) — (T1,%2,23,...). Clearly T is continuous. We will show that 7" is

INote that if the topology is locally convex, then we can assume that U is convex and N consists of
convex neighborhoods. In this case N also consists of convex neighborhoods.
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not nn-bounded. Assume that for every zero neighborhood U in some base N there is a
positive scalar o such that T(U) C aU. Since the set {z = (z;) : |zo| < 1} is a zero
neighborhood, there must be a neighborhood U € Nj such that U C {z : |xo| < 1}.
Since T'(U) C aU for some positive o then T"(U) C o"U, so that if = (x) € U then
T'x € U, so that |z,| = ’(T”x)()! < a". Hence U C {z : |z,| < a™ for each n > 0}.
But this set is bounded, while the space is not locally bounded, a contradiction.

2.6. Algebraic properties of bounded operators. The sum of two bb-bounded operators is
bb-bounded because the sum of two bounded sets in a topological vector space is bounded.
Clearly the product of two bb-bounded operators is bb-bounded. It is well known that
sums and products of continuous operators are continuous. Obviously, the product of
two nn-bounded operators is nn-bounded, and it can be easily verified that the sum of
two nn-bounded operators on a locally convex (or locally pseudo-convex) space is again
nn-bounded. It is not difficult to see that the sum of two nb-bounded operator is nb-
bounded. Indeed, suppose that T} and 75 are two nb-bounded operators, then the sets
T1(Uy) and Ty(Usy) are bounded for some zero neighborhoods U; and U,. There exists
another zero neighborhood U so that U C U; N Us. Then the sets T1(U) and To(U) are
bounded, so that (T} + T5)(U) C T1(U) + T5(U) is bounded. Finally, it is not difficult
to see that the product of two nb-bounded operators is again nb-bounded. This follows
immediately from Proposition 2.3 and the following simple observation: if we multiply an
nb-bounded operator by a bb-bounded operator on the left or by an nn-bounded operator
on the right, the product is nb-bounded.

Thus, the class of all bb-bounded operators, the class of all continuous operators, and
the class of all nb-bounded operators are subalgebras of the algebra of all linear operators.
The class of nn-bounded operators is an algebra provided that the space is locally convex
or locally pseudo-convex.

Boundedness in terms of convergence. Suppose T: X — Y is an operator between
two topological vector spaces. It is well known that T is continuous if and only if it maps
convergent nets to convergent nets.

Notice that a subset of a topological vector space is unbounded if and only if it contains
an unbounded sequence. Therefore, an operator is bb-bounded if and only if it maps
bounded sequences (nets) to bounded sequences (respectively, nets).

It is easy to see that T is nn-bounded if and only if 7" maps U-bounded (U-convergent
to zero) sequences to U-bounded (respectively, U-convergent to zero) sequences for every
U in some base of zero neighborhoods. If U is a zero neighborhood, we say that a net
() is U-bounded if it is contained in aU for some o > 0, we say that % 0 if for
every a > 0 there exits vy such that z, € aU whenever v > .

2.7. Suppose T is nb-bounded, then T'(U) is bounded for some zero neighborhood U.

Obviously z, %0 implies T z, — 0. The converse implication is also valid: if 7" maps
U-convergent sequences to convergent sequences, then T'(U) is bounded, hence T is nb-
bounded. Indeed, suppose that T'(U) is unbounded, then there is a zero neighborhood V
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in Y such that V' does not absorb T'(U). Then for every n > 1 there exists y,, € T'(U)\nV.
Further, if y, = T'z,, for some x, € U, then = 20, but T(%) =" ¢V, so that T'(*»)
does not converge to zero.

Normed, quasinormed, and seminormed spaces. Next, we discuss bounded opera-
tors in some particular topologies. Notice that every normed, seminormed, or quasinormed
vector space is locally bounded. Therefore bb-boundedness, continuity, nn-boundedness
and nb-boundedness coincide for operators on such spaces.

Locally convex topology. Similarly to the norm of an operator on a Banach space, we
introduce the seminorm of an operator on a seminormed space.

Definition 2.8. Let T' be an operator on a seminormed vector space (X,p). As in the
case with normed spaces, p generates an operator seminorm p(T) defined by

p(T'z)
p(T) = sup :
)20 D(T)
More generally, let S: X — Y be a linear operator between two seminormed spaces (X, p)
and (Y, q). Then we define a mized operator seminorm associated with p and q via

q(5)
m,,(S) = sup :
" p@)20 P(T)
The seminorm m,,(S) is a measure of how far in the seminorm ¢ the points of the p-unit
ball can go under S. Notice, that p(T") and m,,(S) may be infinite. Clearly, if T is an
operator on a seminormed space (X, p), then m,,(T") = p(T).

Lemma 2.9. If S: X — Y is an operator between two seminormed spaces (X,p) and
(Y,q), then
(i) my,(S) = sup ¢q(Sx) = sup q(Sz);
p(z)=1 p(z)<1
(ii) q(Sz) < my,(S)p(x) whenever m,,(S) < oco.
Proof. The first equality in (i) follows immediately from the definition of p(T"). We obvi-
ously have
sup ¢(Sz) < sup ¢(Sz).
p(z)=1 p(z)<1
In order to prove the opposite inequality, notice that if 0 < p(z) < 1, then ¢(Sz) <

q;gf)) < my,(S). Thus, it is left to show that p(x) = 0 implies ¢(Sx) < m,,(S). Pick any

z with p(z) > 0, then
p(2) =pla+ 2 — ) <ple+ 2) +plz) = plz + 2) < plz) +p(2) = 22,
so that p(z + 2) = p(£) € (0,1) for n > p(z). Further, since Sz + 2= converges to Sz we

have )
o(52) = Tim (52 + ) < tim LECT2)

< myy(S).
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Finally, (ii) follows directly from the definition if p(x) # 0. In the case when p(z) = 0,
again pick any z with p(z) > 0. Then p(z + £) # 0 and

q(Sz) = lim ¢(Sz + %) = lim ¢ (S(x + i)) < lim my (S)p(z + 2) = 0.

Corollary 2.10. If T is an operator on a seminormed space (X, p), then
(i) p(T) = sup p(Tz) = sup p(Tx);

p(z)=1 p(z)<1
(i) p(Tx) < p(T)p(x) whenever p(T') < oco.

The following propositions characterize continuity and boundedness of an operator on
a locally convex space in terms of operator seminorms. We assume that X and Y are
locally convex spaces with generating families of seminorms P and Q respectively.

Proposition 2.11. Let S be an operator from X to Y, then S is continuous if and only
if for every q € Q there exists p € P such that m,,(S) is finite.

Proposition 2.12. An operator T on X is nn-bounded if and only if p(T') is finite for
every p € P, or, equivalently, if T maps p-bounded sets to p-bounded sets for every p in
some generating family P of seminorms.

Proposition 2.13. Let S: X — Y be a linear operator, then the following are equivalent:
(i) S is nb-bounded;
(ii) S maps p-bounded sets into bounded sets for some p € P;
(i) There ezists p € P such that m,,(S) < oo for every q € Q.

Since the balanced convex hull of a bounded set in a locally convex space is again
bounded, we also have the following characterization.

Proposition 2.14. An operator S: X — Y is bb-bounded if and only if m,,(S) < oo
whenever ¢ € Q and p is the Minkowsk: functional of a convex balanced bounded set.

Operator topologies. For each of the five classes of operators, we introduce an appro-
priate natural operator topology.

2.15. The class of all linear operators between two topological vector spaces will be usually
equipped with the strong operator topology. Recall, that a sequence (.S,) of operators
from X to Y is said to converge strongly or pointwise to a map S if S,x — Sz for
every x € X. Clearly, S will also be a linear operator.

2.16. The class of all bb-bounded operators will usually be equipped with the topology
of uniform convergence on bounded sets. Recall, that a sequence (S,,) of operators
is said to converge to zero untformly on A if for each zero neighborhood V in Y there
exists an index ng such that S, (A) C V for all n > ng. We say that (S,) converges to
S uniformly on bounded sets if (S,, — .S) converges to zero uniformly on bounded sets.
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Recall also that a family G of operators is called uniformly bounded on a set A C X if
the set (Jgeg S(A) is bounded in Y.

Lemma 2.17. If a sequence (S,) of bb-bounded operators converges uniformly on bounded
sets to an operator S, then S is also bb-bounded.

Proof. Fix a bounded set A and a zero neighborhood V. There exists a zero neighborhood
U such that U + U C V. Since S — S,, converges to zero uniformly on bounded sets then
there exists an index ngy such that (S, — S)(A) € U whenever n > ng. This yields
S(A) C S,(A) + U. The set S,(A) is bounded, so that S,(A) C AU for some v > 1.
Thus, S(A) C~U +U C vV. Hence S(A) is bounded for every bounded set A, and so S
is bb-bounded. 0

2.18. The class of all continuous operators will be usually equipped with the topology
of equicontinuous convergence. Recall, that a family G of operators from X to Y is
called equicontinuous if for each zero neighborhood V in Y there is a zero neighborhood
U in X such that S(U) C V for every S € G. We say that a sequence (S,,) converges to
zero equicontinuously if for each zero neighborhood V' in Y there is a zero neighborhood
U in X such that for every € > 0 there exists an index ny such that S, (U) C eV for all
n > ny.

Lemma 2.19. If a sequence S,, of continuous operators converges equicontinuously to .S,
then S s also continuous.

Proof. Fix a zero neighborhood V. There exist zero neighborhoods V; and U and an
index ng such that V; +V; C V and (S, — S)(U) C V; whenever n > ng. Fix n > ny.
The continuity of S,, guarantees that there exists a zero neighborhood W C U such that
S,(W) C Vi. Since (S, — S)(W) C Vi, we get S(W) C S,,(W)+V, C Vi +V; CV, which
shows that S is continuous. 0

2.20. The class of all nn-bounded operators will be usually equipped with the topology of
nn-convergence, defined as follows. We will call a collection G of operators unzformly
nn-bounded if there exists a base N of zero neighborhoods such that for every U € N
there exists a positive real 5 such that S(U) C U for each S € G. We say that a sequence
(S,) nn-converges to zero if there is a base N of zero neighborhoods such that for every
U € Ny and every € > 0 we have S, (U) C eU for all sufficiently large n.

Question. Is the class of all nn-bounded operators closed relative to nn-convergence?

2.21. Finally, the class of all nb-bounded operators will be usually equipped with the
topology of uniform convergence on a zero neighborhood.

Example 2.22. The class of nb-bounded operators is not closed in the topology of uniform
convergence on a zero neighborhood. Let X = RN, the space of all real sequences with
the topology of coordinate-wise convergence. Let T, be the projection on the first n
components. Clearly, every 7T, is nb-bounded because it maps the zero neighborhood
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Up = {(z:)32, : |zi] < lfori=1,...,n} to a bounded set. On the other hand, (T,)
converges uniformly on X to the identity operator, while the identity operator on X is
not nb-bounded.

3. SPECTRA OF AN OPERATOR

Recall that if T"is a continuous operator on a Banach space, then its resolvent set p(T)
is the set of all A € C such that the resolvent operator Ry = (A —T)~! exists, while the
spectrum of T is defined by o(T") = C\ p(T'). The Open Mapping Theorem guarantees
that if R, exists then it is automatically continuous. Now, if T is an operator on an
arbitrary topological vector space and A € C then the algebraic inverse Ry = (A —T)~!
may exist but it need not be continuous, or it may be continuous but not nb-bounded,
etc. In order to treat all these cases properly we introduce the following definitions.

Definition 3.1. Let T be a linear operator on a topological vector space. We denote the
set of all scalars A € C for which NI — T 1is invertible in the algebra of linear operators
by pH(T). We say that X € p®(T) (respectively p°(T) or p™(T)) if the inverse of \I — T
is bb-bounded (respectively continuous or nn-bounded). Finally, we say that X € p"*(T) if
the inverse of NI — T belongs to the unitalization of the algebra of nb-bounded operators,
i.e., when (N[ —T)™' = al + S for a scalar a and an nb-bounded operator S.

The spectral sets a'(T), c®(T), o¢(T), o™ (T), and o™ (T) are defined to be the com-
plements of the resolvent sets p'(T), p®(T), p(T), p"™(T), and p"(T), respectively.> We
will denote the (left and right) inverse of NI — T whenever it ezists by Ry.

3.2. It follows immediately from Proposition 2.3 that
o\(T) C o®™(T) C o(T) C o™(T) C o™(T).

It follows from the Open Mapping Theorem that for a continuous operator 7" on a Banach
space all the introduced spectra coincide with the usual spectrum o(T'). Since the Open
Mapping Theorem is still valid on Fréchet spaces, we have o!(T') = o"(T) = o¢(T) for a
continuous operator 1" on a Fréchet space.

3.3. If T is an operator on a locally bounded space (X, U), then by 2.4, bb-boundedness
of T is equivalent to nb-boundedness, so that ¢**(T) = o¢(T) = o™ (T) = o™*(T). We will
denote this set by o,(7T') to avoid ambiguity. A spectral theory of continuous operators
on quasi-Banach spaces was developed in [10].

3.4. There are several reasons why we define 0™ in a slightly different fashion than the

other spectra. Namely, for A to be in p"(T") we require (A —T')~* be not just nb-bounded,
but be nb-bounded up to a multiple of the identity operator. On one hand, this is the
standard way to define the spectrum of an element in a non-unital algebra, and we know
that the algebra of nb-bounded operators is unital only when the space is locally bounded.

2We use superscripts in order to avoid confusion with o.(T), which is commonly used for continuous
spectrum.
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On the other hand, if we defined p™(T) as the set of all A € C for which (\[ —T)~! is
nb-bounded, then we wouldn’t have obtained a reasonable theory because (Al —T)7! is
almost never nb-bounded unless the space is locally bounded.

Indeed, suppose that X is not locally bounded, 7" is a bb-bounded operator on X and
A € C. Then Ry = (M —T)~! cannot be nb-bounded, because in this case [ = (Al —T) Ry
would be nb-bounded by 2.6 as a product of a bb-bounded and an nb-bounded operator.
But we know that I is not nb-bounded because X is not locally bounded.

We will see in Proposition 6.2 that in a locally convex but non locally bounded space
nb-bounded operators are never invertible, which implies that in such spaces (A —T)~!
is not nb-bounded for any linear operator 7'

3.5. Next, let T" be a (norm) continuous operator on a Banach space, o(T) the usual
spectrum of T, and let o'(T'), *(T), 0¢(T) be computed with respect to the weak topol-
ogy. It is known that an operator on a Banach space is weak-to-weak continuous if and
only if it is norm-to-norm continuous; therefore it follows that ¢¢(7") = o(T"). Further-
more, o' (T') does not depend on the topology, so that it also coincides with (7). Thus
o\(T) = o"(T) = o°(T) = o(T).

4. SPECTRAL RADII OF AN OPERATOR

The spectral radius of a bounded linear operator T on a Banach space is usually defined
via Gelfand’s formula, r(7') = lim {/||7"||. The formula involves a norm and so makes

no sense in a general topological vector space. Fortunately, this formula can be rewritten
without using a norm, and then generalized to topological vector spaces. Similarly to the
situation with spectra, this generalization can be done in several ways, so that we will
obtain various types of spectral radii for an operator on a topological vector space. We
will show later that, as in the Banach space case, there are certain relations between the
spectral radii, the radii of the spectra, and the convergence of the Neumann series of an
operator on a locally convex topological vector space. This section may appear technical
at the beginning, but later on the reader will see that all the facts lead to a simple and
natural classification. We start with an almost obvious numerical lemma.

Lemma 4.1. If (t,) is a sequence in RT U {oo}, then
limsup /t, =inf{r>0: lim 2 =0} =inf{r >0 : limsup 2 < oo }.

n—o0 n—o0

Proof. Suppose limsup,, /t, = r. If 0 < v < r, then Wi, > p > v for some p and

some subsequence (t,,), so that TTIZ > ’lf%: — 00 as k goes to infinity. It follows that

lim sup,, It/—" = o0o. On the other hand, if r is finite and v > r then {/f, < u < v for some

n

p and for all sufficiently large n. Then lim = < lim /lf—: =0. U

n—oo n—oo

This lemma implies that the spectral radius r(7) of a (norm) continuous operator T’

on a Banach space equals the infimum of all positive real scalars v such that the sequence

(E) converges to zero (or just is bounded) in operator norm topology. This can be

yn
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considered as an alternative definition of the spectral radius, and can be generalized to
any topological vector space with an operator topology. In view of 2.15-2.21, we arrive to
the following definition.

Definition 4.2. Given a linear operator T' on a topological vector space X, we define the
following spectral radit of T':

r(T) = inf{v >0 : the sequence (%) converges strongly to zero };
rw(T) = inf{v>0: L — 0 uniformly on every bounded set };
r(T) = inf{v>0: L — 0 equicontinuously };
ran(T) = inf{v >0 : (L&) nn-converges to zero};
rap(T) = inf{v >0 : L= — 0 uniformly on some 0-neighborhood }.

The following proposition explains the relations between the introduced radii.

Proposition 4.3. If T is a linear operator on a topological vector space X, then
ri(T) < (1) < 7e(T) < 1 (T) < (1)

Proof. Let T be a linear operator on a topological vector space X. Since every singleton
is bounded, r(T) < ry (7). Next, assume v > r.(T) and fix g such that r.(T) < p < v.
Then the sequence (%:) converges to zero equicontinuously. Take a bounded set A and

a zero neighborhood U. There exists a zero neighborhood V' and a positive integer N
such that Z:—Z(V) C U whenever n > N. Also, A C aV for some o > 0, so that

Th(A) € 2T (aV) C ":—fU C U for all sufficiently large n. It follows that the sequence

v vnopn
(£%) converges to zero uniformly on A and, therefore, v > 7y (T'). Thus, ry(T') < ro(T).

To prove the inequality 7.(T) < 7, (T) we let v > 1, (T). Then for some base N of
zero neighborhoods and for every V' € N, and € > 0 there exists a positive integer N such
that :::(V) C eV for every n > N. Given a zero neighborhood U, we can find V € N
such that V C U. Then %(V) C eV C eU for every n > N, so that the sequence (%)
converges to zero equicontinuously, and therefore v > r.(7T).

Finally, we must show that r,,,(T) < r.,(T). Suppose that v > r,,;,(T"). We claim that
v 2 rpn(T). Take p so that v > p > r,,(7T). One can find a zero neighborhood U such
that for every zero neighborhood V' there is a positive integer N such that %(U )V
for every n > N. Fix a base N of zero neighborhoods, and define a new base N of zero
neighborhoods via Nj = {mU NW : m € N, W € Np}. Let V € Njand € > 0. Then
V = mU NW for some positive integer m and W € Ny. Then %(V) - m%(U) CmV
for every sufficiently large n. Thus Z—Z(V) C ‘;—ZmV C ¢V, for each sufficiently large n,
which implies v > r,,,(T). O

The following lemma shows that, similarly to the case of Banach spaces, one can use
boundedness instead of convergence when defining the spectral radii of an operator on a
topological vector space.
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Lemma 4.4. Let T be a linear operator on a topological vector space, then
(i) r(T) = inf{ v>0: (T;f) is bounded for every x };
(i) if T is bb-bounded then
rop(T) = inf { v>0: (%) is uniformly bounded on every bounded set };
(iii) if T' is continuous then
re(T) =inf{v >0 : (L) is equicontinuous };

(iv) if T is nn-bounded then
Tnn(T) = inf { v>0: (%) is uniformly nn-bounded };
(v) if T is nb-bounded then
rp(T) = inf { v>0: (2) is uniformly bounded on some 0-neighborhood }

yn

Moreover, in each of these cases it suffices to consider any tail of the sequence (%) instead
of the whole sequence.

Proof. To prove (i) let

r(T)=inf{v >0 : (L z) is bounded for every z }.
Since every convergent sequence is bounded, we certainly have r;(T') > r)(T). Conversely,
suppose v > r)(T"), and take any positive scalar p such that v > pu > rl(T). Then for
every z € X the sequence £ = I" 1 is bounded, and it follows that the sequence Lot = £ I"z

V'ﬂ 'LL7L
converges to zero, so that v > r(T') and, therefore r(T") > r/(T).
To prove (ii), suppose T is bb—bounded and let

ry(T) = inf { v>0: (%) is uniformly bounded on every bounded set }

We'll show that 7}, (T") = ry(T). If (L) converges to zero uniformly on every bounded
set, then for each bounded set A and for each zero neighborhood U there exists a positive

integer N such that Z-(A) C U whenever n > N. Also, since T is bb-bounded, for every

n < N we have %(A) C a,U for some «,, > 0. Therefore, if &« = max{a,...,ay_1, 1},

then %(A) C aU for every n, so that the sequence % is uniformly bounded on A. Thus
v =1y, (T), so that r, (T) < (7).

Now suppose v > 1, (T"). There exists p such that v > p > 7}, (T"). The set U°° L2 (A)
is bounded for every bounded set A, so that for every zero neighborhood U there ex1sts
a scalar o such that Z;—:(A) C aU for every n € N. Then L3(A) C “:—naU C U for all
sufficiently large n. This means that the sequence (f—:) converges to zero uniformly on A,
and it follows that v > (7).

Further, if T" is bb-bounded, then any finite initial segment ( )N, is always uniformly

bounded on every bounded set, so that a tail ( =)y is uniformly bounded on every
bounded set if and only if the whole sequence (%);O:O is uniformly bounded on every
bounded set.

The statements (iii), (iv), and (v) can be proved in a similar way. O

4.5. Locally bounded spaces. If T is a linear operator on a locally bounded topological
vector space (X,U), then it follows directly from Definition 4.2 that ry,(T) = r.(T) =
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Tnn(T) = (T, because the corresponding convergences are equivalent. In this case we
would denote each of these radii by r, (7).

Spectral radii via seminorms. The following proposition provides formulas for com-
puting spectral radii of an operator on a locally convex space in terms of seminorms.

Proposition 4.6. IfT is an operator on a locally convex space X with a generating family
of seminorms P, then

(i) m(T) = sup limsup {/p(T"x);

peEP, zeX n—oo

(ii) 76(7) = sup limsup {/m,,(1™), where B is the collection of Minkowski func-
pEB, gEP  n—o00
tionals of all balanced convex bounded sets in X;

(ili) re(T") = sup inf limsup {/m,,(7™)

qEP PPEP pnooo

(iv) rn(T) = mf sup limsup {/p(T™), where the infimum is taken over all generating

n—oo

families o f semmorms

(v) rp(T) = mf sup limsup {/m,, (T

qEP n—00

Proof. 1t follows from the definition of 7;(7") and Lemma 4.1 that

r(T) =inf{v >0 : hmp(

= sup mf{ v>0: lim ’# = O} = sup limsup y/p(T"x).

zeX, peP n—00 z€X, peP n—oo

)—OforeveryxeXpGP}

Similarly, since the balanced convex hull of a bounded set is bounded,

ro(T) = 1nf{u>() Vbounded A VV eN, INeN Vn>N Tn(A)
=inf{v>0:VpeB VgeP INeEN Vn=N m,(L)<1

= sup mf{ v>0: lim % < 1} = sup limsup {/m,,(T™).

peEB, geP n—00 pEB, gEP n—oo0

Let U, ={x € X : p(x) < 1} for every p € P. Then, rephrasing the definition of
re(T) and applying Lemma 4.1, we have

re(I)=inf{r>0:VgePIpePVe>03INeNVn>N L(U,) CeU, }
=supinfinf{v>0:Ve>03INeNVn>=Nmy,(L) <e}
qeP PEP
= sup inf 1nf{y>0 lim mpq —O}—sup inf lim sup {/m,, (7"

q€P PEP n—00 qeP PEP n—oo
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Similarly,
Fon(T) =inf{vr>0:3QVpe QVe>03IN e NVn >N IL(U,) CeU, }
= infsupinf{ v>0: lim ’% = O} mfsuphmsup \/T

Q peo n—o0 Q peQ n—oo

Finally,
rop(T) =inf{v >0 : EIpEPVqEPEINENVn>Nﬂ(U CU, }
= inf sup 1nf{ v >0 : limsup —2t— mpq (1) o } mf sup lim sup {/m,, (T

PEP 4ep n—oo PgeP n—oo

O

Some special properties of r.(7"). Continuity of an operator can be characterized in
terms of neighborhoods (the pre-image of every neighborhood contains a neighborhood)
or, alternatively, in terms of convergence (every convergent net is mapped to a convergent
net). Analogously, though defined in terms of neighborhoods, r.(7") can also be charac-
terized in terms of convergent nets. This approach was used by F. Garibay and R. Vera
in a series of papers [8, 9, 20]. Recall that a net (x,) in a topological vector space is said
to be ultimately bounded if every zero neighborhood absorbs some tail of the net, i.e.,
for every zero neighborhood V' one can find an index «ag and a positive real 6 > 0 such
that x, € 0V whenever a > «. As far as we know, ultimately bounded sequences were
first studied in [5] for certain locally-convex topologies. The relationship between ulti-
mately bounded nets and convergence of sequences of operators on locally convex spaces
was studied in [8, 9, 20]. The following proposition (which is, in fact, a version of |20,
Corollary 2.14]) shows how r.(7") can be characterized in terms of the action of powers of
T on ultimately bounded sequences. It also implies that r.(T") coincides with the number
7(T") which was introduced in [8, 9, 20] for a continuous operator on locally convex spaces.

Proposition 4.7. Let T be a linear operator on a topological vector space X, then

re(T) =inf{v >0 : hm L0 = 0 whenever (z,) is ultimately bounded }

= inf{z/ >0 : (%xa)na is ultimately bounded whenever (x,) is ultimately bounded}.
Proof. To prove the first equality it suffices to show that r.(7") < 1 if and only if
lim 7"z, = 0 whenever (z,) is an ultimately bounded net. Suppose that r.(T) < 1,

and let V' be a zero neighborhood. One can find a zero neighborhood U such that for
every € > 0 there exists ng € N such that 7"(U) C €V for each n > ngy. Let (z,) be an
ultimately bounded net. There exists an index o and a number § > 0 such that x, € éU
whenever @ > ag. Then for € = ¢! one can find ny such that 7"(U) C §~'V for each
n > ng, so that 7"z, € §7T"(U) C V whenever a > o and n > ng. This means that

lim7T"x, = 0.
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Conversely, suppose that lim, , 7"z, = 0 for each ultimately bounded net (z,), and
assume that T™ does not converge equicontinuously to zero. Then there exists a zero
neighborhood V' such that for every zero neighborhood U one can find ¢, such that for
every m € N there exists ny,, > m with 7"v»(U) € ¢,V. Then there exists z,,, € U
such that

Ty m & e V. (1)

The collection of all zero neighborhoods ordered by inclusion is a directed set, so that
(y.n) is an ultimately bounded net. Indeed, if W is a zero neighborhood then z, , € W
for each zero neighborhood U C W and every n € N. But it follows from (1) that the net
(T”xU,m)nm ,, does not converge to zero.

To prové the second equality, let

v = inf{r >0 : lim Ztz, = 0 whenever (z,) is ultimately bounded } and

Vo = inf {V >0 : (Z—:xa)n ., s ultimately bounded if (x4) is ultimately bounded }
Since every net which converges to zero is necessarily ultimately bounded, it follows that
7 = Y2. Now let v > 75, and let (x,) be an ultimately bounded sequence. Suppose that

Yo < i < v. Then (%xa)n ., is ultimately bounded; that is, for each zero neighborhood V/

)

there exists an indices o and ng and a positive € such that f;—nxa € ¢V whenever a > «y

and n > ng. It follows that %xa € ‘f,—ffV C V for a > ag and all sufficiently large n.
This implies that lim Z—:xa = 0 so that v > 7. O

Question. Are there similar ways for computing r(T), ruw(T), rw(T), and rw(T) in
terms of nets?

Proposition 4.7 enables us to prove some important properties of r.. The following
lemma is analogous to Lemma 3.13 of [20].

Lemma 4.8. If S and T are two commuting linear operators on a topological vector space

X such that r.(S) and r.(T') are finite, then r.(ST) < ro(S)r.(T).
Proof. Suppose u > 1.(S5) and v > r.(T) and let (z,) be an ultimately bounded net

in X. Then the net (%)n,a is ultimately bounded by Proposition 4.7. By applying
Proposition 4.7 again we conclude that (SZMTZf“)m,n,a converges to zero. In particular,

lim,, % = lim,, o % = 0, and applying Proposition 4.7 one more time we get

pv > r.(ST). O

Theorem 4.9. If S and T are two commuting continuous operators on a locally convex
space X then r.(S +T) < r.(S) +r.(T).

Proof. Assume without loss of generality that both r.(S) and r.(7) are finite. Suppose
that n > r.(S) + r.(T) and take p > 7.(S) and v > r.(T) such that n > u + v. Let
(x4) be an ultimately bounded net in X. By Proposition 4.7 it suffices to show that
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lim,, o #(S + T)"zx, = 0. Notice that the net (%xa)
i—:%xa)m ., converges to zero. Fix a seminorm p, then there exist
indices ng and o such that p(S™T"z,) < p™v"™ whenever m,n > nyg and a > «ap. Also,
notice that we can split 7 into a product of two terms 1 = 712 such that n; > 1 while

still no > p+ v. Further, if n > 2ny and a > o then we have

P (nin(S + T)”xa> <

is ultimately bounded. This

n,o

implies that the net (

"o n—mng n
w2 (DS T aa) + 55 D0 (ST wa) + 55 D0 (Dp(S* T ).
k=0 k=no+1 k=n—ng+1

Since () = % <nPand Y (B)ufv"F = (u+v)", we have

p (nin(s + T)”:ca> <

n—ng n

ng 0 n,
n_no Zp(San—kxa) + in Z (Z)'ukyn_k + ”_no Z p(SkT”_ka)
n k=0 n k=ng+1 n k=n—ng+1
n 0 n
< n—no . in Z(p(T"‘kSkxa) +P(S"‘kaxa)) + tv) +ny) .
mo n

Notice that lim,, (“;;—:)n = 0 and that lim,, % = 0. Since T is continuous, the net (T*x,)q
1

is ultimately bounded for every fixed k, so that lim,, , nnl,k Sn=kTkz, = 0. It follows that

2
for every k between 0 and ng the expression ninp(S"_’“Tkxa) is uniformly bounded for

all sufficiently large n and «. Similarly, for every k between 0 and ng the expression
ninp(T”_kSkxa) is uniformly bounded for all sufficiently large n and «. Therefore there
2

exist indices n; and oy such that the finite sum

JR

— Z (p(T"’kSkxa) + p(S"fkaa:a)>

2o
is uniformly bounded for all n > n; and a > a;. It follows that limp<nin(S+T)"xa> =0,
so that n > r.(S+1T). O

Corollary 4.10. If T is a continuous operator on a locally convex space with r.(T) < oo
then r.(P(T)) < oo for every polynomial P(z).

Definition 4.11. We say that a sequence (x,,) in a topological vector space is fast null
if lim oz, = 0 for every positive real c.

Lemma 4.12. If T is a linear operator on a topological vector space with r.(T) < oo then
(T™xy,) is fast null whenever (x,) is fast null.
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Proof. Suppose (x,) is a fast null sequence in a topological vector space and r.(T") < oo.
Let v > r.(T). The sequence v"a"x,, converges to zero, hence is ultimately bounded.
Thus by Proposition 4.7 we have

lim o"T"x,, = lim %V"a"xn =0.

n—oo n—oo

5. SPECTRA AND SPECTRAL RADII

It is well known that for a continuous operator 7" on a Banach space its spectral ra-
dius 7(T') equals the geometric radius of the spectrum |o(T)| = sup{|A| : X € o(T)}.
Furthermore, whenever [A| > r(T), the resolvent operator Ry = (A — T')~! is given by
the Neumann series ) .°, % We are going to show in the following five theorems that
the spectral radii that we introduced are upper bounds for the actual radii of the cor-
respondent spectra, and that when |)\| is greater than or equal to any of these spectral
radii, then the Neumann series converges in the corresponding operator topology to the
resolvent operator.

In the following Theorems 5.1-5.5 we assume that 7' is a linear operator on a sequentially
complete locally convex space, A is a complex number and R, is the resolvent of T  at A
in the sense of Definition 3.1.

Theorem 5.1. If |\| > r(T) then the Neumann series converges pointwise to a linear
operator RY, and RY(N\ — T) = I. Moreover, if T is continuous, then RS = Ry and
|o!(T)| < r(T).

Proof. For any A € C with |A| > r;(T") one can find z € C such that 0 < |z| < 1 and

Az > r(T). Consider a point x € X and a basic neighborhood of zero U. Since by the

definition of 7(7T") the sequence (T% ) converges to zero, there exist a positive integer
t R 1T

(A2)m
ng such tha oo /\,L € 2"U C |z|"U because U is

€ U whenever n > ng. Therefore,
balanced. Thus, if n > m > ng, then 37" L2 ¢ S lzlU € (300,121 U because U

1=n A\
is convex. Since |z| < 1, we have Y " |z|" < 1 for sufﬁciently large m and n, and so

o T/\""" € U because U is balanced. Therefore Ry ,x = 5 DI )\Z £ is a Cauchy sequence

and hence it converges to some Rz because X is sequentially complete.

Clearly, R is a linear operator. Notice that Ry, (Ax —Tx) =z — T/\nﬂ for every z. As

n goes to infinity, the left hand side of this identity converges to R (Ax — T'x), while the
right hand side converges to x. Thus it follows that RY(\ —T') = I.

Finally, notice that R, , commutes with 7" for every n. Therefore, if T is continuous,
then

R\Tz = lim Ry, Tz = lim TRy,z =T(lim Ry,r) = TR

for every z. This implies that (A — T)RS = RS(AM — T) = I, so that RS is the
(left and right) inverse of A\I — T. This means that R} = Ry and A € p/(T). Thus,
o' (T)| < r(T). O
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Theorem 5.2. If T is bb-bounded and |\| > ry,(T), then the Neumann series converges
uniformly on bounded sets, and its sum RS is bb-bounded. Moreover, if T is continuous,
then RS = Ry and |o®(T)| < rp(T).

Proof. Suppose that |\ > (7). The sum R3 of the Neumann series exists by Theo-
rem 5.1. As in the proof of Theorem 5.1 we denote the partial sums of the Neumann
series by R, ,,. Fix z € C such that 0 < |z| < 1 and Az > r4(7T), and consider a bounded
set A. Let U be a basic neighborhood of zero, without loss of generality U we assume that
U is closed. Since ( /\TZ ;n converges to zero uniformly on A, there exits ng € N such that
- (A) C U for all n > ng. Also, since |z| < 1, we can assume without loss of generality
that 3 7 2" < [A]. Then

m ) m
LY SEed( X lucy

1=n+1 i=n+1

whenever x € A and m > n > ng. Since U is closed, we have

m

0 1 1 Tix
R)\iL' — R)\,nm = lim Y N el

m—00
i=n+1

for each x € A and n > ng, so that (R} — Ry,)(A) C U whenever n > ng. This shows
that Ry, converges to RS uniformly on bounded sets. By Lemma 2.17 this implies that
RY is bb-bounded.

Furthermore, if T’ is continuous, then by Theorem 5.1 we have Ry, = RY, so that
A € p"(T), whence it follows that |o®(T)| < ru(T). O

The next theorem is similar to Theorem 2.18 of [20].

Theorem 5.3. If T is a continuous and |\ > r.(T), then the Neumann series converges
equicontinuously to Ry and Ry is continuous. In particular, ‘O'C(T)’ < re(T) holds.

Proof. Let |A| > r.(T). It follows from Theorem 5.1 that the Neumann series converges
to Ry. Again, we denote the partial sums of the Neumann series by R, ,. Let z € C be
such that 0 < |z| < 1 and Az > r.(T). Let U be a zero neighborhood, without loss of
generality we can assume that U is closed. There exists a zero neighborhood V' such that
2= (V) C U for every n > 0. Let € > 0. Then > oieno 2" < €[] for some ng. Thus

m ) m
LY TEei( Y lF)evcy

i=n-+1 1=n+1

whenever x € V and m > n > ng. Since U is closed, we have

m
. 7
Rz — Ry,x = lim & TrecelU
m—0o0
i=n+1
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for each z € V and n > ng, so that (Ry — R),,)(V) C U whenever n > ny. This
shows that R, converges to R, equicontinuously, and Lemma 2.19 yields that R, is
continuous. O

Theorem 5.4. If T is nn-bounded and |\ > 1,,(T), then the Neumann series nn-
converges to Ry and Ry is nn-bounded. In particular, |0 (T)| < 7 (T).

Proof. Let |A| > ry,(T). By Theorem 5.1 the Neumann series Y ;) s converges to R).
Again, we denote the partial sums of the Neumann series by R, ,. Fix some z such that
0 < |z| < 1and Az > r,,(T). There exists a base Ny of closed convex zero neighborhoods
such that for every U € A there is a scalar 3 > 0 such that -~ (U) C U for all n > 0.

(Az)
Fix U € Ny. Then for each n > 0 we have /\:,Czn(U) C BU for some § > 0, so that
L2 € |2|"BU whenever z € U. It follows that
Ry v = % )\Z € g(ZM’)U
i=0 i=0

Then Ryx € 55= |z\)U so that R\(U) C
and, therefore, |o™"(T)| < 7 (T).
Fix € > 0. Then )2 \|z|" < |A| for some N. Then for every U € N; we have

C /\(1 El U, which implies that R, is nn-bounded,

m
LY TEei( Y leF)evcy

1=n+1 1=n-+1

whenever x € U and N < n < m. Since U is closed, we have

Rz — Ry,z = lim 5 % €elU
m—0o0
i=n+1
for each x € U and n > N, so that (R — Ry,)(U) C €U whenever N < n. This shows
that R, nn-converges to R). O

Theorem 5.5. If T is nb-bounded and |\| > 1,,(T), then the Neumann series converges
to Ry uniformly on a zero neighborhood. Further, ‘a”b(T)‘ < (7).

Proof. Let |A| > rp(T). By Theorem 5.1 the Neumann series » 2, % converges to Ry.

Since 7y (T") < rp(T) then Ry is bb-bounded by Theorem 5.2. But then Y ) s5r =
%] + %R,\T. Notice that R,T' is nb-bounded as a product of a bb-bounded and an nb-
bounded operator (see 2.6).

Suppose that |A| > 7(T). Fix z € C such that 0 < |z| < 1 and Az > 7,4(T"). Then the
sequence (ym—w) converges to zero uniformly on U, where U is a basic neighborhood of
zero. We will show that the Neumann series converges uniformly on U. As in the proof
of Theorem 5.1, we denote the partial sums of the Neumann series by Ry ,. Let V' be a
basic neighborhood of zero, without loss of generalityt we assume that V is closed. Since

(55=) converges to zero unlformly on U, there exits ng € N such that <L (U) C V for all

A zn An n
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n > ng. Also, since |z| < 1, we can assume without loss of generality that Y 7% [2]" < |A].
Then
m m
1 Tz ~ 1 i
b\ N EX<Z]2|)V§V

1=n+1 i=n+1
whenever x € A and m > n > ng. Since V is closed, we have

m
Ryx — R)\ml‘ = lim % j;x eV
m—0o0
i=n-+1
for each x € U and n > ny, so that (Ry — Ry,,)(U) C V whenever n > ny. O

In rest of this section we present some remarks on Theorems 5.1-5.5. In particular, we
discuss the necessity of sequential completeness and local convexity, and consider several
examples and special cases.

5.6. It is easy to see that each spectral radius is exactly the radius of convergence of
the Neumann series in the corresponding operator convergence. Indeed, in each of Theo-
rems 5.1-5.5 the convergence of the Neumann series implies that the terms of the series
tend to zero. It follows that |A| is greater than or equal to the corresponding spectral
radius.

5.7. Sequential completeness. Recall that if X is a Banach space, then the norm topology
on X and the weak® topology on X* are sequentially complete. The weak topology of X
is sequentially complete when X is reflexive. Also, it is known that the weak topologies of
¢y and of L]0, 1] are sequentially complete. Since all these topologies are locally convex,
Theorems 5.1-5.5 are applicable to each of them.

It can be easily verified that C([0,1]) with the topology of pointwise convergence is
not sequentially complete (consider z,(t) = t"). Similarly, the sequence spaces ¢, for
0 < p < o0, ¢ cy, and g (the space of eventually vanishing sequences) are not sequentially
complete in the topology of coordinate-wise convergence: the sequence z,, = Y., ie;
serves as a counterexample.

Example 5.8. Theorems 5.1-5.5 fail without sequential completeness. Consider the space
co with the topology of coordinate-wise convergence. Let T" be the forward shift operator
on ¢y, that is, Tey = exy1, where ex is the k-th unit vector of ¢y. Let V be a zero
neighborhood, we can assume without loss of generality that V = {x € ¢y : |z;| <
L... |2 | < 1} where iy < iy < --- < 4 are positive integers. If z € ¢ then T"x
has zero components 1 through n. In particular, for every positive v we have % eV
whenever n > i;. Therefore (%) converges uniformly on ¢y for every v > 0, so that
rop(T) = 0. It follows from Proposition 4.3 that r)(T) = ry(T) = 7.(T) = rn(T) = 0.
On the other hand, Y2 | T™e; diverges in ¢y. Since T is obviously continuous, this shows
that Theorems 5.1-5.5, do not hold in ¢y. Thus, sequential completeness condition is

essential in the theorems.
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5.9. Monotone convergence property. Notice that if T is a positive operator on a locally
convex-solid vector lattice (i.e., a locally convex space which is also a vector lattice such
that |x| < |y| implies p(z) < p(y) for every generating seminorm p) then we can substitute
the sequential completeness condition in Theorems 5.1-5.5 by a weaker condition called
the sequential monotone completeness property: alocally convex-solid vector lattice
is said to satisfy the sequential monotone completeness property if every monotone Cauchy
sequence converges in the topology of X. For details, see [3]. Indeed, we used the
sequential completeness at just one point — we used it in the proof of Theorem 5.1 to
claim that since R) ,x = % Yoo 7:\? is a Cauchy sequence, then it converges to some Ryx.
But if T' is positive, then R ,x* and Ry ,z~ are increasing sequences, and the sequential
monotone completeness property ensures the convergence.

5.10. Banach spaces. If T is a (norm) continuous operator on a Banach space, then it
follows from 3.2 and 4.5 that o/(T) = o%*(T) = o(T) = o™ (T) = 0™(T) = o(T) and
(1) = 1(T) = 1rn(T) = rpp(T) = r(T'), where o(T") and r(7T) are the usual spectrum
and the spectral radius of 7. Further, it follows from Lemma 4.3 that r(T) < (7).
On the other hand, since r(T') = |o(T)|, then r(T) < r(T) by Theorem 5.1, so that
r(T) =r(T).

5.11. The following argument is a counterpart to 3.5. Let 7" be a (norm) continuous
operator on a Banach space X, r(7T') the usual spectral radius of T'. Further, let r;(T") and
(1) be computed with respect to the weak topology of X. We claim that if the weak
topology of X is sequentially complete, then (1) = (1) = r(T'). Indeed, r(T") < r(T)
by 3.5 and Theorem 5.1 because o(T) = ¢'(T). In view of Proposition 4.3 it suffices to
show that ry(T) < 7(T). Let v > r(T), and let A be a weakly bounded subset of X.
Then A is norm bounded, so that the sequence % converges to zero uniformly on A in

the norm topology. In particular, the set |J -, Z—:(A) is norm bounded, hence weakly
bounded, so that v > 7y, (T).

Quasinilpotence. Recall that a norm continuous operator 7" on a Banach space X is
said to be quasinilpotent if r(T) = 0 or, equivalently, if o(7") = {0}. Quasinilpotent
operators on Banach spaces have some nice properties. Therefore in the framework of
topological vector spaces it is interesting to study operators having some of their spectra
trivial or some of their spectral radii being zero. Notice, for example, that it follows from
Proposition 4.6 that if T is an operator on a locally convex topological vector space, then
r(T) = 0 if and only if lim,, {/p(T"x) = 0 for every seminorm p in a generating family of
seminorms and for every x € X. Further, if the space is in addition sequentially complete,
then for such an operator we would have o'(T") = {0} by Theorem 5.1.

Recall also that a norm continuous operator 7" on a Banach space X is said to be
locally quasinilpotent at a point x € X if lim,, {/||T"z|| = 0. Using Lemma 4.1, the
concept of local quasinilpotence can be naturally generalized to topological vector spaces:
an operator 7' on a topological vector space X is said to be locally quasinilpotent at a

point x € X if lim,, :C;f” = 0 for every v > 0. It follows immediately from the definition
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of r)(T) that r;(T) = 0 if and only if T is locally quasinilpotent at every x € X. It is
known that a continuous operator on a Banach space is quasinilpotent if and only if it
is locally quasinilpotent at every point. We see now that this is just a corollary of 5.10.
The following example shows that a similar result for general topological vector spaces is
not valid, that is, 7(7") may be equal to zero without the other radii be equal to zero.

Example 5.12. A continuous operator with ri(T) = 0 but ry(T) = 1.(T) = rp0(T) =
rap(T) = 0o. Consider the space of all bounded real sequences ., = {x = (z1,29,...) :
sup |xg| < oo} with the topology of coordinate-wise convergence. This topology can be
generated by the family of coordinate seminorms {p,,}5°_, where p,,(z) = |z,,|. Let e
denote the k-th unit vector in /.

Define an operator T': o — log via T2 Y 07 ager, — > ooy %akek,l. Then
Tre, = (’“Z#ek_n if n < k and zero otherwise. Clearly T is continuous. In order to
show that r(7T") = 0 fix a positive real number v and x € {,. Then

m m

| < sup g - suplan| < oo
n n

(T"w) m
un m - (m+n)m+nyn xn-ﬁ-m

It follows from Lemma 4.4(i) that r,(T") = 0.
Now we show that 7,4 (7") = oo by presenting a bounded set A in /., such that the

sequence (%) in not uniformly bounded on A for every positive v. Let

A:{:UG&,O x, < (2n)" foralln}O}.

Then (2n)*"e, € A for each n > 0 and (Li=r(2n)>"e,), = @)™ 55 ynbounded. Then

pyn—1 1 nnyn
by Lemma 4.4(ii) we have r,,(7") = oo, and it follows from Proposition 4.3 that r.(T) =
Tn(T) = rp(T) = 0.
It is not difficult to show that ¢!(T") = {0}, while ¢*(T) = ¢™(T) = ¢™(T) = C.

Non-locally convex spaces. We proved the key Theorems 5.1-5.5 for locally convex
spaces, but they are still valid for locally pseudo-convex spaces. The local convexity of X
was used only once in the proof of Theorem 5.1, while Theorems 5.2—5.5 used Theorem 5.1.
Hence it would suffice to modify the proof of Theorem 5.1 in such a way that it would
work for locally pseudo-convex spaces instead of locally convex. Local convexity was used

in the proof of Theorem 5.1 to show that if &% € U for all n > ny and some ng € N,
then there exists my € N such that > " T/\Zf € U for all m,n > my. (Recall that T

is a linear operator, A,z € C such that 0 < |z] < 1 and Az > r(T), v € X, and U is
a basic neighborhood of zero.) If X is locally pseudo-convex, then we can assume that
U+ U C aU for some a > 0, so that (X,U) is a locally bounded space. Let ||-|| be the
Minkowski functional of U, then (see [14, pages 3 and 6]) for any z1,xs,..., 2, in X we
have

1 1
lo1 + -+ 2l < v ([P + - ll”) 7
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where 2» = a. Notice that | 5] < |2|™ for all n > ng. Since |z| < 1, then there exists
mg such that 7" |z| < I whenever n,m > mg. But then

m 1 m 1 . m 1
HZT/’\ <4;<ZHT>\_ZI p)p <4;<Z|Z|z‘p>p <1
i=n i=n i=n

so that Z T

The followmg example shows that Theorems 5.1-5.5 fail if we assume no convexity
conditions at all.

Example 5.13. An operator on a complete non locally pseudo-convex space, whose spec-
tral radii are 1, and whose Neumann series nevertheless diverges at A = 2. Let X be the
space of all measurable functions on [0, 1] with the topology of convergence in measure
(which is not pseudo-convex). We identify the endpoints 0 and 1 and consider the interval
as a circle. Fix an irrational o and define a linear operator T on X as the translation
by a, i.e., (Tf)(t) = f(t — «). It is easy to
every f € X if and only if v > 1. We conclude, therefore that r,(7") = 1. Moreover, since
the sets of the form W, 5 = {f eX :u(f>e)< 5} form a base of zero neighborhoods for
the topology of convergence in measure, and T'(W.s5) C W., it follows that r,, (7)) < 1.
Then by Proposition 4.3 we have r;(T") = ry(T) = r.(T) = rpn(T) = 1. Nevertheless, we
are going to construct a function h € X such that the Neumann series » Tth does not
converge in measure, which means that the conclusions of Theorems 5.1-5.5 do not hold
for this space

For each n = 1,2,3,... one can find a positive integer M, such that the intervals
[ka, ko + L] (mod 1) for k = 1,..., M, cover the circle. Let s, = > I, M;, and let h
be the step function taking value 25" on the interval (?, —] If s,,-1 < k < s, for some

positive integers n and k, then on [0, %] we have h > 25" > 2% so that 2% > 1 on [0, %],

and it follows that TQ—IZ}Z > 1 on [ka, ko + 1.
Now, given any positive integer N, we have N < s,_1 for some n. Then for each

k=s,1+1,...,s, we have T > 1 on the interval ko, ka + ] It follows that

Sn Sn M,

Z Tz—zh >1 on the set U [ka,ka + 1] = s, + U[k’a, ka+ 1] =10, 1],
k=sn_1+1 k=sn_1+1 k=1

. mn .
so that the series Y >~ L does not converge in measure.

Other approaches to spectral theory. There are different approaches to a spectral
theory of operators on topological vector spaces, e.g., [21] and [4]. For example, Allan [4]
defines the spectrum of an element z in a locally-convex algebra B as the set of all A € C
such that Ae — z is not invertible or the inverse is not bounded, where y € B is said to
be bounded if {c"y"}22, is a bounded set for some real ¢ > 0. In our terms, this means
that R, exists and has finite spectral radius. Allan’s spectrum is, therefore, bigger than
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ours. Allan defines the radius of boundedness of F(x), which in our terms is exactly the
spectral radius, and he shows that 3(x) is less than or equal to the geometric radius of his
spectrum. This result nicely complements our Theorems 5.1-5.5 where we showed that
a spectral radius is greater than or equal to the geometric radius of the corresponding
spectrum.

For example, if X is a locally-convex space then it can be easily verified that the collec-
tion of all continuous operators on X equipped with the topology of uniform convergence
on bounded sets is a locally convex algebra. For a base of convex neighborhoods of zero in
this algebra one can take the sets V, ,; of all continuous operators 1" such that T'(A) C U,
where A C X is bounded and U is a convex basic neighborhood of zero neighborhood in
X. Therefore, the result of Allan is applicable in the setup of Theorem 5.2.

6. NB-BOUNDED OPERATORS

Since nb-boundedness is the strongest of the boundedness conditions we have intro-
duced, it is natural to expect that stronger results can be obtained for nb-bounded oper-
ators.

6.1. The following argument is often useful when dealing with nb-bounded operators.
Suppose that X and Y are topological vector spaces and T: X — Y is nb-bounded.
Then T'(U) is a bounded set in Y for some basic neighborhood of zero U. We claim that
if Y is Hausdorff, then (), %U C NullT. Indeed, it suffices to show that if z € %U for
every n > 1 then Tx belongs to every zero neighborhood V of Y. But T(U) C oV for
some positive o (depending on V), and hence Tz € 2T(U) € 2V C V whenever n > a.

It follows that if T"is one-to-one, then U cannot contain any nontrivial linear subspaces.
In particular, if U is convex then the locally bounded space (X, U) is Hausdorff, hence
quasinormable. In this case T" is a continuous operator from (X, U) to Y, and, moreover,
if X =Y, then T is continuous as an operator from (X, U) to (X, U).

In fact, many “classical” topological vector spaces have the property that every zero
neighborhood contains a nontrivial linear subspace, e.g., topologies of pointwise or coor-
dinate-wise convergence, weak topologies. On the other hand, there exist spaces with
a base of zero neighborhoods which consists of neighborhoods not containing any non-
trivial linear subspaces. For example, let X be the space of all analytic functions on C
equipped with the topology of uniform convergence on compact subsets of C. The sets
Upe = {f € X : |f(2)] < e whenever |z] < n}, (n > 0 and ¢ > 0) form a base of
zero neighborhoods of this topology. It is easy to see that no U, . contains a non-trivial
linear subspace. Note that this topology is generated by the countable sequence of norms
£l = sup|z‘<n|f(z)|; clearly -]/, is the Minkowski functional of U, ;.

Theorem 6.2. If X is a complete locally convexr space then X is locally bounded if and
only if X admits an nb-bounded bijection.

Proof. 1f X is locally bounded then the identity map is an nb-bounded bijection. Suppose
that T" is an nb-bounded bijection on X. Then there exists a basic neighborhood of zero
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U such that T'(U) is bounded. Without loss of generality we may assume that U is closed.
Let A=T(U). Then A is convex, bounded, balanced, and absorbing. It follows that the
space (X, A) is locally convex and locally bounded, — denote it by X 4. Notice also that
the topology of X, is finer than the original topology on X because A is bounded. In
particular, X4 is Hausdorff.

We claim that X, is complete. Indeed, if (z,) is a Cauchy net in X4, then it is also
Cauchy in the original topology of X, which is complete, so that x, converges to some x.
Fix ¢ > 0. Then there exists o such that z, — 3 € €A whenever o, 3 > oy. Letting
[ — oo, since A is closed we have z, —x € €A, i.e., x, — x in X 4. Thus, X4 is complete,
hence Banach.

Since A is bounded, we can find m such that A C mU. Then T'(A) C T(mU) C mA, so
that 7" is bounded in X 4. Then 77! is also bounded in X 4 by the Open Mapping Theorem,
so that U = T71(T(U)) € T7*(A) C nA for some n > 0. Hence U is bounded. O

Proposition 6.3. LetT: X — Y be an nb-bounded operator between Hausdorff topological
vector spaces such that X is not locally bounded. If

(1) every zero neighborhood in X contains a non-trivial linear subspace, or
(ii) both X and Y are Fréchet spaces,

then T is not a bijection.

Proof. 1f every zero neighborhood of X contains a non-trivial linear subspace, then T
cannot be one-to-one by 6.1. Suppose now that X and Y are Fréchet and assume that T’
is a bijection. Let S: Y — X be the linear inverse of 7. The Open Mapping Theorem
implies that S is continuous and hence bb-bounded. It follows that the identity operator
of X is nb-bounded being the composition of the nb-bounded operator T" and the bb-
bounded operator S. But the identity operator is nb-bounded if and only if the space is
locally bounded, a contradiction. 0

Weak topologies. We are going to show that an operator which is nb-bounded relative
to a weak topology has to be of finite rank. In order to prove this we need the following
well-known lemma. For completeness we provide a simple proof of it.

Lemma 6.4. Let T be a linear operator on a vector space L, and let fi,..., f, be linear
functionals on L such that Tz = 0 whenever fi(x) =0 for everyi=1,...,n. Then T is
a finite rank operator of rank at most n.

Proof. Define a linear map « from L to R™ via w(z) = (fi(z),..., fu(x)). Then the
dimension of the range 7(L) is at most n. Define also a linear map ¢ from 7(L) to L
via o(m(x)) = Tx. It can be easily verified that ¢ is well-defined. Then the range of T
coincides with the range ¢(7(L)), which is of dimension at most n. O

Proposition 6.5. Let X be a locally convex space, and T an operator on X such that T
18 nb-bounded with respect to the weak topology of X. Then T is of finite rank.
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Proof. Suppose T" maps some weak zero neighborhood U = {x e X : |filo) <1,
i=1,... ,n}, (fi,---, fn € X'), to a weakly bounded set. Since the weak topology is
Hausdorff, it follows from 6.1 that () _, %U C kerT. In particular, Tx = 0 whenever

fi(x) =0 for every i =1,...,n. Then Lemma 6.4 implies that 7" is a finite rank operator.
O

Spectra and spectral radii of nb-bounded operators.

Proposition 6.6. If T is an nb-bounded operator on a topological vector space then
o?®(T) = o¢(T) = o™ (T) = o™ (T).

Proof. If X is locally bounded then the result is trivial by 3.3. Suppose that X is not
locally bounded. Then, in view of 3.2, it suffices to show that p®(T) C p™(T). Let
X € p?(T), so that Ry is bb-bounded. If A # 0, then it follows from Ry(A —T) = I that
Ry, = %R,\T + %I. Thus, R, is a sum of an nb-bounded operator and a multiple of the
identity operator, which yields A € p™(T). To finish the proof, we will show that if X is
not locally bounded then A = 0 always belongs to 0®*(T") and, therefore, to o¢(T'), c"*(T),
and o™ (T). Indeed, if the resolvent Ry = T~! were bb-bounded, then I = T~'T would
be nb-bounded, which is impossible in a non-locally bounded space, a contradiction. [

Proposition 6.7. If T is an nb-bounded operator on a topological vector space, then
Tbb(T> = Tc(T) = Trm(T> = Tnb(T)'

Proof. By Proposition 4.3 it suffices to show that ry,(7") > 7,4(7"). Since T" is nb-bounded,
then T'(U) is a bounded set for some zero neighborhood U. Let v > ry(7) and fix a
zero neighborhood V. Then vV is again a zero neighborhood. In particular, since the

sequence % converges to zero uniformly on bounded sets, we have %(T(U )) C vV for
all sufficiently large n. Then ZZ—E(U ) C V, so that % converges to zero uniformly on U.

Therefore v = r,,(T'), so that ry(T) = rup(T). O

6.8. In view of Propositions 6.6 and 6.7 we can write o(T) instead of o*(T), o*(T),
o™(T), and o™ (T) and r(T) instead of ry(T), re(T), raun(T), and r,,(T).

We have established in Theorems 5.1-5.5 that under certain conditions the spectral radii
of a linear operator are greater than or equal to the geometric radii of the corresponding
spectra. Of course we would like to know when the equalities hold. It is well known
that the equality |o(T')| = r(T") holds for every continuous operator on a Banach space.
Moreover, it was shown in [10] that this equality also holds for every continuous operator
on a quasi-Banach space (a complete quasinormed space). Further, by means of Proposi-
tion 4.7 the main result of [9] is equivalent to the following statement: 7(T) = |o(T)| for
every nb-bounded operator T" on a complete locally convexr space. Here we present a direct
proof of this. Our proof is a simplified version of the proof of [9].

Theorem 6.9. If T is an nb-bounded linear operator on a sequentially complete locally
convex space, then |o(T)| = r(T).
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Proof. Suppose T'(U) is bounded for some basic neighborhood of zero U. It follows from
Propositions 6.6, 6.7, and 4.3, and Theorem 5.5 that it suffices to show that ‘a”"(T)} >
rw(T). We are going to show that 7" induces a continuous operator T on some Banach
space such that a(f) C o™ (T) U {0} while r(f) > (7)), and then appeal to the fact
that the spectral radius of a continuous operator on a Banach space equals the geometric
radius of the spectrum.

Consider T as a continuous operator on the locally bounded space X, = (X,U). Then
oy (T) is defined by 3.3 and 7, (7") is defined by 4.5. We claim that r,(T") = 7,,(T"). To see
this, suppose 7, (T) < v. Then Z-(U) C U for all sufficiently large n. Let V be another

zero neighborhood, then T(U) C aV for some o > 0, so that L(U) = 2L () C
1T(U) C 2V for sufficiently large n. This implies that v > 7,,(T), and it follows that
ro(T) = r(T).

On the other hand, we claim that o,(T) C o™ (T'). Suppose X\ € p"(T). Then R,
is nn-bounded with respect to some base Ny of zero neighborhoods. We can assume
without loss of generality that U € N, so that Ry(U) C SU for some 3 > 0. It follows
that A € py (7).

Since U is convex, the space X, is, in fact, a seminormed space. We can assume
without loss of generality that it is a normed space, becaq\se otherwise we can consider the
quotient space X, /(NullT') and the quotient operator T on this quotient space instead
of T. Indeed, since ()~ %U C NullT by 6.1, we conclude that the quotient space

X, /(NullT) is Hausdorff. It follows then that X, /(NullT) is a normed space, and 7' is

norm bounded. The spectrum o, (T') becomes even smaller when we substitute 7’ with 7.
Indeed, suppose A € py (7). Then the resolvent R, exists in X, and is continuous. If
x € kerT, then z = Ry\(AM — Tz )\R,\:p so that R, leaves kerT invariant, and,
therefore, induces a quotient operator Ry on Xy /ker T via R,\([ ]) = [Raz]. Clearly, R,
is continuous: if [z,] — [z] in X /kerT then x, — 2z, — z in X, for some (z,)%%, in
ker T, so that [Razn] = [Ra(zn — 22)] — [Raz]. On the other hand, ry(T) > ry(T),

because if v > r,(T) then f—n([U]) C [U] for all sufficiently large n, Z-(U) C U + ker T,
and so 75::11 (U) C LT(U) C 2U for some a > 0. It follows that v > r,(T) and, therefore,

ro(T) = ry(T).

Finally, we consider the completion X, of Xy, and extend T' to a continuous linear
operator T on the completion. The spectrum of T is smaller that the spectrum of T,
because if A € p;(T) then the resolvent Ry can be extended by continuity to RA on X, and
R, is a continuous inverse to AI — T, so that A € p(T). On the other hand, 7(T) > r,(T)
because if v > r(T)) then %((7 ) C (7 for all sufficiently large n, which implies Z-(U) C U

since T is a restriction of 7" on X. O
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7. COMPACT OPERATORS

As with bounded operators, there is more than one way to define a compact operator
on an arbitrary topological vector space. A subset of a topological vector space is called
precompact if its closure is compact. Given a linear operator T' on a topological vector
space, T'is called Montel if it maps every bounded set into a precompact set and compact
if it maps some neighborhood into a precompact set. To be consistent, we should have
probably called these operators “b-compact” and “n-compact” respectively, but the names
“Montel” and “compact” are commonly accepted. Obviously, every compact operator is
Montel and nb-bounded (hence continuous); every Montel operator is bb-bounded.

7.1. If T is compact or Montel, then sequential completeness is not needed in Theo-
rems 5.1-5.5. Indeed, we used sequential completeness just once, namely, in the proof of
Theorem 5.1 to justify the convergence of the sequence R,z = iZ?:O TA“ But since
the sequence (Ry,x), is Cauchy and, therefore, bounded, the sequence (T'R) ,z), has a
convergent subsequence whenever T' is compact or Montel. Furthermore, it follows from

Rypi1x = %(I + TR )z that (Ry,z), has a convergent subsequence hence converges.

Let K be a compact operator on an arbitrary topological vector space, and let o(K)
and r(K) be as in 6.8. It was proved in [15] that ¢(K) = {0} implies r(K) = 0. In the
following theorem we use the technique of [15] to improve this result by showing that in
general r(K) < }U(K)|.

Theorem 7.2. If K is a compact operator on a Hausdorff topological vector space X,
then r(K) < |o(K)|.

Proof. Assume that |o(K)| < r(K). Without loss of generality (by scaling K) we can
assume that |o(K)| < 1 < r(K). Since K is compact, there is a basic neighborhood of

zero U such that K(U) is compact. Without loss of generality we can assume that U is

closed. In particular K(U) is bounded, so that K(U) C nU for some n > 0. We can
assume without loss of generality that n > 1. We define the following subsets of U:

Uy =KU)NU, U1 =KU,)NU (n=12,...), and Uy= (U,
n=1

Notice that U; is compact because K(U) is compact and U is closed. Also, if U, is
compact, then K (U,) is compact being the image of a compact set under a continuous
operator. Therefore, every U, for n > 1 is compact. Using induction, we can show
that the sequence (U,) is decreasing. Indeed, U; C U by definition, Uy = K(U;) N U C
KU)nU C Uy, and if U, C U,_1, then U,y1 = K(U,)NU C K(Up,_1)NU =U,. It
follows also that Uy is compact and contains zero.

Notice that K maps every balanced set to a balanced set. Since U is balanced, U, is
balanced for each n > 0. If A is a balanced subset of U, then obviously A C (nA)NU, and
when we apply the same reasoning to %K (A) instead of A (which is also a balanced subset
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of U), we get %K(A) C K(A)NU. We use this to show by induction that #K”(U) cu,
for every n > 1. Indeed, for n = 1 we have %}K(U) C K{U)nU C U,. Suppose
%K”(U) C U, for some n > 1. Then

LK™ (U) C LR (U,) € K(U) N U = Uy,

77n+1

which proves the induction step.

Next, we claim that there exists an open zero neighborhood V' and an increasing se-
quence of positive integers (n;) such that U, \ V' is nonempty for every j > 1. Assume for
the sake of contradiction that for every open zero neighborhood V' we have U,, C V for all
sufficiently large n. Since %U contains an open zero neighborhood, then there exists a pos-
itive integer N such that U,, C %U whenever n > N. This implies that Uy, = K™(Uy)
for all m > 0. Indeed, this holds trivially for m = 0. Suppose that Uy, = K™(Uy) for
some m > 0. Then Unymi1 = K(Unym) NU = K™ (Uy) NU, and this implies that
UNimir = K™ (Uy) because Uyt C %U. Now take any open zero neighborhood V,
then ,%NV is again a zero neighborhood, and by assumption there exists a positive integer

M such that U,, C nLNV whenever n > M. Let n > max{M, N}, then
V20U, = gV KN (Uy) 2 VK (R KN (U)) = K7(0),

which contradicts the hypothesis 7,,(K) = r(K) > 1.

It follows from U, \ V' # 0 for every j > 1 that U, \ V # 0 for all sufficiently large n
because U, is a decreasing sequence. Since U, \ V is a decreasing sequence of nonempty
compact sets, then Uy \ V = (._, (U, \ V) # 0, so that Uy # {0}.

For every n > 1 we have Uy C U,. It follows that K(Uy,) C K(U,) and, therefore,
K(Uy) C ;2 K(U,). Actually, the reverse inclusion also holds. To see this, let y €
No—, K(Uy,). Then y = Kx,, where z,, € U, C U;. Since U; is compact, the sequence
(z,) has a cluster point, i.e., z,, — 2 for some subsequence (z,;) and some z. Since K
is continuous we have y = Kx. On the other hand, since every U, is closed we have
x € Uy, so that x € (., Uyp, = Uy. Thus K(Up) = (,~, K(Uy).

Next, we claim that Uy C K(Up) C nUy. Indeed,

%:ﬁm:ﬁ%@@mmgﬁmmgzmm.

On the other hand, since U, are decreasing and n > 1, we have K(U,) C K(U,-1) C
nK(U,-1) and K(U,) € K(U) C nU, so that K(U,) C nK(U,_1) NnU = nU,. This
implies K(Uy) C K(U,) C nU, for every n. Thus K(Uy) C nU,.

Since K (U) is compact, hence bounded, then K(U) + K(U) is also bounded. Thus
there is a positive constant v such that K(U) + K(U) C vU. Without loss of generality
we can assume v > 2. It follows that

U+U,=KU)NU+KU)NU CKWU)+ K(U) CHU.
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We use induction to show that U, + U, C ~U,_;. Indeed, since AN B+ CnND C
(A+ C)N (B + D) for any four sets A, B, C, and D, then

Upsr + Upir = K(U,) NU, + K(U,) N U,
C [K(Uy) + K(Un)] N (Un+Uy) € K(Up+ Up) N (U + Uy)
- K(")/Un71> N P)/Unfl = V[K(Unfl) N Unfl} - ’)/Un

FinaHY7 UO + UO g ﬂzozl(Un + Un) g mZOZI /yUn - ’YUO

Next, consider the set F' = (J~ nU. This set is closed under multiplication by
a scalar, and Uy + Uy C U, implies that F' is a linear subspace of X. We consider
the locally bounded topological vector space (F,U) with multiples of Uy as the base of
zero neighborhoods. Since Uy is balanced by definition, this topology is linear, and it is
Hausdorff because Uy is compact. Also, it is finer than the topology on F' inherited from
X because Uy is compact and, therefore, bounded in X.

We claim that (F,Up) is complete. Indeed, if (z,,) is a Cauchy sequence in (F, Uy) then
there exists k > 0 such that x,, € kU, for each n > 0. Since U, is compact, the sequence
(z,) has a subsequence which converges to some x € kU in the topology of X. Moreover,
lim z,, = = because the sequence (z,) is Cauchy in X. Fix € > 0, then there exists ng

n—oo

such that x, — x,, € €Uy whenever n,m > ng. Let m — oo, since U is is closed we
have x,, — z € ely, i.e., , — z in (F,U). Thus, (F,Uy) is complete and, therefore,
quasi-Banach.

It follows from Uy C K(Uy) C nUy that F' is invariant under K and the restriction
K = K| is continuous. We claim that o(K) C o(K) U {0}. If A € p(K) and A # 0,
then (A — K) is a homeomorphism, so that (A — K)(U) is a closed zero neighborhood,
and al; C (M — K)(U) for some positive real o because U; is bounded. Further,
aK(U;)) C KM —K)(U) C (M — K)K(U). Therefore

aly C aK(Uy) Naly, € (M — K)K(U) N (M — K)(U),

and since Al — K is one-to-one we get alUy C (M — K)(K(U)NU) C (M — K)(Uy).
Similarly, we obtain aU,;; C (M — K)(U,,) for all n > 1, and then alUy C (A — K)(Uy).
This implies that the restriction of A\l — K to F' is onto, invertible, and the inverse is
continuous. Thus, A € p(K).

In particular this implies that |0([? )| < |o(K)| < 1. On the other hand, it follows
from Uy C K (Uy) that Uy C K™(Up) for all n > 0, so that K™ does not converge to zero
uniformly on Us, whence r(K) = ryy(K) > 1. This produces a contradiction because it
was proved in [10] that the spectral radius of a continuous operator on a quasi-Banach
space equals the radius of the spectrum. |

Corollary 7.3. If K is a compact operator on a locally convez (or pseudo-convezx) space,
then r(K) = |o(K)]|.
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8. CLOSED OPERATORS

In certain situations one has to deal with unbounded linear operators on Banach spaces.
For example, the generator of a strongly continuous operator semigroup is generally a
closed operator with dense domain (see e.g. [11, 6]). Throughout this section T will
be a closed operator on a Banach space X with domain D(T'). As usually, we define
DT ={x e D(T") : T"x € D(T)} and D = (.2, D(T™). In case when T is the
infinitesimal generator of an operator semigroup, D is dense in the range of the semigroup,
which is usually assumed to be all of X. The set D with the locally-convex topology 7
given by the sequence of norms |z, = Y_;_,||T%z|| is a Fréchet space. Clearly, D is
invariant under 7', and the restriction operator 7|p is continuous because z, 5 0in D
implies || Tz4/n < ||Zallns1 — 0 for each n.

We investigate the relation between the spectral properties of the original operator T’
on X and of the restriction T}p on D.? Recall that A € p(T) it RO\ T) = (M -T)™': X —
D(T) exists (it is automatically bounded by [11, Theorem 2.16.3]), and o(7") = C\ p(T).

Lemma 8.1. If A € p(T) then R(\;T)p is a bijection from D to D commuting with T
on D(T). Furthermore, for each n > 0 there is a constant C,, such that ||R(\;T)x||, <
Chl|z||n-1 for each x € D.

Proof. Tt can be easily verified that R(\;T) is a bijection from D(T™) onto D(T™*!) and,
therefore, the restriction R(A;T)|p is a bijection. Notice that since R(A\;T)(A —T)x = x
for each x € D(T) and (Al — T)R(\; T)x = x for each z € X, then

TR\, T)xr = AR\ T)x — x for each x € D(T') and
RA\T)Tx = AR(MNT)x —x for each z € X,
so that T and R(A;T) commute on D(T). It also follows that for each = € D we have
T°R\T)x = MNTRAT)x —Tx = NR(A\T)x — \x — T,
T°RNT)x = NTRNT)r — ATz — T = MR\, T)x — 2o — \Tx — TPz,

T*RNT)x = MNRNT)x — Ne7lo — N2Tg — oo = NTF 2 — TF g,
It follows that
IT*RON Tzl < AR Tl + Al + M2 T + -+ |75 |
for each x € D, so that

1R Tl = ZIIT’“ RAT)z| <

Pl RO Tl + proall2l] + g2 | Tl| + - + pol| T ],

3 Another approach to this question can be found in [22].
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where i, = 1+ |\ + -+ + |A*. Since [|[R(O\;T)x|| < ||[ROA;T)||||z| it follows that
IR Tz, < Co(llz|| + [Tz + -+ + [[T"*2]]) for some C,,, so that [|[R(X;T)z|, <
Col|z|ln-1- 0

Proposition 8.2. The inclusion p(T)) C p"(T\p) holds. Moreover, if D is dense in X
and T is the smallest closed extension of T\p, then p(T) = p"™(T|p).

Proof. Suppose that A € p(T') and consider the resolvent operator R(A\;7) on X. Then
|RA; Tzl < Cul|2||n-1 < Cyllz||, hence R(X;T)p is nn-bounded and A € p™*(T}p).

Suppose now that D is dense in X, T is the smallest closed extension of Tjp, and
A € p"(Tip). Then there exists an nn-bounded operator R(\;T|p): D — D such that
RN Tip)(M = T)x = (M —T)R(X; Tip)x = x for each € D. Then there is a constant
C > 0 such that ||R(X\;Tip)z| = [[R(A\;Tip)zllo < Cllz|lo = C||lz| for each € D. It
follows that R(A; Tp) can be extended to a bounded operator R on X. Fix x € X and pick
(x,,) in D such that x,, — . Then R(\; Tjp)z, — Rz and (A -=T)R(\; T\p)z, = ©, — .
Since AI — T is closed we have (A — T))Rx = z. It follows, in particular, that \I — T is
onto.

Since ||[(A] — T)z|| > &||«|| for each x € D, it follows that for every nonzero y € X the
pair (y,0) doesn’t belong to the closure of the graph of AI — Tjp. But the closure of the
graph of \I — Tjp is the graph of A —T because AI — T is the smallest closed extension
of \I — Tip. It follows that A\] — T is one-to-one, hence A € p(T). O

Suppose now that S is a bounded operator on X such that D is invariant under S and
STxr =TSx for each x € D. Then

1Szl m =Y IT*Sz|| < IS T ]| = [IS]| - || m:
k=0 k=0

so that ||S|pl|» < ||S]|. Moreover, if m < k then ||z, < ||#[/, so that the mixed seminorm
M (Sp) < [|S]|. It also follows from Proposition 4.6 that r,,(S|p) < r(S5).

Further, we claim that if R = R(\;T) for some A € p(T), then r,(Rp) < r(R).
Indeed, recursive application of Lemma 8.1 yields || R"z||, < M||R" *z|| for each x € D
and k > n, where M, = IT1¥_,C;. Tt follows that the mixed seminorm

m(Rip) = sup{HR”ka s x €D, ||z]|m < 1}

< sup{ M[|[R"*a|| + [|of] < 1} = M[|[R"™].
Therefore lim,, {/mui(RY,) < limy, {/[|R*|| = 7(T') for any m, k = 0. Now Proposition 4.6
yields 7 (R|p) < r(R).
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