MARTINGALES IN BANACH LATTICES, II
HAILEGEBRIEL E. GESSESSE AND VLADIMIR G. TROITSKY

ABSTRACT. This note is a follow-up to [Tro05]. We provide several sufficient conditions
for the space M of bounded martingale on a Banach lattice F' to be a Banach lattice
itself. We also present examples in which M is not a Banach lattice. It is shown that
if F'is a KB-space and the filtration is dense then F'is a projection band in M.

INTRODUCTION

This short note is a follow-up to [Tro05], where the second author introduced and
studied spaces of bounded martingales on Banach lattices. Let us briefly recall some
key definitions from [Tro05]. Throughout this paper, F' is a Banach lattice. By a
filtration on F we mean a sequence (F,) of positive contractive projections such that
E.E, = Eynm. A sequence (z,,) in F' is said to be a martingale (a submartingale)
relative to a filtration (E,) if E,z,, = x, (E,, > x,, respectively) whenever n < m.
A (sub)martingale X = (z,,) is bounded if it has finite martingale norm given by
|X|| = sup,||z,||. We write M = M (F,(E,)) for the space of all bounded martingale
on F relative to filtration (E,). It is easy to see that M is a Banach space. Also, M
can be ordered component-wise, i.e., (z,) < (y,) if z, < y, for every n. It is easy to see
that, under this order, M is an ordered Banach space and the norm is monotone, i.e.,
0 < X <Y implies | X|| < ||Y|- It was shown in [Tro05] that under certain conditions
on F' the space M is itself a Banach lattice. In Section 1 of this note, we slightly improve
some of these conditions. However, the question whether M is always a Banach lattice
was left unanswered in [Tro05]. In Section 2 of this note, we answer this question in the
negative by providing examples in which M is not a Banach lattice.

Section 3 is concerned with the case when F' is a KB-space. It was shown in [Tro05]
that in this case, M is a Banach lattice. It was also claimed in [Tro05] that in this case,
F' can be identified with a projection band in M. However, the proof of the latter claim
in [Tro05] contained a gap. In Section 3 of this note, we present a complete proof of the
assertion.
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1. WHEN 1S M A BANACH LATTICE?

We start by extending Lemmas 5 and 6 of [Tro05] to weakly convergent sequences.

The proofs are analogous.

Lemma 1. Let X = (z,) and Y = (y,) be two bounded submartingales.
(i) For a fized n, the sequence (E,(z, V ym))::n is increasing, norm bounded by
|1 X+ |Y]], and bounded below by x,, V yp,.
(ii) If, in addition, this sequence converges weakly to some (z,) for each n, then

Z = (zn) is a bounded martingale, and it is the least martingale satisfying X < Z
andY < Z.

Proof. (i) Let n < m, notice that E,(2,Vym) = (Entm)V(EnYm) = £,VYy,. Furthermore,

En(@mi1V Ymi1) = EnEp(@mi1 V Yms1) 2 En(En@mi1 V Enymi1) = En(Tm V ym)-
Finally,
| En(@m V ) || < 2 V gl < ||| + |yml|| < 1X]+ (Y]
(i) Suppose that w-lim,, (2, V ym) = 2, for each n, and set Z = (z,). First, observe

that Z is a martingale. Indeed, for k£ < n we have
Eyz, = E (\yn—_l)ch)Iol E,(x, V ym)) = \iVn—_l)lglol EvEy(xm V ym) = le—i}gl Ex(zm V Ym) = 2k
Furthermore, by properties of weak convergence, we have
2l < lim inf|| By (2 V ym) || < 1X]+ (V]

for every n, so that Z is bounded. Since E,(z,, V Ym) = x, V y, whenever m > n, we
have z, > x, Vy, for all n. Thus, Z > X and Z > Y. On the other hand, suppose that
7 = (Z,) is a martingale such that Z>Xand Z>Y. Then 2, > 2,V Y for all m, so
that Z, = E,Z, 2 En(Tn V yy) for all m > n. As w-lim,, E, (2 V Ym) = 25, this yields
Zn = Zn, SO thatZ}Z. O

Corollary 2. Suppose that w-lim,, E,|z,,| ezists for each n and for each martingale
(xn) in M. Then M is a Banach lattice with lattice operations given by (X VY), =
w-lim B, (2 V Ym), | X]|n = w-lim E,|z,,|, ete, for any X, Y € M with X = (z,) and
Y = (yn).
Proof. Let X, Y € M, put Z =X —Y, then Z € M. Write X = (x,), Y = (y,), and
Z = (z,). Then for n < m we have

2 2 2

En(xmvym> = +%En|zm|7
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which converges weakly as m — +oo by the hypothesis. Thus, by Lemma 1, X VY
is a bounded martingale. Hence, M is a vector lattice with lattice operation as in the
statement.

It remains to show that ||| X||| = || X for every X € M. Let Z = |X|. Write X = (z,,)
and Z = (z,). Then z, = w-lim,, E,|z,,| for every n. Let U = {f € Fr : [|f|| < 1}.
Then

(1) |2all = sup f(2,) = sup lim f(Ep|zml).

feu feu m—oo
Note that for every f € U we have f(E,|lzn]) < [[fIIIEll[lzm] < [ X], so that
IZ]| < ||X]|. On the other hand, for n < m we have |z,| = |E,xm| < Eu|zn,|, so
that f(Eylzm|) = f(|lza]). It follows from (1) that ||z,|| > |||zal|| = [lzal, hence
1Z] = (X1 m

It was shown in [Tro05] that if F' is a KB-space then M is a Banach lattice. We can

now prove the following stronger result.

Corollary 3. Suppose that every increasing norm bounded sequence in F converges
weakly. Then M is a Banach lattice. If XY € M with X = (z,) and Y = (y,)
then (X VYY), = w-lim E, (2, V Ynm).

Proposition 4. If E, is a band projection for every n then M is a Banach lattice with

coordinate-wise lattice operations.

Proof. Let X = (z,) € M. Then for every m > n we have E,|z,,| = |Enxm| = |2,]. The

conclusion now follows from Corollary 2. U

Theorem 5. If F' is order continuous, then the following statments are equivalent.

(i) M is a Banach lattice.
(ii) For each n, (En|zm|) =~ converges weakly for each (x,) € M.

(iii) For each n, (Ey|®m|)m converges in norm for each (x,) € M.

Proof. (i)=(ii) Suppose M is a Banach lattice and let X = (z,,) € M. Then |X| exists
in M, say, | X| = (y,) € M. It follows from |z,,| < y,, that 0 < Ey|zm| < Enym = Yn
whenever n < m. Thus, the sequence (En|xm|)::n is increasing and bounded above.
Since F' is order continuous, order interval in F' are weakly compact, see, e.g. [ABS85,
Theorem 12.9]. Hence (E,|z,,|) has a weakly convergent subsequence. It follows from
Lemma 1(i) that (E,|z,,|) is increasing, hence the entire sequence converges weakly.
(ii)=(iii) By Lemma 1(i), (E,|zym|),  is increasing, and every increasing weakly con-

vergent sequence is norm convergent (see, e.g., Proposition 1.4.1 of [MN91].
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(iii)=-(i) This is just a special case of Corollary 2. O

2. EXAMPLES WHEN M 1S NOT A BANACH LATTICE

Example 6. In this example we construct a filtration (E,) on ¢y such that M (co, (E,))
is not a Banach lattice.

As usually, an operator T' € L(cy) can be represented by an infinite matrix where the

j-column is T'e;. For n =0,1,2,..., put
o -
1
B 1/2 1/2
En = 12 1/2
1/2 1/2
1/2 1/2

with 2n ones in the upper-left corner. In other words,
E.e;=¢ i 1<2n, and FE,eqy_1 = FE,eq = %(egk,l +ey) when n<k.
Note that Ep hasno 1’s at all. It is easy to see that (F,,) is a dense filtration. Furthermore,

forn=20,1,2,..., put
r, = (—1,1,...,—1,1,0,...).

.

2
It is easy to see that (z,) is a bounded martingale relative to (F,). On the other hand,
Eolza| = (1,1,...,1,1,0,...).
2

Clearly, Fq|x,| diverges, so that M is not a Banach lattice by Theorem 5.

Example 7. This is another example where M is not a Banach lattice. For the definition

and properties of vector-valued L,-spaces we refer the reader to [DU77]. Suppose that X

is a Banach space, and let a sequence (a,, )%, in X be a tree, that is, a,, = %(agnﬂ +agn2)

for every n. Now define a sequence (z,,) in L1 ([0, 1], X) via

Lo = QoXJo,1];

T1 = a1X[p,1) T A2X[L 1

Tz = G3X[p,1) T GaX[i 2) T A5X[2 3) + A6X[2 1)
ete.

Then (z,,) is a martingale in the sense of [DU77] relative to the dyadic filtration of [0, 1].
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Now, suppose that X is a Banach lattice. Then Ll([O, 1],X) also is a Banach lat-
tice. Next, we define a sequence of projections on Ll([O, 1], X ) as follows. For f €
Ll([O, 1],X), we put

Eyf = (fol f)X[o 1]
E\f = 2[( 01/2 )X[o (f1/2 )X[%,u},
Baf = Al Axon + U Dy + (e D + U Dz

etc.

It is easy to see that (E,) is a filtration on L ([0,1], X), and () is a martingale in
Ly ([0, 1], X) relative to this filtration.
Now put X = ¢y and let F' = Ll([O, 1], co). Let (x) be defined as above with

al:(l,O,...), CLQZ(—].,O,...),
as =(1,1,0,...), as=(1,-1,0...), as=(-1,1,0,...), ag=(—1,-1,0,...),

etc. In other words, z,, = (r1,...,7,0,...), where r is the k-th Rademacher function.

Then ||z,|| = 1 for every n. However,

Eo\xn\ = (]l,...,]l,()...).
N——
n times

Again, Fy|z,| diverges, so that M is not a Banach lattice by Theorem 5.

3. How DOES F' SIT IN M?

Again, throughout this section we assume that F'is a Banach lattice, (E,) is a filtration
on F,and M = M(F, (E’n)) Moreover, we will assume that (E,) is dense, i.e., B,z — x
for every o € F. It was observed in Section 8 of [Tro05] that in this case a bounded
martingale (z,) converges iff it is fized, i.e., there exists x € F' such that z,, = E,x for
every n. Clearly, in this case we have x,, — .

Define ¢: F' — M via p(z) = (E,2)5%,. It is clear that ¢ is an isometry. We claim
that ¢ is a lattice homomorphism, so that F' is lattice isometric to a closed subspace
of M.

Indeed, take any x,y € F' and put z,, = E,x and y,, = E,y for all n. Since the lattice

operations are continuous, we have x,, V vy, — = V y. Hence, for every n we have

im E,(zmV Ym) = En( lim z,, V ym) = E,(zVy).

m—0o0
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It follows from Lemma 1 that ¢(x) V ¢(y) = ¢(z V y). Finally,
oz Ay) = —o((=2) V (-y)) = = (e(=2) V o(=y)) = o(z) Ap(y).

Lemma 8. Suppose that F is order continuous and M 1is a Banach lattice. Then M is

order complete. If, in addition, (E,) is dense, then ¢(F') is an ideal in M.

Proof. First, show that M is order complete. Suppose that 0 < X 1< X in M. Put
X = (2,) and X©@ = (2%). Then 0 < 2 1< 2, for every n. Since F is order
continuous, for every n there exists y, such that we have 2 — Yn. Put Y = (y,). Tt is
easy to see that Y is a martingale. It follows from 0 <Y < X that Y is bounded, hence
Y e M.

Now suppose that (£,,) is dense. Put My = ¢(F'). Then F is lattice isometric to M.
Show that M is an ideal in M. Suppose that 0 < X <Y for some X € M and Y € M,.
Put X = (z,) and Y = (y,,). Then 0 < z,, < y,, for every n and there exists y € F' such
that y, = E,y for all n. Fix ¢ > 0. It follows from y,, — y that there exists ny such that

llyn, — yll < € whenever n > ng. It follows that

|Tp — 2 A Y| = |20 AYn — 20 A Y| < |y — yl,

so that ||z, — z, A y|| < e. If follows from z, Ay € [0,y] that z,, € [0,y] + B. for all
n > ng. Therefore, (z,,) is almost order bounded. Hence, it converges by Corollary 19
of [Tro05]. Hence, X € M,. Now suppose that Y € My and X € M such that | X| < Y.
Then 0 < X+, X~ <Y, sothat XT, X~ € M, and, therefore, X € My. Thus, M, is an
ideal. U

Now we are ready to present a new proof of Proposition 16 of [Tro05].
Theorem 9. If F' is a KB-space and (E,,) is dense then p(F') is a projection band in M.

Proof. By Theorems 7 of [Tro05] and Lemma 8, M is an order complete Banach lattice.
Again, denote My = ¢(F). By Lemma 8, M, is an ideal in M. It is left to show that
My is a band because every band in an order complete lattice is a projection band by
Theorems 3.8 of [AB85].

To show that My is a band, suppose that 0 < X(® T X for some net (X(®) in M, and
some X € M. Put X = (z,) and X = (22). Let X® = ¢(z®) for some z(®) € F.
Clearly, ||#@| = ||X®@)| < || X]| for every a, hence the net (2(*)) is norm bounded.
Since F' is a KB-space, this net converges in norm to some y € F', see [AB85, p. 225]. It
follows also that z(® Ty in F. Put Y = ¢(y), Y = (y,). For every a we have z(® < y,
so that X(® <Y, hence X < Y. On the other hand, z(® — y implies lim, ol = yn for
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every n. Together with %(1@) < x, this implies y, < x,, so that Y < X. Thus, X =Y,
so that X € M. O
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