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Abstract. If in the classical Turing model the diffusion process (Brownian
motion) is replaced by a more general correlated random walk, then the
parameters describing spatial spread are the particle speeds and the rates of
change in direction. As in the Turing model, a spatially constant equilibrium
can become unstable if the different species have different turning rates and
different speeds. Furthermore, a Hopf bifurcation can be found if the repro-
duction rate of the activator is greater than its rate of change of direction, and
oscillating patterns are possible.
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1 Introduction

Reaction—diffusion equations

u, = DAu + f(u) (1)
model the interaction of particles moving in space, where u(t, x) =
(uy(t, x), . . ., u,(t, x)) is a vector of densities of n types of particles.

The reaction alone is described by the reaction equation
i=f(u, (2)

where f: R" — IR"is continuously differentiable. Spatial spread is governed by
the diffusion equation
u, = DAu .

The diffusion coefficient D = diag(d,, ..., d,) is a diagonal matrix with
non-negative entries d; =2 0,j =1, ..., n.

*This work was supported by the SFB 382 of the Deutsche Forschungsgemeinschaft.
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Reaction—diffusion equations have been studied both theoretically and in
connection with applications by numerous authors (see, in particular the
monographs by Henry [10], Rothe [20], Smoller [21], Temam [23] and
others).

A natural approach is to first study the pure reaction equation. If there is
a stable stationary solution one might guess that the reaction diffusion system
(1) has a stable equilibrium as well. As Turing [24] pointed out, this conjecture
is wrong even for linear systems. If different species have different diffusion
rates then pattern formation may occur.

Of course the deterministic system (1) is based on the assumption that the
particle number is large and the mean free path length is small. In the diffusion
equation it is assumed that the particle speed can be arbitrarily large. This
assumption may be appropriate in chemical reactions but in other contexts,
e.g. biological populations such as microorganisms or bacteria, the assump-
tion of finite speed is more appropriate. Consequently other models for
motion should be studied, e.g. correlated random walks. In this paper we
address the question of Turing instabilities, if the diffusion process is replaced
by correlated random walk.

Correlated random walks for a single species in one space dimension, and
the corresponding hyperbolic system, have been studied in detail by Taylor
[22], Goldstein [6] and Kac [13]; see also Zauderer [25]. Kac has found an
equivalence with the telegraph equation. In connection with problems of
reaction and spatial spread rather general systems (velocity jump processes)
have been studied by Othmer, Dunbar and Alt [17].

Dunbar and Othmer [2], and Dunbar [1] studied correlated random
walks in connection with branching random walk processes and McKean’s
probability of the most advanced particle. They derived semilinear hyperbolic
systems that describe this probability.

Holmes [12] considered a hyperbolic analog of Fisher’s equation [3]
which describes population growth and motion according to a correlated
random walk.

Hadeler [7, 8] defined several such problems and derived corresponding
reaction telegraph equations. He proved the existence of travelling front
solutions.

1.1 Correlated random walk

First we consider a correlated random walk of one species on the real axis. We
assume that particles with density u have constant speed y and constant
turning rate u. We split u = o + f into a particle density o of particles that
move to the right and a particle density f of particles that move to the left. The
correlated random walk is described by the following system,

o+ o = pu(f—a),

B — 9B = iz —P) . ©)
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The conservation laws o, + yo, = 0 and 5, — 75, = 0 describe particles mov-
ing with constant speed y to the right or left, respectively. The right hand side
of this system can be interpreted in terms of a birth—death process. An
o particle that moves to the right dies with rate p and is reborn as a particle
moving to the left.

The diffusion equation appears as a limiting case. Indeed, if we differenti-
ate the equations with respect to ¢ and x, eliminate the mixed derivatives o,
P and consider u = o + f3, then we get a telegraph equation u,, + 2uu, =
72u,, (Kac [13]). If we divide this equation by 2y and consider the formal limit
7, 1t — 00, limy?/2u = d < oo, we obtain the diffusion equation u, = d u,,.

In the correlated random walk model we have finite speed and finite
turning rates. In the limit of Brownian motion we have particles that move
very fast and turn very often. One can conjecture that the solutions of (3) are
close to solutions of the diffusion equation if u and y are large and y2/2u~d.
On the other hand one expects that (3) and the diffusion equation behave very
differently if y is large and u is small. Overall one will expect that correlated
random walk systems show a greater variety of phenomena than reaction
diffusion systems.

1.2 Correlated random walk with reaction

Now we consider the reaction diffusion equation for one species in one space
dimension
u, = duy, + f(u) 4

with a positive diffusion coefficient d.

Following [8] we distinguish several ways in which the reaction term
interacts with motion. Whereas in the transition of the ordinary differential
equation (2) to the reaction diffusion equation (4) the reaction term is not
affected, in the correlated random walk case, due to the partition according to
velocity, the nonlinearity can be split in various ways depending on the
following modeling assumptions.

(a) First we assume that reaction does not depend on the direction of
motion and we further assume that new particles choose either direction with
the same probability. Then the system reads

o+ e =pf—o)+5f(a+p,
Bi—Be=ul—p)+3f(c+p .

(b) If, however, we assume that the reaction is described by a birth—death
process u = f(u) = h(u) — ug(u), where h(u) is the reproduction term and g(u)
is the mortality, then in the first equation only particles that move to the right
will disappear. The model equations are then

o + 90 = (B — o)+ 2hx + B) —ogle+ p) .
Bi—7Bx = e — B) + 2 h(ee + ) — Bgle + B) .

(5)

(6)
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(c) If we assume that the direction of newborn particles is correlated to the
direction of mother particles we arrive at the following system

%+ yox = p(f — o) + (to + (L = )f)ym(x + ) —ag(o + f) ,
Be — vBx = p(oe — B) + (1 — e + tf)ym(x + B) — Pg( + f) .
Here the reproduction term is written as h(u) = um(u). The parameter t,

0 <7 £ 1, measures the correlation. The uncorrelated case corresponds to
7 =3, large values of T describe positive correlation.

(7)

We will call each of the systems (5), (6) and (7) a reaction random walk
equation. In the sequel we only investigate system (5), see also [8] for dis-
cussion of travelling front solutions for equations (5) and (6).

From the point of view of modeling physical processes the distinctions
make sense only if the reaction process and the motion process act on similar
time scales.

1.3 Neumann boundary conditions

We consider equation (4) on a compact interval [0, [] and we assume homo-
geneous Neumann boundary conditions, i.e.

U (t,0) = u,(t, 1) =0. 8)

The Neumann boundary condition describes reflection at the boundary x =0
and x = I. We define the corresponding boundary conditions for the hyper-
bolic system (5). As we have split the total amount of u into particles that move
to the right or left we must now assume that particles o arriving at x = [ are
reflected and thus turned into particles § and similarly at x = 0. Thus the
appropriate Neumann boundary condition for the reaction random walk
equation (5) reads

a(t, 0) = f(t, 0), B, ) =ualtl). )

If o and f satisfy (5) with boundary conditions (9) then the particle density
u = o + f and the net particle flow density v = o — f satisfy the equation

ut + VUx =f(u) > (10)
v+ yu, = —2uv ,

with boundary condition
v(t, 0 =v(t,1)=0. (11)

On the other hand, if (u, v) is a solution of (10), (11) then o:= (u + v)/2 and
f = (u — v)/2 satisfy (5), (9).

We assume that u and v are twice continuously differentiable solutions of
(10). We differentiate the first equation of (10) with respect to ¢, the second
equation with respect to x and eliminate the derivatives v, and v, to get
a reaction telegraph equation

Uy + 2u — W)ty = P uee + 20 f (W) . (12)
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The boundary condition (9) transforms as follows. Since v(t, 0) = 0 for all
t =2 0 also v(t,0) = 0 for all t = 0. From the second equation of (10) one gets
u,(t, 0) = 0, similarly for x = I. The transformed boundary condition is exactly
the Neumann condition (8)

ug(t,0) = udt, 1) = 0. (13)

For systems (6) and (7) the transition to a reaction telegraph equation is not
possible in general.

The correspondence of system (10) and equation (12) is as follows. We
assume that all solutions are twice continuously differentiable:

(a) If (u, v) is a solution of (10) then u is a solution of (12).

(b) Ifuis a solution of (12) there exists a one parameter family of functions
{vc}cer such that (u, v,) solves (10).

(c) If (u,v) solves (10) with Neumann boundary conditions (11) then
u satisfies (12) with boundary condition (13).

(d) If u is a solution of (12), (13) then there exists a function v such that
(u, v) is a solution of (10), (11) if and only if the following compatibility
condition for the initial data is satisfied

Jl (f(u(()’ X)) - ut(os x))dx = 0 .

2 Reaction random walk systems

Now we return to the reaction diffusion equation (1) for n species moving in
one space dimension x € R. Writing (1) in coordinates one has

th = dju]'xx +f}(u1, ey u,,) 5

where the subscriptj = 1, . . ., n numbers the species and the subscripts t and
x denote partial derivatives.
We split each particle density u; = o; + f§; into particle densities for left

and right moving particles and consider for each j =1, ..., n in analogy to
(5) the corresponding reaction random walk equation
oG+ = (B — o)+ 2fi0 + Bra o+ B) 14)
Bie + 7B = 10— ) + 5/ + By o o+ )

Each species has a speed y; > 0 and a turning rate p; > 0.
We introduce diagonal matrices

71 1
I'= , M= ,

vectors of the dependent variables

a=(oty,...,0)", b= ..., )"
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and a function f: R" - R"

f(u) z(fl(ula cees un): e 9f;1(u1: cees un))T B
to get the more transparent notation for (14)

a,+Ta,=M(b—a)+1if(a+b),

by —Tb,=M(a—b)+3f(a+b) . (15
This equation is called a reaction random walk system.
We introduce Neumann boundary conditions at [0, []
a(t, 0) = b(t, 0), b(t,l)=al(t, ). (16)

We can proceed as before to arrive at a reaction telegraph system. Introduce
u:=a+ b and v:= a — b as new dependent variables; then the system reads

g+ e =f(u) ,

v+ Tu,= —2Mv , (17)
with boundary conditions equivalent to (16)
v(t, 0 =v(,1)=0. (18)

If we differentiate the first equation of (17) with respect to ¢, the second
equation of (17) with respect to x and eliminate the derivatives v,, and v,, then
we arrive at the reaction telegraph system

Uy + M — f"())u, = Tup + 2M f () (19)

where f'(u)is the Jacobian of fat u. To consider the limit of Brownian motion
we multiply this equation by 2M)~?

QM) uy + (= 2M) W) u = 2M) T+ f () -

We let the speeds y; and the turning rates y; go to infinity in such a way that
the limits y7/(2p;) — d; exist. Define D = diag(d, . . . , d,). As a formal limit we
obtain the reaction diffusion equation (1).

2.1 Linear analysis

Let the reaction equation u = f(#) have a stationary state € R" and let
A= f'(ui) be the Jacobian of f at this point. Then there is a steady state for the
corresponding reaction random walk system (15) with Neumann boundary

conditions (16)
_ i
a(x), b(x)==,= | .
() 5(x) (2, 2)
In the u, v notation the equilibrium of (17) with boundary conditions (18) is

(t(x), o(x)) = (&, 0) .
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The linearisation of (17) with boundary condition (18) at this point is

u; + ', = Au

v, + IT'u, = —2Mv , (20)
with boundary condition

v(t,0)=v(t,1)=0. (21)

Using the Lumer—Phillips-Theorem (see Pazy [18]) one can show that (20)
with (21) defines an operator semigroup in (L*[0, []x L*[0, [])" ([11]). The
generator has a pure point spectrum. A similar result was pointed out by
Neves, Ribeiro and Lopes [16]. Thus the stability of the spatially constant
solution is determined by eigenvalues A of the corresponding eigenvalue
problem

u+Tv, = Au

A0+ Tu,= —2Mv , (22)

with boundary condition
v(0)=v()=0. (23)

If all eigenvalues of (22), (23) have negative real parts then the zero solution of
(20), (21) is stable. If there is an eigenvalue 4 with Re 4 > 0 then it is unstable.
We solve for the derivatives and put

R()= —T 'CM + i), S()=T""(4—al),

where [ is the identity. The eigenvalue problem assumes the form

u\" (0 R\ (u
(o) =(ser )C) o

with boundary condition
v0)=v()=0, (25)

where we used ’ for the spatial derivative.

Since we are interested in the possible existence of eigenvalues A with
ReZ =0 we can assume that Rel > max;—; 2{ —2u;}. Then R(2) is
regular. From (24) we have u'(x) = R(4) v(x), then the boundary condition (25)
for v is equivalent to the boundary condition

w0y =u'(l)=0. (26)

It is useful to consider the second derivative of (u, v)

w\"  (R(A)S(A) 0 u
<v> _< 0 S(i)R(i)) <u> @7

with boundary conditions (25) and (26). Here the equations for u and v are
separated, and one may write the solution of (24) as

u(x)\ _ 0 R(4) u(0)
<v(x)> = &Xp (" <S(i) 0 )) <v(0)> :
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We evaluate this solution at x = [, use the boundary conditions (25), write
down the exponential series and sort even and odd exponents. Then we arrive
at a nonlinear equation in 4

o0 12k+1 . )
det(é, ak+ i SHRE) S(A)) =0. 8)

Lemma 2.1 The complex number ). with ReA > max;—, . ,{—2u} is an
eigenvalue of (22), (23) if one of the following conditions is satisfied.

1. (24), (25) has a nontrivial solution,

2. (27), (25), (26) has a nontrivial solution,

3. Equation (28) is satisfied.

3 The Turing model

Some interesting effects of destabilization by diffusion occur in the classical
Turing model (Turing [24], Maginu [14], Murray [15])

Uy = Dytty e + fi(ug, us) (29)
Uy = Doy + fo(uy, us)
where u; and u, are densities of two species and D4, D, are the corresponding
diffusion rates. The functions f; and f, describe the reactions between these
species
Uy = fi(uy, uy) ,
. 30
Uy = fo(uy, uy) . G0
We consider homogeneous Neumann boundary conditions on the compact
interval [0, []
ulx(ta 0) = ulx(ts l) = u2x(t’ 0) = u2x(t> l) =0. (31)

Let (i, i,) be a steady state of (30). Then system (29) with boundary condi-
tions (31) has a spatially constant equilibrium at (i, (x), u»(x)) = (i1, t»).

Let
A= <a1 a2> _ <alfl(ﬁla 122) aZf\l(l’/ila 122)) (32)

az  dg 01 fo(tdy, 1) 0, fo(tdy, i)

be the Jacobian of ( f1,f>) at (iy, u,).

Under suitable assumptions on the parameters the spatially constant
equilibrium (ify, i,) of (29) can be destabilized by choosing different diffusion
rates Dy, D,. We assume

(H1) (dy, 1,) is a stable equilibrium of (30), i.e. a; + a4 < 0 and
aja, — azas > 0.

(H2) a, >0, a, <0,

and thus a,a; < 0. The choice of the signs in (H2) corresponds to the usual
activator inhibitor system (Murray [15], Gierer and Meinhardt [5]).
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Theorem 3.1 (Turing) Assume (H1) and (H2) are satisfied. The spatially
constant equilibrium is unstable if and only if

(@) /& - \/detA + \/ — a2a3’
Dl aq

041 0,1
(b) There exists a mode k € N such that \/71 <k< \/72 , where
T T

1
01’2 = —— <D1a4 + Dzal i (D1a4 — D2a1)2 + 4D1D2a2a3> (33)

Remarks:

1. Turing [24] found the effect of pattern formation, but he did not really
state a theorem in the above way. He modeled reacting morphogens which
diffuse in a ring of cells. His model is a special case of (29) with periodic
boundary conditions (Maginu [14]). The case with Neumann boundary
conditions is considered in Murray [15] and stability conditions are
derived. In Theorem 3.1 we use a form of the stability condition proposed by
Hadeler [9].

2. This Theorem is a result of a linear stability analysis. The linearization

Uy, = Dyuy o + aquy + azu;
Uz = Dytyry + aztiy + agis

(34)

of (29) at the spatially constant solution defines an operator semigroup in
appropriate function spaces (e.g. L*([0, []). With boundary condition (31) the
generator of (34) has pure point spectrum. Thus the stability of the spatially
constant equilibrium is determined by the eigenvalues of the corresponding

eigenvalue problem
/lul = Dlulxx + ajuq + asu, (35)
Auy = Doty + azuy + agu; ,

with boundary conditions (31).
The eigenvalues of (35) are discrete and correspond to modes k € IN in the
following way:

A is an eigenvalue of (35) if and only if for some k € N
k*m?
det(A — A — DO) =0, where 0 = N (36)

Since (36) defines a quadratic polynomial in A for each mode k € N there are
two eigenvalues A(k). The eigenfunctions are given by

(g:) (x) = (:) cos <k7” x> . (37)

Condition (b) of Theorem 3.1 characterizes the modes k € N such that at least
one of the corresponding eigenvalues A(k) given by (36) has positive real part.
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Condition (a) of Theorem 3.1 guarantees that 0; , € R.

3. To consider bifurcations one may vary the length of the interval [ or one
of the diffusion rates Dy, D,. We look for bifurcations by increasing D,, where
all remaining parameters are fixed.

For small D, condition (a) of Theorem 3.1 is not true. If D, increases such
that (a) is satisfied, there is an interval (\/OTI/n, JO?I/n) of possible modes
ke N. This interval grows with increasing D, and there is a first mode
ko which is contained in this interval. Then there exists an eigenvalue A(ko)
with positive real part and the constant solution becomes unstable. The
eigenfunction (37) of A(ko) dominates the shape of the solution. A cosine
pattern of mode k, appears.

4. Eigenvalues of the linearization (34) never cross the imaginary axis with
nonvanishing imaginary part. There is no Hopf bifurcation from the spatially
constant solution.

5. Remark 4 does not exclude the existence of oscillating spatial patterns
in general reaction diffusion systems, e.g. the Brusselator (Prigogine, Nicolis
[19]). In that situation the reaction equation shows oscillatory behavior for
appropriate parameters, i.e. (H1) and (H2) are not satisfied.

Furthermore secondary bifurcations may occur which lead to oscillating
patterns, independent of the conditions (H1) and (H2).

Now we perform the transition to correlated random walks. For each
j=1,2 split the particles into right and left moving particles u; = o; + f;.
Assume that each particle moves with a constant speed y; and changes
direction with rate u; j = 1, 2. Let

(U 4= 231 — B
wlay o) =)

710 110
I'= R M:= . 38
<0 ”/2) (0 ,U2> (38)

Then the reaction random walk system corresponding to (29) with boundary
conditions (31) is given by (15) with Neumann boundary conditions (16).

4 Linear analysis of the random walk Turing model

For linear analysis we use the characterization 2. of Lemma 2.1 for 4 to be an
eigenvalue. The matrices occurring in (27) are

1
——Qui + ) 0
R =| ™ | :
0 — S Qup + )
V2
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1 a
—(ar =) —
sm=" )
= — (a5 — 4)
V2 V2

With the notation

1 . 1
ki = @A+ 2u)(ar —4), K3 =54+ 2u)a—4),
Y1 Y2

1 . 1
my =— (4 +2uy) , my =—(A+2u,) , (39)
71 V2
. 43 ~ 43
a, =—, as =— .
Y1 V2
we have
_ — Ky — 52m1 n — Ky — dZmZ
R(A)S(A) = < —Gamy — 1 > , SAH RN = < — Gy — 5 > .

In system (27) as well as in the boundary conditions (25), (26) u and v separate.
We investigate the equations for u alone and determine conditions on 4 such
that a nontrivial solution of (27) exists. Then we consider the equations for
v and compare the solvability condition to the first case.

4.1 Equation for u

The equation for u in (27) is
M’ll _ — Ky — dzml U, (40)
u> — d3my, — Ky U

with boundary condition (26)

u1(0) = ui(l) = uz(0) = u3() =0, (41)

and «q, K5, my, My, d,, ds as in (39). Let the matrix in (40) be called B.
To solve (40) we calculate the eigenvalues and the corresponding eigen-
vectors of B. The eigenvalues are

Ky + K 1
Pra=— 5 57, (42)

with discriminant
9 = (Kl — K2)2 + 4&2&3”’11}’”2 .

It is convenient to write the corresponding eigenvectors in the form

) )
! %(M—Kz)‘f‘%\/é ’ g %(M—Kz)—%\/é ’
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If 2 + 0 then the two eigenvectors &4, &, are linearly independent.
The discriminant is, in explicit form,

g = <l2 (44 2u)(ay — 4) — % (A 4 2u5) (ay — A))z

V1

4
+ 228 4 2 + 2)
V172

In Sect. 2.1 we assumed Re 2 > max{ — 2u;, — 2u,}, hence Z + 0 and &, &,
are linearly independent.
Under this assumption the general solution of (40) is

u /_x - /_x X - X\ £
<M1> () = (&Y P 4 e VI E + (naev P> 4 e Vp2 )E2
2

and its first derivative is

<Zi><x) = (017 = 026 TVPEL + (030 — oue VPG, (43)
2

with 01 = nl\/lTl, 0y = ’72\/}771, 03 = MN3\/P2> 04 = N4/ D2-

Substituting (43) into the boundary conditions (41), we obtain the linear
system for (04, 65, 03, 04):

u1(0)=0: (61 — 02)(— dymy) + (03 — 04)( — dymy) =0

01— 0,+03—0,=0
(1) = 0: (616VP! — a6 VP (= domy) + (03672 — g6 VP (— domy) = 0
(0167 — 5,6 VPl 4 (03eV7 — gue VP = 0
u(0) =0: (07 — 02) (G () — K2) + 3 \/é) (03— 04) (k1 —12) —3/2)=0
(1) = 0: (0:eV"! — gpe VP (3 (e, — 12) + 5 /2)
(03eV7! —oue P (k) — 12) +3/2) =0 (44)
To get a more comprehensible view, we define the quantities

F=%K — K), SZ%\/é.

Then the determinant of the linear system (44) is

1 —1 1 —1
det e\/p_ll — ei\/p_ll eV/p_Zl — ei\/p—Zl
r+s —(r+ys) r—s —(r—y)

r+s)evnt  —(r4se Vr (r—s)evrt  —(r—s)e VP!
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1 —1 1 —1
e\/?ll — e_\/1711 e\/?Zl — e_\/ITzl
=t g 0 —2s 2
0 0 — 2sevPl 2ge VPR
1 —1 —2s 2s
= det <e\/p*1, _ e_\/‘T"> det( _ 256\/;2[ 2SC_\/721> (45)

To get the first equality add — (r + s) times the 1st row to the 3rd and
— (r + s) times the 2nd row to the 4th.

System (44) has a nontrivial solution for (¢4, 05, 63, 64) if the determinant
(45) is zero. Since s =+ 0, this is equivalent to

—e Yl _oVnl op eVl eVl
M VPl =1, or eWri=1
<3keZ: 2/pil = 2kni, or 2./p,l = 2kni (46)
1 1 k*n?
<3JkeNN: —§(K1+K2)+§\/§: —T;T, or
1 1 k*m?
_E(Kl +K2)—§\/§ =g
2k2 2\2
<:>E|k EN: (KI — K2)2 + 452&3"’!1"’12 = <K1 + Ky — l—2n>
k?*m? k*m*
<JkeN: —di K, + 4drdsmm, + 4(k; + K,) ek 41—4 =0 (47

The terms of this equation contain A in several ways, see (39). We recall the
terms for the trace and determinant and for k € N we introduce 0
k2n?
T= —(a; + as), 0 = ajas — axas, 0= Nz
After some calculations we get a statement equivalent to (47).

Lemms 4.1 For given /. with Re 4 > max( — 2uy, — 2u,) the system (44) has
a nontrivial solution if and only if there is a k€ N, and thus a 0, such that
F(2) =0, where

F(A)=A*+ F3> + F,A> + Fil+ F,,
with
Fo =40 pup, — 20003114, + yiusaq) + y1v360°
Fy=20(uy + p2) + 4t pgpn — 0[y3(ay — 2u0) + 7i(as — 212)7 ,
Fy =0+ 2 + pa)t +dpapts + (7 +93)0
Fz=2(p + )+t .

(48)
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If / satisfies F(4) = O then the coefficients o4, . . ., a4, 1€Sp. 11, . . . , 4 can be
determined as follows.

From the 1Ist and the 3rd equation of (44) it directly follows that o; = g,
and 03 = 0y.

From (46) it follows that kzi/l = \/p; or kni/l = \/pa.
In the case kmni/l = \/pi a solution is given by 1y =15, 73 = 0,14, = 0:

< ><x> =y ey =T o <"—” x> .

Uy
Uy 2 l
If kni/l = \/ P, then the solution is

u kn
<u:> (x) = n—; cos <l x> &,
In general we have

Lemma 4.2 Let k and A satisfy F(1) = 0 then

()= (67
Uy Cs )

is a solution of (40). The quotient c/c, depends on J.

4.2 Equation for v

We recall (27) and consider the system for v
vy _ — K1 — dymy \ [0y (49)
U’z’ — d3m1 — Ky Uy ’

with boundary condition (25)

v1(0) = 02(0) = v1 () = v2(1) = 0.

Let the matrix in (49) be called C. The eigenvalues and eigenvectors of C are as
follows (again & is the discriminant (42)).

Ky + K 1
di1,2 = — 12 Zii\/§=l71,2,

¢ _< — dym; > ¢ _< — dm; >
T - k) +32) T Gk — k) —32)
The general solution of (49) is
U - hx kx - X
<vl>(X) = (1€Y1 + e VIR ) (3eV I 4 g VRN,
2

Now we introduce o; =1,0, = — 1,03 = 43,04 = — 14, evaluate the
boundary conditions and compare with the result for the u—equation (43), (44).
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We get exactly the same results as before (44)-(46) and straightforwardly we
get the same condition for existence of an eigenvalue F(4) = 0.
The corresponding solution is

U1 Cq . kn
(x) = sin{ —x | .
v, Csy )
We summarize the above observations in a theorem.

Theorem 4.3 1 is an eigenvalue of the linearization (20), (21) if and only if there is
a mode k € N such that F(1) = 0, where

F(A)=2*4+F3 >+ F, > + FlA+ Fy,

with coefficients as in (48).
The corresponding eigenfunction is of the type

kn kn
uy(x) =cycos <T x>, U,(x) = ¢, cos <T x> ,
v1(x) = c38in <k_ln x>, U5(Xx) = ¢4 sin <k_ln x) .

For each mode k € N there are four eigenvalues A(k) of the linearization (20),
(21), given by the roots of F(A).

(50)

5 Discussion of the characteristic equation
5.1 Stability domain

We are interested in situations where the uniform stationary state changes its
stability. A bifurcation can occur if roots of F(4) cross the imaginary axis. The
roots of the polynomial

FA)=)*+F3* + F, >+ F{ A+ F,

have all negative real parts if and only if the Routh—Hurwitz criterion is
satisfied (Gantmacher [4]).

A1:F3>0,
A2=F2F3—F1>O:

) (51)
Ay = (FyF3 —Fy)Fy —F3F; >0,
A4 = FO A3 > 0 .
One immediately sees that these conditions are equivalent to
Fo>0, F; >0, F,>0, F;>0,
(52)

F,F,Fs—F2F,—F2>0.
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A =

Stability domain

Fig 1. Stability domain

All these expressions are polynomials of maximal degree 2 in the variable 0.
The condition (51) or (52) describes the stability domain. If we start from
within the stability domain and vary the parameters we will eventually leave
this domain. Then at least one of these conditions is violated. Therefore one
should consider the change of only one single inequality in that region,
whereas the other inequalities remain satisfied.

Since 7 and ¢ are positive (H1), (H2)) F, and F5 are positive for all positive
0. Hence we can describe the stability domain by the following inequalities:

(a) Fo >0,

(b) Fy >0,

() Ay =F,F;—F{ >0,

(d) Ay =(F,F3—F)F, —F3F,>0.
In Fig. 1 we show the stability domain for fixed F,, F5 in an (Fy, Fo)-plane.

The conditions (b) and (c) are redundant. Indeed, assuming that (a) and (d)
are satisfied, it follows that (F,F3; — F{) F; > 0. Since F, and F; are positive,
the factors F,F; — F, and F, are not simultaneously negative. Thus they are
both positive.

The stability domain is determined by conditions (a) and (d), and the
boundary of the stability domain is given by

(a) Fp=0and 0 £ F; £ F,F; at the F,—axis, and

(b) Fo >0 and F, = (F,F; — F,)F,/F3 at the parabolic arc.
In the next lemma we show that this boundary consists of bifurcation points.

Lemma 5.1. 1. If Fo=0and 0 < F; < F,F5 then F(/) has a root at A = 0.
2. If Fy>0and Fo = (F,F3 — F,)F{/F3 then F(J) has a root J. = iv + 0.

PrOOf. 1 FOZO:>F(/AL):/1(A3+F3)LZ+F2/1+F1)
2. Since F,,F3>0 and (F,F;— F,)F, = FoF5;>0 it follows that
F,>0.
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We show that A = iv with v> = F,/F is a purely imaginary root of F(A).
F(iv) =v* —v?F, + Fo + iv(F; — v*F3)

1

=FF1(F1—F2F3)+F0
3

=0. O

5.2 Stability conditions

Now we keep all parameters fixed, assume (H1) and (H2) and discuss stability
in terms of 6. Here we ignore the fact that 0 attains discrete values
k*I*/n?, k € N only and treat 0 as a nonnegative continuous parameter. We
recall the conditions (a) and (d).

The stability conditions are

(S1) Fo(0) = 40up> — 20(p3p1a1 + ipsaq) + yip30” >0,
(S2) As(0) = qo + q10 + g,0*> > 0, with
42 =201 — 73 (a1 — 2p1) (ag — 2u15),
q1 = 2F3(y3may + yipaas) + F3(7 +93) (20(uy + pa) + 4t o)
= W2t(u1 + p2) F3 + Qs + p2) — 0 (4pape — 9)1,
qo = 2(u1 + ) T + 4 n)® + 20y + p12) (6 + 4pty o) T + 4Tty
+ 40y — 1)1,

with W= 93(a; — 2u1) + yi(as — 2u5) and F3 = 2(u; + po) + 7.
From assumption (H1) it follows that ¢, is positive.
We check successively the conditions (S1) and (S2):

(S1) Since we are interested in the sign of F, we consider G(0) = Fo(0)/(dp11t2)
and identify d; = y7/(2w;),j = 1, 2. The stability condition is

G(e) = 92d1d2 - Q(dzal + d1a4) + 5 > 0 .

Let T =d,a, +d,a, then the roots of G(0) are 0, , = (2d,d,)*
(T + /T2 — 4d,dyd).

(a) If T < 0 then there is no positive root of G and G(6) > 0 for all 6 = 0.
(b) f T=0and T? — 4d,d,6 < 0 then there are no real roots and again
G(0) > 0 for all 0 = 0.
(¢ f T>0and T? —4d,d,6 >0 then G(0) < 0 for all 0 e (04, 0,).
We write these conditions in terms of the original model parameters.



66 T. Hillen

Lemma 5.2 (violation of (S1)) There exists an interval of 0 such that condition
(S1) is violated if and only if

73 2 O+ — aas
T2 VOT N T ds (53)
2u Y7 a

The maximal interval is given by [0, 0,], where

0,,= (daay + dyag + \/(dra; — dyag)? + 4dydrazas),  (54)

2d d,
with d; = y3/2p;,j = 1,2.

(S2) A;(0) is a quadratic polynomial in 6. We know A;3(0) = go > 0. The
shape of A3(0) depends on the sign of the leading coefficient ¢,.
(a) If g, < 0 then there is exactly one 05 > 0 such that A3(03) =0 and
(S2) is violated for all 6 > 0.
(b) Assume g, = 0.

Lemma 5.3 If g, =0 then q; = 0.

Proof. First assume that y; # y,. Then ¢, = 0<pu; = a,/2.
We introduce new notations and recall old notations.

0 = a,a4 — axas, T= —da; —dyg, m = 4, o, s =2y + wa),

L =y3ua; + yiuady, W =p3(a; — 2u1) + 3(as — 2p5)

with J,7,m, s >0 and W > 0 since u; = a,/2. L can be of either sign. Then
q: as a function of 7 is

q1(1) =2L(s + 7)* + (31 + 73) (s + D) (05 + Tm)
—Wlrs(s + 1)+ (s —)m—0)] .
We show (I) ¢,(0) > 0 and (IT) dg,(z)/dz > O.
(I) Let T = 0. We sort the terms of y? and y3 ¢, (0) = s(yig; + 739,), with
g1 = Q21 — ar)(0 + 43)
g2 =z + ay) (0 + 4ui) ,

where we used a; = — ay (t = 0).
Since u; = a,/2 we have g; =0 and g, > 0, hence ¢,(0) > 0.
(I) dgqy(v)/dt = 91 fi + 73 f2, With

J1 =4usa4(s + 1) + 65 + 2tm + sm

—(ag —2up) [s(s + 1) + 75 —m + 9]
f2 =4 a,(s + 1) + 05 + 2tm + sm

—(ay — 2uy)[s(s + 1) + 5 —m + J].
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Itis easy to check that df; /dt > 0,df;/ddé > Oand fi]|.=¢.5=0 > 0, hence f; > 0.
Since py; = aq/2 it follows that f, > 0.
Since ¢, >0 for all parameter configurations satisfying y; + 7, and
Uy = aq/2, by a continuity argument, g; = 0 for y; = 7y,. O

If g, =0 then Aj(0) is linear with slope ¢g; = 0. Since A3(0) =g, > 0,
condition (S2) is satisfied for all § = 0.

If g, > 0 then g, = 0 (Lemma 5.3) and there are no positive roots of A 3(6).
Hence condition (S2) is satisfied for all § = 0.

We summarize these observations

Lemma 5.4 (violation of (S2)) 1. ¢, is negative if and only if v, * v, and
Uy < aq/2. Then for all 0 = 05 condition (S2) is violated, where 05 = ( — q; —

Va7 — 44290)/2q,) > 0.

2. If q; = 0 then condition (S2) is always satisfied.

Remember that 0 = k?I?/n? attains discrete values corresponding to the
modes k € N. Instability of the constant solution in this context means that
there is a mode k € N such that 0 = k*I?/n* violates one of the conditions
(S1), (S2).

Theorem 5.5 (instability) Assume (H1) and (H2). The spatially constant solu-
tion of (15), (16) is linear unstable if and only if one of the following conditions is

satisfied
() ﬁ% >\/5+V — 245
2p, V% ag
and there exists a mode k € N such that \/0,l/n < k < /0,l/m, with 0, 0, as in
(54).
(i) uy < aq/2 and yy % v,. All modes k € N with k > \/0_3l/7r, with 05 as in
Lemma 5.4, are unstable.

Remarks.

1. With the identification D; = d; = y}/(2w;), j = 1,2 condition (i) of this
theorem coincides with the classical situation (Theorem 3.1). Moreover, in this
situation the random walk Turing system (15) with Neumann boundary condi-
tions produces the same unstable modes k as the well known Turing model (29).
It is remarkable that the instability depends on the quotients D; only.

2. The condition (ij) has no analogue in the classical situation. This
condition means that the rate of reversing direction 2y, is smaller than the
linearized reproduction rate a, of the activator.

5.3 Bifurcations

Now we consider bifurcations. We choose a parameter set (4, t1, 72, {5) in the
stability region, i.e. such that the conditions (S1) and (S2) are satisfied, and
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vary some parameters. Except for degenerate situations there are two
qualitatively different ways to leave the stability domain (see Fig 1).

(a) The first is to satisfy condition (i) of Theorem 5.5, i.e. to cross the
Fi-axis (see Fig 1). An eigenvalue crosses the imaginary axis at A =0
(Lemma 5.1). As in the classical Turing model (Theorem 3.1, Remark 3) the
spatial constant equilibrium loses its stability if there is a mode ky, € N with
0o = k3n?/I%, 0, € (04, 0,). An eigenvalue of the linearization (20), (21) has
Re 42 > 0 and the corresponding eigenfunction is given by (50) (Theorem 4.3).
A cosine pattern of mode k, for (uy, u,) and a sine pattern of this mode for
(vy, v,) establishes itself.

(b) A second way to destabilize the spatially constant solution is to satisfy
condition (ii) of Theorem 5.5, i.e. to cross the parabola A; =0 in Fig 1. An
eigenvalue crosses the imaginary axis at 4 =iv, v + 0 (Lemma 5.1) and we
observe a Hopf bifurcation. There are infinitely many modes k > \/0731/71, with
05 given in Lemma 5.4. The remaining patterns are oscillating Fourier series of
these modes.

In this case a rigorous nonlinear analysis is necessary to figure out the
dominating modes and the stable oscillating states.

This effect does not occur in the classical Turing model (Theorem 3.1,
Remark 4).

5.4 Conclusions

In this paper we have investigated the effects of introducing finite particle
speeds into reaction diffusion mechanisms of morphogenesis, e.g. the Turing
model.

It turns out (Theorem 5.5) that the effect of finite speeds is negligible if the
turning rate of the activator is sufficiently large, i.e. u; > ay/2, since both
systems, the classical Turing model (29) and the random walk Turing model
(15), produce the same instabilities.

If py <ay/2 there is a qualitative difference between these models.
One observes a Hopf bifurcation for (15), which is excluded for solutions
of (29).

What happens becomes clearer if one considers the linearization of the
telegraph equation (19) corresponding to the random walk system (15).
Remember that u = (uy, u,) is a two component vector and the matrices A, M
and I' are defined in (32) and (38).

In the linear situation one can assume that u, = 0, and assume that the
activator does not produce any inhibitor (i.e. a3 = 0), then u, satisfies

Ui+ Quy — ar) g, = Yl + 2uia5u; (55)
(@) If uy > ay/2 equation (55) is a wave equation with damping term

(2uy — aq) > 0. Moreover if u; is large then the u;—term dominates the
uy—term (see above) and the equation (55) has diffusion character.
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(b) If the damping term is zero (i.e. u; = a;/2), then (55) is a undamped
wave equation and has wave character.

(c) If 2u; — ay < 0 then the damping is negative and is enhancing. Oscil-
lating behavior can result.

In other words, one can say that in the situation (ii) of Theorem 5.5 the
random walk system has more wave character than diffusion character. Thus
it is not surprising that oscillations occur.

The analogous term (2u, — a,) for the inhibitor is always positive, since we
assumed in (H2) that a4 < 0. If this condition is removed (e.g. Brusselator
models), we expect additional effects for u, < a,/2 (e.g. oscillations or
turbulence).

6 Simulations

In simulations we compare the stationary patterns in the situation of
Theorem 5.5(1) with the corresponding patterns for the classical reaction
diffusion Turing model (29). We choose a cubic nonlinearity often used in
biological applications (e.g. Maginu [14])

filug, up) = —ui + aguy — uy
Salug, up) = uy —u,

with a; = 0.6. The constant solution (uy, u,) = (0, 0) is a stable equilibrium of
the reaction equation (2).

We have a;=06,a,= —1l,a3=1,a,= — 1,6 =04, and 7=04,
hence the hypotheses (H1) and (H2) are satisfied.

For numerical simulations of the correlated random walk (3) we use a grid
with time steps & > 0 and space discretisation p > 0 such that y = p/h. Then
an approximation to the correlated random walk equation (3) is given by

ut((n+ 1) h,x) = pu™(nh,x — p) + qu” (nh, x — p)

u=((n+ 1) h, x) = pu~(nh,x + p) + qu*(nh, x + p), (56)

with the probability of changing the direction g:= uh and the probability of
keeping the direction p = 1 — g (see Goldstein [6]).
The initial data are

005 ifI2Zx<1/2+yh,
0 otherwise ,

u(0, x)={

u2(05 X) = 09 Ul(oa x) = Oa U2(0> X) =0.

In Fig. 2 we show the time evolution of the activator density u, in a situation,
where condition (i) of Theorem 5.5 is satisfied. The corresponding diffusion
rates Dy = 0.0625 and D, = 4 lead to unstable modes k € {1, 2, 3}.

We have shown in Theorem 5.5 that the stability of the mode k depends
only on the ratios D; = 77/(2u;), j = 1, 2, but not on the model parameters
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L1, 71, Ha, V2 Separately. As we see in the next figure (Fig. 3) the shape of the
resulting pattern depends on all four parameter values (uy, 71, 42, ¥2)-

The curves (a), (b) and (c) in Fig. 3 show the activator density u; at a time
t = 40. In (b) we have chosen the same parameter configurations as in Fig. 2,
whereas in (c) we increased the turning rate u; by a factor 16 and the speed
y1 by a factor 4 such that again D; = 0.0625. In (a) we show the resulting
pattern for the classical Turing model, where we used a standard discretisation
routine for reaction diffusion systems. The modes of the patterns are the same
but the shapes are different. Observe the plateau at the maximum level for the
activator density in (c). In this case the activator is very fast and turns very
often, thus maintaining near the maximum level but not affecting the pattern
structure.
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