
SIAM J. APPL. MATH. c© 2009 Society for Industrial and Applied Mathematics
Vol. 70, No. 4, pp. 1364–1388

THE EFFECT OF WIND ON THE PROPAGATION OF AN
IDEALIZED FOREST FIRE∗

PETRO BABAK† , ANNE BOURLIOUX‡ , AND THOMAS HILLEN†

Abstract. A reaction-diffusion model for the propagation of an idealized forest fire is revisited
to include the effect of wind on the speed of propagation. We study the existence of one-dimensional
travelling wave solutions. When the wind velocity is zero or when the wind blows from the burning
region, the existence and uniqueness of the travelling wave is proved. In the case when the wind
blows into the burning region, we show that there exist at least two travelling wave solutions for
small wind speed, and there are no travelling wave solutions for large wind speed. The analysis
relies on comparison principles whereby the questions of existence and uniqueness are addressed via
the construction of appropriate lower and upper solutions for the travelling waves. The theoretical
results are supplemented with numerical examples for each case of wind velocity. To show the nature
of the travelling wave solutions, their stability is examined using numerical analysis.
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1. Introduction. In this paper we use continuum equations for wildland fire
spread to study the effect of wind on the propagation speed of the fire front. A
comprehensive understanding of the wind-flame interaction is one of the major chal-
lenges in the prediction of wildland fire propagation [11, 12, 16, 20, 21]. Current
mathematical research on the interaction of fire and wind includes discrete computer
models, cellular automata, front tracking models, and continuum models. There are
several advantages and disadvantages of one model class over the other, and we be-
lieve that a comprehensive understanding can come only from a combined effort that
considers all modelling approaches. In this paper we focus on a continuum model
for the temperature distribution T (t, x) and the fuel mass Y (t, x). The model takes
the form of a reaction-advection-diffusion system and is a generalization of classical
reaction-diffusion models previously proposed for this application.

Three key assumptions in this work are (i) the wind is constant, (ii) there is no
heat loss, and (iii) there is a critical ignition temperature Tig > 0 such that combustion
takes place only where T > Tig. Assumption (i) implies that the impact of the fire
on the wind velocity field is neglected; this can be valid only if the fire intensity is
fairly low. Assumption (ii) implies that, once a fire has started, it will never burn out.
Although unrealistic, this assumption has little impact in the context of the current
study. The fire front is driven by newly inflamed patches along the fire front, and
the behavior of the fire in the burnt region has no significance on the forward spread.
Assumption (ii) makes the analysis tractable. In future research we will try to relax
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this assumption and include heat loss. We expect, however, that the spread result
will not change significantly.

We will show that the wind has an effect on the speed of an advancing fire front.
To do so, we develop a new method of super- and subsolutions to prove the existence
of travelling waves. If the wind is opposed to the spread of the fire (the so-called
backward rate of spread), then we find two travelling waves, a fast wave and a slow
one. We will discuss the significance of these waves later.

The paper is organized as follows. In subsection 1.1, we introduce the adiabatic
continuum model, and we discuss the relevant literature. In section 2, we transform
the problem into travelling wave coordinates, and we introduce meaningful boundary
conditions. Furthermore, we introduce a transformation which is crucial for the re-
mainder of the analysis. In section 3, we study travelling wave fronts in the case of
no wind. This case has been studied in the literature (see [5, 6]); however, we use an
alternative method and introduce our new construction of super- and subsolutions.
In section 4, we use this new construction to discuss the case including nonzero wind
in detail. In section 5, we provide a case study analysis of travelling wave solutions
for different types of reaction rates. In section 6, we show our numerical investi-
gations of the stability of the travelling wave solutions for different wind regimes.
Finally, in section 7 we attempt to explain the nature of the combustion travelling
waves and highlight some potentially interesting problems generated by our investiga-
tions. Throughout the paper, we show numerical solutions to illustrate the theoretical
findings.

1.1. The model. We study a two-dimensional continuum model for the temper-
ature T (t, x) and fuel mass fraction Y (t, x) which is based on a classical combustion
model; see, e.g., [8]. The unit of the temperature T is Kelvin and the fuel mass frac-
tion (relative amount of fuel remaining) is noted as Y ∈ [0, 1]. The evolution of T
is governed by an energy balance equation and the evolution of Y accounts only for
reaction [7, 19]:

ρC

(
∂T

∂t
+ �w · ∇T

)
= kΔT + ρQ · R(T, |w|)Y,

∂Y

∂t
= −R(T, |w|)Y,

(1.1)

where �w(ms−1) is the wind velocity (|w| denotes its speed), ρ denotes the density
of fuel (kg · m−3), C is the specific heat of fuel (J · kg−1 · K−1), k is the thermal
conductivity of fuel (J ·s−1m−1K−1), and Q is the heat (exothermicity) of combustion
(J · kg−1).

The fuel must be heated to the ignition temperature Tig before combustion starts.
Therefore, the T -dependence of the reaction rate R(T, |w|) is a function of ignition
type; that is, if T > Tig, then R(T, |w|) > 0; otherwise R(T, |w|) = 0. We will discuss
in section 5.3 the possible dependence of the reaction rate on the wind speed |w|.

The results in this paper are obtained for general monotonically nondecreasing
burning kinetics R(T, |w|), where the wind velocity |w| is assumed to be constant;
hence we will mostly just write R(T ) in what follows. Our standard example is the
Arrhenius law. It is based on the law of mass action and given by

R(T, |w|) = A(|w|)e− E

R̂T H(T − Tig),

where R̂ is the universal gas constant (equal to 8.314J ·mol−1K−1), E is the activation
energy (J ·mol−1), and H(z) is the Heaviside step function.
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Similar systems have been studied for movable fuel (e.g., gases). The ratio of
the diffusion coefficient of the temperature and of the fuel is called the Lewis number
Le [25]. A Lewis number of Le = 1 would indicate that fuel and temperature have
the same diffusivity. Our case of immobile fuel corresponds to the limit of Le → ∞
because there is no spatial drift or diffusion term in the fuel equation for Y . Because
of this asymmetry in the equations, the wind-convection term in system (1.1) cannot
be removed using a standard translation of variables of the form ξ = x − �wt, as is
the case for Le = 1. In that case, the effect of advection in one dimension is trivial,
unlike for the present situation.

Systems of the form (1.1) and generalizations thereof have been studied exten-
sively in the literature. Most studies focus on numerical and experimental perspectives
and also on asymptotic methods; see, e.g., [3, 9, 10, 13, 14, 15, 18, 22, 23, 25]. Di-
rectly related to our work is the work by Logak and Loubeau [5] and Logak [6], where
the existence of travelling waves for the one-dimensional windless problem was shown
using the Leray–Shauder topological degree theory. This case is revisited in section 3
with a new construction of super- and subsolutions. Our main result is the existence
of travelling waves in the presence of nonzero wind. To the best of our knowledge,
this case has not been studied previously.

2. Travelling waves. To study the travelling waves for system (1.1) we nondi-
mensionalize the system and focus on a small number of necessary parameters. Let
L be the reference length scale. We define

x̃ =
x

L
, t̃ =

k

ρCL2
t, �̃w =

ρCL

k
�w, ũ =

C

QY∞
(T − T∞), ṽ =

Y

Y∞
,

where T∞ denotes the ambient temperature and Y∞ the fuel supply in the unburned
region.

Using these transformations and removing the tilde for convenience, system (1.1)
becomes

∂u

∂t
+ �w · ∇u = Δu+ r(u, |w|)v,

∂v

∂t
= −r(u, |w|)v,

(2.1)

where

r(u, |w|) = ρCL2

k
R

(
u
QY∞
C

+ T∞,
k

ρCL
|w|

)
.

The rescaled reaction rate r(u) is also a function of ignition type. For the u-dependence
of r(u, |w|) and fixed |w| we assume

(2.2)⎧⎪⎨
⎪⎩

r(u, |w|) = 0 on (−∞, θ),

r(., |w|) : R → R is a locally Lipschitz and nondecreasing function on [θ,+∞),

∃ r, r such that 0 < r = r(θ, |w|) ≤ r(u, |w|) ≤ r on [θ,+∞),

where θ = C
QY∞

(Tig − T∞).

A travelling wave of (2.1) is a self-similar solution of the form u(t, x1, x2) =
u(x − �ct) and v(t, x1, x2) = v(x − �ct), where �c is the velocity of the travelling wave
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front. For planar travelling waves we can assume that the wave advances in the x1-
direction, so we select η = x1−ct, with w = w1 and c = c1, and we write the equations
for the travelling waves as follows:

(w − c)u′ = u′′ + r(u, |w|)v,
− cv′ = −r(u, |w|)v,(2.3)

where ′ = d/dη.
From now on we make two assumptions about the parameter values. We list them

here now, although they will be motivated through the analysis later:

(2.4) θ < 1, c > w.

For boundary conditions we assume that ahead of the fire front the fuel mass
fraction is Y = Y∞ and the temperature equals the ambient temperature T = T∞. In
transformed coordinates this corresponds to

(2.5) u(+∞) = 0, v(+∞) = 1.

Since we assume no heat loss, the fire will consume the fuel completely once started.
Hence we assume

(2.6) v(−∞) = 0.

Under conditions (2.5) and (2.6) we can integrate system (2.3) and we find

u′ = −c
(c− w

c
u+ v − 1

)
,

v′ =
1

c
r(u, |w|)v.

(2.7)

Notice that imposing the boundary condition for v at η → −∞ we can solve the
u-equation in steady state. This gives the boundary condition for u:

u(−∞) =
c

c− w
,(2.8)

which is meaningful since we assumed c > w in (2.4).
In order to define the travelling wave solution uniquely with respect to translations

of the independent variable η, we fix the ignition point at η = 0 in the moving
coordinate system:

u(0) = θ.(2.9)

This splits the problem into two separate regions, the unburned region ahead of the
wave, η > 0, and the burning region η ≤ 0.

2.1. Unburned region. Ahead of the fire front, the temperature satisfies u < θ,
and no fuel is consumed. Hence

v(η) = 1 for η > 0.(2.10)

In this case we can solve the equation for u in (2.7) and obtain

(2.11) u(η) = θe−(c−w)η for η > 0.

Note that the boundary condition for u given by (2.5) can be satisfied only if assump-
tion (2.4) holds.



1368 PETRO BABAK, ANNE BOURLIOUX, AND THOMAS HILLEN

2.2. Burning region. To be able to construct super- and subsolutions later, we
introduce a variable transformation in the burning domain of η ≤ 0. In that region
r(u) > 0 and we consider the problem for the left half-line:

(2.12)

u′ = −c
(
c−w
c u+ v − 1

)
,

v′ = 1
c r(u, |w|)v,

u(−∞) = c
c−w ,

v(−∞) = 0.

To generate homogeneous boundary conditions at η = −∞, we introduce two new
independent variables U(η), V (η) as

(2.13) U(η) := 1− c− w

c
u(η), V (η) := v(η).

The inverse transformation for U is given as

u =
c

c− w
(1− U).

Using this transformation we obtain from (2.12)

(2.14)

U ′ = (c− w)(V − U),
V ′ = 1

c r
(

c
c−w (1− U), |w|) V,

U(−∞) = 0,
V (−∞) = 0.

We study parts of the solution where V can be written as a function of U . From
(2.14) we obtain

(2.15)
dV

dU
=

1

c(c− w)
r
( c

c− w
1− U, |w|

) V

V − U
, V (0) = 0.

Based on (2.15) we will construct our super- and subsolutions in the burning region.

3. Zero wind (w = 0). We will first consider the case when w = 0 and use
r(u, 0) = r(u). The travelling wave problem in this case can be written in the form

u′ = −c
(
u+ v − 1

)
,

v′ =
1

c
r(u)v,

u(−∞) = 1, u(+∞) = 0,

v(−∞) = 0, v(+∞) = 1,

u(0) = θ.

(3.1)

The system of equations (3.1) has a continuum of stationary points (u, v) =
(α, 1 − α), with α ∈ (−∞, θ], and one isolated stationary point at (u, v) = (1, 0).
The solution of problem (3.1) in the unburned region corresponding to η > 0 can be
directly taken from above (2.11), (2.10) and yields

u(η) = θe−cη, v(η) = 1, η > 0.
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To analyze the behavior of the solution for η < 0, we will use the transformation
introduced earlier. In the case of w = 0 (2.15) becomes

(3.2)
dV

dU
=

1

c2
r
(
1− U

) V

V − U
, V (0) = 0.

The reaction term r
(
1 − U

)
on the right-hand side is nonincreasing in U ; hence we

use an upper and a lower bound of this term to find upper and lower solutions. For
the reason that will be evident in the lemma about the monotonicity with respect to c
(Lemma 3.3), we first consider problem (3.2) on the interval (0, U∗], where the value
of U∗ belongs to (0, 1− θ]. In this case the reaction term r

(
1− U

)
is bounded from

below by r
(
1− U∗) and from above by r

(
1
)
. For a lower solution V (U) and an upper

solution V (U) on (0, U∗] we propose the following initial value problems:

dV

dU
=

1

c2
r
(
1− U∗

) V

V − U
, V (0) = 0,(3.3)

dV

dU
=

1

c2
r
(
1
) V

V − U
, V (0) = 0.(3.4)

We study the properties of these solutions in detail.
Lemma 3.1 (boundedness and monotonicity). Let V (U), V (U), and V (U) be

nontrivial solutions of the respective problems (3.2)–(3.4), and let c > 0. Then V (U) >
U , V (U) > U , and V (U) > U on (0, U∗]. Moreover, the functions V (U), V (U), and
V (U) are strictly increasing on (0, U∗].

Proof. Let us show that V (U) > U on (0, U∗]. Using a contradiction argument,
we assume that V (U �) < U � for some U � > 0. Then there are three possible cases for
the value V (U �): V (U �) = 0, V (U �) < 0, and V (U �) > 0. The condition V (U �) = 0
implies that V (U) is a trivial solution of (3.2). In the case V (U �) < 0, the function
V (U) is nondecreasing on (0, U �]; therefore, V (0) ≤ V (U �) < 0, which contradicts
the initial condition in (3.2). In the last case V (U �) > 0, note that dV/dU < 0 if
U > V (U) > 0. Therefore, the trajectory of the function V (U) has to cross the line
V = U in order to connect the initial point (0, 0) with the point (U �, V (U �)). Let
V (U �) = U � for some U � ∈ (0, U �). Then limU→U�−0 dV/dU(U) ≤ 1 in order to

pass from the domain V > U to the domain V < U at the point U �. However, this
contradicts problem (3.2), since limV→U�−0 dV/dU = +∞.

Finally, the statement regarding the lower and upper solutions can be directly
verified using the explicit form of the nontrivial solutions for problems (3.3) and (3.4):

V =

(
1 +

1

c2
r
(
1− U∗))U, V =

(
1 +

1

c2
r
(
1
))

U.(3.5)

Lemma 3.2 (upper and lower solutions). Let V (U), V (U), and V (U) be nontriv-
ial solutions of problems (3.2)–(3.4), and let c > 0. Then V (U) < V (U) on (0, U∗),
and V (U) < V (U) on (0, U∗].

Proof. Using a proof by contradiction we will show that V (U) < V (U) on (0, U∗).
There are two possible cases. In the first case, we assume that V (U) > V (U) on
(0, U �) for some 0 < U � ≤ U∗; then, in view of Lemma 3.1, it follows that

0 ≤
∫ U�

0

d(V − V )

dU
dU =

1

c2

∫ U�

0

[
r (1− U∗)

V

V − U
− r (1− U)

V

V − U

]
dU

≤ 1

c2
r (1− U∗)

∫ U�

0

[
V

V − U
− V

V − U

]
dU
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= − 1

c2
r (1− U∗)

∫ U�

0

U(V − V )

(V − U)(V − U)
dU < 0.

In the second case, let V (U �) = V (U �) for some U � ∈ (0, U∗), and let V (U) <
V (U) on (0, U �). Then the function (V − V )(U) attains its local maximum on the
interval (0, U∗] in the point U �. Thus d(V − V )/dU(U �) ≥ 0. However, (3.2) and
(3.3) imply that d(V −V )/dU(U �) < 0 for any U � ∈ (0, U∗). Finally, using analogous
arguments we can prove that V (U) < V (U) for U ∈ (0, U∗).

Lemma 3.3 (monotonicity in the wave speed c). Let Vc(U) be a nontrivial solution
of problem (3.2) for c > 0. If 0 < c1 < c2, then Vc1(U) > Vc2(U) for U ∈ (0, 1− θ].

Proof. To prove this by contradiction, we assume first that there exists a U � ∈
(0, 1 − θ] such that Vc1(U

�) = Vc2(U
�) and Vc1(U) > Vc2(U) on (0, U �). Then the

function Vc1(U) − Vc2(U) attains its local minimum on the interval (0, U �] in the
point U �; therefore, d(Vc1 (U) − Vc2(U))/dU(U �) ≤ 0. However, from problem (3.2)
we infer that d(Vc1(U)− Vc2(U))/dU(U �) > 0.

Let us now assume that Vc1(U) < Vc2(U) on (0, U �]. Since the function r(u) is
nondecreasing and continuous, there exists a value U∗∗ ∈ (0, U �] such that

r
(
1− U∗∗) ≥ c21

c22
r
(
1
)
.

But in this case for any U ∈ (0, U∗∗], in view of Lemmas 3.1 and 3.2, and equations
(3.5),

0 > Vc1(U)− Vc2(U) > V c1(U)− V c2(U) =

(
1

c21
r
(
1− U∗)− 1

c22
r
(
1
))

U ≥ 0,

where the lower and upper solutions are defined from problems (3.3) and (3.4) for
U∗ = U∗∗.

Given these three solutions V (U), V (U), and V (U) for U∗ = 1 − θ, we will now
use the equation for u to define the corresponding super- and subsolutions (u, v) and
(u, u). We now assume that u(η), u(η), and u(η) on (−∞, 0) satisfy

u′ = −c(u+ V (U)− 1), u(−∞) = 1, u(0) = θ,

u′ = −c(u+ V (U)− 1), u(−∞) = 1, u(0) = θ,

u′ = −c(u+ V (U)− 1), u(−∞) = 1, u(0) = θ,

where V (U), V (U), and V (U) are nontrivial solutions of (3.2), (3.3), and (3.4) for
U∗ = 1− θ. Using the notation introduced in (2.5) for the present case of w = 0, we
have U(η) = 1−u(η), and v(η) = V (U(η)) = V (1−u(η)), with similar expressions for
v(η) = V (1 − u(η)) and v(η) = V (1 − u(η)). Then the vector functions (u(η), v(η)),
(u(η), v(η)), and (u(η), v(η)) satisfy, respectively,⎧⎨

⎩u′ = −c
(
u+ v − 1

)
, v′ =

1

c
vr(u),

u(−∞) = 1, v(−∞) = 0, u(0) = θ,
(3.6)

⎧⎨
⎩u′ = −c

(
u+ v − 1

)
, v′ =

1

c
vr(θ),

u(−∞) = 1, v(−∞) = 0, u(0) = θ,
(3.7)

⎧⎨
⎩u′ = −c

(
u+ v − 1

)
, v′ =

1

c
vr
(
1
)
,

u(−∞) = 1, v(−∞) = 0, u(0) = θ.
(3.8)
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The solutions of problems (3.7) and (3.8) can be explicitly obtained and are
given as

u(η) = 1− (1− θ) exp

(
1

c
r(θ)η

)
,

v(η) = (1 − θ)

(
1 +

1

c2
r(θ)

)
exp

(
1

c
r(θ)η

)
= (1− u(η))

(
1 +

1

c2
r(θ)

)
,

u(η) = 1− (1− θ) exp

(
1

c
r
(
1
)
η

)
,

v(η) = (1 − θ)

(
1 +

1

c2
r
(
1
))

exp

(
1

c
r
(
1
)
η

)
= (1− u(η))

(
1 +

1

c2
r
(
1
))

.

Next we analyze the phase portrait of system (3.6). The point (1, 0) is a saddle
point for c > 0. The unstable eigenvalue of the linearization of (3.6) at (1, 0) is
λ1 = 1

c r(1), and the corresponding eigenvector is given by φ1 = (−1/(1 + 1
c2 r(1)), 1).

In view of the stable manifold theorem, there exists a unique solution of problem (3.6)
which starts (for η = −∞) at the point (1, 0) and which is tangential to φ1 at (1, 0).
The values of the components of φ1 and the property that V (U) > U from Lemma
3.1 imply that this solution is in the domain {(u, v) : u < 1, v + u > 1}.

Furthermore, from Lemmas 3.1–3.3 we can infer the following estimates.
Lemma 3.4. Let (u, v) be a solution of problem (3.6) for c > 0, and let (u, v) and

(u, v) be a pair of the lower and upper solutions of (3.7) and (3.8) for (u, v). Then
for η ∈ (−∞, 0]

• θ ≤ u(η) < 1 and u(η) + v(η) > 1,
• v(0) < v(0) < v(0), and the trajectory of (u(η), v(η)) lies between two trajec-
tories (u(η), v(η)) and (u(η), v(η)) for η < 0,

• v(0) is a strictly decreasing function of c, c > 0, and
• −cv(0) ≤ −cv(0) ≤ u′(η) < 0 and 0 < v′(η) ≤ cr(1)v(0) ≤ cr(1)v(0).

Figure 3.1 presents an illustration for Lemma 3.4. Specifically, the upper and
lower solutions to problem (3.6) are shown for two different positive values of c. The
solution of problem (3.6) for η < 0 is located between corresponding lower and upper
solutions. Figure 3.1 also shows that the value of v(0) varies with respect to c. Next
we show that there is exactly one value for c > 0 such that v(0) = 1. This solution
corresponds to a travelling wave connection.

Theorem 3.5 (unique wave speed for w = 0). There exists a unique c > 0 such
that the solution of problem (3.6) satisfies the condition v(0) = 1. Moreover,

0 < c < c < c,(3.9)

where c =
√

1−θ
θ r(θ) and c =

√
1−θ
θ r

(
1
)
.

Proof. Since the functions v(0), v(0), and v(0) are strictly decreasing with respect
to c, c > 0, and

lim
c→+∞ v(0) = lim

c→+∞ v(0) = 1− θ, lim
c→+0

v(0) = lim
c→+0

v(0) = +∞,

there exists a unique c > 0 such that v(0) = 1. Clearly, in this case v(0) < 1 < v(0),
and, therefore, c satisfies inequality (3.9), where c is the solution of the equation
v(0) = 1, and c is the solution of the equation v(0) = 1. See also Figure 3.2 for
illustrations of this proof.
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0   
0

1

u

v

1 − θ

1

(u
c

1

(η),v
c

1

(η)), η∈ R

w = 0

(u
c

2

(η),v
c

2

(η))

η∈ R

(u
c

1

(η),v
c

1

(η)), η<0

(u
c

1

(η),v
c

1

(η)), η<0

(u
c

2

(η),v
c

2

(η))

η<0

(u
c

2
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Fig. 3.1. Case w = 0. Schematic phase plane of the u, v-system for two different positive
values of c. The heteroclinic orbits (uc1 (η), vc1(η)) and (uc2(η), vc2 (η)), η ∈ R, connect the saddle
stationary point (0, 1) with the set of stationary points

{
(u, v) = (ũ, 1−ũ) : ũ ∈ (−∞, θ]

}
. The values

(uc(∞), vc(∞)) that belong to the set of stationary points and (uc(0), vc(0)) vary monotonically with
respect to c. The upper and lower solutions are shown for each heteroclinic orbit when η < 0.
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Fig. 3.2. Values of vc(0), vc(0), and vc(0) as a function of wave speed c. We show both cases,
w = 0 and w > 0.

Summarizing the behavior of the solutions for positive and negative η, we can
formulate the following existence and uniqueness theorem.

Theorem 3.6. If w = 0, then system (2.1) has a unique travelling front solution
governed by equations (3.1). The speed c of the travelling front satisfies inequality
(3.9). The trajectory (u(η), v(η)), η ∈ R, of the travelling front belongs to the domain

{(u, v) : v + u ≥ 1, 0 ≤ v ≤ 1, 0 ≤ u ≤ 1}.

Moreover,

0 ≤ v′(η) ≤ r(1)

√
θ

(1− θ)r(1/θ)
,

−
√

1− θ

θ
r
(
1
) ≤ u′(η) < 0, −r

(
1
) ≤ u′′(η) ≤ 1− θ

θ
r
(
1
)
.
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Fig. 3.3. Case w = 0. (a) Schematic phase plane of the u, v-system for the solution of problem
(3.1). The heteroclinic orbit (uc∗ (η), vc∗ (η)), η ∈ R, connects the saddle stationary point (1, 0)
with the point (0, 1) of the set of stationary points. The upper and lower solutions are shown for the
solution when η < 0. (b) Numerical approximation to the travelling wave solution given by equations
(3.1).

The construction underlying Theorem 3.6 is illustrated in Figure 3.3(a). The
estimates for the derivatives follow directly from the underlying differential equations.
In Figure 3.3(b) we show a numerical approximation of the travelling front for θ =
0.2 and r(u) = e−1/uH(u − θ). In this case the speed of the travelling front is
approximately c = 0.5682.

4. Nonzero wind. The travelling wave problem in the case of w 	= 0 can be
written in the form

u′ = −c
(c− w

c
u+ v − 1

)
,

v′ =
1

c
r(u, |w|)v,

u(−∞) =
c

c− w
, u(+∞) = 0,

v(−∞) = 0, v(+∞) = 1,

u(0) = θ.

(4.1)

For each fixed c and w the system (4.1) has a continuum of steady states of the
form (u, v) = (α, 1 − c−w

c α), where α ∈ (−∞, θ], and one isolated stationary point
(u, v) = ( c

c−w , 0). Clearly, the condition

(4.2)
c

c− w
> θ

should be satisfied; otherwise u(−∞) ≤ θ, and there is no travelling front connecting
(0, c

c−w ) and (1, 0).

4.1. Case w > 0. Here we fix the wind w > 0 and again write r(u) instead
of r(u, |w|). It follows from the second condition in (2.4) that condition (4.2) is
automatically satisfied.



1374 PETRO BABAK, ANNE BOURLIOUX, AND THOMAS HILLEN

For each c > w, the steady state ( c
c−w , 0) is a saddle point. The positive eigenvalue

of the linearization is λ1 = 1
c r
(

c
c−w

)
and the corresponding eigenvector is φ1 =(−[

c−w
c + 1

c2 r
(

c
c−w

)]−1
, 1
)
. Clearly, this vector lies between the vectors (− c

c−w , 1)
and (0, 1). Therefore, in view of the stable manifold theorem, there exists a unique
solution of problem (4.1) which starts for η = −∞ at this steady state and which is
tangential to φ1 at ( c

c−w , 0). Moreover, we show in Lemma 4.3 that the solution lies

in the domain {(u, v) : v + c−w
c u > 1, u < c

c−w}.
Let us consider trajectories of (4.1) in the burning region (η < 0) for two different

values of front speed c1, c2, with w < c1 < c2. These trajectories do not intersect each
other. Indeed, if we assume they intersect at (uc1(η1), vc1(η1)) = (uc2(η2), vc2(η2)),
then we have from (4.1) that

v′c2(η2)
v′c1(η1)

=
c1
c2

< 1.

However, again from (4.1) we have

v′c1(η1)− v′c2(η2) =
(c2 − c1)

c1c2
r(uc1(η1))vc1(η1) > 0,

which contradicts the earlier statement. Hence there are no intersections. This auto-
matically implies that vc1(0) > vc2(0) when w < c1 < c2.

Now, similar to the case with w = 0, we introduce auxiliary problems for the
functions V (U), V (U), and V (U) to construct super- and subsolutions. We fix U∗ =
1− θ c−w

c and study for U ∈ [0, U∗] the following initial value problems:

dV

dU
=

1

c(c− w)
r
( c

c− w
1− U

) V

V − U
, V (0) = 0,(4.3)

dV

dU
=

1

c(c− w)
r(θ)

V

V − U
, V (0) = 0,(4.4)

dV

dU
=

1

c(c− w)
r
( c

c− w

) V

V − U
, V (0) = 0.(4.5)

By analogy to the case w = 0 we can prove the following lemmas.
Lemma 4.1 (boundedness and monotonicity). Let V (U), V (U), and V (U) be

nontrivial solutions of problems (4.3)–(4.5), and let c > 0. Then V (U) > U , V (U) >
U , and V (U) > U on (0, U∗]. Moreover, the functions V (U), V (U), and V (U) are
strictly increasing on (0, U∗].

Lemma 4.2 (upper and lower solutions). Let V (U), V (U), and V (U) be non-
trivial solutions of problems (4.3)–(4.5), and let c > 0. Then V (U) < V (U) on
U ∈ (0, U∗), and V (U) < V (U) on U ∈ (0, U∗].

We define the functions u(η), u(η), and u(η) on (−∞, 0) as follows:

u′ = −c

(
c− w

c
u+ V

(
1− c− w

c
u

)
− 1

)
, u(−∞) =

c

c− w
, u(0) = θ,

u′ = −c

(
c− w

c
u+ V

(
1− c− w

c
u

)
− 1

)
, u(−∞) =

c

c− w
, u(0) = θ,

u′ = −c

(
c− w

c
u+ V

(
1− c− w

c
u

)
− 1

)
, u(−∞) =

c

c− w
, u(0) = θ,
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where V (U), V (U), and V (U) are nontrivial solutions of (4.3), (4.4), and (4.5).
Then the vector functions (u(η), v(η)), (u(η), v(η)), and (u(η), v(η)) with v(η) =

V (1 − c−w
c u(η)), v(η) = V (1 − c−w

c u(η)), and v(η) = V (1 − c−w
c u(η)) satisfy the

problems ⎧⎪⎪⎨
⎪⎪⎩

u′ = −c

(
c− w

c
u+ v − 1

)
, v′ =

1

c
r(u)v,

u(−∞) =
c

c− w
, v(−∞) = 0, u(0) = θ,

(4.6)

⎧⎪⎪⎨
⎪⎪⎩

u′ = −c

(
c− w

c
u+ v − 1

)
, v′ =

1

c
r(θ)v,

u(−∞) =
c

c− w
, v(−∞) = 0, u(0) = θ,

(4.7)

⎧⎪⎪⎨
⎪⎪⎩

u′ = −c

(
c− w

c
u+ v − 1

)
, v′ =

1

c
r

(
c

c− w

)
v,

u(−∞) =
c

c− w
, v(−∞) = 0, u(0) = θ.

(4.8)

The solutions of problems (4.7) and (4.8) are⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(η) =
c

c− w
− c

c− w

(
1− c− w

c
θ

)
exp

(
1

c
r(θ)η

)
,

v(η) =

(
1− c− w

c
θ

)(
1 +

1

c(c− w)
r(θ)

)
exp

(
1

c
r(θ)η

)

=

(
1 +

1

c(c− w)
r(θ)

)(
1− c− w

c
u(η)

)
,

(4.9)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(η) =
c

c− w
− c

c− w

(
1− c− w

c
θ

)
exp

(
1

c
r

(
c

c− w

)
η

)
,

v(η) =

(
1− c− w

c
θ

)(
1 +

1

c(c− w)
r

(
c

c− w

))
exp

(
1

c
r

(
c

c− w

)
η

)

=

(
1 +

1

c(c− w)
r

(
c

c− w

))(
1− c− w

c
u(η)

)
.

(4.10)

From Lemmas 4.1 and 4.2 we can infer the following estimates.
Lemma 4.3. Let (u, v) be a solution of problem (4.6) for c > w > 0, and let (u, v)

and (u, v) be a pair of the lower and upper solutions of problems (4.7) and (4.8) for
(u, v). Then for η ∈ (−∞, 0]

• θ ≤ u(η) < c
c−w and c−w

c u(η) + v(η) > 1,
• v(0) < v(0) < v(0), and the trajectory of (u(η), v(η)) lies between two trajec-
tories (u(η), v(η)) and (u(η), v(η)) for η < 0,

• v(0) is a strictly decreasing function of c, c > 0, and
• −cv(0) ≤ −cv(0) ≤ u′(η) < 0 and 0 < v′(η) ≤ cr( c

c−w )v(0) ≤ cr( c
c−w )v(0).

Figure 4.1 shows an illustration for Lemma 4.3. The heteroclinic orbits for differ-
ent values of c start from different saddle points for η = −∞. The solution of problem
(4.6) for η < 0 is located between corresponding lower and upper solutions. Figure
4.1 also shows that the value of v(0) monotonically varies with respect to c.

Theorem 4.4. If w > 0, then there exists a unique c such that the solution of
problem (4.6) satisfies the conditions v(0) = 1 and u(0) = θ. Moreover,

0 < w < c < c < c,(4.11)
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Fig. 4.1. Case w > 0. Schematic phase plane of the u, v-system for two different positive values
of c. The heteroclinic orbits (uc1(η), vc1 (η)) and (uc2 (η), vc2 (η)), η ∈ R, connect the corresponding
saddle stationary points distinct from (1, 0) with the corresponding set of stationary points. The
values (uc(0), vc(0)) vary monotonically with respect to c. The upper and lower solutions are shown
for each heteroclinic orbit when η < 0.

where c and c are unique solutions of the respective equations v(0) = 1 and v(0) = 1
that exceed w.

Proof. Since the functions v(0), v(0), and v(0) are strictly decreasing with respect
to c > 0, and

lim
c→+∞ v(0) = lim

c→+∞ v(0) = 1− θ, lim
c→w+

v(0) = lim
c→w+

v(0) = +∞,

there exists a unique c > 0 that v(0) = 1. Clearly, in this case v(0) < 1 < v(0), and,
therefore, c satisfies inequality (4.11). The upper and lower estimates for the speed,
c, c, are given implicitly through the conditions v(0) = 1 and v(0) = 1. See also Figure
3.2 for illustrations of this proof.

Summarizing the behavior of the solutions for positive and negative η, we can
formulate the following existence and uniqueness theorem.

Theorem 4.5. If w > 0, then system (2.1) has a unique travelling front solution
governed by equations (4.1). The speed c of the travelling front satisfies inequality
(4.11). The trajectory (u(η), v(η)), η ∈ R, of the travelling front belongs to the domain{

(U, V ) : V + c− wcU ≥ 1, 0 ≤ V ≤ 1, 0 ≤ U ≤ c

c− w

}
.

Moreover,

0 ≤ v′(η) ≤ 1
c r

(
c

c−w

)
,

−c ≤ u′(η) < 0, −r
(

c
c−w

)
≤ u′′(η) ≤ c(c− w).

An illustration for the statements of this theorem is given in Figure 4.2(a). A
numerical approximation of the travelling front is shown in Figure 4.2(b) for w = 0.2
and θ = 0.2. In this case the speed of the travelling front is approximately c =
0.8370 > w.
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Fig. 4.2. Case w > 0. (a) Schematic phase plane of the u, v-system for the solution of problem
(4.1) with w > 0. The heteroclinic orbit (uc∗ (η), vc∗ (η)), η ∈ R, connects the saddle stationary point
(c∗/(c∗ − w), 0) with the the point (0, 1) of the corresponding set of stationary points. The upper
and lower solutions are shown for the solution when η < 0. (b) Numerical approximation to the
travelling wave problem given by equations (4.1) for w > 0.

4.2. Case w < 0. Notice that to have a meaningful nontrivial steady state we
need condition (4.2). Formulated as a condition for c (4.2) becomes

c > −w
θ

1− θ
=: c0.

For each c > c0, (
c

c−w , 0) is a saddle point of (4.1). The positive eigenvalue of the

linearization is λ1 = 1
c r(

c
c−w ) and the corresponding eigenvector is φ1 = (−1/[( c−w

c +
1
c2 r(

c
c−w ))], 1). Clearly, this vector lies between the vectors (− c

c−w , 1) and (0, 1).
Therefore, in view of the stable manifold theorem, there exists a unique solution of
problem (4.1) for η < 0 that is tangential to φ1 at ( c

c−w , 0). Moreover, we show in

Lemma 4.6 that the solution belongs to {(u, v) : v + c−w
c u > 1, u < c

c−w}.
In the analogous way to the case of w > 0 we can consider the auxiliary problems

(4.3)–(4.5). Lemmas 4.1 and 4.2 are still valid for c > −w θ
1−θ . The lower and upper

solutions can be constructed as in (4.9) and (4.10). Then from Lemmas 4.1 and 4.2
we can infer the following estimates.

Lemma 4.6. Let (u, v) be a solution of problem (4.6) for c > −w θ
1−θ > 0, and

let (u, v) and (u, v) be a pair of the lower and upper solutions of problems (4.7) and
(4.8) for (u, v) that are defined by (4.9) and (4.10). Then for η ∈ (−∞, 0]

• θ ≤ u(η) < c
c−w < 1 and c−w

c u(η) + v(η) > 1,
• v(0) < v(0) < v(0), and the trajectory of (u(η), v(η)) lies between two trajec-
tories (u(η), v(η)) and (u(η), v(η)) for η < 0, and

• −cv(0) ≤ −cv(0) ≤ u′(η) < 0 and 0 < v′(η) ≤ cr( c
c−w )v(0) ≤ cr( c

c−w )v(0).
Notice that for w < 0 we cannot, in general, infer the monotonicity of v(0) with

respect to c when c > c0. In fact, we will show that the solutions are nonmonotonic
in c, and solutions for different values of c might intersect.

Figure 4.3 shows an illustration for Lemma 4.6. The heteroclinic orbits for differ-
ent values of c start from different saddle points for η = −∞. The solution of problem
(4.6) for η < 0 is located between corresponding lower and upper solutions. Although
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Fig. 4.3. Case w < 0. Schematic phase plane of the u, v-system for two different positive values
of c. The heteroclinic orbits (uc1(η), vc1 (η)) and (uc2 (η), vc2 (η)), η ∈ R, connect the corresponding
saddle stationary points distinct from (1, 0) with the corresponding set of stationary points. The
values (uc(0), vc(0)) do not vary monotonically with respect to c. The upper and lower solutions are
shown for each heteroclinic orbit when η < 0.

the solutions are nonmonotonic in c, we can still prove the existence of at least two
wave speeds for |w| small enough.

Theorem 4.7. Let w < 0.
(i) There exists a threshold w∗ < 0 given by (4.17) such that for each w∗ < w < 0

there exist at least two positive wave speeds c1 and c2, with c1 < c2 such that for each
of them the solution of problem (4.6) satisfies the conditions v(0) = 1 and u(0) = θ.
Moreover,

0 < −w
θ

1− θ
< c1 < c1 < c1 ≤ c∗ ≤ c2 < c2 < c2,(4.12)

where c∗ = 1
3 [2w +

√
w2 + 3 1−θ

θ r(θ)], c1 and c2 are two positive solutions of the

equation v(0) = 1, and c1 and c2 are two positive solutions of the equation v(0) = 1.
(ii) There exists a threshold w∗ < 0 given by (4.18) such that for all w < w∗ < 0

there is no solution of problem (4.6) that satisfies the conditions v(0) = 1 and u(0) = θ.
Notice that w∗ ≤ w∗.
Proof. Based on the explicit solutions in (4.9) and (4.10) we can express v(0) and

v(0) as functions of the wave speed c:

vc(0) =

(
1 +

1

c(c− w)
r(θ)

)(
1− c− w

c
θ

)
,(4.13)

vc(0) =

(
1 +

1

c(c− w)
r

(
c

c− w

))(
1− c− w

c
θ

)
.(4.14)

It is clear that

lim
c→+∞ vc(0) = lim

c→+∞ vc(0) = 1− θ, vc0(0) = vc0(0) = 0.

Thus, we study two cases.
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(i) If for the subsolution we have

(4.15) vc(0) ≥ 1 for some c > c0,

then vc(0) > vc(0) > vc(0) ≥ 1, and, therefore, there exist at least two values of c,
say c1 and c2, such that c0 < c1 < c2, and vc1(0) = vc2(0) = 1.

(ii) On the other hand, if the supersolution satisfies

(4.16) vc(0) ≤ 1 for all c > c0,

then, in view of Lemma 4.6, there is no c such that vc(0) = 1.
These two cases are illustrated in Figure 4.4.
Case (i). For c > c0 the condition vc(0) ≥ 1 is equivalent to vc(0)− 1 ≥ 0, which

we write as

f(c, w) =
c2(c− w)(vc(0)− 1)

θ
= −c3 + 2wc2 + c

[
1− θ

θ
r(θ) − w2

]
+ wr(θ) ≥ 0.

For this function we find that for w < 0 we have f(c0, w) = − c20(c0−w)
θ < 0, and

limc→+∞ f(c, w) = −∞. Hence we check whether f has a local maximum and whether
this is positive for certain values of c and w. For fixed w < 0, the function f(c, w)
attains its local maximum at

c∗ =
2w +

√
w2 + 3 1−θ

θ r(θ)

3
.

In order to be able to satisfy condition (4.15), we need to satisfy the two conditions
(A) c∗ > c0 and (B) f(c∗, w) ≥ 0 for appropriate wind values w. The inequality
c∗ > c0 infers that

−
√

(1− θ)3

(1 + 2θ)θ
r(θ) = w0 < w < 0.

To study the second condition (B), we observe that for w = 0 we have f(c∗, 0) > 0 and
for w = w0 we have f(c∗, w0) < 0. Hence, there exists a value w∗ with w0 < w∗ < 0
such that



1380 PETRO BABAK, ANNE BOURLIOUX, AND THOMAS HILLEN

(4.17) f(c∗, w∗) = 0 and f(c∗, w) > 0 for all w∗ < w < 0.

Therefore, for each w ∈ [w∗, 0), the inequality vc(0) ≥ 1 (and equivalently f(c, w) ≥ 0)
has a nonempty set of solutions [c1, c2] ⊂ (c0,∞) with c∗ ∈ [c1, c2]. In this case c1 < c1
and c2 > c2. The upper solution v can then be used to find further lower and upper
bounds for the wave speeds. The bounds c1 and c2 are the solutions of the equation
vc(0) = 1 and they satisfy the inequalities c1 < c1 < c1 and c2 < c2 < c2; see also
Figure 4.4.

Case (ii). The inequality (4.16) is certainly satisfied if

vc(0) < vc(0) =

(
1− c− w

c
θ

)(
1 +

1

c(c− w)
r(1)

)
≤ 1.

By analogy to Case (i), we can introduce the function f(c, w) = c2(c−w)(vc(0)−1)
θ and

study conditions for f(c, w) ≤ 0. We find that for fixed w the interval (c0,∞) does
not contain the maximum of this function for

(4.18) w < w∗ = −
√

(1 − θ)3

(1 + 2θ)θ
r (1).

Since f(c0, w) = − c20(c0−w)
θ < 0, the inequality (4.16) is true for all w < w∗.

Now we can formulate the following result for the travelling wave problem in the
case w < 0.

Theorem 4.8. Let w < 0.

(i) There exists a threshold w∗ < 0 given by (4.17) such that for each w∗ < w < 0
system (2.1) has at least two travelling front solutions governed by equations (4.1).
There are two different speeds c1 and c2 of travelling fronts that satisfy inequality
(4.12). The trajectories of the travelling fronts (u1(η), v1(η)) and (u2(η), v2(η)), η ∈ R,
corresponding to c1 and c2 belong to the respective domains

{
(U, V ) : V +

ci − w

ci
U ≥ 1, 0 ≤ V ≤ 1, 0 ≤ U ≤ ci

ci − w

}
, i = 1, 2.

Moreover,

0 ≤ v′i(η) ≤
1

ci
r

(
ci

ci − w

)
,

−ci ≤ u′
i(η) < 0, −r

(
ci

ci − w

)
≤ u′′(η) ≤ ci(ci − w), i = 1, 2.

(ii) There exists a threshold w∗ < 0 given by (4.18) such that for all w < w∗ < 0
there are no travelling fronts for system (2.1) governed by equations (4.1).

Theorem 4.8 is illustrated in Figure 4.5(a) for small |w|, w < 0. Figure 4.5(a)
shows the existence of two solutions (u1(η), v1(η)) and (u2(η), v2(η)) that correspond
to two different positive values for the speeds of the travelling wave c1 and c2, 0 <
c0 < c1 < c2. Figure 4.5(b) shows numerical approximations to the travelling fronts
for w = −0.1 and θ = 0.2. In this case there are two solutions that correspond to the
travelling fronts with the speeds c1 = 0.0378 and c2 = 0.4037.
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Fig. 4.5. Case w < 0. (a) Schematic phase plane of the u, v-system for the solution of problem
(4.1) with w < 0. Two heteroclinic orbits (uc1 (η), vc1 (η)) and (uc2 (η), vc2(η)), η ∈ R, connect the
corresponding saddle stationary points (c1/((c1 − w)), 0) and (c2/((c2 − w)), 0) (ci/((ci − w)) < 1,
i = 1, 2) with the the point (0, 1) of the corresponding set of stationary points. (b) Numerical
approximation to the travelling wave problem given by equations (4.1) for w < 0. The figure shows
two solutions to the problem for w < 0.

5. Case studies.

5.1. Constant reaction rate. Let us first consider a constant reaction rate

(5.1) r(u) = rH(u − θ)

in (2.1), where H denotes the Heaviside function. In this case the travelling wave
speed c = c(w) satisfies a simple algebraic equation(

1 +
1

c(c− w)
r

)(
1− c− w

c
θ

)
= 1.

Figure 5.1(a) shows the relationship between c and w. Since the mapping from c → w
is uniquely defined for c ∈ (0,+∞), it is convenient to analyze the wind speed w as a
function of c:

(5.2) w(c) = c− 2rc

θr +
√
(θr)2 + 4θrc2

= c−
√
(θr)2 + 4c2θr − θr

2cθ
.

In such a case it is possible to predict how strong the wind should be to result in the
fire front propagating with a given speed c.

From (5.2), the minimal value wmin of w(c) is given by wmin = w(c∗min) < 0, where

(5.3) c∗min =
1

2

√
r

2

(
4− θ −

√
θ(8 + θ)

)
.

The wind velocity wmin is a bifurcation point. If the wind velocity w = wmin, the
combustion problem given by (2.1) possesses a unique travelling wave speed c∗min. If
the wind velocity w belongs to the interval (wmin, 0), then the travelling front can
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Fig. 5.1. (a) The relationship between the wind speed w and the travelling front speed c for a
constant reaction term. (b) The relationship between the wind speed w and the travelling front speed
c for a constant reaction term of the form r0 + r1|w|. Here we show four values of r1 = 0, 1, 2, 3.

propagate with two different speeds c1 < c∗min and c2 > c∗min. If the velocity is smaller
than wmin, then there are no solutions for the travelling wave problem. And in the
case of nonnegative velocity there always exists a unique travelling wave speed c. Note
also that in the case of constant reaction rate the critical thresholds w∗ and w∗ for
nonexistence and nonuniqueness of travelling wave front (Theorem 4.8) are equal to
wmin.

Finally, compare the wind velocity and the travelling wave speed by considering
the function c−w. It is easy to infer from (5.2) that c−w is a strictly increasing and
bounded function of c for positive c; moreover,

lim
c→+0

(c− w) = 0, lim
c→+∞(c− w) =

√
r

θ
.

In the case of large wind towards unburned area, the difference between the corre-
sponding travelling wave speed c and the wind speed w is almost constant. However,
this difference varies significantly for small values of the wind speed.

5.2. Arrhenius reaction rate. A standard choice for the reaction rate is the
Arrhenius law [26], i.e.,

r(u) = e−
Ẽ

u+u∞ H(u − θ),

where Ẽ and u∞ correspond to the rescaled activation energy and ambient temper-
ature. In this case, the assumptions given in (2.2) are satisfied; therefore, for θ < 1
Theorems 3.6, 4.5, and 4.8 apply. We used the Arrhenius law in most of the illustra-
tions in the earlier sections to illustrate the theoretical findings. In particular, Figures
3.3(b), 4.2(b), and 4.5(b) illustrate the travelling wave solutions for the combustion
problem (2.1) for θ = 0.2. The travelling wave speed for w = 0 is approximated by
c = 0.5682 (Figure 3.3(b)). If the wind of speed w = 0.2 blows in the direction of the
moving fire (forward rate of spread), the travelling wave speed is c = 0.8370 (Figure
4.2(b)). For an opposing wind (backward rate of spread) of speed w = −0.2 there
are two travelling wave fronts: the slow front with the speed c1 = 0.0378 and the fast
front with the speed c2 = 0.4037 (Figure 4.5(b)). Notice that in the case of the slow
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travelling wave speed c1 the fuel is consumed much more slowly than in the case of
fast speed c2. Moreover, in the case of the slow travelling wave speed, the maximal
temperature is very close to the ignition threshold θ; therefore, the fire is of very low
intensity.

5.3. Wind dependent reaction rate. In this section, we consider the case
where the reaction rate r(u, |w|) depends on the wind speed. For instance, the wind
speed could result in an increase in the amount of oxygen available for the chemical
reaction, or it could promote mixing through turbulence. In both those examples, the
overall reaction rate would be increased when |w| increases. This could be accounted
for in the model by using the following modification to the reaction rate:

r(u, |w|) = (r0 + r1|w|)H(u − θ),

where r1 is a given constant. For fixed wind w, the above rate function fulfills all the
assumptions (2.2); hence all of the above results apply. However, the threshold values,
denoted by c∗, w∗, w∗, will now depend on |w|. The effect of the additional parameter
r1 on the travelling wave solution can be understood by rescaling the equations as

follows. Define β(|w|) = r0+r1|w|
r0

and rescale t and x according to t̃ = βt and x̃ =
√
βx.

In the rescaled coordinates, the system (2.1) becomes

∂u

∂t
+

1√
β
�w · ∇̃u = Δ̃u+ r0H(u − θ)v,

∂v

∂t
= −r0H(u− θ)v;

(5.4)

i.e., the solution for r1 	= 0 and speed |w| can be obtained from the solution for r1 = 0

with rescaled speed |w|√
β
. In particular, the speed of the travelling wave c(r1, w) can

be simply obtained from the r1 = 0 case using

c(r1, w) = c
(
0, w/

√
β(|w|)

)
·
√
β(|w|).

This dependence of the wave speed c on the wind w is illustrated in Figure 5.1(b).
We observe that with r1 > 0 the wind increases the speed c of the fire front

compared to the no-wind case. Moreover, we observe that if the perturbation term
r1 is large enough, then an opposing wind could possibly enhance combustion such
that the backward rate of spread is increased as compared to no wind. Such effect
has been reported in [17, 24] in conjunction with an increase in oxygen supply.

6. Stability analysis. The wind–wave speed diagram in Figure 5.1(a) immedi-
ately raises the question of the stability of the travelling wave solutions. We expect
that for the negative wind speed the slower travelling wave is unstable. However,
the full stability analysis is difficult, since it requires the analysis of a complex free
boundary problem. Here we formulate only the corresponding free boundary problem
and illustrate its solution with a few numerical examples. The complete analysis of
the free boundary problem including existence and uniqueness of the free boundary
problem and the stability of the travelling wave solutions will be deferred to another
publication [1].

To avoid numerical difficulties that could arise for the problems with the moving
boundary (at the unknown ignition front), we first transform the problem given by
equations (2.1) to the problem attached to the ignition front. Assuming that s(t)
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defines the location of ignition point at time t, i.e., s(t) = {ξ : u(t, ξ) = θ}, we apply
the change of variable in the form y = x− s(t) to the system of equations (2.1) in one
spatial dimension. Then u(t, y) and v(t, y) satisfy the following system of equations:{

ut − (s′(t)− w)uy = uyy +H(−y)r(u, |w|)v,
vt − s′(t)vy = −H(−y)r(u, |w|)v.(6.1)

The numerical approximations for the system of equations (6.1) are obtained
using a standard finite difference method on either side of the front, with an adapted
grid that has a higher density of grid points in the vicinity of the ignition point y = 0.

The speed of fire front s′(t) at time t is computed using the equation

d

dt

∫ ∞

−∞
v(t, y)dy − s′(t)v|y=∞

y=−∞ = −
∫ 0

−∞
r(u, |w|)vdy.

This equation is obtained by integrating the second equation of system (6.1) over the
spatial domain R.

The first derivative of the solution of (6.1) is discontinuous across the front (igni-
tion point) y = 0, and we need to pay special attention to how to match the numerical
solutions on either side of the front. Based on the definition of the ignition point and
the continuity condition for uy and v we state the following matching conditions at
y = 0:

u(t, 0) = θ, [uy(t, 0)] = 0, [v(t, 0)] = 0.(6.2)

Let u2− and u− be the values of u at the two nearest grid points to y = 0 from the
left-hand side and u2+ and u+ from the right-hand side. Assuming that u2− and u2+

were known, we defined u− and u+ from the finite difference approximation of the
second matching equation for u and the equation

[uyy(t, 0)] = r(θ + 0, |w|).

The last equation was directly obtained from the first equation of system (6.1) and
the matching conditions (6.2).

Here are some examples of numerical results. In our calculations we used a con-
stant reaction rate given by (5.1) with r = 1 and the ignition temperature θ = 0.2.
Note that for the constant reaction rate the solutions of the travelling wave problem
can be written in exact form.

The following observations were made: (1) in the case of zero wind and wind
blowing from the burning region, the travelling wave solutions were stable; (2) in the
case of wind blowing towards the burning region, the faster travelling waves were sta-
ble, and the slower travelling waves were always unstable. Even when the initial data
were picked to coincide with the slower travelling wave solution, the numerical solu-
tion at later times always converged eventually to the corresponding faster travelling
wave (upper branch in the diagram). Figure 6.1 shows the behavior of the fire front
speed s′(t) for all types of wind velocity. The values of s′(t) converge to the travelling
wave speeds for zero wind w = 0 and the wind blowing towards the burning region
(positive wind) w = 1 > 0. In the case of the wind blowing towards the burning
region (negative wind) w = −0.5, s′(t) converges to the larger travelling wave speed
c2 for small perturbations of both the faster and the slower travelling waves.
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Fig. 6.1. Illustration of the behavior of the fire front speed for different wind velocity regimes.

7. Discussion. In this paper we use an adiabatic combustion model with a
constant wind either in the direction of the moving fire front (forward rate of spread)
or in the opposite direction (backward rate of spread). For the forward rate of spread
we find that a wind of magnitude w has an accelerating effect on the propagation
speed compared to the case of w = 0. To be more precise, we can show the following
lemma.

Lemma 7.1. The upper and lower bounds for the wave speeds c and c from
Theorem 4.4 are monotonically increasing functions of the wind speed w.

Proof. The upper and lower bounds c, c are determined by the conditions

vc(0) = 1 and vc(0) = 1,

where vc(0) and vc(0) are given in (4.13) and (4.14), respectively. In the case of
w > 0 these functions are monotonically decreasing functions of c. Furthermore, we
can study those expressions as functions of w, which we denote for now as vc(0;w).
Then for the subsolution we get

d

dw
vc(0;w) =

1

c(c− w)2
r(θ) +

θ

c
≥ 0.

Hence vc(0;w) is increasing as a function of w and decreasing as a function of c. This
means the point c(w) given by the intersection vc(0;w) = 1 satisfies

d

dw
c(w) =

−dv/dw

dv/dc
≥ 0.

The upper bound c is also increasing in w. To see this we write vc(0;w) =
H1(w)H2(w), with two increasing functions

H1(w) = 1 +
1

c(c− w)
r

(
c

c− w

)
, H2(w) = 1− c− w

c
θ.
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Then again vc(0;w) is increasing in w and decreasing in c; hence c(w) is increasing
as a function of c.

Lemma 7.2. The travelling wave speed c is a strictly monotonically increasing
function of the wind speed w for w ≥ 0.

Proof. Assume, by contradiction, that c(w) is not a strictly monotonically increas-
ing function ofw forw ≥ 0. Then, there exist twowind speedsw1 andw2 (0 ≤ w1 < w2)
such that c1 = c(w1) ≥ c2 = c(w2). It is easy to see that in this caseu1(−∞) = c1

c1−w1
<

c2
c2−w2

= u2(−∞), where (ui(η), vi(η)) = (u(η, wi), v(η, wi)), i = 1, 2, for η < 0.

Since u1(0) = u2(0) = θ and v1(0) = v2(0) = 1, the two curves (u1(η), v1(η))
and (u2(η), v2(η)) need to have at least one intersection point for η ≤ 0. Let (û, v̂) =
(u1(η1), v1(η1)) = (u2(η2), v2(η2) be the closest intersection point of these curves to

the line v = 0. Then, using a geometric argument, the inequality
v′
1(η1)

u′
1(η1)

≤ v′
2(η2)

u′
2(η2)

holds. However, this leads to a contradiction, since

r(û)v̂

−c21(
c1−w1

c1
û+ v̂ − 1)

≥ r(û)v̂

−c22(
c1−w1

c1
û+ v̂ − 1)

>
r(û)v̂

−c22(
c2−w2

c2
û+ v̂ − 1)

.

In the case of a wind opposing the fire spread direction (backward rate of spread),
we find two qualitatively different cases. For large wind speed |w| > |w∗| there is no
self-similar solution in the form of a travelling wave. Notice that this does not exclude,
however, backward spread of the fire. For small wind speed |w| < |w∗| we find (at
least) two travelling wave solutions. This is by far the most interesting case in our
analysis. We strongly believe that there are indeed exactly two possible solutions. For
the sake of the following arguments we call them the slow and the fast wave. As seen
from the profile in Figure 4.5(b), the fast wave shows a large temperature and it looks
similar to the forward wave in Figure 4.2(b). To our understanding, this represents
the fully developed fire that burns on a self-sustained temperature. The slow wave,
seen in Figure 4.5(b), has a burning temperature just above threshold. This solu-
tion has features that resemble those of a smoldering wave. Here the temperature is
slightly above the ignition temperature, but the fire has not started to burn. Heat is
transported very slowly through smoldering [4]. In nature, the smoldering fires may
persist for quite a long time. However, the numerical experiments of our idealized
model show the instability of existing slow combustion waves. Here we would like to
note that our model is an idealized model for forest fire spread. It gives us quite a re-
alistic description of forest fires but at the same time neglects many physical processes
in combustion. We believe that the inclusion of more detailed physical factors in the
model would lead to a better description of the nature of the slow travelling waves, in
particular to their stability. Currently, we are performing a systematic linear stability
analysis to investigate the stability of travelling wave solutions [1].

One important assumption of this article is the absence of heat loss. We have also
started a similar study for a model with heat loss. Preliminary numerical simulations
show that, as before, and despite the inclusion of a heat loss term, we obtain two
travelling waves for small negative and small positive wind velocities [2]. This confirms
our belief that the slow wave has a physical meaning. This needs, however, to be
investigated further.

Finally, we included the wind speed in the reaction rate. We showed that an
increased combustion rate due to increased oxygen supply can significantly increase
forward and backward fire front speed. A more detailed modelling of oxygen dynamics
needs to follow.
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